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Abstract

We investigate the commutators of elements of the group UT(∞, R)
of infinite unitriangular matrices over an associative ring R with 1 and
a commutative group R∗ of invertible elements. We prove that every
unitriangular matrix of a specified form is a commutator of two other
unitriangular matrices. As a direct consequence we give a complete char-
acterization of the lower central series of the group UT(∞, R) including
the width of its terms with respect to basic commutators and Engel words.
With an additional restriction on the ring R, we show that the derived
subgroup of T(∞, R) coincides with the group UT(∞, R). The obtained
results generalize the results obtained for triangular groups over a field.

1 Introduction

Let R be an associative ring with 1 and R∗ be its group of invertible elements.
By T(∞, R) (and T(n,R)) we denote the group of upper triangular matrices
indexed by N × N (of size n × n, respectively), whose inverses are also upper
triangular. The requirement on the inverses is substantial here, as the inverse
of an upper triangular matrix is not necessarily an upper triangular matrix.
Illustrative examples of upper triangular matrices over a noncommutative ring,
whose inverses are lower triangular can be found in [1, 2]. A triangular matrix
A (finite or infinite dimensional) is called unitriangular, if all its diagonal entries
are equal to 1. By UT(∞, R) and UT(n,R) we denote the groups of respectively
infinite N×N and finite n× n unitriangular matrices and by UT(∞,m,R) and
UT(n,m,R) we denote their subgroups containing exactly all these matrices,
which have zero entries on the first m superdiagonals.

The properties of matrix groups T(∞, R), UT(∞, R) and their finite dimen-
sional analogues have been intensively studied recently. We refer to [3, 4, 5, 6,
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7, 8, 9] (for infinite matrices) and [11, 12, 13, 14, 15, 16] (for finite matrices)
and references therein.

In the following 1∞ denotes the infinite identity matrix, i.e. the diagonal
matrix having ring unity 1 on the main diagonal. Similarly, 1i,j denotes the
matrix (finite or infinite, depending on the context) with a unique nonzero
entry equal to 1 in the place (i, j). We also write 1n for an n by n identity
matrix. The commutator [x, y] of elements x and y from a group G is defined
as a product [x, y] = x−1y−1xy.

The main result of our paper concerns commutators in UT(∞, R).

Basic Theorem Let R be an associative ring with 1, such that R∗ is com-
mutative. Then every matrix C ∈ UT(∞,m,R), m = 1, 2, ..., is a commutator
C = [A,B] of a matrix A ∈ UT(∞,m − 1, R) and the matrix B, such that

B−1 = 1∞ +
∞∑

n=1
1i,i+1.

We note that ring R with commutative R∗ need not to be commutative itself.
The standard example of a noncommutative ring R with commutative R∗ is the
free associative algebra K〈x, y〉 in noncommuting variables x, y over a field K.
For other examples we refer to [17, 18, 19, 20, 21].

The above theorem has few important consequences, which we discuss in
detail in the last part of our paper. In particular, it has direct implications on
the structure of the lower central series of groups T(∞, R) and UT(∞, R) and
on the respective width of their terms.

The lower central series of a group G is the (possibly infinite) series of sub-
groups

G = γ1(G) ≥ γ2(G) ≥ ...,
defined recursively with γi+1(G) = [γi(G), G], where for two subgroups H1 and
H2 of G by [H1, H2] we denote the subgroup generated by all commutators
[h1, h2] such that h1 ∈ H1, h2 ∈ H2 (see [22]). We may also regard these
terms as subgroups generated by all values of the so-called basic commutators
ci(x1, x2, ..., xi), where c1(x1) = x1 and ci+1(x1, ..., xi+1) = [ci(x1, ..., xi), xi+1]
(a value of a word is obtained by substituting all letters by elements of G and
calculating the resulting element of G). The subgroup γ2(G) = [G,G] is called
the derived subgroup of G.

We mention here that the lower central series of the group UT(∞, R) in the
case R is a field (|R| > 2) is determined in [5]. Our Basic Theorem allows for
generalization of this result to the group of infinite matrices over certain rings.

Corollary 1.1. If R is an associative ring with 1, such that R∗ is commutative,
then the lower central series of the group UT(∞, R) is the sequence of subgroups:

UT(∞, R) ≥ UT(∞, 1, R) ≥ UT(∞, 2, R) ≥ . . . ,

where γ1
(

UT(∞, R)
)

= UT(∞, R) and γk
(

UT(∞, R)
)

= UT(∞, k − 1, R) for

k > 1. Moreover, every element of the subgroup γk
(

UT(∞, R)
)

is a value of
the basic commutator ck.
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In fact it also follows from the Basic Theorem that all elements of subgroups
UT(∞,m,R) are values of the so-called Engel words em, each one defined only
on two letters, where e2(x, y) = [x, y] and em+1(x, y) = [em(x, y), y].

Corollary 1.2. If R is an associative ring with 1, such that R∗ is commutative,
then every element of the subgroup γk

(
UT(∞, R)

)
is a value of Engel word ek.

Then we discuss the implications of the Basic Theorem on the structure of
the group of infinite triangular matrices T(∞, R).

It is known that if R = K, where K is a field of at least 3 elements, then
UT(∞,K) coincides with the derived subgroup [T(∞,K),T(∞,K)] of T(∞,K)
[5]. An analogous equality holds for the groups of finitely dimensional matrices
of size at least 3 by 3: [T(n,K),T(n,K)] = UT(n,K) [23]. In our paper we
extend this result to groups of matrices over a wider class of rings.

Since every diagonal entry of a triangular matrix from T(∞, R) is invertible,
simple computations show that the diagonal entries Di,i of the commutator
D = [A,B] of two upper triangular matrices A and B are

Di,i = A−1i,i B
−1
i,i Ai,iBi,i.

Hence, if R∗ is commutative, it follows that

[T(n,R),T(n,R)] ⊆ UT(n,R) for n ≥ 2,

[T(∞, R),T(∞, R)] ⊆ UT(∞, R).

If we impose additional restriction on the ring R, we can prove the reverse
inclusion.

Theorem 1.3. Let R be an associative ring with 1, such that R∗ is commu-
tative and 1 is a sum of two invertible elements. Then [T(∞, R),T(∞, R)] =
UT(∞, R) and every element of UT(∞, R) is a product of at most two commu-
tators.

Moreover the lower central series of the group T(∞, R) is

γ1(T(∞, R)) = T(∞, R), γn(T(∞, R)) = UT(∞, R), for all n ≥ 1,

i.e it stabilizes on the group UT(∞, R).

The condition that 1 is a sum of two invertible elements holds if, for example,
2 ∈ R∗, because 1 = 2 + (−1). It is clear that a ring with this property cannot
have a two element field as a factor ring. For other properties of such rings we
refer to [24, 25, 26].

Then we discuss a more restrictive case of R being a field and provide a
representation of any (infinite) unitriangular matrix as a commutator of one
diagonal and one unitriangular matrix in case the field is infinite. We also
indicate some direct implications of Theorem 1 on the lower central series of the
discussed groups of triangular matrices.

The Vershik-Kerov group GLV K(∞, R) is a group of all invertible infinite
matrices with finite number of nonzero entries below the main diagonal (see
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[8, 6]). Let n be a natural number. By GL(∞, n,R) we denote the subgroup of
GLV K(∞, R) consisting of all matrices of the form(

G1 G3

0 G2

)
(1)

where G1 is n×n invertible matrix from a general linear group GL(n,R), G2 ∈
T(∞, R) and G3 is arbitrary matrix of proper size. Note that the subgroups
GL(∞, n,R) form an ascending sequence, i. e. for all n > 1 we have

GL(∞, n,R) ⊆ GL(∞, n+ 1, R).

It is clear that
GLV K(∞, R) =

⋃
n>1

GL(∞, n,R).

For a commutative ringR by SLV K(∞, R) we denote the subgroup of GLV K(∞, R)
consisting of all matrices of the form (1), where G1 is a matrix from the special
linear group SL(n,R) (n ∈ N), and G2 ∈ UT(∞, R).

Compiling Theorem 1 with results of [6], we characterize the derived sub-
group of the Vershik-Kerov group and improve the upper bound of the commu-
tator width of this group.

Theorem 1.4. Let K be a field such that |K| > 3. Then the commutator
subgroup of the group GLV K(∞,K) coincides with the group SLV K(∞,K) and
every element of SLV K(∞,K) is a product of at most 2 commutators.

Our proofs for the groups of infinite matrices over R may be directly refor-
mulated for the respective groups of finite matrices over R. In particular we
have:

Theorem 1.5. Let R be an associative ring with 1, such that R∗ is commutative.
Then

i) γk(UT(n,R)) = UT(n, k,R) and every element of γk(UT(n,R)) is a value
of the basic commutator ck.

ii) Every element of γk(UT(n,R)) is a value of the Engel word ek.

Moreover, if 1 is a sum of two invertible elements, then

iii) [T(n,R),T(n,R)] = UT(n,R) whenever n ≥ 2.

iv) Every element of γ2(T(2, R)) = UT(2, R) is a commutator.

v) Every element of γ2(T(n,R)) = UT(n,R) with n > 2 is a product of at
most two commutators.

The remaining part of the paper is organized in two sections. In the first
section we give the detailed proof of the Main Theorem. Then in the other one
we discuss the implications of the Basic Theorem and prove the corollaries and
theorems, stated in the Introduction.
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2 Proof of the Basic Theorem

For given m ≥ 1 and a matrix C ∈ UT(∞,m,R) we prove the result by
calculating the entries of the required matrix A ∈ UT(∞,m − 1, R), for which
C = [A,B]. We find the entries of A employing induction on its columns.

We first rewrite the desired equality C = [A,B] as CA = B−1AB and
compare the matrices on both sides entrywise:

(CA)i,j = (B−1AB)i,j , i < j.

We denote for brevity Li,j = (CA)i,j and Pi,j = (B−1AB)i,j . Then, keeping in

mind that B−1 = 1∞ +
∞∑

n=1
1i,i+1 we have:

Li,i+k = Ai,i+k + Ci,i+k +
k−1∑
s=1

Ai,i+sCi+s,i+k,

Pi,i+k =
k∑

t=0
Ai,i+tBi+t,i+k +

k∑
t=1

Ai+1,i+tBi+t,i+k,

Li,i+k = Pi,i+k.

(2)

Direct calculations show that the entry Ai,i+k reduces on both sides of the
equation (2). However from (2) for k > 1 we may determine:

Ai+1,i+k = Ci,i+k+

k−1∑
s=1

Ai,i+sCi+s,i+k−
k−1∑
t=0

Ai,i+tBi+t,i+k+

k−1∑
t=1

Ai+1,i+tBi+t,i+k,

(3)
and it is clear that every entry Ai+1,j , j > i + 1, is computable whenever the
matrices B, C and all entries Ai,j and Ai+1,j for j < i+ k are known.

For a particular solution to C = [A,B] we have to choose the first row of A.
In fact an arbitrary choice would provide a solution, however for the statement
of our theorem we need to find A in UT(∞,m − 1, R). Thus we set A1,j = 0
for all 1 < j ≤ m and choose all other entries A1,j , j > m arbitrarily. Assume
now that Ai,i+k = 0 for all i ≤ n and 0 < k < m. Then using (3) with i = n for
k < m we have:

An+1,n+k = Cn,n+k+

k−1∑
s=1

An,n+sCn+s,n+k−
k−1∑
t=0

An,n+tBn+t,n+k+

k−1∑
t=1

An+1,n+tBn+t,n+k.

Recall that Cn,n+k = 0 for all k ≤ m. In the case of k > 1 we have:

An+1,n+k = −
k−1∑
t=1

An,n+tBn+t,n+k −
k−1∑
t=2

An+1,n+tBn+t,n+k,

and in particular we recursively find the entries:

An+1,n+2 = −An,n+1Bn+1,n+2 = 0,
An+1,n+3 = −An,n+1Bn+1,n+3 −An,n+2Bn+1,n+3 −An+1,n+2Bn+2,n+3 = 0,

. . .

An+1,n+m = −
k−1∑
t=1

An,n+tBn+t,n+k −
k−1∑
t=2

An+1,n+tBn+t,n+k = 0.
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By induction we have A ∈ UT(∞,m− 1, R) as desired, and we find every entry
of the infinite matrix A in finitely many steps. Thus, the theorem follows. 2

We also note that if C is not contained in UT(∞,m + 1, R), then we can-
not choose A in UT(∞,m,R), as in this case the commutator [A,B] lies in
UT(∞,m+ 1, R).

3 Implications of the Basic Theorem

We start with the direct implications of the Basic Theorem on the structure
of the lower central series of the group UT(∞, R). Namely, since every matrix
from UT(∞,m,R) is a commutator of a matrix B from UT(∞, R) and a matrix
from UT(∞,m− 1, R) then we have the following inclusion:

UT(∞,m,R) ⊆ [UT(∞,m− 1, R),UT(∞, R)].

As the inverse inclusion is obvious, we obtain the statement of Corollary 1.
Moreover, if A is an arbitrary matrix from γm(UT(∞, R)) = UT(∞,m,R)
then by the Basic Theorem

A = [A1, B],

where A1 ∈ UT(∞,m − 1, R). Now, applying again the Main theorem to the
matrix A1 we write

A = [A1, B] = [[A2, B], B = [A2, B,B], A2 ∈ UT(∞,m− 2, R).

We repeat this reasoning by choosing consequently the matricesAi ∈ UT(∞,m−
i, R) and finally we obtain:

A = [A1, B] = [A2, B,B] = [A3, B,B,B] = ... = [Am, B,B, ..., B] = em+1(Am, B)

with Am ∈ UT(∞, R). We have shown that every matrix in UT(∞,m,R) is a
value of the Engel word em+1 as stated in Corollary 2.

3.1 Proof of Theorem 1

Let R be an associative ring with unity 1, such that R∗ is commutative and
the unity can be decomposed to a sum of two invertible elements: 1 = β + γ,
where β, γ ∈ R∗.

We follow the ideas of Theorem 2 in [6].
Let A = (aij) ∈ UT(∞, R). We put

C = 1∞ +

∞∑
i=1

(−1)iai,i+1β
−1γ(i+1) mod 21i,i+1

and a diagonal matrix

D =

∞∑
i=1

γ(i+1) mod 21i,i
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We observe that if [C,D] = U = (uij) then direct calculations show that
ui,i+1 = ai,i+1 for all i ∈ N. Hence,

A = U · (U−1A),

where U−1A ∈ UT(∞, 1, R) and by the Basic Theorem U−1A is a commutator.
Thus A is a product of two commutators contained in [UT(∞, R),T(∞, R)] and
we have the following inclusions:

[T(∞, R),T(∞, R)] ⊇ [UT(∞, R),T(∞, R)] ⊇ UT(∞, R).

As the reverse inclusion [T(∞, R),T(∞, R)] ⊆ UT(∞, R) is obvious, we have

[T(∞, R),T(∞, R)] = UT(∞, R),

and the lower central series of T(∞, R) is

γ1(T(∞, R)) = T(∞, R)

γi(T(∞, R)) = [γi−1(T(∞, R)),T(∞, R)] = UT(∞, R), for i > 1.

This completes the proof of Theorem 1.
We note that if R = K, where K is a field, one can prove a stronger result

that every infinite unitriangular matrix A ∈ UT(∞,K) is a commutator of two
infinite triangular matrices (see [5]). Given a unitriangular matrix, one can
construct triangular matrices, such that their commutator is equal to the given
matrix. However, this construction does not allow for none of these matrices
to be fixed. We prove that if K is infinite, one can fix one of the matrices by
giving another solution to the commutator equation in T(∞,K).

Theorem 3.1. Let K be an infinite field. Then there exists an infinite diagonal
matrix D with pairwise distinct diagonal entries such that every unitriangular
matrix A ∈ UT(∞,K) is commutator of D and another unitriangular matrix.

Proof. We first note that since K is infinite, then there exists an infinite diagonal
matrix D with pairwise distinct diagonal entries. We fix D arbitrarily. Now we
construct a unitriangular matrix U ∈ UT(∞,K), such that A = [U,D]. The
construction is inductive with respect to the consecutive columns of U .

Given an infinite triangular matrix A ∈ T(∞, R) we will denote its top-left
corner block by A(n). Obviously A(n) ∈ T(n,R).

We start with A(2) = 12 + a11,2, a ∈ K and put U(2) = 12 + u11,2 ∈
UTn(K), such that u = (D−11,1D2,2−1)−1a. Direct calculations show that A(2) =
[U(2), D(2)].

Now, let us assume that for a given n we found U(n) such that A(n) =
[U(n), D(n)]. Consider matrix A(n+ 1) ∈ UTn+1(K):

a(n+ 1) =

(
A(n) a

0 1

)
,

7



where A(n) ∈ UT (n,K), aT = (a1, a2, ..., an) ∈ Kn and 0 ∈ Kn is a zero vector.
We define U(n+ 1) ∈ UT (n+ 1,K) as follows:

U(n+ 1) =

(
U(n) u

0 1

)
,

where U(n) is a matrix determined in the inductive assumption an uT =
(u1, u2, ..., un) ∈ Kn. Then we have:

[U(n+ 1), D(n+ 1)] =

(
[U(n), D(n)] U(n)−1(D(n)−1Dn+1,n+1 − 1n)u

0 1

)
,

and for the equality A(n+ 1) = [U(n+ 1), D(n+ 1)] it suffices that

a = U−1(n)(D−1(n)Dn+1,n+1 − 1n)u.

By the assumptions on matrix D the matrix D−1(n)Dn+1,n+1 is invertible and
so is the matrix U−1(n)(D−1(n)Dn+1,n+1 − 1n). Hence we may put

u =
(
U−1(n)(D−1(n)Dn+1,n+1 − 1n)

)−1
a.

Then A(n + 1) = [U(n + 1), D(n + 1)] as desired. Hence we may inductively
compute every entry of the infinite matrix A in finitely many steps and the
theorem follows. 2

From Theorem 4 it follows immediately:

Corollary 3.2. If K is an infinite field then every infinite unitriangular matrix
is an m-Engel word in T(∞,K) for every m ≥ 2.

The results discussed above can be applied also to improve the statements
of Theorem 1 in [6]. For the proof of the next theorem we assume that R = K
is a field.

3.2 Proof of Theorem 2

Since GLV K(∞,K) is a sum of the ascending chain of subgroups GL(∞, n,K),
then for every two matrices A,B ∈ GLV K(∞,K) we find n such that A,B ∈
GL(∞, n,K). Let

A =

(
G1 G3

0 G2

)
, B =

(
H1 H3

0 H2

)
.

Then

[A,B] =

(
[G1, H1] G4

0 [G2, H2]

)
,

where [G1, H1] ∈ SL(n,K), [G2, H2] ∈ UT(∞,K) and G4 is a matrix of respec-
tive dimensions. This clearly implies the inclusion

[GLV K(∞,K),GLV K(∞,K)] ⊆ SLV K(∞,K).
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Now we prove the reverse inclusion. Simple calculations show that every matrix
in SLV K(∞,K) can be decomposed as a product:(

G1 G3

0 G2

)
=

(
1n G3

0 G2

)(
G1 0
0 1∞

)
In [27] it was shown (Theorems 1 and 2) that in the case K 6= F2,F3, then every
element of SL(n,K) is a commutator. It is clear that this statement can be
generalized to all infinite matrices of the form(

G1 0
0 1∞

)
where G1 ∈ SL(n,K). Hence there exist matrices H1, H2 ∈ GL(n,K) such that:(

G1 0
0 1∞

)
=
[( H1 0

0 1∞

)
,

(
H2 0
0 1∞

)]
.

Moreover, from [5] we have that(
1n G3

0 G2

)
is a commutator. Thus (

G1 G3

0 G2

)
is a product of at most two commutators and

SLV K(∞,K) ⊆ [GLV K(∞,K),GLV K(∞,K)].

This completes the proof.

3.3 Corollaries

Due to the natural embeddings of the groups UT(n,R) and T(n,R) into
UT(∞, R) and T(∞, R), the statements of Theorem 3 follow directly from cal-
culations performed in proofs of Theorems 1 and 2.

It is worth mentioning that Theorem 3 generalizes the results on the groups
of finite dimensional unitriangular matrices and finite dimensional triangular
matrices over a field, presented in [12] and [16] to the case of respective ma-
trix groups over any associative ring R with unity such that the group R∗ is
commutative. This generalization cannot be improved further.
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