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The scope of the paper is the presentation of two methods of generating certain  
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rational functions f(x) performed in the procedure of calculating integral of f(x),  

and inverse Laplace transform of f(x). 
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1. INTRODUCTION

The  paper  is  divided  into  four  sections.  In  Section  2,  which  has  an  introductory 

character, we discuss integrals of the form dxxxp n1))/(( 2 +∫ . Basic reduction formulae of a 

recurrent nature are given, and, in specific cases, ready - made one's. In Section 3 the method 

of calculating these integrals is discussed, by applying a multi-parametric representation of 

the integrand [1-3]. By means of such technique it is easy to derive the values of the integral, 

yet  in  the form of a not  that  useful  multi-parametric  limit.  In reality,  it  is  possible,  after 

standard calculations of the values of this integral and comparison of the two results, to obtain 

multi-parametric limits that are, by no means, trivial, which is demonstrated by a number of 

examples. A similar technical concept was used in the last Section for calculating Laplace 

inverse transform of the same rational functions, leading, consequently,  to generating of a 

new family of multi-parametric limits.
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2. ON CERTAIN INTEGRALS OF RATIONAL TYPE

Let us put: 

,
1)(
)(

:=))((
1)(
)(

:=))((
2

0
2

dy
y

yp
xpJanddx

x
xp

xpI
n

x

nnn ++ ∫∫

for every N∈n  and )(ICp m
R∈ , R⊂I  be a nondegenerate interval, N∈m .
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 Proof:  By integrating by parts we get 
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 which implies (2) and by (1) the identity (3). The identity (4) from (3) follows, while (5) after 

adding (4) for indices ,22,1,, −− nnn  follows.  

Remark  2.2.  If  ][xp R∈  then  the  immediately  application  of  the  formula  (3)  is  not  an  

optimal procedure to finding the integral ))(( xpIn .
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First either it can be doing the decomposition 
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and then applied the formula (2), or it can be doing (many times) the decomposition 
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and reduced the problem to finding the integrals )(xIm  and (1)mI . 

Example 2.3. Let us set (1):= nn JJ , N∈n . Then, by (3) and by an easy induction argument 
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Example 2.4. Now, let us set: 
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which implies the following formula 

( )( ) ( )
.

1)(1)(2

arctan
arctan

11)(2

32
=

2
12

1,, n

m
m

nnmnm xn

xx
xxI

n

m
A

n

n
A

+−
+

−
−

−
− −

−

Using recursively of the equation (4) it may be convenient to apply the following auxiliary 

equations.
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R∈ . Let us put: 

),(:=)(0 xpxP

1.,0,1,=),()(:=)(1 −++ nkxP
dx

d
xxPxP kkk  (10)

Then the following explicite formula hold (the proof by induction follows): 

),(=)( )(
,

0=

xpxaxP ll
kl

k

l
k ∑ (11)

where 1:=0,ka  and 







−++−





−−





+





−+ lkkkk

kl l
l

l
l

l
l

l
l

a 1)(2)(
3

1)(
21

1)(
!

1
:=, 

for every kl ,1,=   and nk ,1,2,=  . For example: 

),2(31)(4=,21)(3=1,2= 2
1

6
1

3,2
1

2,1,
kkk

k
kk

k
k

k aaa −−−−+−

for every N∈k . Moreover, we note that: 
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3. CONNECTIONS BETWEEN INTEGRALS AND MULTIPARAMETER LIMITS

The theoretical grounds for our deliberations are given by the following lemma:

Lemma  3.1.  Let  ])([0,),( aCxf ∈ε ,  R∈ε .  Suppose  that  ,1)(),( xfxf →ε  when 

1→ε  in ])([0,aC . Let us put 
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Then ,1)(),( xFxF →ε  when 1→ε  in ])([0,1 aC . 
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Remark 3.2. It can be easily proved the many parameters version of this lemma, which will  

be applied permanently in the exercises below. 

Remark 3.3.  In this paper all kinds of the convergence of the respective functions will be  

mean either as uniformly convergence on some interval of R  or as pointwise convergence. 

Corollary 3.4. We have 
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Corollary 3.5.  Let ][xp R∈ , 5deg ≤p  and let 
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4. INVERSE LAPLACE TRANSFORM AND MULTIPARAMETERS LIMITS

4.1  Explicit equations

In the following Lemma the explicit analytic formulae for the polynomials  )(, tP nρ  and 

)(, tQ nρ  are given. We note that any classical Laplace transform monograph does not contain 

this formulae, in many manuals and monographs [5-7] only the compact description (27) may 

be found - see Remark 4.2 below.
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.1,2=for),(1)(2=)( 1,,11, ntQnQttQ nnsn −+−+ (24)

 Hence, it can be deduced the following explicite form of polynomials )(1, tQ n , N∈n : 
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−
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n
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−
+
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

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 and 

+
−
+







− −

+
12

11,2 !1)!(2

!1)!(2

1
1)(=)( nn

n t
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+
−
+


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
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1
1)( nn t
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.!1)!(4
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!5)!(2

5

2
1)( 522 tnt

n

nn nn −−+
−
+






 +
−+ −−  (26)

 For example, we have: 

,15=)(,3=)(,=)( 3
1,41,31,2 tttQttQttQ −−−

,945105=)(,10510=)( 35
1,6

3
1,5 ttttQtttQ −+−−

.10395126021=)( 35
1,7 ttttQ −−−

 

Remark 4.2.  It can be generated the formulae ( s1,=ρ ; N∈n ) [1, 3, 5, 7]: 




















−







−

+

−

−

−

−

−

,=)(
21)!(

1,=)(
21)!(

=
)(

2

3

2

1
2

1

2

1

22
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a
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n

a

fortaJ
a

t

n
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L

n

n

n

n

n

ρπ

ρπ
ρ

(27)

where )(
2

1 zJ
n−  is the respective Bessel function: 

.

2

1
!

2
1)(:=)(

1/22

0=2

1






 ++Γ








−

−+

∞

−
∑

nrr

z

zJ

nr

r

r
n

4.2  The technique of a parametric representation of the Laplace transform of some rational 

functions

The following theorem holds for the inverse Laplace transform (for more details see [2, 6, 9]).

Theorem 4.3.  Suppose that a given complex function  )(sF , for  0>)( σsℜ , is defined and 

satisfies three following conditions [9-11]:  

1. )(sF  is holomorphic in the halfplane 0>)( σsℜ ;

2. C∈∀∃∀ sRR 0>)(=0> εε  

                if 01 >)( σσ≥ℜ s  and ε|<)(||>| sFRs ⇒ ;

3. If 01 > σσσ ≥  then 
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∫∫
∞

∞−

∞+

∞−

∞+ ;<|)(|=|||)(| ξξσ
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σ

diFdssF
i

i

 Then for every 01 > σσσ ≥  we have 

∫
∞+

∞−

i

i

ts dssFe
i

tf
σ

σπ
.)(

2

1
=)(

Hence, it can be obtained the following result, which is fundamental for this section:

Theorem 4.4.  Let ][sp C∈  and N∈n . If )(deg1)(2 pn ≥−  then the following formula hold 
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 where 
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for  every  nk ,1,2,=  .  In  all  above  formulae  it  is  assumed  that  kε ,  nk ,1,2,=   are 

pairwise different. 

Now it will be presented the sequence of examples illustrating the action of the 

procedure of parametric representation described in Theorem 4.4 for calculating of the inverse 

Laplace transform [12].

Example 4.5. We have (for every C∈s , 0≠s ): 

.
111
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))((

1
lim=

1)(

1
222222
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2222
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22 


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
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Hence, by (28), we get: 
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Simultaneously, applied Lemma 4.1, we get [14,15]: 
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Example 4.6. We have: 

=
))()((

1
lim=

1)(

1
222222

1,,
32 γδεγδε ++++ → ssss

+
+−−

+
+−−

≠≠
→

≠
))()((

1

))()((

1
lim=

222222222222
1,,

(
δδγδεεεγεδ

γδγε
γδε

δε
ss

.
))()((

1 )
222222 γγδγε +−−

+
s
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One special, two-parametric case of this formula should be highlighted (for 1=γ ): 

=)cos3sin)((3
8

1 2 tttt −−
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A one-parametric version of the above equations is derived in the following way 
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Example 4.8. (General formulae) We have: 
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where kε , nk ,1,2,=  , are distinct elements of R . 

Remark 4.9. For the sake of comparison, a direct verification of (30) (for 3=n , 1=1ε , 

εε =2 , δε =3 ) is shown below. We have ( δε ≠ ): 
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On the other hand we generate 
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which was our aim. 
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