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1. INTRODUCTION

The paper is divided into four sections. In Section 2, which has an introductory

character, we discuss integrals of the form J' p(x)/(x* +1)"dx . Basic reduction formulae of a

recurrent nature are given, and, in specific cases, ready - made one's. In Section 3 the method
of calculating these integrals is discussed, by applying a multi-parametric representation of
the integrand [1-3]. By means of such technique it is easy to derive the values of the integral,
yet in the form of a not that useful multi-parametric limit. In reality, it is possible, after
standard calculations of the values of this integral and comparison of the two results, to obtain
multi-parametric limits that are, by no means, trivial, which is demonstrated by a number of
examples. A similar technical concept was used in the last Section for calculating Laplace
inverse transform of the same rational functions, leading, consequently, to generating of a

new family of multi-parametric limits.
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2. ON CERTAIN INTEGRALS OF RATIONAL TYPE

Let us put:

L= [ F e and 0o = [

for every n[ON and pOCZ (1), I OR be a nondegenerate interval, m LIN.

Lemma 2.1. The following formulae hold

1 p) = I,(p(x) =1, (p(2)), ()
20, pl(e) =1, (p(x)+xp'(x))—(xxf+)l‘;,,, )
)

21PN = 1,(Cn=Dp) = p ) + L )

i a1 ,
L)L (p) = 5D L (), @

and

1n<p(x))—11(p(x))=§%g’z—(ﬂ) "szl (p(x) +xP' (). )

Proof: By integrating by parts we get

() P 41— W B @ e [
1 () = [0 P +1)7 e = F A0 = [P B = n e =

_ XP(X)
(LY
which implies (2) and by (1) the identity (3). The identity (4) from (3) follows, while (5) after

I1,(xp'(x)) +2nl,,,(x* p(x)),

adding (4) for indices n,n—1,n=2,...,2 follows.

Remark 2.2. If pURI[x] then the immediately application of the formula (3) is not an

optimal procedure to finding the integral 1,(p(x)).
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First either it can be doing the decomposition

P(x) = xq,(x") + ¢,(¥")
and then applied the formula (2), or it can be doing (many times) the decomposition
p(x)=x0,(x* +1)+0,(x* +1)
and reduced the problem to finding the integrals 1,,(x) and 1,(1).

Example 2.3. Let us set J,:=J,(1), nON. Then, by (3) and by an easy induction argument

we obtain the formula:

J .= 2n _IJ,, + rctanx+xz (x +1)_k
2n 2n(x +l) 2k-1k-1
n “ k I H
=4 rctanx+x;4k_1 o H P+ (6)
n = 2 %

1 .
where ¢, denotes the Catalan numbers, i.e, ¢, = wt=h E n=0,1,2,.... We note that in
n

[10] the following interesting trigonometric identities are generated from (6):

nfe OpkO O L. &021 BinQke)
T %22 %HECOS OEDY e ™

ni= Rk xn _ wH 21 [fos(P)sin(2kg) - 2kcos(2k¢)sm(¢) 2
Ezn E,Z Ezk E (2eos(®) ;%wﬁ ksin' (@) ®

Example 2.4. Now, let us set:

and

A,,, =1, (arctan™ (x))
m=0,1,2,..., n=1,2,3,... . Then, we have:
A =4

m,n m,n—1

s Bt

2(— mn1+—_1 (x arctan” 1(x))— xa_rctan ( )
n-1) n-1 2n=1)(x*+1)"’

+1, (xz arctan” (x)) 9)

and, by (2), we get

1 (x arctan”
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which implies the following formula

xarctan” (x)

2n =3 iIn(x2 arctan’"_l(x)) + - :
2(n—1)(x" +1)"

man m m,n—1 - n _1

Using recursively of the equation (4) it may be convenient to apply the following auxiliary

equations.

Lemma 2.5. Let pUCxr(I). Let us put:

£ (x) = p(x),
d
ﬂ+1(x):=ﬂ(x)+xd—ﬂ(x), k=0,1,...,n—1. (10)
X
Then the following explicite formula hold (the proof by induction follows):

P (x)= ial,k#p(”(xx (11)

where ;=1 and

a,, :=%Ez+1)k —%Ek +%%1—1)k —%%1—% +...+(—1)1E

forevery I =1,....k and k=1,2,....n. For example:
a, =2 -1, ay, =13 +D)-25, a,, =@ -1)-13 =29,
for every k IN. Moreover, we note that:

A n = (+ l)al,k ta,_ .,

forevery [=12,... k.

3. CONNECTIONS BETWEEN INTEGRALS AND MULTIPARAMETER LIMITS

The theoretical grounds for our deliberations are given by the following lemma:

Lemma 3.1. Let f(x,)UC([0,a]), €0R. Suppose that [f(x,€) - f(x,1) when

€ > 1in C([0,a]). Let us put
F(x.8):=[f(z.€)dz  xO[al,  eOR

Then F(x,€) - F(x,1) when € - 1 in C'([0,a]).
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Remark 3.2. It can be easily proved the many parameters version of this lemma, which will

be applied permanently in the exercises below.

Remark 3.3. In this paper all kinds of the convergence of the respective functions will be

mean either as uniformly convergence on some interval of R or as pointwise convergence.

Corollary 3.4. We have

ay+b
+hH)=
Hlaxrh= ehJ (P +E)( +57)

ay+b ay+b _
glkmlaz—gIEy = y2+52%y

££0

1 (x*+&Y) x b X
> In > arctan— —arctan —
£5-10° —&° (X’ +0%) E 0 o

= lim
£20

dy =

Hence, by (3), we get

bx-a
2(x* +1)

=1 ! In
s,lérl}l 52 —82

b
+—arctanx =
2

IO 1

x“+&e- ] b x b X
5 5 —+ —arctan — ——arctan—
x“+0° ] € E 0 o

_ 1 > +e> [ b x
=lim InH H+ —arctan — — barctan x 5
2 2
e-11-€ Ox +1 g € £
ie.,
x 1
3 +arctanx = lim ———~ 5 B—arctan— ——arctan— El=
x“+1 £3- 15 E 0 O[]
£20
X
=lim B—arctan— —arctanx B
e-1]1— 5 &
since

H e -0
In t——0
i L +g? o -1 x°+0 -1
n L
515m152—£ 2+52 56 IEX2+52 £ —52

D— x2 +1'
£2£0 E£0
X2 +02 ﬁ

Corollary 3.5. Let pURI[x], deg p<5 and let
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p(x) = xq,(x*) +,(x*).
Then the following decomposition hold:

p(x) _ XA A xA A x4+ A 1
(x2 +£2)(x2 +52)(x2 + y2) x2 +£2 x2 +52 x2 + y2 > ( )
where €, 0, V are distinct elements of R and:
L) g =)
L@y T (- -
- 9, (_yz)
T(E -y
S = q,(=€) *_ q,(=9%)
B CER (2 M el b (A B
A* — qZ(_yz)
TE-YO -y
Hence, we get:
J(p(x))= lim (%(A1 In(x* +&%)+ 4,In(x* +3%) + 4, In(x* +y° )) +
£,0,y-1
+ 4, %arctang + 4, %arctan% + 4, %arctan %/) (13)
But from (3) it can be generated the formula
3 a 3bx bx—a
+h)== + -+ +
Ji(ax+b) 8barctan(x) 2 s+ Tae e
which by (13) implies
-1 _ 0 In(x*+¢€?) In(x* +9°) In(x* +y?)
N2 L2 lim 2 2N/ 52 ot 2N71 2 ) 2N/ 52 2
27 +1) eoy O -€)S YY) (£2-8) -8) (=Y ) -y))

£20 €2y O%y
(14)
and

3x + X _
8(x*+1) 4(x* +1)

%arctan(x) +

B arctanf arctani arctan X H
= lim g 2 2Nr 2 Tt 2 2 52 T 2 2 }g 2 3
cay-1 Le(d* =)y’ -€?) A(e* =)y -0°) yE -y ) -yHD

E20 €2y O%y

(15)
since (nJZ):
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. &'lne 0"Ind y'Iny
lim PP R N R N B _ 2
eoyt [OF =€)y =€) (67-0)y=07) (&7 -y NS -y)

££0 €ty O#y

(for Y=&+Xx d=¢c-x,x - 0, € > 1, by the fact that these limits exists)

QCn(n-2)Ing+4(n-1))e" " x* +o(x* ) _

-1
X0 4ex? (482 —xz) ( )
£-1
Remark 3.6. We note that from (15) when X — % we obtain
1 1 1

. + +
A B@ e e e -8 -8 WE -y NE -y
EZ0 €2y O#y

Remark 3.7. The above procedure may be used in any other case. For example, in view of

function f(x)=(x*+1)7, it provides, successively:

X = —
I(x4+1)2 _4(x4+1)+4.[x4+1’ (16)

dx
Jorreneay 5“ fmx re' X +54B’x (17)

E‘ x+\/58 E,x:
\/_£x+£ x2+\/§€x+€2

2 £xv2 |x +2ex+¢? |H
_E%rctangf—% 1‘x s (18)

x+
where we use the identity arctanx +arctan y = arctan 4
~xy

and

g s 3 fg

.Ix4+$4 g

E (in the case xy <1). Hence,

like in the Corollary 3.5, the following limits can be generated:

glgm] ﬂ arctangffj % 0 arctan%\/— %: 3arctan 1\/_5;2 > (19)

££0

and
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1 _31n|x2_\/55x-|—52|—£ |x ~ex+e? |E|:
co-10—€ |x” +/23x+57| ‘x +J2ex+e*|H

_ |x —\/_x+1|
x* +1+31 ‘x +\/_x+1‘

4. INVERSE LAPLACE TRANSFORM AND MULTIPARAMETERS LIMITS
4.1 Explicit equations

In the following Lemma the explicit analytic formulae for the polynomials

(20)

P, () and

0, (t) are given. We note that any classical Laplace transform monograph does not contain

this formulae, in many manuals and monographs [5-7] only the compact description (27) may

be found - see Remark 4.2 below.

Lemma 4.1. For every nON and p=1,s, there exists polynomials P,,, Q,, UZ[t] such

that
Q2(n=1)NL” [(S 1) 1(t) = P, ()sin(2) + O, , (1)cos(?).
The following recurrent relations hold:
R,(M=LF,0)=0,
P ()=1P,(0)
and

P,a()==tP ()+@2n-1)P, (1), for n=12...

s,n

=-t’P,,(t)+Q2n-1)P,_ (1), for n=23...

Hence B ,(t), nON are even functions, however polynomials F,,(t), n=23,...

functions.

21)

are odd

More precisely, by (21), it can be deduced the following explicite form of the polynomials

F,@), nON:

272 1 2()1 1) +

Ra0= (D EE
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3 m2n-5)!
SEH2[02n+3)! -
+(-1)" £V 4+ (dn=-3)N, 22
U= Se (4n-3) 22)
and
— 1\ 20 4 1yn-] +1 2n+1)!! 2n-1)
Bapa0)= (<1727 +(-1) gz A
+ 1
+(_1)n—2 2 27’l+3)..t2(n_2)+
4 H2n-5"
S +32n+5)! -
+(-1)" O+ L+ (An -1, 23
-1) 56 %T—m (4n-1) (23)
For example, we have:
B,t)=1, B(0)=-t"+3,  B,()=-61"+15,
B (t)=t'-45:"+105, B (t)=15t" —420¢* +945,
B, (t)=—t° +210¢"* —4725¢* +10395.
The following recurrent relations hold:
0,0=0,0,,0)=1,
Qs,ni—] (t) = th,n (t)
and
O, @)==t0,, +(2n-1)Q, (1), for n=1,2.... (24)
Hence, it can be deduced the following explicite form of polynomials O, ,(¢), nON :
_ _ 2n+ ),
— (—1)\" 420 l+ _1\n-1 2n-3
0,,,() = (1)t (-1 2n_3)!!f
+1 1
+(_1)n—2 2n+3)"12n—5+
4 H2n-5"
S H2[2n+5)! ,,-
+(-1)" "7+ = (4n=3), 2
(-1 546 %m ( ) (25)

and

20+ D! o,

0= 1y B AT



180 Wituta R., Stota D.
+ "
+ (_l)n—l 1H2n + 3)"t2n—3 +
3 {2n-3)!

L+ 2[2n+5)! 5,
+(=1)" £ = (dn =) 26
-1) gs ET—S)!! (4n-1) (26)
For example, we have:

Ql,z(t):_ta Q1’3(t)=—3l‘, Q1,4(t):t3 —15¢,
0,5()=10£ =105z, O, ,(t)=—t +105¢> —=945¢,

0,,(1)=-21¢ -12607> =10395¢.

Remark 4.2. It can be generated the formulae (P=1,s ; nON) [1, 3, 5, 7]:

O L
2
EJ’_TE;—E J aty for p=1,
f P q_Bn-Diped
2 2\n 1 (27)
(s"+a%) D\/I_Ta t 2
Bﬁ%% J s(at) for p=s,
Hn-D!Ra n=>
where ‘]n_% (2) is the respective Bessel function:
BEgr+n—l/2
c - [0
Jn_i(z):ZZ(—l) T
2 =0 AT +n+ 20
O 20

4.2 The technique of a parametric representation of the Laplace transform of some rational

functions

The following theorem holds for the inverse Laplace transform (for more details see [2, 6, 9]).

Theorem 4.3. Suppose that a given complex function F(s), for U(s)> 0,, is defined and
satisfies three following conditions [9-11]:
1. F(s) is holomorphic in the halfplane U(s)> 0,
2. De>0 [R=R()>0 0OsOC
if0(s)=20,>0, and |s> R O |F(s)[<€;

3. If020,>0, then
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g +ijoo 0

JIEG)|lds|= | F(o+i§)|dg < oo;

g—iw —o0

Then for every 0 20, > 0, we have

g +ioo

f(t) = 2—mUJ:”F(S)dS.

Hence, it can be obtained the following result, which is fundamental for this section:

Theorem 4.4. Let p UC[s] and n ON. If 2(n—1) = deg(p) then the following formula hold

L_l[%]:L_l[ lim nl'i]: lim L—l[}q’i]'

-1 £ -1
kzllfz,...,n |_|(S2 +51§) kzllfz,...,n |_|(S2 +5kz)
k=l k=1
Moreover, if p(s)=sq,(s*)+q,(s>) then
_ e A4,s+B
Ll[ p(s) ]: lim LI[Z kS k]:
=

2 2
s +E,

= lim (A,{COS(SkZ)+iSin(£kt)),

lim 2 ‘. (28)
k=1_2,....n
where
7,(-&;) _ q,(-€)
" 1(82_"82) and B, = 282 _"82)
1Ljn ! g llljn : g
1%k 1#k

for every k=12,....,n. In all above formulae it is assumed that &, k=12,...,n are

pairwise different.

Now it will be presented the sequence of examples illustrating the action of the

procedure of parametric representation described in Theorem 4.4 for calculating of the inverse
Laplace transform [12].

Example 4.5. We have (for every s JC, s Z0):

1 1 1 1 1

(s +1)? :gl,lén}1 (s> +&7)(s’ +3%) i%njl 5 —e’[s’ +€° _Sz +0° 0
£720

Hence, by (28), we get:



182 Wituta R., Stota D.

_ 1 1 _ 1 1
I — 1 I _ _
[(Sz +1)2] 51’161511 52 — &2 [Sz +g? g2 +52]
££0

Eﬁm(sr) sm(5t) B

= lim

£,0-1 52 &
€23
or
L_l[ : 2 : ] - lim Ebm(é‘t) sm(éz‘)B
(s +1) e3-10—E[ €& o
€20
Simultaneously, applied Lemma 4.1, we get [14,15]:
sin —£cost = Lim E]sm(f:t) sin(0t) B
£5-10—E[] € o)
££0
Example 4.6. We have:
1 . 1

) e (PO YY)
B ) ( 1 1
= lim 2 _ 2 2_222+2_2 2_222+
edy-1 (0T =€ )Y —€)sTHET) (€707 )y —O°)(s"+0O7)
££0 €2y O#y
+ ! ).
(&2 =y* )" -y )(s* +y?)
Hence, by (28) and Lemma 4.1 again we get:

_((3—t )sint —3tcost) =L~ [( +1)]

1 4 1
EE’{EI ((52 —ed)(y? —£%) [Sz +£2]
££0 €#y O%y

1 _ 1 1 _ 1
Ll[z ]+ 2 _ .2 le[z 2])=

+
(£2=0°)y*=0%) "s+d°7 (£2-y)O-y’) TSPty

- Ef sin(&t) sin(0t) sin(yt) E
ey O €)Y —€7) O(E -8 )Y =3°) WE -y ) V)

EZO €2y Oy

One special, two-parametric case of this formula should be highlighted (for y =1):

é((3 —t*)sint —3tcost) =
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= 5 sin(?) N 1 [sin(er) _ sin(dt)
SHeE 1) 07 -1) -0 Fe(e’-1) (0% -1)

£,0
££0

A one-parametric version of the above equations is derived in the following way

1 _
—((3—t )sint —3tcost) =L~ [IIEIII(S )5 +e7) ]

= L flim(S 2= )]

eo1 8”0 +1 sP+e (sT+EY)

(where A=-B=1/(e-1)*, C=1/(1-¢))

— lim Fisin(¢) + gsin(et) + C%f@ —tcos(€t) %:
£-1

=lim

1
1 (e=1)

~(sin(#) = sin(ez) + (& = 1)rcos(&r)).
Example 4.7. We have:

é(tsint —t’cost)=L" [;] =

(s +1)’
1 _
= lim ( 2 2v 2 o2 L][ 2S ]+

eyl (O -y -g%) “sP+¢g’
E£0 €2y 0%y

1 -1 S 1 -1 S
+ + L =
(82_52)(y2_52) [S2+52] (82_y2)(52_y2) [S2+y2])

= tim E( cos(&t) N cos(0t) N cos(yt) y )E:

5 =)y =€) (€8N -8) (€ -y)N -y

£,0,y-1
££0 €2y O%y

= hm

-1y E:os(t) cos(&t) - —tsm(st) E

Example 4.8. (General formulae) We have:
1

m(ﬂ,n (H)sin(t)+Q, , (t)cos(t)) =

n

=L_'[ g Z cos(&, 1)
Im g —¢&7)
(S ) i 1k2 . 1L_Jn( ! i)

£k

and

m(})ln (Hsin(t) +Q, , (t)cos(t)) =

(29)
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o 1 o 4 sin(&, t)
= T aad lim 2 AN
(s™+1) -l e || —€&)
k=12, 121<n

1%k

where &,, k=12,...,n are distinct elements of R.

Remark 4.9. For the sake of comparison, a direct verification of (30) (for n=3, & =1,

£, =&, & =0) is shown below. We have (€ #0):

k _ xk _ k-1 _ xk-1
E-0"—-¢€d(¢e o ):(1_5)(1_5)
8_5 [+m<k -1

1,m=0

V.(£,0)=1-

which easily by induction on k (k 22 ) follows. Hence, we get:

. Vk (Ea 5) . I sxm
__kXNTPTT — oM =
I e-0) am .2,

£20 1,m=0
Moreover, we have V,(€,0)=V,(£,0)=0. At last we obtain:
i sin(?) N 1 [sin(er)  sin(0t)
coiHEr —1)(02 -1) O -£XFe(1-€%) o(1-3?)

££0

o - t2k—l ( 1
— 1 NG +
Jim 2 D o\ @ - -1

x30)

1 H £2k—1 52k—l
+ —_— =
5> - He(1-¢€%) 5(1—52)@

. o0 il tZk—l Vk_l (82’52)

= lim ) (-1) > T
a2 Qk-1)!(1-£2)(1-5%)
£20

3 © kel _1 t2k—l _ 0 Nk t2k+l
_;( D Ecz %Zk—l)! ;( D g%mm

On the other hand we generate

a1 PPN _
8L [m](t) (3—¢7)sin(¢) = 3tcos()

2k-1 2k
t

__2°°_k—1t _w_k _
-0 t);( D 2k —1)! 3t;( D 2k)!

o,

& W3+ Ak =) =3Qk+1) oy _ oo, R
2 A AR g%m

which was our aim.

(30)



Molecular and Quantum Acoustics vol. 29 (2008) 185

REFERENCES

1.
12.

13.

14.

15.

16.

17.

18.

19.
20.
21.
22.
23.

24.

B. Davies, Integral Transforms and Their Applications, Springer, New York 1985.

W. A. Ditkin, A. P. Prudnikov, Integral Transforms and Operational Calculus, Pergamon
Press, Oxford 1965.

I. S. Gradshteyn, I. M. Ryzhik, Tables of Integrals, Series, and Products, Academic Press,
New York 1980.

R. Grzymkowski, R. Wituta, Selected Problems on Functions of a Complex Variable and
the Laplace Transform, WPKIJS, Gliwice 2001 (in Polish).

G. A. Korn, T. M. Korn, Mathematical Handbook for Scientists and Engineers, McGraw-
Hill, New York 1968.

V. I. Krylov, N. S. Skoblya, A Handbook of Methods of Approximate Fourier
Transformation and Inversion of the Laplace Transformation, Mir, Moscow 1977.

A. P. Prudnikov, Yu. A. Brychkov, O. 1. Marichev, Integrals and Series, Vol. 1 and 2,
Gordon & Breach Sci. Pub., New York 1986.

D. Stota, R. Wituta, Three bricks method of the partial fraction decomposition of some
type of rational expression, Lect. Notes Comput. Sc. 3516, 659-662 (2005).

R.J. Szostak, Operational Calculus, Izdat. Vysieshaya Skola, Moscow 1968.
R. Myllyla, H. Sorvoja, Mol. Quant. Acoust., 27, 239-264 (2006).

V. Balakshy, B. Linde, A. Vostrikova, Mol. Quant. Acoust., 27, 7-16 (2006).
N. Lezhnev, B. Linde, 187-194, Mol. Quant. Acoust., 28, 187194 (2007).

R. Witula, D. Slota, Finite sums connected with the inverses of central binomial numbers
and Catalan numbers, Asian-European J. Math. 1, 439-448 (2008).

R. Wituta, D. Stota, Partial fractions decompositions of some rational functions, Appl.
Math. Comput. 197, 328-336 (2008).


http://ogpta.polsl.pl/mqa/authors/VostrikovaAnna
http://ogpta.polsl.pl/mqa/authors/LindeBogumil
http://ogpta.polsl.pl/mqa/authors/BalakshyVladimir
http://ogpta.polsl.pl/mqa/authors/SorvojaHannu
http://ogpta.polsl.pl/mqa/authors/MyllylaRisto

	First either it can be doing the decomposition 
	Hence, by (3), we get 
	On the other hand we generate 


