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lhe jrac/ianal deriva/ive melhod lias been USł!.d in stud/es oj /he complex moduli 
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values oj lhe fraclional paramelers on lhe frequellcy dependences oj lhe complex 
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1. INTROOUCTION 

397 

The dynamie ełastic and damping properues of viscoełastie materiaIs depend on the 

frequency. In order to t&ke the materiał properties mlo account in vibration calculations, the 

mathematical forms oC the frequeney dependences have 10 be known. In the łast twenty years 

the concept of difTerentiation and integration 10 norunteger order [1-3], the 50 called fractional 

ca!culus has found use in studies of viscoelastic materiais, 85 well 85 in many fields or 

science and engineering including fluid flow, rheology, diffusive transport, electrical 

networks, electrornagnetic theory and probability [4,5,6-15]. The advantage ofthe method or 

ITactional derivatives in !heory of viscoelasticity is, that it affords possibilities for obtairung 

constitutive equations for el.astic complex modulus of visooelastic materiaJs wilh onJy few 

expeńmentaJly detennined parameters. But !here is also theoretical rea.son for wing fractional 

calculu5 in describing propertie! of viscoelaslic materials as has shown Bagley [1 5J in the 

case of polymer solutions and polymer solids without crossIingking, to wruch the molecular 

theory of Rouse gives relatioruhip between stress and strain with fractional derivative of 

strain. Rossikhin and Shhikova [7) have used fractional dcrivatives in studies of propagation 

ofwaves in viscoelastic media. Fellah and Depollier [l O} have applied fractional calcułus in 

studies of acoustic waves scaHeńng from porous mateńałs. 
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2. DEFINITlONS OF FRACTJONAL INTEGRALS AND FRACTlONAL 

DERIVATIVES 

FractionaJ integration and fractional differentiation offunctions are generalization or 
common integration and common differentiation (1.3). The fractionaI integraI resułts from 

generalization ofthe Cauchy formu ła for the n-fałd integrai: 

J" /(1) .,---:,l CO f (1 - ,)"~'/(,)<h 
(n - ly o 

(l) 

(where n is an integer number), to an positive fractional number a . To this end the Euler 

gamma function for integer numbers: f(n) :; (n - 1)' is generalized to real numbers, using the 

integraI fonnula for the gamma function: 

. 
[(a) = J e-·u"'· ldu 

• 
The fractional integral oforder o. is defined by the formuła : 

(2) 

(3) 

One can see trom the above fonnuła, that J a. fet) is the convolution of the function fet) 

withfunction : <l> a. (I) = t ~-'f r(a.) ,where t . =0 for «o ,i.e. 

(4) 

Fractional derivative operator D" of order a. is defined as the left~inverse operator to 

the J " and is given by the formuła : 

(5) 

where m denotes an integer number such that: m - l < et < m . 

3. THE GENERALlZED MAXWELL MODEL OF VlSCOELASTlClTY 

Using the fractionał derivatives, the Maxwell model of viscoełasticity is described by 

the following equation : 

(6) 

where o is the applied shear stress, e ~ the shear strain, GO) - the łimiting value of the shear 

modulus, "t - the re\a"ation time, whiJe a. denotes a real number from the range: O < et ~ l 

Appłying the Fourier transfonnation to the above equation , it takes the fonn: 
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a + (iOl)'" t"a = G .. (i0)" t"e (7) 

where a. i are Founer transfomu of stre" and strain. O) is the cyclic frequency and 

j1 = I , From equation (7) we obtain the following formula for the complex shear modułus of 

elasticity: 

G '(iro) : G (iO)t)" 
.. 1+ (imt)'" 

(8) 

where the relaxation time t : 'l/G • . The real G' and imaginary G" parts orthe complex 

modulus are: 

G'=G (O)t)" +COs(CIJt / 2) 
.. (mt) .... + (O)t)'" +2COs(CIJt / 2) 

(9) 

G"=G sin(o:n: / 2) 
• (Olt)""" + (Olt)" + 2CO${CIJt / 2) 

(10) 

In the Fig.! G'/G .. has been płotted against 10g(0l,) , In Fig_ 2 the normalized shear 

mechanical impedance R/(pG .. ) 1I1 has been plotted against log( wt), 
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Fig. 2 Dependence of R/(pG.J1I1 on Wt 

for various values of parameter CI , The hea· 
vy liDe CI = l , the dashed !iDe CI = 0,8 , the 
light !ine CI = 0,6 , 

Using the formulae (9) and (10), we Mve obtained for the complex impedance ofthe medium 

Z = ~pG ' the following equation: 

( II) 
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where; 

A = (G P/2I (ort)" +cos(alt/2) ) 
~ '\. (rot} ..... + (rott + 2cos(alt/2) 

B = sine alt /2) 
, (rot)" + cos(ux?2) 

and p denotes the medium density_ 

4. THE GENERAL1ZED BARLOW·ERGlNSAV-LAMB MODEL OF 

VlSCOELASTICITY 

In order to deńve the generalized B-E-L model ofviscoelasticity, we evaluated values 

of the complex impedance (11) for smali and large values or co. : Zo and Z." The following 

expressions have been obtained : 

Zo = (G.,p)" 2 2-112 (oo't}""l(.JI + 00s«(11t/2) + iJI 005(o.7t/2» (12) 

2., = (G.,p/2y /l (13) 

The impedance l ) or the generalized B-E-L model was calculated from the equation: 

I I I -=-+-
2 1 Zo Z., 

and the following formuła has been obtained: 

( 14) 

Z = (G )111[<001: t 'l 005(0.1[/4) + ero.)" + i(W'[)<>12 sine (l,lt/4)] (15) 
I"P 1+ 2(oot)" '2 cos(u1t/4) + (rot)" 

The real part R and the imaginary part X ofthe impedance Z\ are respectively : 

R «I"l't )<112 ros( a7t I 4) + (m"[)" 
(16) 

(G .. p)"! 1+ 2(IDtt'! cos(un:/4)+ (mt)" 

X [ (m't)"' 2 sin(a1t / 4) ] (17) 
(G .. py '2 1 + 2(ro"[)" I! cos(a7t /4) + (m"[)" 

In the Fig. 3 R/(pG .. t 2
, and in Fig. 4 X /(pG", )1I2 bave been plotted against log(m"[) for 

various values of the parameter 0. . Using the relations between elastic moduli and 

impedances: 

G,= R
2
-X

1 
G,,=2RX 

p' P 

we have obtained the following formulae for the real and imaginary parts of the complex 

shear modulus ofelasticity in the generalized 8-E-L model : 

cos(o.1t / 2) + (mą' + 2(0l"[)"11 cos(a1t / 4) 
-= 

«ro't) ..... ,2 + (m"[)"'! + 2cos(a1t/4»2 

G' 
(18) 

Go 
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G" 2(cos(ait 14) + (0)"1:)"11 )sin( ait 14) 

G" = «rotf"' l +(001:)"'1 +2cos(er.it/ 4»~ (19) 

·4 ·2 o ~ 4 
Fig, 3 Dependence of RI(pG., )l on rot 
for various values of param eter er. , The 
heavy line er. = I • the dashed tine a = 0.8 , 
the light line a = 0,6 , 

·4 ·2 O 2 4 6 
Fig. 4 Dependence of X 1(pG.,)1/2 on rot 
for various values of param eter a . The 
heavy Hne a = I ,the dashed line er. = 0.8 , 
the light hne er. = 0.6 , 

In Fig.5 values of G' IG.., and in Fig. 6 G" IG.., for generalized B-E-L model have been 

plotted against log(rot) 
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heavy line a = I ,the dashed [ine er. = 0.8 , 
the Jight line a = 0,6 . 
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various values ofthe parameter a. . The 
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the Iight line et = 0,6 , 
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The resułts fot" RI(pG,.)"l given by the generali.zed B-E-L formula (16) Mve been 

compared with resulu obtained by Płowiec [16) for variou$ oHs, by means ofthc formuła : 

R I(P(} .. )lll :: Re{l + 1/(;eJt) + 2K /(;(J)t)~ )" 1 (20) 

where values of K and ~ were fitted empirically . It has betn stated Ihat il is possibłe to 

malch shapes ofthe curves given by fonnulae (16) and (20), but lhe curves given by equation 

(20) are parallel translated ofabout (l)'t '" 3.9 along x-axis and 0.01 along y-ws. In the case 

of liquids for which the simple B-E-L formula can be used : simple derivatives of beT!2;ene, 

phosphate, silicate and phthalate esters, long-chain hydrocarbon~ and phenył ethers (24), it is 

possible to improve the agreement between experimental and calculated vałues of 

R/{pG",)"z using the fonnuła (16) with suitably chosen valuC5 ofthe parameter a . 

s. ANOTIlER FRAcrlONAL MODELS OF V1SCOELASTICITY 

Some rractional models of viscoelastic materiałs are cited by Rossikhin in the work [8] 

The fractionał Maxwell model with twa independent fractianal parameten: 

o + 't"'D"o = E 't~D'e , . , (21) 

where te is the relaxation time, E .. - the nonrelaxed elastic modułus, a, ~ are Ihe fractional 

pararneters. The complex modułu! resulting from the above equation is: 

' ( . )' E' (im) = E 't. I (J) 

" I+t;(iro)'" 
(22) 

Makris and Constantinou [11] Mve obtained very good agreement between prediction o f 

model (21) with a = 0.6 , p:::; I and recorded mechanical properties of the storage modułus 

and damping coef1icient and force-displacement loops in tests with vertical motion of viscous 

dampers consisting of a piston mooving in highly viscoelastic 8e~ in the frequency range 

from O to 50 Hz. Friedrich and Braun [18) used model (21) to fit experimental data for the 

frequency dependence of the storage and lass modułi for a monodisperse polybutadiene at 

a = 0.88 • ~ = 0.98 and for modified polybutadiene at a ::: 0 .54 , 13 = 0.59 in !he frequency 

range - 1.5 s logeJ :S 2 . Palade et al. [19} have shown lhat model (21) allows to describe the 

entire viscoelastic behaviour of polybutadienes !Tom naw lO g1assy regime. 

Another model of frequent use is the generalized standard linear solid model with twa 

independent rractional parameters: 

o + 't"D"o = E (e+'t~D~r.) , .. (23) 
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(24) 

where T" is the retarduion time and Eo - the relaxed magnitude or the elastic modulu,. 

Baglcy and Torvik (20) found an e"cellent agreement betwcen the above model and the 

mechanical properties at 550"C ofa Coming glau doped with o"ides ofaluminium, $Odium, 

and cobalt . They Mve used in the model a = 0.63I , fl = 0.641 . Morgenthaler [21) hu 

found good agreement between the modeł (23) at a = 0.4885 , 1l = 0.1049 and frequenc)' 

dependence of the shear modułus and loss factor of the studied by rum viscoełastic materiał 

DY AD-606 in the frequenc)' range &om O to 46 Hz. Cupial [22J hu found good agreement 

between predictions ofthe above model at ex = 0.39 , Il = 0.64 and the experimental data for 

a high damping polymer lSD! 12 in the ITequency range from I to 10000 Hz. 

Friedrich [23] suggested a model: 

(25) 

l 0( ' )0+ '( ' )' E'(im) = E +T"lm T .. ,m 
" ł+T~(im)" 

(26) 

Friedrich and Braun [18] have shown lhat the above model provides good agreement with 

experimental dependences of the storage and loss moduli ITom the frequency for the 

polyisobutylene at o. = 0.552 , fl = 0.626 in the interval - 2 :S log m :S 9 . 
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