
1. INTRODUCTION
In this paper analysis of thin-walled beams is present-
ed. Structures in which one dimension is much small-
er than others are taken into account. In the classic

elastic thin-walled beams theory presented in [4] and
[13], the cross-section distortion is neglected. It means
that cross-sections of the thin-walled beams maintain
their shapes. This assumption gives a serious compu-
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A b s t r a c t
This paper deals with the thin-walled shear beam statics and stability with cross-section distortion. The linear statics based
on [10] includes the bending in the cross-section of each wall as a Bernoulli beam, Timoshenko beam behavior (in-plane
stretch, bending and shear of walls) with free torsion as a Saint-Venant torsion of the walls in the thin-walled beam’s ele-
ment direction. The material is elastic. The stability phenomenon includes formulation of the element stiffness matrix and
the geometry matrix under constant compression load. Then the stiffness matrix and the geometry matrix on the system
level with eigenvalue problem formulation are presented.
The purposes of this work are the following: to present the solution of homogeneous differential equations in terms of poly-
nomial solution and solution consisting of the exponential modes on arbitrary chosen thin-walled beam cross-section, to
extend theory in reference [10] by the buckling theory, to implement above theories into MatLab [14] and create the pro-
gram which can handle different cases of the thin-walled beam’s buckling modes, to compare results given in the program
with the existing theories.

S t r e s z c z e n i e
W artykule omówiono zagadnienie statyki i stateczności dla belek cienkościennych z uwzględnieniem dystorsji w jej przekro-
ju. Zagadnienie statyki liniowej opiera się na [10] i uwzględnia zginanie poprzeczne ścian przekroju jako belki Bernoulliego,
rozciąganie, zginanie i ścinanie w płaszczyźnie ścian przekroju za pomocą belki Timoshenki wraz ze swobodnym skręcaniem
(na podstawie teorii Saint-Venanta) tych ścian dla kierunku podłużnego belki cienkościennej. Rozpatrywany materiał jest
sprężysty. Opis stateczności tych belek zawiera zdefiniowanie macierzy sztywności i macierzy geometrycznej dla stałego
obciążenia ściskającego.
Głównymi celami tego artykułu jest przedstawienie rozwiązania wielomianowego oraz wykładniczego dla jednorodnych rów-
nań różniczkowych dla dowolnie wybranego przekroju belki cienkościennej, rozszerzenie teorii zaprezentowanej w [10]
o zagadnienia stateczności (wyboczenia belki cienkościennej), zaimplementowanie omawianej teorii w programie MatLab
[14] i stworzenie własnego programu TWBSaS dla celów porównawczych z innymi istniejącymi teoriami omawiającymi kon-
strukcje cienkościenne.

K e y w o r d s : Thin-walled; Distortion; Statics; Stability; Bernoulli; Timoshenko.
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tational limitation for modern structures e.g. cold-
formed steel profiles, purlins, roof sheets, bridge box
girders, regular bridge girders and plate girders.
The design process of thin-walled beams with distor-
tion phenomenon uses plates and shells theories
involving large numbers of degrees of freedom. This
method is very time consuming for numerical analy-
sis based on the finite element method due to amount
of degrees of freedom.
This paper will give a starting point to the develop-
ment of a new method for analysis of elastic thin-
walled beam statics and stability with cross-section dis-
tortion. The basis of distortion phenomenon is also
well described in [1] and [5]. Proposed method is based
on the well known beams theories and finite beams
elements enable to model both open and closed thin-
walled cross-sections with very few degrees of free-
dom. For numerical analysis, based on finite element
method, program called “Thin-walled beam statics
and stability” (TWBSaS) [2] was implemented in
MatLab [14]. Firstly, the cross-section of walls ele-
ments are described as Bernoulli beams with no-
stretch condition. Secondly, Timoshenko beam behav-
ior such as in-plane stretch, bending and shear of
cross-section walls with St. Venant torsion in longitu-
dinal direction of thin-walled beam is presented. Then,
thin-walled homogeneous differential equations with
their solutions are described with example. Both,
beam stiffness matrix and beam geometry matrix for-
mulations are presented. These matrices are used for
computation of the stability modes eigenvalues. The
proposed theory contains numerical examples with
solutions compared with solutions based on the exist-
ing thin-walled beams theories [6], [7], [8], [9].

2. LINEAR STATICS OF A THIN-WALLED
SHEAR BEAM
Let’s consider a linear elastic thin-walled beam
(TWB) with prismatic cross-section in a three dimen-
sional space.

Fig. 1 presents an example of the TWB cross-section
with the sign conventions corresponding to the coor-
dinate system x,y,z. x-axis is defined parallel to the
TWB’s generator, while y,z-axis describe the plane of
the cross-section.
The plane walls (1), (2)…(ne) (seen as a straight line
in the cross-section) between nodes 1,2…nn have the
thickness te.

The displacements and the rotation of node n are
defined as follows: in x-direction (axial displacement)
as un, in y,z-directions (cross-section displacements)
as uyn and uzn, rotation as θn. The in-plane deflection
for the wall e is defined by we.

From the above components, the cross-sections vec-
tors including all nodes and all walls are as follows:
the axial displacement vector U, the cross-section dis-
placements vector Vb, the cross-section plane rota-
tion vector θθb, the in-plane deflections vector W.

2.1. Strain energy
The thin-walled shear beam statics with cross-section
distortion is briefly described based on [10]. Firstly,
bending in the cross-section is presented, secondly,
Timoshenko beam behavior with St. Venant torsion
of the walls in the TWB direction.
The cross-section bending is considered for each wall
as a Bernoulli beam (with wall nodes 1 and 2 con-
nected to cross-section nodes i and j) of length l (see
Fig. 2) which cannot change with the displacement.

Vector t is a unit vector in the wall direction.
Due to beam length l which cannot change with the
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Figure 1.
TWB prismatic cross-section

Figure 2.
Arbitrary Burnoulli beam
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displacement the no-stretch condition for a single
wall is presented:

And for all walls of the cross-section the following is
given:

where matrix A of the size nex(2nn) is built up by com-
ponents from the wall unit vector t. Full pivoting fac-
torization of A gives the relation between dependent
Vbd and independent Vbi cross-section displacements,
where Tb

vdi is the transformation matrix determined
from A.

The relation between the cross-section displacements
Vb and the independent cross-section displacements
Vbi is given as follows:

where last equal sign defines the transformation
matrix Tb

vi .

Now, the relation between the in-plane deflections W
and the independent cross-section displacements is
introduced. For a single wall the relation is presented:

where only one node of each wall is considered. For
all walls of the cross-section the following is given:

Matrix B of the size nex(2nn) is built up by compo-
nents from the wall unit vector t. Inserting Eqn (5) in
to Eqn (7) gives the relation:

where last equal sign defines the transformation
matrix Tb

wi .

The strain energy Wb
cs in bending of the cross-section

per axial unit length with the summation over the
walls is following:

where kb
e is the symmetric wall stiffness matrix for a

Bernoulli beam element with axial stiffness EAb=0
and bending stiffness. Vb

e is the wall DOF vector on
the cross-section level. 
The strain energy for all walls of the TWB cross-sec-
tion is determined as follows:

where [VbT θθbT] is the cross-section DOF vector and
Kb is the stiffness m atrix assembled from kb

e.

Inserting Eqn(5) into Eqn(10) leads to:

where last equal sign defines Kb
ii, Kb

iθ, Kbθi, Kbθθ  .
Now, let us consider  the Timoshenko beam behavior.
The strain energy Wp per axial unit length in the sin-
gle wall plane is given as:

with the following displacement field:

where EAp is the axial stiffness, EIp the bending stiff-
ness, GAp

s the shear stiffness, u,x the relative stretch,α the in-plane rotation of the wall’s cross-section, γ
the angle change in the wall plane. The strain energy
for all walls in the cross-section in terms of indepen-
dent quantities is written as follows:

where matrices Duxux, Duu, Dp
vixvix , Dvixu are the mate-

rial stiffness matrices.
Last term of the total strain energy corresponds to
the St. Venant torsion. The strain energy Wt per axial
unit length for free torsion about x-direction of a sin-
gle wall is given as:

with the following displacement field:
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Figure 3.
Polynomial and exponential modes
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where GIt is the torsion stiffness and θ � the rotation
in the cross-section plane. The strain energy for all
walls in the cross-section in terms of independent
quantities is following:

where matrix Dt
vixvix is the material stiffness matrix.

The total strain energy Wcs per axial unit length for
the full cross-section is set up from Eqs (12), (15) and
(18).

Strain energy formulation is well described in [3].

2.2. Solution to the homogeneous differential equa-
tions
In this part the homogeneous differential equations
derivation with thiers solutions are briefly discussed.
From Eqn (19) the virtual work formulation is deter-
mined:

All terms from Eqn (20) with virtual displacement
derivatives are integrated by parts over the TWB
from the cross-section x=0 to the cross-section x=L.
This operation leads to the homogeneous differential
equations (written in matrix notation) for the TWB.

where

The solution to Eqn (21) given by the independent
cross-section DOFs u(x) is partitioned in a polynomi-
al solution up(x) and in a solution consisting of nexp

exponential modes.

where bm is a mode factor, um a constant mode vector
and λm non-zero mode scale. 

Using program which is based on the theory present-
ed above and written in MatLab [14], six out of twelve
randomly chosen polynomial modes and two expo-
nential modes are presented (see Fig. 3) on the 
L-shaped cross-section with the following data:
E=200 GPa (Young modulus), υ=0.3 (Poisson ratio),
t=0.01 m (constant thickness for all walls),
G=77 GPa (Shear modulus), A=0.02 m2 (cross-sec-
tion area), l=1 m (wall length).
The polynomial modes correspond to in-plane trans-
lation and rotation, axial rotation, axial translation
and elongation, torsion, constant shear and constant
moment. The last two modes correspond to the solu-
tion which consists of the exponential modes and
deformation of the cross-section is observed.

2.3. Stiffness matrix of an element and a system
The TWB element is a part of the TWB between two
cross-sections with distance L in the interval 0xL.
The coordinate system is illustrated in Fig. 4. For
numerical reasons TWB element’s length L is
restricted by:

due to integration along element’s length for the
short wave modes.
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Figure 4.
TWB element
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Firstly, the interpolation matrix through the length of
the element for polynomial solution must be found.
The polynomial solution to Eqn (21) is limited to 3rd

degree polynomials: 

where up
i is a component of up , aij are unknown con-

stants and last equal sign defines the x-independent
coefficient matrix A.
Inserting Eqn (25) and its two first derivatives to Eqn
(21) and satisfying the solution for all x along TWB
leads to:

where aj is the “jth” column of A.

Factorizing Da with full pivoting gives a linear rela-
tion between a set of independent coefficients a(i)

and a set of dependent coefficients a(d).

The relation between a set of coefficients a and a set
of independent coefficients a(i) is given as follows:

where last equal sign defines the transformation
matrix Tai.

Now, Eqn (25) becomes:

where last sign defines the interpolation matrix
Npa(x). Inserting Eqn (28) in Eqn (29) leads to the
following polynomial solution:

Secondly, the interpolation matrix through the length
of the element for exponential solution is investigat-
ed. The exponential modes are partitioned in increas-
ing modes m+ where Re(λm+)>0 and decreasing
modes m- where Re(λm_)<0. For numerical reasons
the starting point for the increasing modes is taken as
x=L and Eqn (23) becomes:

Introducing Ne and b

Eqn (31) takes the following form:

where Nγ(x) is the interpolation matrix and γγ the dis-
placement parameter vector. Now the element DOF
vector v is determined concerning the element end
points

where last equal sign defines matrix Aγ. Eqn (34)
gives γγ=(Aγ)-1 v and inserting it to Eqn (33) gives:

where last equal sign defines the interpolation matrix
N(x).
The interpolation matrix N(x) can be presented as
follows:

NU(x) is a part of N(x) which is related to the axial
displacements and NVbi(x) to the independent cross-
section displacements. Eqn (36) is extended by the
components related to the rotation vector θθb, denot-
ed as Nθ(x). This matrix is obtained from Eqn (22).
To compute the element stiffness matrix kel the strain-
displacement matrix B has to be found. From the vir-
tual work formulation Eqn (20) the strain vector ε and
material stiffness matrix D are achieved as follows:
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with 0 entries empty.
Now, the strain-displacement matrix B becomes:

The internal virtual work of TWB element is as fol-
lows:

and the element stiffness matrix kel is defined by: 

For TWB which consists of several elements in x
direction, the system stiffness matrix is denoted by K.

3. FEM FORMULATION FOR STABILITY
PROBLEMS
In an in-plane loaded TWB two kinds of displace-
ments can occur: in-plane deflection and deflection
perpendicular to the plate plane. These deflections
occur when the in-plane load becomes sufficiently
large. This is called a stability phenomenon. To pre-
sent TWB buckling problem the geometry matrix (in
[9] called stress-stabilization matrix) must be found,
then the eigenvalue problem can be solved. FEM for-
mulation for stability problems is based on [2].

3.1. Geometry matrix of an element and a system
At this stage of research, the TWB element geometry
matrix is found for the simple case of constant com-
pression load. 
Let’s first consider the deflections perpendicular to
the plate plane (see Fig. 5). On the cross-section

level, one wall consists of DOF vector vb and two
nodal deflections wLi and wLj:

where t� is a direction vector defined as

Eqs (42) and (43) are rewritten to the form:

Matrix built up from the direction vector t� compo-
nents is called matrix TL.

The relation between nodes i and j is as follows (in
form of wL=NsvLw):

where interpolation matrix Ns takes the form:

Integration through the wall length l is made:

where nx is in-plane force equal in this case to the
constant in-pane load per unit length of the wall.
From Eqn (47) matrix NsLx is introduced:
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Now, the wall’s in-plane deflections are considered
(see Fig. 6).
On the cross-section level, nodal deflections wci and
wcj, direction vector t are defined below:

Eqn (49) is rewritten to the form:

and matrix Tc built up from direction vector t is intro-
duced.
Using the same procedure presented through Eqs
(45)÷(48), matrix Nscx is introduced:

As the next step, transformation of the interpolation
matrix N(x) achieved in Eqn (35) is presented. From
Eqs (4) and (5) the following relations are obtained:

and:

where the last equal sign defines interpolation matrix
Nb.

Choosing the right rows of Nb which are related to
wall DOF, gives the relation between the wall’s DOF
vector vb and element’s DOF vector v.

For this particular case the external virtual work of
TWB element is given as:

From Eqn (55) the element geometry matrix is
achieved:

For TWB which consists of several elements in x
direction, the system geometry matrix is denoted by
Kg.

3.2. Eigenvalue solution
After the element stiffness matrix and the element
geometry matrix are achieved, an eigenvalue compu-
tation is allowed. The virtual work equation for one
element is as follows:

From Eqn (57) the finite element equations for the
system are of the form:

where V is the system DOF vector.

4. NUMERICAL PERFORMANCE
The theory described in previous chapters is imple-
mented in MatLab [14] and program called “Thin-
walled beam statics and stability” (TWBSaS) has been
created [2]. To check the solutions obtained from
TWBSaS series of tests were performed. Some of
those tests are described in the next subchapters.

4.1. Warping mode
Let’s consider an exponential solution to the homoge-
neous differential equations presented in section 2.2.
As an example, symmetric I-profile cross-section is
taken with data as follows: E=200 GPa, υ=0.3,
t=0.01 m (constant thickness for all walls), G=77 GPa,
A=0.05 m2, Af=0.04 m2 (flanges area), I=0.0133 m4

(moment of inertia about strong axis), l=1 m.
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Figure 6.
In-plane deflections
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One of the exponential modes eigenvalue should cor-
respond to the parameter k described in [6]. Squared
value of k is equal to the ratio between the St. Venant
torsion stiffness and the warping stiffness and for the
I-profile is defined as:

where It is the St. Venant torsion stiffness parameter
and Iw is the warping stiffness. Using cross-section
data and solving Eqn (59) gives constant k equal to
0.013874. This corresponds to exponential mode
achieved from TWBSaS, where absolute eigenvalue
is equal to 0.013867 (see Fig. 7).

4.2. Column buckling modes
Two examples of cantilever beams subjected to the
constant compression load nx=1GN/m are consid-
ered (see Fig. 8). The cross-section data are the same
as in previous section. 

Firstly, column buckling mode without shear consider-
ation is investigated. Based on [7], to avoid the effect of
shearing force on critical load, the shear deformation
parameter Φ has to be much smaller than 1. In this
case, to minimize the shear effect, length of the can-
tilever beam is set up to 5m. This gives value of Φ equal
to 0.33 and formula for Euler critical load can be used
for comparison. From TWBSaS, eigenvalue which cor-
responds to the column buckling mode is presented in
Fig. 9. From Table 1 it can be observed that values
achieved from both theories are comparable.

Secondly, column buckling mode with shear consid-
eration is investigated. The same beam’s cross-sec-
tion data and the boundary condition are used as in
previous example. This time the effect of shearing
force on critical load is taken into account and
because of that the shear deformation parameter Φ
should have the value around 1. To fulfil this restric-
tion, the value of L=2.5 m with Φ=1.33 is consid-
ered. Based on theory described in [11], the formula
for a critical load which takes the effect of shearing
force into account is given as follows:

where numerical factor n for I-profile is defined as
the ratio between area of the I-profile to the area of
two flanges multiplied by 1.2. 
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Figure 7.
Cross-section warping

Figure 8.
Cantilever I-column subjected to the constant compression
load

Figure 9.
Column buckling mode without shear consideration
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Eigenvalue (λ) Critical load [GN]

TWBSaS 0. 478 0.239

Euler formula - 0.263

Table 1.
Critical loads for the cantilever I-column without shear con-
sideration 
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From TWBSaS, eigenvalue which corresponds to the
column buckling mode with shear consideration is pre-
sented in Fig. 10. From Table 2 it can be observed that
values achieved from both theories are comparable.

4.3. Torsional buckling mode
Torsion buckling mode is found for a cruciform col-
umn which is fixed at the one end and free at the
other. The column is subjected to constant compres-
sion load nx=1 GN/m (see Fig. 11).

The cross-section is taken with data as follows:
E=200 GPa, υ=0.3, t=0.01 m (constant thickness for
all walls), G=77 GPa, A=0.01 m2, I=1.04*10-4 m4

(moment of inertia), Ip=2.08*10-4 m4 (polar moment
of inertia), It=3.3*10-7 m4, l=0.25 m. The critical load
for uncoupled torsion instability of end-loaded col-
umn is calculated using theory presented in [6]. This
critical load is given by means of the below formula:

For the cruciform cross-section, warping rigidity (Iw)
is neglected and because of that the critical buckling
load is independent of the length of the column.
Using Eqn (61), the critical load for torsion buckling
is equal to 0.00122 GN. From TWBSaS, eigenvalue
which corresponds to torsional buckling mode is pre-
sented in Fig.12.  From Table 3 it can be observed
that values achieved from both theories are the same.

4.4. Global, distortional and local buckling modes
In this section basic analysis of the simply supported
TWB with hollow-core rectangular cross-section
where only compression load in x-direction
(nx=1 GN/m) is considered (see Fig. 13).
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Eigenvalue (λ) Critical load [GN]

TWBSaS 0. 1495 0.748
PT1 (Eqn. 60) - 0.745

Table 2.
Critical loads for the cantilever I-column with shear consid-
eration 

Figure 10.
Column buckling mode with shear consideration

Figure 11.
Cantilever cruciform column subjected to the constant com-
pression load
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Eigenvalue (λ) Critical load [GN]

TWBSaS 0.00123 0.00123
Pφ (Eqn. 61) - 0.00122

Table 3.
Critical loads for the torsional buckling 

Figure 12.
Torsion buckling mode
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The cross-section has data as follows: E=200 GPa,υ=0.3, t=0.01m (constant thickness for all walls),
G=77 GPa, A=0.03 m2, Iy=1.46*10-3 m4,
Iz=4.17*10-3 m4, l1=0.5 m (length of the vertical
wall), l2=1 m (length of the horizontal wall). The
total length of the beam is equal 3 m.

The stability modes achieved so far in the previous
examples are for cases where buckling modes involve
only modes with long waves in x-direction (global col-
umn buckling modes). So in this section, we will
mostly focus on distortional and local plate buckling
modes. For local plate buckling modes several short
waves between two ends of the TWB are involved.
The example of distortional buckling mode with
eigenvalue λ=-0.116 is presented in Fig. 14. It seems
that critical load 0.348 GN (λ=-0.116) is reasonable
because it is slightly bigger than critical load achieved
from column buckling about weak axis  which is equal
to 0.312 GN (λ=-0.104). It is due to bending stiffness
consideration in the cross-section of each wall. Both
values are achieved from TWBSaS.
The stability mode which satisfies the classical local
plate buckling mode for the eigenvalue λ=-0.000506
is found by TWBSaS (see Fig. 15). This eigenvalue
corresponds to critical load ncr=0.000506 GN/m.
This mode consists of 5 half-waves in longitudinal
direction.
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Figure 13.
Simply supported hollow-core beam subjected to the con-
stant compression load

Figure 14.
Distortional and global column buckling modes

Figure 15.
Local plate buckling mode
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Using the plate buckling theory presented in [8], crit-
ical stability load can be calculated and compared
with one achieved from TWBSaS. To do this, only one
wall of the TWB cross-section (upper horizontal
wall) as simply supported rectangular plate is consid-
ered. The deflection field in the plate is chosen as fol-
lows:

where c is an arbitrary constant and m=3 and n=1
give the number of half-waves in x and y direction
respectively. Based on [8] the critical buckling load is
determined by:

where D is the plate bending stiffness and stability
coefficient k is as follows:

Eqn (64) gives k=4, D=1.8*10-5 GNm and substitut-
ing this values to Eqn (63) gives the plate critical
buckling load equal to 0.000723 GN/m. 
It  is observed that value achieved from Eqn (63) and
values form TWBSaS differ from each other. The fact
of different amount of half-waves in x-direction is
taken into account. It seems that local plate buckling
theory is not fully included in the present work. The
theory presented in previous chapters does not
include term for bending stiffness perpendicular to
the plate plane in longitudinal direction. It means
that critical load concerning the local plate buckling
achieved form TWBSaS is smaller than the one from
Eqn (63). It is also observed that by mesh increase in
the elements (cross-section walls and longitudinal
elements) the results given by means of the program
are getting more accurate but do not fully coincide
with the well known plate theory. So critical loads for
local plate buckling achieved from TWBSaS can be
inaccurate and further investigation is needed.

5. CONCLUSIONS AND FUTURE WORK 
During this research work statics and stability of the
thin-walled shear beam with cross-section distortion
were studied. Next, the program based on that theo-
ry has been written in MatLab [14] and called
TWBSaS [2]. This program is based on the well
known beams theories and does not involve large
amount of degrees of freedom. Results given by that
program are checked with existing theories and the
following was observed:
– based on [6], eigenvalue which corresponds to the

warping mode for I-profile cross-section is calcu-
lated. This value is very similar to the one achieved
from TWBSaS. It can be stated that exponential
solution gives the reasonable values of eigenval-
ues.

– based on Euler load calculation, the critical col-
umn buckling load was found and compared with
the one given in TWBSaS. Both solutions are sim-
ilar.

– based on [11], the critical column buckling load
with shear consideration was calculated and com-
pared with the one achieved from  TWBSaS. Both
solutions are similar.

– based on [6], the critical torsion buckling mode is
calculated and compared with the one given in
TWBSaS. Both solutions are very similar.

– based on [8], the local plate critical buckling was
calculated and compared with the one given in
TWBSaS. Both results differ from each other due
to the lack of the term for bending stiffness per-
pendicular to the plate plane in longitudinal direc-
tion. The further investigation of local plate buck-
ling theory is necessary.  

As for the future work, except local plate buckling
theory investigation, the program should be checked
for cases with more complicated load cases e.g. in-
plane banding, in-plane non-uniformly distributed
load. Furthermore, research about dynamics of
TWB with cross-section distortion would be impor-
tant issue to consider from the engineering point of
view. The theory presented in this paper can be a
useful tool to investigate stability problems of ABM
K-span steel buildings, where for European
Standards  (according to authors) non research has
been done  [12].
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