
1. INTRODUCTION
Theory of perturbations first appeared in one of the
oldest branches of applied mathematics – celestial
mechanics. The scope of perturbation theory at the
present time is much broader than its applications to
celestial mechanics, but the main idea is the same.
Theory of perturbations is a part of science of the
great theoretical and practical meaning. It begins in
1926/27 with papers of Rayleigh and Schrödinger.
Now perturbation theory has got a bibliography which
included thousands of positions and is still in develop-
ing. [1, 2, 3]
One can begin with a simply solvable problem, called
the unperturbed problem and using the solution of
this problem as an approximation we go to the solu-
tion of a more complicated problem that differs from
the basic one only by some small terms in the equa-
tions. Then one looks for a series of successive approx-
imations to this initial solution, most often in the form

of a power series in a small quantity called the pertur-
bation parameter.
Generally the basic problem of perturbation theory is
to answer how much the solution, say x0 changes if
coefficient matrix A takes a new value A+εB, where ε
is called a small parameter and B is the perturbation.
It is often convenient to seek the solution in the form
of a series of homogeneous terms, that is, solutions of
the form

If we restrict our considerations to first three terms in
(1) we have perturbation method of the 2-nd order. In
perturbation method applications a serious difficulty
is a necessity of a large amount of analytical calcula-
tions to obtain series expansion. As a result we obtain
a set of classical problems which are usually easier to
solve numerically, cf. [2, 3].
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A b s t r a c t
The aim of the paper is to present a new algebraic system with specifically defined addition and multiplication operations.
The new numbers, called II-order perturbation numbers are introduced. Classical II-order perturbation problems can be
solved in the new algebraic system as easily as usual problems of applied mathematics, theoretical physics and techniques.
Static perturbation problems of a simple frame are discussed as well as dynamical vibration problems.

S t r e s z c z e n i e
W pracy przedstawiony jest nowy system algebraiczny, ze szczególnie zdefiniowanymi operacjami dodawania i mnożenia.
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In the paper special numbers, called further pertur-
bations numbers of the II-order (II-order PN’s), sim-
ilar to perturbation numbers defined as in the
author’s earlier papers are used, cf. [6-12].
Perturbation value functions are defined for II-order
perturbation arguments as extension of classical ele-
mentary and trigonometric functions. [6-8, 11-12]
Calculations with the use of new II-order perturba-
tion numbers lead to applications which are mathe-
matically equivalent to II order approximations in
classical perturbation methods.
New mathematical formalism is applied to classical
perturbation problems arising in theoretical mechan-
ics. Static perturbation problems of a simple frame
with perturbed coefficients and loads (systems of per-
turbed linear algebraic equations) are discussed as
well as dynamical vibration problems (perturbed gen-
eralized eigenvalue problem). The advantages of the
new methodology are presented in analytical calcula-
tions and in special numerical procedures dedicated
to linear systems of perturbed equations and eigen-
value problems. The new technique can be used as
the basis for equations with mixed-type variables
analysis in the situation when all parameters of equa-
tions are perturbed.

2. ALGEBRAIC SYSTEM OF PERTURBA-
TION NUMBERS
Let’s define a new number called further a 2-nd order
perturbation number as an ordered 3-tuple of real
numbers (x,y,z)∈R3. The set of perturbation numbers
is denoted by Rε2. The first element x of the 3-touple
(x,y,z) is called the main value mv(.), the second y –
the perturbation of the 1-st order – pv1(.) and the
third z – the perturbation of the 2-nd order value –
pv2(.). [11-12]
Let a,a1,a2,a3∈Rε2 denote any perturbation numbers
of the 2-nd order and a:=(x,y,z), ai:=(xi,yi,zi),
x,y,z,xi,yi,zi∈R, i=1,2,3. It is called that two perturba-
tion numbers a1≡ a2 are equal if and only if (iff):
x1 = x2, y1 = y2 and z1 = z2.
In the set Rε2 the addition (+ε2) and multiplication
(•ε2) are defined as follows:

The specially defined neutral addition element
0ε2:=(0,0,0) and neutral multiplication element
1ε2:=(1,0,0) will be further in use.
The field Rε2 as defined above doesn’t contain the
field of real numbers R. We can show that real num-
bers can be considered as some elements of the field
Rε2 with all classical addition and multiplication for-
mulas and neutral elements of addition and multipli-
cation, cf. [6-8], [11-12].
The map j:R→Rε2, j(x):=(x,0,0) for each x∈R, is the
injection of the algebraic system of real numbers R
into the algebraic system Rε2. It’s the single-valued
mapping and preserves corresponding algebraic
operations and neutral elements of addition and mul-
tiplications.

3. SIMPLIFIED NOTATION FOR PER-
TURBATION CALULATIONS
Notice, that since j(.) is the injection then each per-
turbation number of the form (a,0,0), a∈R can be
identified with a real number a. We use this insight to
simplify a notation for perturbation operations.
Denote by ε :=(0,1,0) and by η:=(0,0,1).
As usually, we abbreviate further a1•ε2a2 as a1a2. Let’s
assume that the perturbation number (x,0,0) is iden-
tified with x∈R, (y,0,0) with y∈R and (z,0,0) with the
real z. Then for any (x,y,z)∈Rε2, we have

If y=0 and z=0, then (x,y,z) is the real number x.
From multiplication (3) formula it follows, that

and according to simplified notation we have ε2=η .
Similarly

and simply ε3=0.
They are called further 2-nd order perturbation num-
bers and are the ordered 3-touples of real numbers
(x,y,z)∈R3, which can be written in the simplified
form: a:=x+εy+ηz=x+εy+ε2z.
Supporters of „usual” perturbation methods can use
new numbers as simply as real numbers with usual
operations: addition, subtraction, multiplication and
division. The symbol ε can be treated as a 2-nd order
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small parameter, with the property ε3=0.
Relations for usual arithmetic operations take the
following form:

Notice (-a):=(-x,-y,-z). The subtraction can be
defined as

The inverse of the perturbation number
a=x+εy+ε 2z is defined as the perturbation number
a-1=x1+εy1+ε 2z1 such that

Notice further that

The formula for division can be simply introduced as

4. EXTENDED εε-FUNCTIONS 
Perturbation value functions are defined for pertur-
bation arguments as extensions of classical elemen-
tary and trigonometric functions. Properties of ε-functions are analyzed in details in [6-8, 11-12].
Let D⊂Rε2 be an arbitrary subset. Suppose that we
have a rule fε2 which assigns to each element z∈D
exactly one element w of Rε2. Then we say that fε2(.)
is an extended function defined on D with values in
Rε2. We will denote that function as fε2:D→Rε2 or 
w = fε2(z) or simplified w = ε2-f(z).
To illustrate how we can construct generalizations of
usual real functions we use a simple function. We are
discussing now an extension of a simple exponential
function exp(x), x∈R. With polynomials and rational
functions it is one of the simplest elementary func-

tions. How can we understand the notion exp(z),
where z=x+εy∈Rε2? 

Notice that we can expand exp(x) , x∈R into a classi-
cal series 

which is convergent for all x∈R. Define the new func-
tion expε2(a), for a=x+εy+ε2z∈Rε2 as

Following equations (10) and (11) we get

We can prove the generalized convergence of the
sequence (12) for every a∈Rε2. Additionally we have 

which proves that the new function expε2(.) is the
extension of the real function exp(x).

5. EXAMPLE
New mathematical formalism is applied to classical
perturbation problems arising in theoretical mechan-
ics. Static perturbation problems of a simple frame,
see Fig.1, are discussed as well as dynamical stability
problems, technical details cf. [1]. 
Balance equations take the classical form Kq=F,
where

Assume �λ=80, l=5, p=4.157, all values are dimen-
sionless. For these nominal quantities we assume
that: 1-st order perturbations of all nonzero elements
are random and about up to ±10% of the nominal
value, 2 nd order perturbations of all nonzero ele-
ments are random and about ±1% of the nominal
value. The signs of perturbations are random.
Nonzero numerical values for calculations are taken
as:

C
I
V

I
L

 
E

N
G

I
N

E
E

R
I
N

G

ce

2/2008 A R C H I T E C T U R E   C I V I L  E N G I N E E R I N G   E N V I R O N M E N T    75

(5)

(6)

(7)

(8)

(9)

then

(10)

(11)

(12)

(13)



J .  S k r z y p c z y k   

Numerical calculations in the new arithmetic are very
easy to programming, almost with same complexity as
for real or complex numbers. Calculations in the
example were made with the single precision accura-
cy with the use of modification of the standard Gauss
elimination method with pivoting applied to the main
part of the matrix K. The numerical results are as fol-
lows:

The matrix K-σ2KG
0 must be weakly positively defined

[6-9] to assure a sufficient condition for stability of
the considered frame, where

For �σ2=0 the above matrix is the stiffness matrix K,
which has the property of positivity. But the matrix
can lose that property if the following equality is sat-
isfied detε2(K-σ2KG

0) = 0, i.e.

The value of  λ=λ0+ελ1+ε2λ2�∈Rε. Eq. (14) has two
solutions

and for arbitrary λ, say �λ=80+ε0.8+ε220.08, we
obtain ε-values

For further details about more complex perturbation
calculation and functions see [11-12].
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Figure 1.
Scheme of the frame [1] 
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6. CONCLUSIONS
Calculations with the use of new perturbation num-
bers lead to applications which are mathematically
equivalent to II order approximations in classical
perturbation methods. Benefits of the new algebraic
system are as follows: we can omit all complex ana-
lytical calculations which are typical for expanding
approximated values of solutions in infinite series. It
works for expanding unknown values – solutions as
well as for perturbed coefficients of the problem; we
get a great simplification of all arithmetic calcula-
tions which appear in analytical formulation and
analysis of the problem; most of known numerical
algorithms can be simply adapted for the new alge-
braic system without any serious difficulties.
With the new algebraic system we get a set of very
simple and useful mathematical tools which can be
easily used in analytical and computational parts of
analysis of complex perturbation problems. 
Examples of applications for classical problems of
computational mechanics are presented including a
detailed numerical analysis: the elastic frame with
perturbed coefficients and loads and perturbed sta-
bility. 

BIBLIOGRAPHY
[1] Kato T.; Perturbation Theory for Linear Operators.

Springer-Verlag, Berlin Heidelberg New York, 1966.
[2] Nayfeh A. H.; Perturbation Methods. John Wiley &

Sons, 1976
[3] Murdock J. A.; Perturbations, Theory and Methods.

SIAM, Philadelphia, 1999
[4] Gomuliński A., Witkowski M.; Mechanics of

Buildings, The Advanced Course. Oficyna Wyd. Pol.
Warsz., Warszawa, 1993 (in Polish)

[5] Kiełbasiński A., Schwetlick H.; Linear Numerical
Algebra. VEB Deutcher Verlag der Wissenschaften.
Berlin 1988 (in German)

[6] Skrzypczyk J.; Perturbation methods – New arith-
metic. Zesz. naukowe Pol. Śl., ser. Bud., Gliwice,
2003; 391-398.

[7] Skrzypczyk J.; Perturbation Methods – New
Arithmetics. Zeszyty Naukowe Katedry Mechaniki
Stosowanej Pol., vol. 23, Gliwice, 2004; p. 363-368. (in
Polish)

[8] Skrzypczyk J.; Perturbation Methods – New Algebraic
Methodology. Proc. of CMM-2005 – Computer
Methods in Mechanics, June 21-24, 2005,
Częstochowa, Poland.

[9] Skrzypczyk J.; Multi-Scale Perturbation Methods In
Mechanics. Engineering Modelling, 1, Gliwice, 2006;
427-432.

[10] Skrzypczyk J.; Multi-Scale Perturbation Methods In
Mechanics, Slovak J. Civil Eng. 3, Bratislava, 2006;
10-14.

[11] Skrzypczyk J.; II-Order Perturbation Methods in
Mechanics – New Algebraic Methodology.
Proceedings of I Congress of Polish Mechanics,
Warszawa 28-31 sierpnia 2007; Warszawa, J. Kubik,
W. Kurnik, W. K. Nowacki (Red.), 2007; CD 166 (in
Polish)

[12] Skrzypczyk J.; II-Order Perturbation Methods in
Mechanics. Engineering Modelling 3, Gliwice, 2007;
p. 111-118. (in Polish)

C
I
V

I
L

 
E

N
G

I
N

E
E

R
I
N

G

ce

2/2008 A R C H I T E C T U R E   C I V I L  E N G I N E E R I N G   E N V I R O N M E N T    77




