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Summary: The problem of identifioation in fuzzy oystems dosori- 
bed by the uoo of fuzzy equation ia oonaidered. Tho identifica
tion method and its porfonsanoo index io alao preoented. Tho fon- 
mal procedure of identification algorithm ia illustrated by means 
of a numerioal example. Tho possibility of use of the proposed al
gorithm for tho solution of oontrol problem is given &o veil.

1. Introduction

In the ease of widespread methods of desoribing industrialprooosses as 
for example the input-output description, it has been assumed that there 
exists a functional relation between the input variables and the output 
variables of the prooees. In order to determine auoh an aooepted mathema
tical model of the process, statistical methods ore widely used, e.g. li
near regression, stoohaatio approximation and also correlational analysis
[1 ,2]. The model thus obtained forma the basis of oontrol prooesaes,usual
ly by means of a digital computer.

In the case of many oomplex processes oontrol algorithms may be set up, 
using qualitative and quantitive information concerning the given object 
and basing on the theory of fuzzy sets [3 ] In auoh oases a model whioh ta
kes into aooount the input-output relations ia more adequate than the de
scription applied above; in the later model the input and output variables 
ore treated as fuzzy sets, whereas the relations existing between them are 
desoribed by means of a fuzzy relation.

The present paper formulates tho problem of identifioation for suoh a 
description; its solution has been provided and some questions strictly 
oonnootod with it are being disoussed.
Taking into aooount the simultaneous identification and oontrol it is pos
sible to ohtain an adaptive system, whioh has been illustrated in the pa
per, too.
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2. Statement of the problem

Let us oonsider the fuzzy system desoribed by means of a fuzzy rela
tion R, whose behaviour (temporal evolution) is given by the fuzzy equa
tion:

*k+1 = Xk • R

where X̂ ., X)t+i are element of the olass P(x) i.o. Xk , HêFOC+X)
and « stands for maxmin operation [4],
In equation (l) X^, X^  ̂ are treated as fuzzy sets desoriblng the state
of a fuzzy system in instant time moments, the fuzzy relation' R repre
sents the relationships existing in the system. Using the oonoept of mem
bership funotions, equation (l) can be expressed in the following form:

(x) = V  Im v  (y)'^AR(y.*)] (2 )
Xk+1 yc *  ™ k  R

where ^X. ’ deno*e ***e «embership funotions of the fuzzy sets
Xjj, xjc+1 and tiiè fuzzy relation R respectively, V , A stand for Max and 
Min operators.
For the sake of oonvenienoe we can rewrite (l) in the form:

Y,k

thus the relation R transforms X^ into xjc+1 » denoted here by
V
The identification problem for fuzzy systems given by equation..(1 ) is to
estimate the unknown fuzzy relation R describing the considered system
by means if an appropriate soquenoe of input and output "measurements” re
presented by the fuzzy sets X^ and Y^ for k = 1,2,...K1 '*.

3. Solution of a fuzzy equation

Before solving the fuzzy equation (l) let us introduoe oC -operation [5,6] 
defined as follows:

DEFIHITIOH 1,

For every AGp(k) we define the oC -operations as:

f 1 if u A y )  W
/ i W *  /'/y) = |  V

/¿A(y) if /^(x)>/^A (y) x »Te -*
(3)

Suoh a problem statement' is in its main idea similar to an motive expe
riment .
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Ve can define the(oi)- compositions of the fuzzy aet and fuzzy relation in 
the following way t

B o A @ R  R € F(X + X) A,BeF(*)

where B haa its membership function in the form:

PbM  = \ /  [¿1^ 7 )0/ // (x,y)] V  ((»)
yOr

Similarly we can define the(^-composition of two fuzzy aetai

G m A(S)b  A,B€F(X) 

as the fuzzy relation GeF(*f-*) with the membership funotion;

/ f e U . r )  -  x Y e x  ( 5 )

Let as point out a ffev useful properties of the c«£ -operation which next
forma the base of lemmas and theorem oonneoted with the solution of the
f«sy equation:

A {¿iA(x)oc /¿A( y ) )  <  / ^ ( y )  (6 )

/^(x)cc //A(y)> /¿A(y) (7)

/¿k{x)d ( iuJJ.x)a /^(y))> /^Cy)

A U ) *  ( A ( y )  y A ( » ) ) >  A ( * ) * A ( y )  V (9)  A A A *

The truthfulness of the three first relations is obvious. Let us verify the 
inequality (9)» considering the following oases:

a) /^(x)</^(y) and A a'(*) henoe we have:

/¿A(x)«' (/^(y) V //A(z)) = 1

b) /^(ac)>//A (y) and /^(x)=-/«A (z) thus:

/ ^ ( x ) « 1 ( / ^ ( y )  V ^ A( z ) )  = AA(y )  V / / A( z ) > / / A(x)or/ /A(y)  = / i A(y)

o) ‘ /¿A (y)=S/¿A(x) and '/^(xj^S/^fa) whioh leads to /uJJ.x)a (/^(y)V/^(*)) = 1
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Now the following lornsas are evident:
LEMMA 1.

For every Xfc S F(*) and R £ F ( X x X )  m q  have:

R C X R @  (X^o r ) ( 10)

LEMMA 2.

For every Xk+1 £ f (*) :

Xk o (Xt© X k+1) C K l( ( 1 1 )

We oan prove tho following, theorem:

THEOREM 1 .

For the fuzzy equation Xr + i = x^c R ' Xk> xi<+ je F ( ■* ) 1 R£F(X '‘x) the 
least upper bound relation R € F ( x + K )  satisfying equation (l) is given by 
the following equation:

From Lemma 2 follows X^o R C Xi£+1> thus R satisfies the equation X^+1 =
= Xk° »•

k * Identification method in the oase of finite apace X

Validation of an estimated model by the use of a performance index and 
truth qualification method.
Ior many practical purposes the space X  could be considered as finite i.e • 
X = ( Xj, Xgr•••» ^  | therefore the membership functions of fuzzy sets

and R could be treated as vectors and a matrix respectively:

(1 2 )

Proof. From Lemma 1 we obtain

i.e. R C R

We also have X^0 RCX^« ft whioh is equivalent to x!i+1 R

• • • 1N

Ay -'-My r'y 'x2 ) ••• ,u y = (Ay 1 =k k k k k
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X t f  X ̂  x  ̂  , x 2 ) s .  • ^  1 * ^N ^

/•'r (̂x2>x1 )

^ R ( x K >X 1 5 ... '^l^xN ’XN^

= t / ^ Xi,XJ^ i,J = 1,2,..N

For the identification purpose a set of "measurements" - fuzzy sets

{x. } and h . \  are given.
1 kn1,2.....K 1 *- k r= 1,2,...,K

Using formula (l2) for every pair of fuzzy sets, we oaloulate R ^ ^ ^ S ^ ^ k ’
taking as the final result the relation:

k
R = P) «u (1 3)

k=1

i.e * <“ r  (X1-XJ) = tMin //I / )
« k < K  k i j

i#j = 1 (2, *••rN

Now ve introduce the following definitions whioh will be useful in the 
considerations of the performance index of identification.

DEFINITION 2
Ve oall a fuzzy set A G  F(li), where card (-**") = n, k - normal, k€[l,N]iff

' V x k ) = 1 0*»)

DEFINITION 3
The degree of fuzziness of the normal fuzpy set is a hoh-negative num-

ber

DEFINITION k

N

h  = Z  /"A(xi) 
ia1

(15)

1 - normal and ■ — normal fuzzy sets are oalled independent iff 1 jfc m. 
Generally lm - normal fuzzy sets m = 1,2,..,K are mutually indsipendent 
if 1^ 1^ ^ A^,...,l^.

Ao the performance index of the identification prooedure we can use eve
ry metric <CR aspeoially the Hamsiing distance between R and R whioh 
the form:

N N
^h (R, R) a ^ | / ^ R(xifXj) - -(xifXj)| 

i—1 J=1
( 16 )

The following theorem gives a sufficient condition for ohoosing the fuzzy
sets {Xjl minimizing the performance index of indentifioation.

ka1 ,2 K
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THEOREM 2.

If k = 1,2,... exists, the following conditions ere satisfied:

(i) xfcc x k

(ii) 'ft „.(x.) i,j = 1
lc k

then
A r ,R 'Pr .R

= xk © Yk " = x€)\

Proof. A.a. Let us assume that the following oonditions are satisfied:

3  / V (xi ) « / V (xi } P x (xi }>A v  Cxi J Ac 0 *k J0 Xk 10 Yk J00

Hence A y '^x i ■) and A y )> A V >k J0 Ak *0 Ac Y0 k J0

So /f„.(x )> A y  ̂ whioh leads to a contradiotion with (i).
k J0 1k J0

Let us now illustrate the proposed method by a numerical example. 
Ve have the fuzzy relation R defined by the following matrix:

K 1

" 1 .8 .9 .6 .5 .7
0 .3 .5 1 .2 0
.7 .9 1 .8 .6 0

R S
.2 1 .7 .5 .<* .2
0 0 . 1 .2 1 0
_ 0 .2 .3 .5 •6 "A _

fuzzy measurements of input and output of' the fuzzy
1,2,... ,6 are as followB:

K Í
[1 .3 .2 . 1 0 o] [ 1 .8 .9 .6 .5 .7]

1*3 1 .2 . 1 0 0] t-3 .3 .5 1 .3 .3]
1.2 .3 1 . 1 0 0] (.7 .9 1 8 .6 •3]
[.'1 .2 .3 1 0 0] [-3 1 .7 .5 .2]
[ 0 . 1 .2 .3 1 o] Í.2 .3 .3 .3 1 .2]
[ 0 0 . 1 .2 .3 1] [.2 .2 .3 .5 .6 1]1] = 1 . 6
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Using formula (13) we obtain:

". 1 .8 .9 .6 .5 .7
.3 .3 .5 1 .3 .2

/°R
.7 .9 1 .8 .6 .2
.2 1 .7 .5 .4 .2
.2 .2 .3 .3 1 .2
.2 .2 .3 .5 .6 1

Similarly , using fuzzy data:

[i .6 .5 .3 .2 •1] [1 .8 .9 .6 .5 •7]
.[.6 1 .5 .3 .2 •1] [.6 .6 .6 1 .5 .6]
1.5 .6 1 .3 .2 • 1] t-7 .9 1 .8 .6 • 5]
(.3 .5 .6 1 .2 .1] 16 1 .7 .6 .6 .3]
[.2 .3 .5 .6 1 .1] [.5 .6 .6 .5 1 .2]
[-1 .2 .3 .5 .6 1]

•
[• 3 .5 .5 .5 .6 1]

[1 .9 .9 .9 .9 •9] ' [1 .9 .9 .9 .9 .9]
[.9 1 .9 .9 .9 .9] [.9 .9 .9 t .9 .9]
[•» .9 1 .9 .9 •9] (-9 .9 1 .9 .9 .9]
[*9 .9 .9 1 .9 • 9] [.9 1 .9 .9 .9 .9]
[.9 .9 .9 .9 1 .9] [.9 .9 .9 .9 1 .9]
[-9 .9 .9 .9 .9 1] [-9 .9 .9 .9 .9 1]

3.7

= 5.5

and calculating the Haszxlng distanoe between the identified relation R 
and the relation R with respect to the degree of fuzziness, we obtain the 
following results:

(px
k 1 1.6 2.7 k '*,7 5.1 5.5

Ph (r , r ) 0 1.9 <*.5 8.8 11.1 12.5 15.6

Thus taking for identification the minimal identification set of indepen
dent fuzzy measurements equal to N, we see that ¿?g(R,ft) is an increasing
funotion of <p„ . For a speoial oase when = 1 i.e. the minimal do-

Tc Kgree of fuzziness, for suoh series of fuzzy sets:

[1 0
[0, 1

0 • V« 
0

O]
o]

wo obtain ^R,R
[0 0 

equal to zero.
1]
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Now using each of tbs obtained models and.a oonorste Input fuzzy set we 
oan prove their validity.
Lot ua take as an inpat measurement the fuzzy set defined by the member
ship function:

/U  ̂ = [ . 5  . 6  i . k  . 2  o ]

In this oase Output fuzzy set is given as:

/¿y * (.7 .9 1 .8 .6 .5 ]

Bor the above relations the Hamming distanoe between the output fuzzy set 
of an objeot and the modol is shown on the fig. 1. It is oovenlent to ex
press the validity of a fuzzy model in terms of fuzzy llnguiatio truth,
oonsiderlng the following statement:

"the output in T" is Z, which is equivalent to:
"the output is Y".

So B s“P/*y(*i) C 18)

Fig. 1. The Hamming distanoe between the model and the prooess vs. degree 
of fuzziness of identifying fuzzy seta <n

where the fuzzy set X defined on w => [0,l] stands for the linguistic truth 
value:
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Ve assume a model of the term "truth" is given by the fuzzy set, in the 
oase of the discretized spaoe W s {o, .1, .2 .... 1 with the membership 
funotion:

V 0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1

ftrue(y) 0 0 0 0 0 .5 .6 .7 .8 .9 1

Next evaluation ouah n„ which minimizes the distanoe:

11 11
M lD  - ^ t r u e K 5 ! 3 Z K  ( V i )n i = 1 in1 rue

the truth value by using linguistio hedges of eaoh model is stated, 
example, for some values of the performance index we geti
model 1 £g(R,R) = 11.1, n = .7
model 2 ¿?H(R,R) = 12.5, n = .5
model 3 jj(R,R ) = 15.5, n = .2

( 2 0 )

For

the validity of eaoh of them is expressed as:
X (nodal l) = about true
X (model 3) = more or less true
t (model 3) = about false

and the logioal hedges are oonstitued aooording to the well known rules
[7,3].

5. The use of the ldentlfltiatlon method in oontrol problems

Lot us consider now the prooess desoribed by the use of the fuzzy equa
tion;

Yk = V R

where R is on unknown fuzzy relation describing the system. The oontrol pro
blem is to choose the proper fuzzy input order toobtain a given
YQpt(k) (the process is assumed to bo controlled i.e. ^ XQpt Yopt^k ^=
= X ° R  is satisfied). For this purpose let us use the itoration pro- °P* . .oedure with the starting point (x^,Xj) m l ,  which corresponds to the
meaning of total indetermlnanoy.
1. k=1.
2. Compute an input X^ equal to X^ 

zay control.
Hk - i © Yopt(k) •ad use it as a fu-
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3. Estimate the fuzzy relation R; , using the set of measurements ofK+nQ
fuzzy input and output Yk+1’ 1 = 1,2..... n0

' k+n_
k  -  n  » j^ + no J J  J

k. Go to 2.
The convergent oharaoter of this procedure 1» vorth to noticed. The method 
ooult be »lightly modified and used for prooeases deaoribed by the fuzzy 
equation for example having the form:

■Sc+I = Xk° R ut(k) 

vhere u^(k)£lU, U) denotes the control spaoe.

6. Conoludlng remarks

The idea of the identification of fuzzy systems and the identifioation 
method in the ease of finite spaoe X  and its use for oontrol problems are. 
the main results of the paper.
It is based on the oonoept of the solution of a special type of fuzzy equa
tions. The fuhdamental feature of such an approaoh is a close oonneotion 
between the states of a physical'process and the state sets by whioh its 
fuzzy representation,is defined. The paper introduoea also the performan
ce index of identification. A numerioal example dearly demonstrates the 
mechanism of the solution emphasizing the easiness of the proposed algo
rithms. A deeper analysis of identification and oontrol problems will be 
the subject of the next papers.

REFERENCES

[1] Draper N. , Smith H. : Applied Regression Analysis, John Wiley and Sons, 
New York 1966.

[2] Eykhoff P.! System Parameter and State Estimation, Vlloy and Sons,New 
York 1971.

[3] Zadeh L.A.: The oonoept of a linguistic variable and its application 
to approximate reasoning, Amer. Elsevier Fubl.Comp. New York 1973.'

[I»] Kaufmann A.: Introduction to Fuzzy Set Theory, Academic Press, New 
York 1975.

[5] Sanchez E.: Resolution of oomposite fuzzy relation equations,Inf.Con
trol 30, 1976.

[6] Sanohez E.! Solution in oomposite fuzzy relational equations¡applica
tion to medioal diagnosis in Brouwerian logic, in Gupta H.M, Saridis 
G.N., Gaines B.R., Fuzzy automata and decision processes. North Ho
lland 1977.



On identifioatIon in fuzzy systems and. 71

[7] Zadoh L.A.: Tho oonoopt of a linguistio variable and its application 
to approximate reasoning, I Inf.Soi 8, 1975» II Inf.Soi 8, 1975, III» 
Inf.Soi 9, 1975.

B PACIUIUBHATUX CHCTEMAX OIIHCAHHX yPABHEHHHMH 3ABHCHM0CTEH 
H Efi nPHMEHEHHE K UPOEJIEHAM yilPABJIEHHH

P e a e  u e
B paG oie paccuoTpeH a npoCjieua M^euTHtJuKauHH b pactuiUB<iaiux cxcT ettax  ohh-  

OaHHUX paonXHBqaTUMH ypaEH0HH.fIKH 3aBHCHH00Te8. JlaH M6T0A HfleHTB(J)HItaElHH H 
xapaKTepn3Hpy»i(Htt e ro  yKa3aTexb KaRecTBa. A xropH m  xjtehth$ hKanHH KJtBuoTpHpo- 
BaB '{HCxeHauu npmiepoM. HoKasana Toxe boshoxhoctb HcnojibsoBaHxa pesyxbTaToa 
HAeHiHj)HKaqBH k npoOxeuaM ynpasaeH H a.

IDENTYFIKACJA- V SYSTEMACH ROZMYTYCH (OPISANYCH RÓWNANIAMI RELACYJNYMI)
I JEJ ZASTOSOWANIE Dp PROBLEMÓW STEROWANIA

S t r e s z o z e n i e
W praoy rozważano problem idontyfikaoJi w systemach rozmytych cpisanyoh 

rozmytymi równaniami relacyjnymi. Przedstawiono metodę idontyfikaoJi i
wskaźnik Jakości Ją charakteryzuJąoy. Algorytm idontyfikaoJi zilustrowano 
przykładem numeryoznym. Zaprezentowano też możliwość wykorzystania wyni
ków identyfikaoJi do problemów sterowania.


