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Summary. The paper deals vith the method of the relational eqtn- 
tions allowing for formal description of relationship between the 
symptoms X£F(X) and the faults Y£F(yj in systems expressed as 
values of linguistio variables.

The considered equations have a following form:

Y = X o R, 
where: X£F(X), Y £ F( X )

The method of estimation of the fuzzy relation R and the con­
dition of existenoe of the solution have been disoussed. The nu­
merical example makes up an illustration of the considerations of 
this paper.

1. Introduction

An early detect ion of abnormal states of the process, devioe (or sys­
tem) is very important in any case. Some symptoms are deteoted not automa­
tically e.g. by automatic detectors, but by a human operator beoauae of his
experience and skill.

In order to estimate the possible faults by using a linguists kind of 
information, the methods of fuzzy set theory are employed [1,2,3,6,7)-The 
main purpose of this work is to oonstruot a framework of a fault-diagno­
sing methqd, using the mathematical tool mentioned above.

2. Statement of the problem

For formalizing the problem we discuss the following. Let us introduoe 
the notion:

X - the apace of symptom«, 
y - the spaoe of faults.

The relationship between symptoms of abnormal work of the process de­
vioe and possible faults are given by the fuzzy relation R defined on the 
Cartesian product of X and V i.e. R£F(>?xy) [2]. For every diagnosing pro-
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cedurs the set of symptoms (Fuzzy Pattern of Symptoms) treated as a fuzzy 
aot X£F(X) is given and the faults (Fuzzy Pattern of Faults) defined aa 
a fuzzy aet Y £ F (Y ) must be chosen.

Generally in given sypptoms-faults relational description the apace of 
the condition of the environment, vhioh we assign as Z should be taken 
into aocount aa well. So we define the relation R as

R£F(X * Z) R£F(Z I V) x P(Z) (l)

R £ F ( l f (2 )

X e i C

Fig. 1. Fuzzy system in variable 
conditions of environment

(ze f (Z) or Z £ P(Z))

where F(X), P(Z) stand for the 
family of fuzzy sets and ordinary 
sets, respectively, defined in the 
space X . The notion introduoed in 
suoh a way may be illustrated as in 
fig. 1 and fig. 2.

Thus fuzzy diagnosing system is 
desoribed by the use of the fuzzy 
relational equations [4]:

System Yeiitf)
R g

Fig. 2. Fuzzy system in fixed con­
ditions of environment

Y = XoZoR (3)

or, when is equal to z > *-n
the simplified form:

Y a  X 0 R (4)

Fuzzy relational equation (3) oould be rewritten in the form:

/¿Y(y) = /̂x(x)A Vp'z(z)A/"R(*.y.»!)}] (5)
xe*

where V. A stand for max and min operators,respectively, and similarly 
for (4) we put down:

/yiy) = V  t^x(x)A/^(x,y)l
xGL %

(6)

The equation Siven above oould be illustrated in the Fig. 3*
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sp ace  of 
symptoms

Fig. 3. Graphical ilXuatration of fuzzy 
relationaX equation

Y = X o R

Under the assumption (aooep- 
ted in every practical ogao)X, 
y, 2 have a finite number of e- 
lementa:

c a r d  ( X  ) = n^ 

oard ( y ) = n^ 

oard (2 ) = n.

(7)

the membership funotiona of fu­
zzy set X could be expressed 
in vector form:

^ X  = ̂ X (xi)] i . 1,2 n‘X
and fuzzy relation R haa a matrix representation:

1 B I t s s syl

(8)

(9)

J a 1 t 2 t ■ 
1 = 1,2,.

Considering relational syaptoas-faulta daaoription we preaent two main 
problema interesting at the theoretioal and praotioal point of view. The­
re sure: estimation a syaptoma-faulta relation and Inverse problem.

3. The method of ostinatlng the symptsuss-faulta relation

For the purpose of estimating the mentioned relation a set of fuzzy symp­
toms and faults has been given:

(1 0 )

Ve oan estimate the synptGns-»faults relation as:
n

R . f) Xx©  Y1 (1 1)
1=1
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where stand for oC -operation [ k ] defined as

def
1, if

( 12 )

and R £ R holds true. More details oould be found in [5]. 

b. Invgrzo problow

Another problem is the task of the oonstruotion of possible symptoms 
which may oooure when oonoreto faults are observed.

Using the same ̂ -operation introduoed, above, it is easy to prove,the
least upper fuzzy set of symptoms, if we assume that it exists, is given
as fuzzy set [U]

X s R @ Y  (13)

with the membership function:

.)oi /tfyC-y.)] \/ (lA)
yde y xi“

From the practical point of view it is interesting and important to oon- 
struot not only suoh solation as it stated before, but the family of lo­
wer bound solutions i.e. suoh fuzzy sets of symptoms X^.X^,..., X^, that:

V  if X. X <  X then X o R  = Y holds.
x.£F(X)

How we briefly mention general results.
Let Ix Iy define sets of valuos of membership functions of fuzzy sets 
X and Y:

/A

iy = )(•••» ŷ y (Tjj )̂  (1 5 )

The following theorem holds:

THEOREM 1.
If the solution of equation X o R e Y exists, then exists suoh solu­

tion X that
T% C  Iy (1 6 )
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Proof. Talcing into aooount the assumption of theorem ve get:

max [ minfy^U^), .7 * ) ) ] =
1 s£ i ¿Sn^ J = 1 >2 ' * •

Thus there exist suoh indexes ij J = 1,2,...,ny that: 

min .7j)) = ^ Y(y±)
J J

holds.
Let us denote:

K = { 11 ' i2 1ny }

Ve fix k 1<k <  xiy . Let us consider two oases:

a)  ̂ /"Y(yk). then ve get:

/ ^ Xlk  ̂“ A Y ^ k ^  € ̂

b) ylĉ ’ than wo e°t:

p A x  ) a max /Zy(yj) 
jej(k)

where

In both oases we obtain:

J(k) = (j : ij = ik]

min(^(Xi ), / iR (xi , Yk )) c/'yiy,,.) 
k k

Now let 1 ^ K, 1< i <  n^ then

» fflin(//X(xi),/^R(xi,yi))^/<Y.(y )
J=1r2,...,i

holds. Assuming

/Zjixĵ ) = rain /¿y(yj)€ I ^
1 * 3 * n y

(17)
• 1 ny

(1 8)

(19)

(2 0)

( 2 1  )

(22)

(2 3 )

(2k)

(25) .
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ve get similarly:

■ in( 1 >y j ) ) 7 j ̂ J =  ̂î r •• • »ny ( 26 )

In suoh way we defined X £ F(x), that (2 3 ) and (2 6 ) hold.
From eq. (2 3) we have:

■ax (min^jixj^),/WR(xi,y .))) =
K l i n j

= sax (max ( « l n ^ i x ^  , ,7j )), (*in( ,
i £ K  i ^ X

■=/“*(Xi'yj))) * "** ^ V 7J^* “ “  ^"ln W Ii)’/iR(xl,7d)!
i ^ K

according to (2 6). Fussy set X oonld have values of membership function 
created as the variation with repartitions of values of membership func­
tion of fussy set Y. Thus we obtain the following criterion of existenoe 
of solution of fnssy relational equation.
CRITERION. /

If there is no fussy set with the ■eabership,funotion created as the-
variation with repetition of Iy , then the solution does not exist.

The following theorem describes an algebralo property of set of solu­
tions of fussy relational equation. %

THEOREM 2.
The set of solution of fussy relational equation (k) forms a commutati­

ve semigroup.
Proof. Let X, Z£F(X) satisfy the equation (k). Ve prove X U Z  also sa­
tisfies (4).
Ve have:

n
/v*j> - V

1=1

- w  = V  
1=1

so we obtain:
n

V  [  X i  }  V  / ^ z ( x l 5 }  a / ^ r ( x i  ’ 7  J  =

i=1
n

* V  l('/"x(xi)A//R(x£>7J)) V (/"z(xl) A /jrR(xi'7J))] =
i=1

^ ( xi)A /WR(*1»Yj)]

K (xi>/W xi«7j)1

(2 8)

(29)



n n= V [ l“x(xi)/''Vxi’y3)] ¥ \/!/VXî ̂ '̂R̂Xi’yĵ =
1=1  1=1
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= / V yj) V  (3°)
1 « J ^ ny

Commutativity of this semigroup is a oonsoquonce of the proportieo of the 
lattice of fuzzy set [ 2] .

Because of the faot, that the least upper bound fluzzy set is given by 
the formula (13), we will try to find all lower bound solutions of equa­
tion ( )  as fuzzy seta with membership functions given as permutations with 
repetitions of IyU {<•>}.

5. Numerical example

Now we illustrate these considerations by a numerical example. Lot us 
consider the eleotronio system which oonsists of N components 
x^J (Ns1») oh which the. spaoe of symptoms X in created. Tho space of 
faults y oonsists of three elements Y = {y^y^y^j Taking into aooount 
the following collection of fuzzy sets of faults and symptoms:

Faults

[1 0 O O

[0 1 0 0]

¡0 0 1 0]
[0 0 0 1)

Symptoms
.9 .5 .2

.9[,6.

[•“
1.6

8

1

.8
-5]
1]

(31 )

and using the method described in section 3 we obtain the following fuzzy 
symptoms-faults relation:

f a u 1 t
_. 9 .5 .2
.6 .9 .8
.h 1 .5
.. 6 .8 1

y m p t o m s (3 2)

The (i , ,1)-element of the matrix expresses the degree of counootlon
between the i-th symptom and J-th fault which may ooour in the system do- 
scribed above.
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Thus having a fuzzy set of symptoms:

= [.3 .9 1 .2]

the fuzzy aet of faults oan be easily computed as:

/iy = [ , 6 1 .8]

(33)

(34)

Similarly, when faults are given, we oan obtain a fuzzy set of symptoms, 
whioh oan appear In suoh a situation.

Fuzzy sot of faults has boon defined as:

/1 s [.9 .8 .8] (33)

Using the method desoussed before we sot the least upper fuzzy sot X of 
symptoms: equal to:

f  - = [1 .8 .8 .8] (36)

Lower bound solutions slto the following:

= [.9 .8 0 0]

/"x_ = [.9 O 0 .8]

(37)

(38)

Fig. 4. Least upper solution and lo­
wer bound solutions of fuzzy equation

Y * X • R

Obtained results are depiotsd in 
the Fig. 4.
Vo get every XCF(x) suoh that 
X , c x c i  or X2 C  X C  X satis­
fies equation given above. It could 
be interpreted as follows: the least 
upper bound fuzzy aet and eaob lo­
wer bound correspond to the worst 
state and the least neoessary sta­
te among the possible MAtas of 
symplons that bring the sane exac­
titudes of the faults, respective­
ly.
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&. Conoludlng remarks

Until now the theory of reliability has only been a tool for the secu­
rity problem at the design stage of arbitrary eleotronioal system.Practi­
cally, many damages of these systems are prevented by the suitable acti­
vity of the human operator.

The development of the multivalued logic and the theory of fuzzy sets 
makes it possible to built automatic preventing algorithms based on a ve­
ry general kind of inexaot information, namly information expressed in na­
tural language used by the human operator.

Beoause of the linguietia gform of information, such algorith could form 
a basis of software for interactive oomputer systems. This paper presents 
an attempt of building and applying these methods given in mathematical 
categories of fuzzy sets.
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TEOPHfl PACrUlUBHAIHT MH02ECTB KAK OCHOBAHHE .ftHAFHOCTHKH 0TKA30B 
HA BA3E nPHMEHEHHfl 3BM

P e 3 ® K e
B paSoTe npeaciaajteao m o t o* yp&anenaa aaBaoHiiootoa xanqBtiH sasaotcMooTa 

uexxf noate^oTBaMB X £ F(x) b oisaaamb Y £ F(y) B yoTpoioiBax. Sobbcb- 
UOOTH BTE BUpazaXITOa B BBJS SBaBSHBft B XBHrBHCTBROOKHX nopOWeHHHZ pacHXHB— 
<jaiux HHOzeoTB . ypaBHSBBe BBeei bbj

Y - X ° R

TAOt
X £ F(x) Y £ F(x) 

iano peoaaae npofiaeH onpa^eieHaa «aTpsau sasHcvk-ooTB R , a TaKxe paocMOTpeHO 
Bonpoo paaeBLH aioro ypaBHOBKa ląiw ycaoBHn oyneoTBOBaaa* paaeHLs n npo- 
aHaiBSBpoBaBo asreCpaHBeoKBe ooodeaBOOCB xxaooa peueHBtt .
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TEORIA ZBIORÓW ROZMYTYCH JAKO PODSTAWA WSPOMAGANEJ 
KOMPUTEROWO DIAGNOSTYKI USZKODZEŃ

S t r e s z c z e n i e ,
W pracy przedstawiono metodę równań relaoyjnyoh pozwalających na for­

malne ujmowanie zależnoóoi pomiędzy objawami X G F(x) 1 uszkodzeniami 
Y £ F(y) w układach (urządzeniach), a wyrażonych w poataoi wartoioi zmion- 
nyoh lingwistycznych (zbiorów rozmytych).
Rozważane równanie ma postaói

Y 3 X ° R,

gdzie:
x g f (x ) i Y€F(y).
Ponadto rozwiązanie problemów wyznaczania maoierzy relaoji R, Jak i 

rozpatrzono zagadnienie rozwiązania powyższego równania (m.in. przedsta­
wiono warunek istnienia rozwiązania i rozważano algebraiczne własnoóoi 
klas rozwiązań).

Przykład numeryozny stanowi ilustrację przedstawionych metod rozwiązy­
wania równań relaoyjnyoh.

*


