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Abstract

B. H. Neumann recently proved some implication for semigroup
laws in groups. This may help in solution of a problem posed by G.
M. Bergman in 1981.

Let GG be a group, and S C G be a subsemigroup generating . It is clear
that if S is commutative, then G is commutative. The following question is
equivalent to the one posed by G. M. Bergman [2], [3].

Question 1 Let S generating G satisfy a law. Must G satisfy the same law?

For some laws the answer is positive [9], [5], [8], [1], however in general
the question is open and in opinion of S. V. Ivanov and E. Rips it has a
negative answer. All semigroups we consider are cancellative.

Question 2 Let a semigroup law a = b implies a semigroup law v = v in
groups. Does the same implication hold in semigroups?

To show implication of laws in semigroups we can use only so-called po-
sitive endomorphisms, which map generators to positive words. It is shown
in [8] (an example at the end of this paper), that all implications for positive
laws of length < 5 which hold in groups, also are valid for semigroups. The
fact that the law z?y?z = yx®y implies xy = yx in semigroups (and hence in
groups) is proved in [5, p.132].

We show the equivalence of the above Questions.

It is shown in [10], that the law z5Ty%zt = yasT2y, ged(s,t) = 1, implies

ry’r = yx?y in groups (which is equivalent to [z,y,x] = 1 [12] ). So if
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there exists a semigroup satisfying z5™y?zt = ya**2y, gcd(s,t) = 1, but not

xy’r = ya?y, the desired counterexample for Question 1 would be found.

Let a = a(zy,...,x,), b = b(xy,...,x,) be positive words. A semigroup
law a = b is called balanced if every x; has the same exponent sum in a and
b. The law is trivial if ab-*=1 in F. The law is called cancelled if the first
(and the last) letters in a and b are different.

Notation
Let F' be a free group and F > 1 be a free semigroup, both generated by
1, %o, T3, ... . Words in F are called positive. We denote:

End™ — the set of positive endomorphisms which map x; to positive words,
N,, — a normal End"-invariant closure of a word w in F,

End — the set of all endomorphisms of the free group F,

V,, — a fully invariant subgroup generated by a word w € F',

(u,v)# — the smallest cancellative congruence in F providing the law u= v.
A relatively free cancellative semigroup, defined by the law v = v is
isomorphic to F/(u,v)* [8].
We note that if N,, contains a positive word, say x?yz*, then it contains
27 and hence 27! € 2°N,, implies F' = F mod N,,.

Remark 1 Since each semigroup with a non-balanced law is a group, we
have to consider only balanced non-trivial semigroup laws. FEach such a law
implies a binary balanced and cancelled law A(z,y) = B(x,y) [6].

Questions and Results

To formulate the above Questions in terms of normal subgroups we need

Lemma 1 A semigroup law u = v implies a = b in semigroups if and only if
Nagp-1 € Nyy-1. The tmplication holds in groups if and only if V-1 C V1.

Proof The law v = v implies a = b in semigroups if and only if corresponding
smallest congruences satisfy (a,b)” C (u,v)*. If we map F — F/N, then F
is mapped onto F/N# where N# is a cancellative congruence in F defined
as: N#* = {(s,t); st™' € NNFF '} It is proved in [7], Thm. 2, that
N := N1 is a smallest normal subgroup such that N# = (u,v)#. So we

have
(u,v)# = {(s,t); st™' € N1 NFF '} (1)
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Since F/(u,v)* is embeddable into a group F/Ny,-1, and N,,-1 is the small-
est normal subgroup with this property, it follows by [4], 12.3, that

Ny = gpn(st™; (s,t) € (u,v)¥). (2)

Hence by (1), (2): (a,b)* C (u,v)# if and only if N1 C N,,-1, which gives
the first statement of the Lemma. The second statement is known [11]. O
In terms of normal subgroups the above Questions are:

Question 1’ Does N1 = V-1 hold for each semigroup law a = b?
Question 2’ Does V-1 C V-1 imply Ng-1 € Ny,-1 for semigroup laws
a=>band u=v?

We shall prove that for each semigroup law a=»b there exists a semigroup
law u = v such that the fully invariant closure of ab~! coincides with the
End*-invariant normal closure of wv~!. This will imply the equivalence of

the Questions.

Theorem For every n-variable semigroup law a = b there exists an n+1-
variable semigroup law u=v such that V-1 = Nyy-1.

Corollary The Questions 1 and 2 are equivalent.

Proof We have to show that for each semigroup law a = b the equality holds:
N1 = Vip-1. Take u = v as in the Theorem, then V-1 = Np-1. By taking
the fully invariant closure we get V-1 = V,,—1. If Question 2 has a positive
answer then we have N1 = Ny-1 = V-1, as required. O

Lemmas and Proof of the Theorem

Lemma 2 Let A(z,y) = B(x,y) be a balanced and cancelled semigroup law
and the first letter in A(x,y) is x. Then there exist a; = a;(x,y), b; =
bi(x,y) € F, i =1,2, such that

(1) 2 'y =ab;t- (A’IB)bl_l, (i1) xy ' =ay'by- (AB71)2) e = 41,
(i) F = FF 'Napr =F *FNyp.

Proof Since the law A= B is cancelled, it can be written as z - a; = y - by,
which gives A™' B = a;'2~'yb; and hence (7). The law A=B (or B=A) can
be written as as - = by - y. In the first case AB™! = ayzy by gives zy ! =
ay'hy - (AB™1)2 If B =ay-2, A =by-y, then 2y~' = ay'by - (AB~1) 72,

which gives (i7).



Since (A'B) = (AB™Y)2™' € Nup-1, we get from (i), that 2~ 'y €
FF~1 mod N ,p5-1, which holds under every substitution elements from F

for x and y. Since every word in F is a product of words in F U F !, we get
F = FF 'Nyp-1. Similarly, from (1) we get F' = F ' FNyp-1. O

The following Lemma is well known in terms of a group of fractions and Ore
conditions.

Lemma 3 Let a = b be a nontrivial semigroup law, and gi,qs,...,G, be
elements in I'. Then there exist elements si, Sa, ..., S, and d in F such that
gi = sid~' mod Ny-1.

Proof By [6], the law @ = b implies balanced and cancelled binary law A = B.
Since Nyp-1 € Ny-1, the inclusions in Lemma 2 are valid mod Ng,-1. Then
by (iii) we have modulo Ny,-1: g; = azb; " for some a;,b; € F. For n = 2,
g1 = a1by', go = axby . Also by (iii), there exist ¢, d such that by 'b; = ed™*.
We introduce r := bid = bac, then g1 = a1by' = aydd~ by = ardr™" =:
srTl go = agby ' = asec byt = ager™! =: tr~', s,t,7 € F. So, by repeating
this step we can write gq,..., g, with a "common denominator” mod N,-1
as required. O

To compare End’-invariant and End-invariant closures of words we make
an observation that by positive endomorphisms we can map xy~! into any
word g € F mod Ny, if write g = st~! and map z to s, and y to t.

Lemma 4 There exists an automorphism o € Aut F' such that for any we F,
Nye is fully invariant mod Ng,-1, for any nontrivial ab=' € FF L. That is
Vw g NwaNabfl.

Proof Let w = w(zy,...,x,). We take a € AutF which maps x; —
xix;il, 1 =1,...,n and leaves x;, i > n, fixed. It is enough to show that
for any ¢g1,...,9, in F, w(g1,...,9n) € NyaNgy-1. By Lemma 3, we write
gi = sid~" mod Nyy-1 and define v € End™ by ¥ = s;, i < n, and Ty =d.
Then modulo N1 we have (z;2,11)” = ¢g; and w(gy,...,gn) =

w(T Ty i)’ = (W(T1, .., 2,)%) € NV C Nya, as required. O

Corollary 1 For a nontrivial semigroup law a = b the equality holds

Vit = Nigp-1)a-



Proof We have ab™! € N&;l)a. Since o' is in End™T, then N&;l)a -
Nap-1)= and hence ab™! € Nap-1)a, which gives

Ny-1 C N(abfl)oc. (3)
By Lemma 4 for w := ab™!, by (3), and since End™ C End, we have:

Vab-1 € Nigp-1)a Nap—1 = Nigp-1)a S Vop-1,
which implies V-1 = Ngp-1)a.0

We denote by § the endomorphism which maps z,,1 — 1 and leaves
other generators fixed, then 6 € End". As above, a € Aut F' maps x; —
xim;il, t=1,...,n and leaves x;, i > n, fixed.

Lemma 5 Let a = b be a nontrivial semigroup law, and F,.1 be a free sub-
semigroup generated by x1, ..., Tny1. Then for any positive word p(zy, ..., xy),
there exist positive words w; = wi(T1, ..., Tp11), Vi = Vi(T1,.eeyTpy1), 1 =
1,2, such that p® = uyvy ' = uy 'va mod (N N Kerd).

Proof We show first that for any words ¢, q € F,,+1 the inclusion hold:
(¥) cxpiy € Fp i Fuir mod (Ngp-1 N Kerd),

(k%) 2,119 € Fpi1Fniys mod (Ngy-1 N Kerd).

The law a = b implies balanced and cancelled binary law A = B, so it is
enough to prove the inclusions for the law A(x,y)=B(z,y).

If apply d to the balanced equality A(c, x,4+1) = B(¢, Tpy1), it becomes
trivial, and hence the word AB™1(c, ,,1) is in Kerd. Similarly we get
A7 'B(xpy1,q9) € Kerd. We put now ¢, 2,41 for z,y in (i) (Lemma 2) to
get (x), and then put z,.1, ¢ in (i) (Lemma 2) to get ().

We continue the proof modulo (Ng-1 N Kerd). To show that:

P(l’lﬂ?;}rh Y xnfﬂ;lrl) = ‘FTLJrlJT_‘n_—&h and P(xﬂ;lrp e xnxr_z-il—l) < Fn_—&lfnJrla
we use induction on the length |p| = m. Let p(xy,...,2,) = CmCm_1...Cac1,
¢; € {xy,...,x,}, then p* = cmx;}rlcm_lx;{l...czzz;;ilclzz;;}rl. For m = 1,
p* = cryiy € FupiFnty and by (%), p* = cxpty € FrliFora-

Let |p| = m, then p = ¢,¢n_1...c2¢1 and by inductive assumption p® =
Cm®Tyty - qr-t. Then by (xx), there exist s,t € F, 41, such that z},q = st~
and hence p® = ¢, (2,119)r ™ = (st 17t = (cps) (rt) ™ € Fn Fh-
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Again for |p|=m, we get by assumption p® =r"1ts-cix, 1, =r"1(sc1)z, ;.

By (x) for sc; instead of ¢, there exist t,u € F, 41, such that scix, 1, =t lu.
Then p® = r~Y(se))a,1q = r 1t u = (tr)"tu € F, 1, Foy1 as required. O

Proof of the Theorem

We have to show that for every nontrivial n-variable semigroup law a = b
there exists an n + 1-variable semigroup law u = v such that V-1 = N,,,-1.

By Lemma 5 for the words a = a(zy,...,x,) and b = b(z1, ..., z,) we get
respectively: a® = u vyt mod (Ngp-1 N Kerd), and b® = uy "va mod (Ngy-1 N
Kerd). Then (ab™")* = wivy vy tuy = ug H(uguy ) (vav1) " tuy mod (N1 0
Kerd). We denote u := uguy, v := vyvy, then

(ab™ )™ = (uwv™)"2 mod (Ngy-1 N Kerd) (4)
This implies:
N(ab—l)a - Nuv—l ab—1 (5)
and
Nyp-1 C N(abfl)aNabfl. (6)

To prove the equality

N(ab—l)a = Nuv_17 (7)

we apply 0 to (4). Since ad is the identity map on x;, i < n, and ¢ is in End*,
we have that ab~' = (ab=1)* is conjugate to (uv™)" € N° , C Nyy1.
This implies Ngp-1 € N1 which, together with (5) gives Ngp-1)a © Nyp-1.
Since by (3), Ngp-1 € Nigp-1)a, it follows from (6), that N1 € Nigp-1)e,
and hence (7) holds.

Now, since by Corollary 1, V-1 = N(gp-1)a, we have by (7), the required
equality V-1 = N,,-1.0
Example of implications in semigroups [§]
The law (zy)?> = (yz)? implies xy?> = y?z for groups because we can apply
the automorphism o : x — z, y — x~'y. For semigroups we can not use
this automorphism. To prove that (xy)? = (yz)* implies xy? = y*z for
semigroups we show first that (zy)? = (yz)? implies:



i) (yr)? = y(ye)” (use the word y(xy)*),

(
(i) z((yz)*y)* = ((yx)*y)’z, (use (1)*, = zya®, y* =y ),
(it)) ((yz)*y)* = (yz)'y?, (use ((yz)*y)((zy)*y) ),

(iv) (yz)* = (xy)".

Then for some word p we start with p - zy* and by using (i) - (iv) obtain
p - y>x, which by cancellation, implies required xy? = y?z.

Namely, for p = (zy)* we have
pry® = (zy)'zy? = z(yx) (o) yy © (yr)’y(yo)'y =

o((y)?y)? 2 ((y2)?y)%z = (yo)'yPe & (zy) 'y’ = pye,
which gives pry? = py?x and hence xy? = y?z as required.
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