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Abstract

In this paper an application of the interval boundary element method for solving problems with interval thermal parameters and
interval source function in a system casting-mould is presented. The task is treated as a boundary-initial problem in which the
crystallization model proposed by Mehl-Johnson-Avrami-Kolmogorov has been applied. The numerical solution of the problem discussed has
been obtained on the basis of the interval boundary element method (IBEM). The interval Gauss elimination method with the decomposition
procedure has been applied to solve the obtained interval system of equations. In the final part of the paper, results of numerical

computations are shown.
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1. Introduction

The solidification process proceeding in the volume of pure
metal or alloy can be analyzed as a macroscopic one [1, 2, 3] but the
microscopic aspects of the phenomena considered, in particular the
nucleation and the nuclei growth [4, 5, 6, 7, 8] must be taken into
account. The energy equation contains the term called the source
function proportional to the solidification rate determined by the
changes of nuclei density and temporary grains dimensions. Such
approach is widely known.

The interval analysis of the typical tasks of the solidification
process seems be more effective because experimental estimations
of the grain density, the growth and the thermal parameters are
difficult. These values are dependent on technological conditions,
object geometry etc. So, it seems natural, that the parameters
appearing in the mathematical model of solidification process
should be treated as the interval values [9, 10]. This assumption is
closer to the real physical conditions of the process considered.

Let us consider the solidification process in heterogeneous domain
Q=Q,uUQ, ofthe casting and mould (see Figure 1).

|

Fig. 1. Domain considered

The heat conduction process in the casting sub-domain Q, is

described by the following energy equation
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. 0T, (x, 1)
C —_—

xeQ,: ¢ P =4, VT, (x,1)+Q(x, 1) (1)

where €, is the interval volumetric specific heat for the casting

sub-domain, Xl is the interval thermal conductivity, Q(x, t) is the
interval source function, T,, X, t denote temperature, spatial co-

ordinates and time, respectively.
The temperature field in the mould sub-domain Q, is

determined by the energy equation

. 0T, (x, 1)

xeQ,: ¢, o =%, VT, (x1) )

The above equations (1) and (2) must be supplemented by the
boundary-initial conditions

on
t=0: T (X, 0)=T,(X),

xel: F {TZ(X, t), 3)

oT,(X, t):| -0
e=1,2

and the continuity condition on the contact surface between the
casting and mould

~ 0T (X, ) -~ OT,(x, t)
-\, =X,
on on 4)
T,(x, ©)=T,(x, t)

xel:

The interval source function Q(X, t) (see eq.1) is depended on

the interval volumetric fraction of the solid state §(X, t) at the

neighborhood of the point considered X and takes the following
form

oSGt o Oy
p _chat{l exp| w(x,t)]} %)

Q(x,1)=Q,

where Q, is the volumetric latent heat, ®(X,t) is the interval

function and for the spherical grains it is defined using the
formula

O(x, 1) :gnl\](x, HR(X, 1)’ (6)

where I%{X, t) is the temporary interval radius of the single grain,
N(x, 1) is the interval grain density.

Denoting by U(x,t) the interval solidification rate the temporary
interval radius of the single grain can be written as follows

R(x, t):ja(x, r)dr (7

while the interval solidification rate is defined as

G(x, 1) =i AT(X, 1) ®)

where /NJ is the interval value of the growth coefficient, AT (X, t)
is the undercooling below the solidification point T , [6, 9].
Taking into account the interval value of the growth

coefficient ﬁ = < J75 ,u> and the constant interval value of the

~

grain density, N = <N, N > the interval source function Q(X, t)

can be expressed as follows

B(x.t) = 47Q, NR(G) AAT (x.) exp[_ L ﬁ(x,t)ﬂ ©

The interval source function Q(x,t) for the constant interval

~

value of the grain density N = <H, N> is defined using the

following formula
B(x.t) = 47Q, NR(G AT () exp[_;‘ﬂﬁ ﬁ(x,t)’} (10)

This interval source function has to be calculated according to the
rules of the interval arithmetic [9].

2. Interval arithmetic

Let us consider an interval X, which can be defined as a set
of the following form [11]

%=(x,X):={xeR| x<x<X| (1)

where X and X denote the lower and the upper bounds,
respectively. An interval is called thin if X=X and thick if
X<X.

The sum of two intervals éz(@, é) and 5=<Q, B) can be

written as
~:a+6:<g+9,§+6> (12)
The difference is of the form

6:5—6:@—6,5—9) (13)

The product of the intervals is described by the following formula
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c=a.b= ’ 7 (14)
max(a-b,a-b,a-b,a-b)

The inversion of the interval b can be written as

c=1/6=<1/6,1/9>, Oe@, 6) (15)

The quotient of two intervals can be expressed as

c=a/b=a-1/b, 0e<9,5> (16)

3. Interval boundary element method

For simplification a 1D problem has been analysed. The heat
conduction process in this case is described by the following energy
equations

aTe(X’t)+(‘:>e(x,t), e=1,2 (17)

L 0T -
xeQ,: €, =2, 5
ot 0X

with the boundary-initial conditions of the form

x=0:  q,(x. h=0,

Xx=L,: 0g,(X, t)=0;4

- OT (X, t ~ OT, (X, t

5 MY _ g 0T Y s
x=L,: on on

1+

T,(X, )=T,(x, 1)
t=0: T, (X, 0)=T,,(X)

where e =1, 2 identify the casting and mould sub-domains.
The source function for the mould sub-domain is equal to zero
(Q,(x,1)=0).

In this paper the 1* scheme of the boundary element method
isused [12, 13, 14, 15]. As first, the time grid must be introduced

0=t’<t'<t’<..<tM<t' <. <tF < (19)
with a constant time step At =t —t'".

Let us consider the constant elements with respect to time

o T =Txth
et >'{qe(x,t)=qe(x,tf) .

The boundary integral equation corresponding to the transition
t"' —t" forthe casting sub-domain is following

x=L,

T(et)+ %Q(X,tf)tjf*(ﬁ,x,tf,t)dt -
! e x=0

f x=L,
Nlﬁ(xatf)t al*(gaxatf:tbt +
¢ x=0 21

[t et e
0

tf*l

tjﬁ*(g,x,tf thdt fdx

tf—l

1%~
E!Ql(x,t B

where £ is the observation point, §,(x,t") is the interval heat flux.

The interval fundamental solution Tl*(a, X, t7,t) has the
form [11, 16]
. t (x-¢)’
Tl (E_w X, t s t) = CXp| ——— f (22)
2,na, (1" -1) 48,(t" -1

where &, =4, /€, is the interval value of the diffusion coefficient.

The heat flux resulting from the fundamental solution should be
found in analytic way and then

. - 0T (&, %t t
0, ety e X D

an

B 23

)wl(X—(i) exp|:_ (X—a)z } ( )
2fmfa ¢ -n]" 48, (t" -1)

The boundary integral equation corresponding to the transition
t"™ —>t" for the mold sub-domain can be expressed as follows

tf x=L,
T(et )+ %ﬁz(x,tf )jﬁ(é xt'tht| =
2 - —
. t - x=0
%ﬁ(x,tf )[@m(ext ]+ 24)
2 (i o

Ljﬁ(f xtht! )‘E(x,t“)dx
0

where 'Izz*(é, X,t" t) is the interval fundamental solution for the

mould sub-domain.
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The numerical approximation of the equations (21) and (24) leads
to the system of interval equations with the interval values of the
elements of matrices G and H, this means

7_H~111 _Hllz é‘llz 0 _fl(ostf)
_H~;1 _Héz Géz 0 1:1(|-1»tf) _
0 _lel Glzl _lez q(Ll’tf)
L 0 _|:|221 Gzzl _H~222 _fz(Lptf) 25)
<Gla| [ RO ] [Z0t
_Gzll qL Pl(Ll’tf_l) Z](Llstf_l)
_Glzz O Pz(Ll’tf 1) 0
__Gzzz‘qR Pz('—zatf )] 0
where
<o e At
Gn_*Gzz:*L
A Com
Xe e \/E (Leil‘efl)2
G,=-G; = \/}1 P exp| — 44 At - (26)
e e7'l2 e
L. —-L L.—-L,
—Lerfe| = — 0 =0
22, 2.4, At
and
|-|le1:|-|232:_()5
- - L.—-L (27)
Hi=H¢ L e et
2 2./, At
while
P (0 tf-l):;Texp X’ T,(x, t"dx
n 2 [na, Aty 43, At
L X—L )2
P (L, t"! —( T (x, thdx
(L €)= 2\/naAtI | 7 a At ( )
(28)
P (L.t )= - f x, t"dx
2( 1 ) 2\/ At B |: 2( )
L
~ 1 : XfL2 .
P,(L,,t" "= exp| — T,(x, t")dx
(Lt 2\/nézAt£ Pl gaat |2 )
and
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Z,0,t" =

1 x?
,—C n_([Q (xt {exp{ lAt}_

i X
——erfc dx
2, 2,/a At
(x-L)°

Zl(Lvtf?l) \/7 _[Q (x, tf ] Xp| ————— |~

D"ICITC ° 4a1At o)
‘x—Ll‘ [X—Ll H
~—erfc = dx
2, 2,/a At

After determining the ’missing’ boundary values for the

29

casting and the mould sub-domains the interval temperatures T,

at the internal points E_,i can be calculated using the formulas
— for the casting sub-domain (£ (0, L))

x=L,
(et )+ qzxt J.T Exti k| -
tf | =L -
Eiﬁ(x,tf) glExt' tht|  + 1)
? ¢ x=0

— for the mould sub-domain (§ (L, L,))

Tlet)=1 {F
I{JaTA )

qR(Lz,tf)Jr

e { )

U (- T WA
s { m]““"‘ )+l

4. Interval Gauss elimination method
The interval Gauss elimination method [10, 11, 16] has been

used to solve the interval system of equations (25). The obtained
system of equations can be written in the following form

A-y=B (33)
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We use a decomposition to solve the linear system (33). The main
matrix A must be written as a product of two matrices L and

U, where L is lower triangular and U is upper triangular, this
means

1 0 0
_|L, 1 ..o
L=| . T G4
I:Nl I:N2 1
and
ljll lJNIZ ljIN
N 0 U, ..U
U: : 122 . IZN (35)
0 0 .. U,

where i,j=1,2,...,N (N is the dimension of the matrix).

The elements of the matrices L and U are computed using the
formulas according to the rules of the interval arithmetic, so

i-1

U,=A, -3 0,0, for j=ii+l, ...,N
S =
Lji=U - (Aji—kZij U ki) for j=i+Li+2,...,N

and then the system of equations (33) takes a form
Ay=(L-0)y=8 (37)
As first, we solve for the vector z such that

L-z=B (38%)
and then we solve for the vector y the system as follows

U.y=2 (39

5. Numerical examples

In this paper two examples of 1D heat transient transfer in a

casting-mould system of dimensions L ; = 0.02 [m] (casting) and
L, = 0.02 [m] (mould) are presented. On the both sides the
boundary condition of the 2™ type g = qr = 0 [W/m?] have been
assumed. The casting sub-domain and the mould sub-domain have
been divided into 20 constant internal cells, respectively.
The following input data have been introduced: A; = 180
[W/(mK)], ¢, = 3[MI/m’K], &, = 2.6 [W/(mK)], ¢, = 1.75
[MJ/m’K], pouring temperature Ty = 670 [°C], initial mould
temperature T, = 30 [°C], solidification point T, = 660 [°C],
volumetric latent heat Q, =975 [MJ/m®], time step At=10.02 [s].

In the first example the interval source function with the
interval values of the growth coefficient

i=(295-10,3.05-10"°) [m/sK’] and the grain density

N =<9.8.1o*,1o.2-1o*> [1/m’] is assumed.
Figure 2 presents the courses of the source function at nodes 10
(x=0.0095[m]) and 15 (x=0.0145[m]) from the casting sub-

domain, where SourceL and SourceR denote the first and the
second endpoints of the source interval.

2000
[MW/m’]
1500 Sourcel
— SourceR
1000 -
node 15
500 —
E \iode 10
O T e T ‘:'\ T 1
0 2 4 6 8 t[s] 10

Fig. 2. The courses of the source function

Figure 3 illustrate the temperature distribution in the casting-
mould domain obtained for the time 5[s] (TemL and TemR
denote the first and the second endpoints of the temperature
interval).

800 +

e

6404

480

320

160

0 T 1
0,00 0,01 0,02 0,03 x[m] 0,04

Fig. 3. The temperature distribution

In the second example the volumetric specific heat of the
mould sub-domain is assumed to be an interval value

¢, =(c,~0.01-c,, ¢, +0.01-c,) . Figure 4 and 5 illustrate the

temperature distribution in the casting-mould domain obtained for
the time 5[s] and 10[s].
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Fig. 4. The temperature distribution for the time 5[s]

750
T[°C]
600 e
- TemL
450
— TemR
300 R
"\ time 10s
150
0 ! ‘ \_-/‘
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Fig. 5. The temperature distribution for the time 10[s]

6. Conclusions

In this paper the crystallization of pure metal in the sand
mould is analysed. The growth coefficient, grain density and all
remaining thermophysical parameters have been assumed as
interval values. The problem discussed has been solved using the
1*" scheme of the interval boundary element method.
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