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DISTRIBUTION FUNCTION DESCRIPTION OF PROBABILISTIC SETS
AND ITS APPLICATION IN DECISION MAKING

Summary. The paper deals with sens problems ef decision making
described and solved by the use ef a concept ef probabilistic set.

The distribution function description (represeatatien) of proba-
bilistic sets important from theeretioal point ef view 1» disaoused
as well aa its application in deoision making illustrated by Ileans
of numérisai examples.

1. latreduetion

Sinoe the introducing by Zadeh [y] of fuzzy seta theery many papers ha-
ve been published on this area alse suck with the aspects of the theory of
probability (»5(8].-

Hirota [6] has introduced the idea of probabilistic set regarding the
value of membership function of fuzzy set as a random variable depending
on parameter. This conoept seemed te be intreduced beoause often the pro-
blems of ambiguity and subjectivity ef observers might Dot be determined
uniquely id [o(1]- interval.

The notion of probabilistic set has been proposed by using both proba-
bility and fuzzy sets theories and it includes of course the ooncept of
classical fuzzy set introduced by Zadeh.

Ilirota®"s paper has censidered the probabilistic sets from a measu-
re-theoretical point of view. Beoause the probabilistic sets are a spe-
cial case of random functions (random processes or raadem fields) a dis-
tribution function description (ropresentatiea) of such sets in this pa-
per has been introduced.

Seotien 3 desoribes the notion of probabilistic set and its distribu-
tion function description (representation). Two functions of probabilistic
sets important from applioational point of view i.e. max and min functions
and their distribution funotion description (representation) have been
presented as well.

In Seotion 3 the deoision making problem is formulated by using the con-
cept of probabilistic set and its distribution function description (re-
presentation).

Numerical examples and concluding remarks are includod in Sections n
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2. Probabillatlc seta and their distribution funotion dasorlption

Introducing the oonoept of probabiliatio set the following notation is
to be used [«].

Let (n ,fi, P) be the probability space oalled here o parameter spa-
ce, (il0» 30) = ([0,1], Borel sets) be a characterlstio apace, and

:xi— ii~donotos a family "of ($ , J0) - measurable functions.
Now lot us give the definition of probabilistic sot £6]

Definition 1. A probabilistic set A on i is defined by a defining fune-

tion pA
fiA : x xa- ao (€D)
(x.0ir-p*ix.o))
whore *) is the (J , ) - measurable function for eaoh fixed x iX.

A family of all probabilistic sets defined on X will be denoted by J*(X)
1T is the @I, J0)- measurable function, it moans, of course, that

Vx«y Vz«ao{w FA(Xxwu)<z} 63 @

On theother hand, (@A(,td) can bo treated as a random prooess. This Tfaot
leads to the introduction of distribution funotion description ofprobabi-

listic set characterized by means of defining funotion MA(X,w). Let wus
oonsider now a multidimensional distribution funotion (n-dimensional) for
any sot of numbors Xj¢Xg,--.,xQe X whore the number n is ohosen arbi-
trarily.

We can write it in the following form:

= Pijal®ix, ,«1)) < [A(*z < z27** T AAARTA < *p| A ©)
3a)
FPa(G)(-} = PW! ~ (EW) < "} 5 X "0 X »e XV
n-times
where AINX) =M (x, ) ... Frud

pA(ZtCo) -m 0), MXA(x2, n AC*nT™))
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The distribution function must obviously satisfy the following two con-
dition :

1° the symmetry condition: -
the equation

(;inlf\ - (;VXin’\ il” i2’"
holds for any permutation L1, .., ,xn of the numbers 1,2,..,,n
2° the compatibility condition
if m<n, then for any zm+l»zrat2*eeeezn
ra<n W A (X2} o= z" +00>*--"+*=
AN HANX 2N z=" ®

The similar conditions hold for n-dimensional. density functions.For den-
sity Ffunction we have

Zl 12 Zn

vi)“-2~r- _({0 —(40 - i_OO A(s) (@) a- ©)
where dz = dzI dzc dzn
and we oan put down:

9 ~AX1JU(X2) AA{xN)U , "Z2..... Z“}l

dz_i dzg ... 0z n

= e ]

=V X1)iKx2) 7 - (?)

assuming that distribution function is differentiable.
The symmetry and compatibility conditions are of the form

1°a > A K 1~ Xi2)-" -& xXi / V ZV * “*°Zin) =

{AMX 11T A IX2n $Axm 17 27
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2“aV. m” j > A(XD)OA(x2) ... FIA(xn)(z1"z2 ... .. *n> dm+, 7 e e™F =

®

Deoause of the lapertant aeanin®™ of max and Bin functions, vo dorivt
their distribution funotions in the fallowing considerations.

Let Xj,X2,...,Xn ba probabilistic sets deflnod on the following fi-
nite spaoes

=Hi] h =«k * x2=H H ~ 1-L AzH L, H = 1M (19

where K = cardf»1l), L = tariff2), M = oardf»").
Talcing into account the probabilistic sets X2 ,...,Xn; XN ePi»l) oxpr«»
sad by thair defining functions ¢Ix (X ,(0) let us oonsider now tho nun
and nln functions of the form n n

Jimelx (X1 ,X2 LX) (XilXi27e-m’XIn"af} =

= nax@ix Q" L{d), [LxNix2” bj), =..frix ¢ ,0)) (1)

ein(X1,X2,...,Xn)Clil =

/ = nlu(!,l)\((l(x’iz,m, UrYX x"i2 Ll{ﬁn x* ,00) (12)

The resolution of this problem is provided by the following theorem.

Theorem, (i) If X1fX2,...,Xn are probabilistic sets given by their dis-
tribution funotions, then the distribution function of Bax(X",Xj
..,,Xn) is equal to,

x. x.t 2 noMw =
1 Bax(X1,X2,...,Xn) *1 *2 n

R 10 3!

G
tr

) IF XM, X2,...,Xn are probabilistic sets given by thair dis-

i
ibution funotions, then the distribution funotion of oinfX".Xj

...,Xn) is equal to,
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n
th«in(xi, X2 Xn)(xil>xi2"--"Mdn)"W)
12
3 3
Fhix (*ii)™x2 xia)™" X (xi Y(w,w***-"w) »a* k)

Proof

(i) Takiag Into aocount the following «quality

7 {Peatc(px® (xj 1) EIXAXAW) L gix o (x,0d))<wd =

=P w)ew)n (tix (x? ,0)<w)n .. n(EixM(x™ to)<w)]

and th« definition of the raspaetive multidimensional distribution,we find
that Eq. (13) holds.

(ii) Bearing la mind that

Rin(MX AN ), A XA (XA, 0) 5. -, Fix (X7 ,w)) =

a - *«(-"(*1,,«), -IPR&i2VU) ....

the following holds

PI[- ««(=-2(x"™), -FfI*x~_w) -iXn(xin*a,))<w] =
= plmax (-@xNixi ), -jurix~.to),. x° ,&))< - wj =
= i - p £(-£ix ~Xi thi)w) n (-fa (xF ,co)-id-w)N ... N (-Fa (x° -w)J =
= 1 - p[(*Ix (xI >w)>v)n(£ix i .w)<i»)rjeeen (¢ix (x* =

= pFAPx (xI .w)<w)u (fa (xI ,0)<w”™u *m*ux (xX? =
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n " p[XJU 11Ee>)<w)n i<k ® " w)<w)] +

...+ (- oma plj{ix W)<w) n (AXMX? L &P<w)non (px (XU wikw)d

Since the distribution funotion takas the form of Eq, (14)
The theor» is proved.

Assuming additionally the independency of Uv (- ,0i) for oaoh x» eJT1,
rxi *1 *

the distribution funotions of max and min functions can be rewritten as

follows
_n_
F /1 2 n Vv\w) = n FU (x1 )w”
V V% ... n JFl1 *V V
n
F.1 C1 2 n \(v) =7/ F. 1'J
HminfX, .Xg,--- ,X,,) i, " ig \% \ *‘(a
- % <xf )(w> X <x* )W) - *e + (-Dn+' 1 X <£ V) (16)
tfen ~ k k J=1 J J

3- Deoiaion making in a fuzzy-probabilistic environment

Considering the deoiaion making problem in the aenae of Bellman and Za-
deh [j1 we aro looking for deoiaion (probabilistic) set D in the form

d= p|] xt an

where X~i = 1,2,...,n) are probabilistic sets given on the same spaoe
= ... = XQ = * (18)

Some of the sets X~ may represent the constraints and the rest of them
can represent the goals. From formal point of view it is not necessary to
distinguish between goals and constraints.
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Taking into account theform of decision set we have to find the dis-
tribution function for themin function

= Fmin(X1fX2 ... XMNX,a>) = rain("™N( x . i1 0 ) ..7Fajx-W;)
. - . . (1@
where f£Ix 1x,( are defining funotions of respective probabilistic sets

defined on the spaoe Y.
The distribution funotion takes a form

(w)

W*>M " FCLi,(X, X2 ... XJj<«>« = > 'J ) X _
= 1
2 U Ftix (* u) " -+ (=)n+l noveN ()W) (z0)
14j<kén J k d=1 i

assuming the independency of all X (X,W)-

Having goal or oonstraint defined as
probabilistic set on the space V, it
means that for each x£Y the value of
membership funotion is not determined uni-
quely in [0,1] - interval but it is given
by the respective distribution funotion or
density funotion (Fig. I). The border li-
nes detormine the boundaries of the res-
pective density funotions.

Considering for simplicity two probabilis-
tic setsmi.e.

Fig. 1. Goal and oonstraint
as probabilistic sets X, = X, X2 = v

the distribution funotion and the density funotion in the ease of indepen-
dent £Ix X,Cd) and ~.(x,0>) may be written as

DU M = FXCOM) + W 00 U Vx oW i @ @

and

(xIM = fFixCOW [1 -~ YEO<>] + -~ xOWV] @
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Having the distribution function F» & )W” or *a density funotion
fi&)W”™wo oan carry °ut tho moiflont analysis. Taking into account the
first Monitors one oould decide which alternative oan be chosen.For exam-
ple we oan easy obtain the mathematical expectation (»«an value) E[JiD(x)J
and the variance V[O(X)J of for each x6 )k

Tho problem of evaluation of the final decision x*V oan be solved in
many ways e.g.

(i) x*= e X€X %(*)] _
e g (x)] — max

Vi1/ X#= e X €*
vQID ()] — — min @22
e [~ (x)]

(iin) X=: . X€ <« m=; ——MIX

\ Yv[hj (x5J
etc.

These topios will bo the subjeot of further investigations.

U, Numerical examples

1. Let us oensider two independent
probabilistie sets X and Y in the
oase when ¢ix(X,0>) is uniformly dis-
tributed in the interval [a(X), b(X)J,
(the boundaries of density funotion
are dependend on x) and M. (x.w) is a
common membership function given as
(Fig. 2)i

WCAijj E(fjir)

t fer X<X_
i1 = (21v)

for i>*n

YD) =1 (x - xQ)

Fig. 2. Goal as probabilistic set
and oonshaint as oommon nonfuzzy
set

The distribution funotion of “lpix.iti has a simple form
w) for X N X«

25
W(.y<*> - (25)
for X > Xn
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The mathematical expect ition moan valuo fcr this case can be found for

each x € W as

a(x) + bXx)

for x<g x_

for x> x,
P

The variance of £ip(x,C0) in this example depends only on the

the interval £a(x)f b(x)] and is an increasing function od the
Ib() - a()1 " -
12 for i,,
for x> x

The values ef dispersion Yv aro shown in Fifi. 2. Now the

@6)

length of
length "G,

@7

problem

of evaluation of th9 final deoision x eW should be solved according to ()

(i), or (D).

2. Now we will consider more fione-
ral caso when E£i*(x,w) = foccoi Hand

0*ix<A, ¢(jy"™xfCt)) is exponent

iaj ly dis-

tributed in the interval [O.tj as in

FiR. 3.
The density function of |ID(x,w) has
tho form
iis- 3. Goal as common fuzzy set
and conetreint as probabilistic ) )
set Determineng the expectation (mean va-

lue) of jiu(x,ui wo have

r ,oXxi Ii "_f i -5 (x)1 X Y
[fa(x)J = 1-e4!x"i [snrril 5.a° )
For the varianoe of we obtain
V[E»d ()] 4 X~ -3, 2 ~W*x1Z * 1
bt = - o
1-e TSIxT A2 (x) JTXT a + senrr
-Mx)

@ - > E °



36 E. Czogala

Numerioal calculation of e[jUi(x)] and V ) for i(i) = 1 and1=1
ara given also in Fig. 3. These results show that there are differences
between min jE~i~x)] , E~.in)] Jand E )J for sobo X« )X

5. Conoludiag remarks

Tha distribution function desoription (representation) of probabilia-
tio seta proposed hero, seems to be suitable in obtaining a solution of
some problems of decision making*

The obtained numeripal results shew the differences between the values
e[Mdx)] and min | eQy x)l, E [*.Cx)J1for dataraiinad regions od X. It oan
havo an influence on choosing an optimal alternative.

There is also a possibility to obtain some interesting results for
ether operations on probabilistic sets then "0 “ and " " for example
Uu=xXx-.Y
where N(x-ow) = fIX(X,b>) L oAOagw)
ate.

and far given distribution funotiens or density functions it is possible
to compare the respective results.

The distribution funotiens ef sax and min functions are also very use-
ful in the decision making system called fuzzy probabilistic controller
where they are both used simultaneously. The above mentioned decision ma-
king system will be considered in separate papers £4].

The first monitors obtained by means of distribution function or densi-
ty function may be used to the probability oriteria useful in deoision ma-
king, like Chebyshov’s inequality and others. This analysis will be the
subject of further investigation.
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HHTErPAJLHOJB OHHCABHE BEPOHTHOOTHHX HHOKCX1
H SIX) HPHKEHEHHE B IIPHHHTH PiBHH ft

Pe3 »Me

B. paCote npeACTUAeHU xpefixeuu mphuatxx pezenutt »HHCUiaeMue u peaatMue
Ha ociiose BepoaTHocTiuoc mksxsct™.

PaocKoxpeso HHTerpajmse emseajute BepexXHScTxux MHexectB saxHoe *jIx too-
P*h k opaxTRtiecKoro xpauenexxx b *pexscce mjubstkh peseimfl. PaccyxAemix npo-

m»cspapemaiio XHCxeBtuaui apxMepaux.

=YSTRYBUANTOWY OPIS Z1IM#V PROBABILISTYCZNYCH
I JEGO ZASTOSOWANIE V POBEJMtWANIU DECYZJI

Streszezenie

V praoy przedstawione problemy podejmowania decyzji opisaaa 1 rozwigza-
ne w oparciu o keneepeje zbioru probabilistycznego.

Przedyskutowano dystruantowy opis (raprezontaoje) zbiordw probabilis-
tycznych wastny z teoretycznego punktu widzenia, Jak rowniez Jogo zastoso-
wania w podejmowaniu deoyzji zilustrowano przykdadami numerycznymi.



