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TOWARDS DECISION-MAKING IN A FUZZY PROBABILISTIC ENVIRONMENT
AND A NEW IDEA OF FUZZY PROBABILISTIC CONTROLLER

Summary. Decision making problems tied together by noana of the
ooncept of probabilistic set are hero presented.
First, the problem of deoision making in the sense of Bellman and Za-
deh in fuzzy probabilistic environment ie mentioned. Then it is dis-
cussed a new idea of fuzzy probabilistic controller useful in con-
trol tasks of ill-known (weakly - defined) processes what enables to
investigate the control strategies used by human operators.

1. Introduction

For the first time the Bellman and Zadeb [I] approach to deoision - ma-
king in a fuzzy environment was employed and applied. Zadeh’s [12]linguis-
tio approaoh to fuzzy systems has motivated many works dealing with the
synthesis and some aspects of the analysis of decision-making system cal-
led fuzzy logio controller demonstrated by several autors viz. Mamdani and
Assilian [9], Mamdani €£Ilo] , van Nauta Lemke and Kiokert [s] , Tong [II] and
others.

The oonoept of probabilistic set [6] is defined regarding tbe value of mem-
bership function of fuzzy set as a random variable depending on parameter.
This notion is introduced for the reason of the problems of ambiguity and
subjectivity of the human observers operators that oannot be often deter-
mined uniquely in [o»l]) — interval. Taking into aeeeunt this notion and its
distribution funotion representation [2,3] it is possible to consider al-
gorithms of decision-making in a fuzzy probabilistic environment. In this
paper there will be discussed some problems wbioh® may appear at initial
stage to formalize the problems of construction of the deoision-making al-
gorithms useful for computational traotahility.

The problems of deoision-making in the sense of Bellman and Zadeh is out-
lined and tho deoision - making algorithms due to the deoision-making sy-
stems (Fuzzy probabilistic legie oontreller) are presented. Suoh deoislo»»-
making systems whinh may bo used to implement more general contr«ll poli-
oies in multidimensional ease are disoussed too.
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2,- Baato notion» and definitions
\

The fundamental notion used in eur considerations is the notion of pro-
babilistic! set. In the beginning wo will define the following three terms
P]

Ca,J3,P) is a parameter space,

@lo,B0) = ([0,1], mwerel eets) is a eharaoteristio spade,

JfE | X|fj i jlo (3,”,) -measurable funotienj is a family of eharaoteris-

tio variables.

Now let us remind the definitien ef probabilistic set £6]

Definition 1 A probabilistic set A on the spaoe X is defined by a de-
fining funotlon

V™
w m @
(x,Cd)t- YA (X,0>)

where "(x,*) is the (5,” )-measnrable function fer each fixed [1(X, If
is a defining function the of oourse, is always valid

VX«*V*«M @

introduoa the »-diaeatieDal distribution Tfunctions FR of profeabillti«s
in the form

ANCXL,X2E%** X"z i ,22 7%** 2n~ =

p (wsftA(x1,8>)<*,, A< ) <>, 3>~ @)

= PCAIA(xt,tn)<®1, fIA(X2,cn)<*2,...., <*B)

satisfying the symmetry and eempatAbility eemditiens.
The distribution function representation (description) will be need te ob-
tain the distribution functions for the se oalled Max and Min functions ef
a collection of probabilistic sets defined ae fellows.

Let be X, ,X2,...,XB the probabilistic sets defined on the respective

spaeee
X, - x11*x
*2 = xainx S. «i*2i leeexx2r~
in Xnl»X n

where 1< 117 X, 1i i2 .
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Definition 2, Vo oall a probabilistic sot M a Maximum function of pro-
babilistic sots XItX2,...,Xn, if the follovine equation holds true

WX 1L J*2i2 77 -* >Xnin W) = < Frx, tr1i ixCq), Fix2 GRi2*i0%,” *’iKn~Xnin 1*]

®

Definition 3. A probabilistic sot V is oallod a Minimum function of pro-
babilistic sot X,,X2,,,..,Xn if

t A0 AV - ™. A5 = Mintx 1(x1ilw) X2 (x2i20,) ilXn (xni [I'a)l (6)

The distribution functions of tbo above defined Tunotion of the form

"X X . . X = " * X p* ,A<m 1
rm :Ll1 2|4 nln 1 i 2 n J
Fl- ( \ C \ w  Fm ACE»m»eee *@) @
ftt/*11, 5& » (X2i2” «7 fiXn(xnin)
“LEL,1TTT R PS>V T« 1 1-
st v v SWwoom .
-m " rftc.(xji XK (Xkik) tIx1Cxii™(
KJ<lc<ICn 3 3
4. F 1 \ r \ f \ (w,w,...tw) ®)

11, n2 “ar

Assuming the independency °f Wk HEE
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n
e TEXnCnIn>(*) >*F<*«,™ e ... U J/ ">~
1*j<k<n J J K 16J<k<I<Sn J J
-V v " W Vi,i,>()=- <7
BV * %/ T v K (XTn)<v>

The above presented distribution functions will play an essential role in
the further considerations.

3« Pgoi<ion-nmking in a fuzzy probabilistic environment

Lot us consider a decision-making problem in tho sense of Bellman and
Zadeh [1] and let us look for decision set V fuzzy probabilistic in tho
form

\

n X i {1-°
1=1

X~ 1= 1,2,,.,fn are probabilistic sots defiDed on the same.apace Y and

eone of them may represent oonatrainto and the rest of them goals. The dis-
tribution function for

£iw (LU = Min [Ax (,10),FIx (x,Cd), ..., px (X td)j )

takes the form @@,3]

-pR*C,=m] * 2 fha><*> - >
J=1 J KKJin J

fixX1(x)X2(X) Fxn(x
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Now oonsider for simplicity only two probabilistic set (Fig* 1) i.e.

The distribution function for defining function of decision set has the
form

Flv(*)U) = FFx(x)(V) + W x) AY () (W, W) (li<)

The distribution function and the density funotlon of in the case of
independed £i~ and jly may be written as

As an illustration of the abevo presented considerations we have an inte-
resting case when =3 fer Oii1sJ and Miy(x,w) is uniformly dis-
tributed in the iaterval fa(x), b(x)J as in Fig 2.

Fig, 1, Goal and constraint as Fig, 2. Goal as common fuzzy set and
as probabilistic sots constraint as probabilistic set

Tbe density funotion is of the form
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The mathematical expectation (mean value) of (Ay is equal to

>1,) - ,uj U *<e) - 4 - fslaliardl |
and for the variance of wo have
v[ty()] = bUJ 1 aU; [p- b(X) - a3 -3
b 1L a(*fFU Db(x) " *A2 = 2 Q9

Nuiaerioal calculations for A= 1 of E*iy(x)J and vJI*y(x)J presented in
Fig. 2. show the differences between Min anc* EQ*VAX ™

for some X * )t
Is a final result we must make up deoision whioh nonfuzzy xOpt should
be chosen. It could be performed in many ways, especially,

xopt Ixe)T | e (Vv ()l Maxj (€9)]]
. (@ TIE[LiVxiJ MaXF E }
il X a its R 21
ot 1 vISvool —  MinJ

111 XOPt  f* o | 2§ 1§ }-""|

eto.
Having the mathematical expectation and the variance of (Ay it is pos-
sible to use also other probability oriteria like Chebyshev’s inequality,

Bienayrae’s inequality eto.

h. Construction of fuzzy probabilistic deoision making algorithms in oog:

trol problems

Now we will discuss the decision making system whioh may be employe”
in many control tasks of the complex prooesses £7»5].
We will assume that in the simplest oase (single input - single output)i
fdzzy probabilistic deoision making system (fuzzy probabilistic logio cos
trollor) may be formed on the basis of a oolleotion (sot) of control ruw
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whero X+ and are probabilistic sets of the state and oontrol varia-
bles defined by the use of respective dieorete spaces

XJ = Xund »2 = 1?
1. e.

1% X Xit-— U’o,x
x,w)i— (X,c0)

(€9
N E otu
U,wW)*= pv~(u;0)
It means, of course, that the ambiguity.and subjootlvity of human opera-
tors of the process may not be determined uniquely in [o(lJ - interval.
For singular implication we hay«
=M ifui (uk " )] (25)

The "memory"™ of fuzzy probabilistic controller orea”ed by the setof ru-
les may be written in the form of fuzzy probabilistic relation

N N
R X Xejppd) = I3 Kl 26)
ifcl i=l
for wbioh we have
ilR(Xj ,uk ,w) = ~Max” iI*xX1=>Ui(*j-“Iw)
= Max Min £IIY (x,,a>), U.. (u. <] @7
lii<n i 1 i
Now haying distribution funotions of £¥"(j,I»)) and {*"(“it™") for eaoh
Xj«}? and uk« If we oan find distribution funotion of PR (X j»ufosf®) assu-
ming independency of

i .®»

f.(b™«>u) *S [ v * ) *v y <)'v*<>)*H 'v<3

@8)
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Then for eaoh set of the state of the process X" (nonfuzzy, fuzzy or
probabilistic set) tho value of oontrol variable nay bo oorappted using thi
compositional rule of inferenoe

U" = XoR @)1

what in the oase of probabilistic sots leads to the aquations

)" (uk>w} = ~ MiD TV xj uk™w)] (3)

and assuming the independency of and £

GD

Having the distribution function of tho probabilistic Sot U" it is possi-
ble to carry out tho moment analysis what forms one of the most important
features distinguishing this method from rospeotive considerations in pre-
vious papers mentioned above.

The knowledge of distribution function fi~, allows to oaloulate moni-
tors of the probabilistic eet V" (viz. membership function, first moni-
tor, second monitor atoj facilitating the solution of a problem of a fi-
nal decision-making [2.,3].

Now consider a numerical example illustrating the idea of fuzzy proba-
bilistic logic controller.

Let fuzzy sets of the state and oontrol be given by means of the follo-
wing membership functions:

X1 X2 X3 X< u1 u2 u3 “f
fec, 1 0,5 O 0 u, 1 0,5 0,5 0
no 0 1 0,5 0 J*ua 0 1 1 0]
-Xj 0 0.5 i 1 0 0 0.5 1

The fuzzy logic controller oon3isting of 3 oontrol rules has the fuzzy m>€
lation equal to

1 0,5 0

0,5 1 1

> 0 0,5 0,5

0 0 0,5

(€2)
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Taking Tor the same sets of the state and oontroX the respective
tribution functions we get easy the respective matrix F, w).
>RU j-Uk}
Assuming that the input set is equal to dx'(x]) = [o 0 1 o] whatis
equivalent to

dis—

P OB = | FIL L ghv> Py "Bx 13 (v ) -
[| 0 for w<O io for w<o fo for w<1 [o for w<O0
33
1 1 for W5.0 11 for w&O 11 for w>1 A W35 0 G
s »

The output set U" obtained by the use of oompositlonal

rule of infe-
rence is equal to

cV(uk> = [© °'5 5 1] (31,)

and the equivalent output obtained by moans of distribution functions

is
equal to
V K > (v) = V H 'H
0 for w<O0 0 for w<0,5 0 for w<0,5 0 for w <1
35
1 for W3J.0 1 for W>.0,5 1 for w~.0,5 S

1 for w Wl
-

This expected result shows also that the presented fuzzy probabilistic
algorithm is constructed correctly.

5. Fuzzy probabilistic logic controller in multidlmentional oase

Ve will assume that in multid mensional oase oontrol algorithm may be

also formed on the basis of a oolleotion sot of oontroll rules as in Fig.3

JIF Xj~j then if X2(ij then if ... Xp(tj then Bt (36)

where X2(i)”’ Xp(i) Bre *nPut* oF tae i-th rule and the

out-
puts of i-th rule may bo written in the form of

Xp+I(i) = Y (i) = Xp+I(i) X Xp+2(i) *---- * Xp+r(i)

X1(,)«?(*,), X2@*~*2>_____ Xp+r(i)<r (yP+r) (€]

Ritff», X *2 X Xj X ... X Fb+r)
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Xp

3. Diagramatic representation of fuzzy pro-
ilistic controller

in multidimensional case

Fig.
bab

For the membership functions wo have

frid) -

. 38
i*R. : *1 X *2 X *** X Sp+r"™ 'H 8
To translate the complex implication most authors use the Min operator and

va will also use this operator for oartesian product of the outputs.
The relation creating the "memory"

of the controller may be written in
the form
U N
5=u (X1 U Ri (39)
i=1 -1
N - denotes the number of the rules
The membership funotion of suoh relation is given by the formula
1 R
HR(Xiilxi V** >xpip"V n p+1 V i ptr
1 N A\ 1 N 1 AN N\ M
M3 M IR YO R eapldS" P P 1 X par Bt by
u o a A )
- i"Vrd) pt+t ptr =
Having inputs x", X",...,X" it is possible to use the compositional rule
of inference. Hence
T" =X~ o

- 0X) 0oXlo05 m :
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and for the membership Tfunction of multidimensional output we have

Q- »{x X . ) = Max (Min
P+11P+1 P+rv r Xpicyp fV<xpip>
P <k2)
X M * AMET N i*1lil)” fls(xlil,Xal2...... XPip Xp+,iptl- . .~ +rtp+p))
1i1 1

what leads to the following equation

u—-,xx ,, 5= Max (Min Mv " ~xoi
P+lip+1 p+r X « JT, >r p PiP
x2i2e X2
X _.*€
Pip P

o™X OTxan Ar (x 1ii ,X2i2 7% * Xpip ’Xp+lip+tl >**e Xp+rip+r”

Tho output T is given by the respootive relation whioh has the member-
ship function

6y "(XP+iip+i17*7* xp+rip+l1

Having this relation we can look for tho final fuzzy sete of respective

outputs. This problem oan be perfomod in many ways, especially by the res-
pective projection i.e.

- R ) = MaX /\y'l\p+| i ,***Xp"'ri N
AXP+k  pt+kiP+k X « 1 P+11P+1 «

Xp+k-1i 6 *p+k-1
ptk - mu)
Xp+kM1V k +a yp+k+1

XPtrip+r Xp+r

Where 1™ k™ r
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Assuming that all inputs and outputs arc probabilistic ssts we can obtain

the respective formulas for fuzzy probabilistic logic controller.Taking in-
to aooount the compositional rule of inference we have to find the distri-
bution funotion of output Y® having the distribution functions of all

inputs X", X2,...,X". In other words we have to pass for distribution

funotions of the inputs the following equation

i*Y'(xp+1ip+1, Vri ptr wy = _M’é*% MEBKX L CRE *w)”
pip 4
5)
T TX AT X, MIn AXi(XI+i,L» X2i2- ee"xpip xp+lip+1...... *P+rip+pAS
From formula given above wo get
'(Xp+1ii ----- “&Tpri WO = (Min Nifj"™~pi *D)| -
n p+1 m p+r XiiB*?) P P
IpipeX_P
LI - 3 - = H PRI = = . *
ST IX202 WA AXTAXLEL P ARNX LD, XLE2 "> xpi *xp+li PHT pyp D))
(us)

First,we find the distribution funotion of the fuzzy probabilistic re-
lation R which has a form

_ . \(W)* =
TRALE, 1 2i,, "pi CAPHLE »0 fxp+rip+r
N pt+r
_— Fib, (x ~ U (x c R (x +
=1 ft JV l<j<fosn i 03 [ NP FFV
~ b Vnx N <xJljd(v) * VDXKi i*ki"k>(w) - Yxai xii )(w)

1<j<k<lI<n
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Using the oomposition&l rule of infarenoe for distribution functions of

input® i.e. F.. , S F, and for given F,,_ we can find the dis-
hc; H ; PK n
tribution function )
Assuming the independency of p.x " and we have
f..n X Y») = n n VA2 § +
ivVVIINI P+rip+r [ x4 M1~ L5
P+1 9+r Xpip? Xlg x11’CJF1 1
" LXPip,Sfp+,ipd.t™ " ,Xp+rip+r/

Vx I(x1i1l)(w) * w X1i1™"X2i2---*>Xpip ’XP+1lip+1-*-*"Xp+rip+r)( * “kS)

W (v .iptl-"* -v v r)U) '3CI 6
pip P

Yair® i

w -
+ FIL(XLIL™7 *Xpip Xp+1ip<dl™* % XP+ri 5

AN~ >FRRG.(X JE4)C 3 ® ilxk<Xkik) '
t.J-dk™p
P
W J ”
B e - vV - VvV " co
F - i@ o
* tij Np "N Ciptl ool PHriP+r

Having F. f we would like to obtain
c*Y



This problem cannot bo solved uniquely and should bo the subject of Ffur-
ther investigations. Some interesting results rar. be obtained assuming
that

é Vp+r{xa+ki pHi% W) = Max - pt i p+ri ito)
0+1ip+r p+i

p+r

prrip, © “ptr

where 1™ k™ r

5. Concluding remarks

Xntroduoing the basic notions and definitions two aspects of decision-
making have been indicated.

First, the decision-making in sonso of Bellman and Zaduh in a fuzzy pro-
babiliatio environment has boon discussed, Tho mein obtained result is tho
distribution funotion of decision set and when having this fnotion it is
easy to oaloulato the first monitors. Then ovaiuatioa of final decisionia
possible.

In the sooond part some problems concerning the construction of fuzzy
probabilistic algorithms (fuzzy probabilistic logic controllors) treated
as a kind of decision making systems are considered.

Comparing tho fuzzy logic controller and fuzzy probabilistic logic contro-
Iler it is stated that *the concept of fuzzy logic controller is embedded

in the oonoopt of fuzzy probabilistic logic controller jv}. The “formulas

obtained for the multidimensional case of fuzzy probabilistic logic con-

troller make also possible tho computational tracrabllity of the above men-
tioned deoision-making algorithms.
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JTPHHIITHE EEIEEKHH B PACrLIHBRATO-BEPOHTHOCTHOtt CPEAE
B CONOCTABJIEHHH C HOBOF1 KOHIFISniiHBft
PACNnj I iXBRATO-BEPOHTHOOTHOrO PErYJIHIOPA

P9 spue

HofACTaB.teHa npoOJieua npUHKTHU pemeKHft Ha ociiose hash BepoKiHociHoro uho-
Xecrsa. t

B nepsoti gacTH paccuoTpeHa npobzeMa npHHIJiiHH pesieHHft b cmhcjis EezLMaHa h
Saaexa b pacnAUBwaTo-BepoHTHociHofl cpefle. 3aein npeACTaBAeHo HOBy» KOHpen-
t.HB paciizHBM aTo-BepoHTHocTHoro peryjiHTopa, Koioporo npnMeueKxe UejtHCOO6pa3-
Ho b odjtaciH ynpaBAeHHH cjtabo pacno3HaHiiuH (czado onpenexSKHHiui) npoaaccauH,

zsnnjero BO3uokHocTh HcclJroAOBaib cipaTerHH ynpaBjieBHH npHweitseHHe onepaiopou.

PODEJMOWANIE DECYZJ1 W ROZMYTOePROBABILI STYCZNYM OTOCZENIU
A NOWA KONCEPCJA ROZMYTO-PROBABILISTYCZNEGO REGULATORA

Streszczanie

Przedstawiono problemy podejmowania deoyzji w powigzaniu z idea zbioru
probabilistycznego.

W pierwszej ezesoi poruszono problem podejmowania deoyzji w soi sie Bell-
mana i Zadeha w rozmy.to-probabilistyoznyn< otoozoniu. Nastepnie pri edysku-
towano nowa konoepoje rozmyto-probabilistyoznogoregulatora uzyteozaego w
problemach sterowania stabo poznanymi (stabo zdefiniowanymi) procesami,
umozliwiajacego badanie strategii sterowania stosowanej przez operatora.



