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ON THE CONCEPTS OF MEASURES OF FUZZINESS ANB ITS
APPLICATION IN DECISION MAKING

Sunmary. Sinoe the introduotioa of the concept of fuzzy set,this
notion has proved to be useful in sany areas of application and much
work was done. Only a small portion of that work deals with the pro-
blem to evaluate how fuzzy a fuzzy set is. The works of do Luoa and
Termini continued by e.g. Knopfmaohor, Loo, Gottwald are tbs most
important in this topio. De Luoa and Termini have formulated entro-
py and energy conoepta of fuzzinoss measures and they have given an
informational interpretation of the entropy of a fuzzy set with res-
peot to deoiaion processes.

In this paper it is shown that the special kind of energy measu-
re the so called degreo of fuzzineas is better in many situations in
decision making. Tbe application of energy measure aa a quality in-
dex widely used for ill-defined Objeots fuzzy controller is discus-
sed in details. It was shown that from the epiatemologioal point of
view both these oonoepts of fuzzinoss measures are equivalent.

The presentod kinds of measures of fuzziness shed new light on
them and their connection to the measurement ef uncertainty in de-
cision making.

1le Introduot ion

Sinoe the introduction of the oonoept of fuzzy set, this notion has
proved to bo useful in many areas of application and much work wae done.
Only a small portion of that work is oonoerned with the problem to evalua-
te how fuzzy a fuzzy set is. Pioneering is the work of of A. do Luoa and
S. Termini (of £7] and J8j whioh was continued e.g. by J. Knopfmaoher £5],
S. Gottwald 21 and also by S.G. Loo [i])-

In the paper [sj A. de Luoa and S. Termini have formulated entropy and
energy oonoepts of fuzziness measures and they have given an informatio-
nal interpretation of the entropy of a fuzzy set with respeot to deoision
prooessos. In this paper it is shown that the energy kinds of fuzziness
measures are better suited for many situation in decision making.
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2« Hntropy kinds of measuroa of fuzzinosa

In building up models with fuzzy sets it is often advisable to posses
moan« to docide which of the two fuzzy sets is "more fuzzy"™ than thoother,
and also to have moans to describe how different a fuzzy set i3 from an
usual "crisp" set.

Measures ®f fuzziness are intended to give this information. Thore are
several proposals of ouch measures, the most general ones are by Knopfraa-
cher S.G. Loo [bj and A. do Luoa and S. Termini £7j . Rut the main in-
terests of the last-named authors are the connections between probability
and fuzzinoss from tho information theory point of view.

Kith some slight additional assumptions on the functions involvod which
avoid unnecessary Ronerality (cf. S. Gottwald [2], and for the sot W=[o,i]
of possible generalized membership values of fuzziness measures of 1.00 and
Knopfmaclier are of the kind:

1

teV @

with as tho number of points x « Xf of the universe of discourse X?such
that MAM(X) = t, and real functions F and 1%, of the form

\%

THF function F: (R—-IR should bo monotonical.lv increasing. Tho function
- W T the sot of reals ~ 0, is subjoot to the following restri-
ctions :

f(o) = fQQ) =0 (©)]

monotonioally decroa-

Sy}

Therefore, each one of these measures of fuzziness is an entropy measure
in tho sense of de Luca and Termini [bj.

In the case of a finite universe of discourse y c or
of a 1’ini to support

(©)

of the fuzzy set A or only finitoly many values formula () will
do justice - also in each other case where,tho sum makes sense (e.g. con-
verges as in some oonsiderations of de Luca and Termini). Otherwise one
should use (2).
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These measures of fuzziness have some fundamental properties one likes to
have :

Al. In case of a crisp sot I with cbnractoristic function %

wo have:
h(U}y =0
A2. Tho 'n.ost fuzzy" aubsot , of Df with
2
®)
2
has the Rroatosi measure of fuzziness, i.o. for every fuzzy set
AifOf} = the set of ail fuzzy subsets of there liolds:
h(A) < hiJd .} {nD
2
A3. As an intuitively satisfactory ordorinfi of tho fuzzy sots from
one can consider the relation:
1« A2 iff for ¢lAaC*}< £
2
and A @9); frn2 @@ - rg)
for ~N(x)
Kiththis we hove the proporty:
-if AN" A2, then hiA]DaEhi A, ) ()
whioh can be understood as: "if is not morefuzzy than A2, then A(

has a measure of fuzziness not Rreatnr than A2".
Sometimes ones likes to have as a property of symmetry for the com-
plement TA of fuzzy set A with:

thA(X) =1-" Xx) W)
also

Ak h(A) = h( TA) (iv)

To net this, tho function f should be aubjeot to the additional res-
triction

f(t) = f(1-1) a2
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Let os now consider seme examples of suoh measures of fuzzineas for a
finite universe of disoourse Jf- yx|,Xg,--.,xt

1. Take Fj = id and

t for t€ [o,

.- 13)
1-t for T
We get:
ho(A) =X \ fi(®) =2 Z an
tew 1=1,2,..,n
xi)<j ivVXin2
which can be written down in a simplified manner if we use the A - level
sot =/xe .kEi"(x)Ss’\—l and its oharaoteristio function
n
h1(A) =X_I;tJA(xi) "V X0\ as)
i=

This moasuro looks like a generalized Hamming dlstanoe and was proposed by
A. Kaufmann [3j. E |

2. Take Fg(z) =t and

t2 for tif[o, £)
f2(0) = (16)
(1-t)2 for t«[j»I]

We get in the same way

i=1,2,...,n 1=1,2,...,n i=1
JA(*I)<2 HAX "> 2 an

whioh is the Euclidean norm of the dlstanoe of the functions and %f
(of also [3] )-

3, Take = id and

fA(t) = t logt - (I-t) log(l-t) (18}
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Then we get :

h,,(A) = at(tlogt + (1-t)log(l-t) =
t«V

a9

= AA(xi)loe AT} -ATA(xi)loe 7*1A(Xi
i=1

«hie Is already in [7] as entropy of the fuzzy set A.

For some fuzzy sots A let us oaleulate their Measures h”~(A) of fuzzi-
ness. Consideration of hgUKh~U) or other examples would give rise to
the same problems.

a) The entropy measure of fuzziness shows no difference between fuzzy seta
presented in Fig. 1. Considering equation (13) assuming that F = id,

te[o.,5)
f(t) =

t-1, tG(M

we obtain h(Aj) hu2) = o.r~

From the deeisien making point of view

a) there ie a difference beoause it is ea-

sy to see that the alternative x» in Al

is a dominant one and there is no doubt

that a deoision maker should oboose x”

in Aj. There ie another situation with
the fuzzy set Ag from the deoision ma-

king point of view. The deoision maker

oonld hesitate whieh Xj to choose. We

oan say intuitively that fuzzinoss of

the fuzzy sot Ag 1is greater than fuz-

b) zineee of A.,.

Let us consider now two orisp sets

(sharp situation) presented in Fig.2.1In

set A there is no doubt that the de-

eisien matter will choose x1, for set Ag

eaeh x, oould be good. The measure of

fuzziness is also the same for both sets

beoause h(Al1l) = h(Ag) = 0 although one

oan easily fesl that the “fuzziness" of

Fig. la,b. Membership funotions sot A§ Iis greater than tho “fuzziness"
of fuzzy sets A™ and Ag of the set A~. Taking into aooount the
above presented examples and situations from deoision making point of blew

wo try to use energy measure of fuzziness which gives different rosulte.
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a) b)

Fie. 2a,b. Membership functions of fuzzy seta A and A2
3. Energy binds of measure» of fuzzlnoss

All the mentioned measures of fuzziness dssoribo a kind of differoaci
between fuzzy sets and give the erisp sets the measure zero.

Our disoussion has convinced us that another kind of measure ef fuzzi-
neso is also desirable: one vhioh is strongly connected with the inoer-
tainty of a decision maker, he has to ehoese one alternative out of a fu-
zy set of alternatives.

Let us consider only normalized fuzzy sets. Then the very last aituatini
for the decision maker is to have suoh a fuzzy set A of given altornati
ves vhioh has a 1-level set "

(20)

which is a singleton. Furthermore, always a fuzzy sot as in Fig la should
bo "more fuzzy"™ than ia Fig. 1b.

Vo will try to got formulas (1) and (2) also to cover this new situa-
tion. The essential change we will do with the funotion ff F again isan
posed to be monotonloally increasing. For f, the property f(1) = 0 is w
thout value now. Hones, lot us plaoo tho following restriction on funo-

tions f:

a f0 =0

(D)) f())=1

(ill) ¥ io moaotonioolly inoreasing.
Property (ii) is onlysubjeotto semeuors-.alizs.tion F(l) ~ Owould bt
equally good. Lotuswriteh*(A) instead of h(A) toindicate that i

should havo these properties (i), (ii), (iii).
Tho main properties of the now measures hs now are:

BI. In oase of a crisp singleton B X_\ we have:

=1
M

h*(B) = 1 @
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B2. Let A bo a nerMalized fuzzy sat, vhioh therofere has aonenpty sup-
port, Than

h*(A) > 1 22)

and h*(A) = 1 if and only if A is a singleton,

B3. With the usual inclusion of fuzzy set Al, Af

A, C a2 if (Vxe™*) ) 23)
we havo:
if A, £ a2, than h*(Aj ) « h*(A.,) (X'y)
Bit.t Tha "coat fuzzy" aat is bow tba fuzzy anbsat ofV with:
s, n*-{")

Regarding tha sxaMplos af tha praviaua saation one oan obtain that for 1,
we get:

h*(Aj ) = 1+ 9.u = 1.1»

h*(A2) = 1 + 3.6 = k.6

Siailarly for 2. h*{A") = 1, h*(A2) = <&, so tha aet A2 haa greater value
of proposed Measure of fazzinass than Al.

It oauld be shewnthat the Measure of fuzzinesa proposed byE. Czogala
and V, Pedryez [ij aallad 40(1*06 of fuzziaass given la tha ferM:

f(A) = U, (x) (25)
iclf r#

or in normalized ferM:

*f(A) = jaax V .(x) S ™A (x)
X «* « »

is a spaaial ease of tha noaaura proposed above baaauao tha following

=~ i*AN =4 (nuMbar of x tV with AA(X) = t). t = h*(A) (27)
1t* t (Vv

holds true.
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Wo can prove that tho dsfrca of fuzziness does not recognize suoh a si-
tuation as shown in Fig. 3. Ve get ™?(A") = 2 and tpiA) = 2, but if wo
put down:

f(t) = t2 for t€ [o,l] 8y
or generally

f(t) = tn for te [o, 1] (29

aj b >
Fig. 3a,b. Membership funotions of fuzzy sots and AN

we will get different rosults for suoh sets. Taking n=2 we oaloulat
h® (At) = 1,5, "(Ag) = 2~ s a S°°d result from intuition and deci-
sion making point of view, beoause in the 1 there is no doubt about

ohoosing the element x* and in A" there is unoertainty if to ohooss *0
or Xj-

t. Applioatlon of energy measure of fuzziness in deoialon
making processes

Now we present some ideas of the use of energy measure of fuzzinsss e
a quality index in deoision »king prooesses suoh as fuzzy controller .i"'
the form prosented by Maadani £t or Tsukamoto UO].Fuzzy oontroller usur
Ily used in oontrol of ill-defined objects oonsists of a collection «
oontrol deoision making rules:

- if the situation state of tho object is X} then oontrol or dedision w*
riable is equal to U, .
1 <«

where Xif U®, i1 = 1,2,...,N are fuzzy sots defined in the spaoes}fand H
respectively. Thus having a set of rules Eq. for eaoh X"€?( X) U* could
be computed using fuzzy compositional rule of inferenoe:

U = Xo It
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where assuming a mouuorapetitivity of rules, R is oaleulsted as

N
R = x 17 G
1=1
i.o.
fiR(x,u) = [min( FIxIx)t~(u))] (32)
Similarly:
0 -(u) max [niNjiNix), ~M(x-u))] ((33)

Now we sould discuss the quality of fuzzy controller talcing into aeoeunt
a degree of fuzziness giron by Eq. 25.

He oay that a fuzzy oontrollor has a ¢-degree of fuzziness if the fol-
lowing condition is hold:

74 p(X™)*Etf *m»?(U")<£EE tf~>0 G3n
X" «F(*)
so for eaoh fuzzy information X" with degree of fuzziness loss than £ ,
fuzzy oontrollor should give a fuzzy set U* (decision) with degree of fuz-
ziness whioh is smaller than £, so a docision maker may not doubt whioh
X~ to ohoose (i = 1,2,...,n).
Similarly using the notion of fuzzy Lukasiewicz logic in fuzzy control-
ler, the degree of fuzziness may bo used in creation of the following cri-
terion of quality of controller [9J:

Y c "«*(#) 3 fti“jXxi *>0
1<J)<n

where j stands for the index of decision rule.

Let us illustrate our oonsiderations presenting numerioal examples, disou-
ssing two collections of oontrol rules:

controller no. 1

if X is big then U is big

if X is small thah U is small

where big, small are fuzzy sets defined on and th as follows:
* X1 *2 xf x5
ftblg 0 0 0 9 1
1 9 0 0 0

Ismail
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It U1 u2 u3 ui.
/*big 1 .2 .6 1 .
i*snail 1 -3 1 0

Controller no. 2, It consists of tho sane rules presented in controller
no. 1 but fuzzy sots have different membership funotions: *

*1 X2 *3 X *5
ASiE 3 .6 9 1
bewail 8 5 2 ¢
u Ul u2 u3 “
. 1 9 1
Psit
| 8 5 2
P snail
Thus the matrlees relations RT, of fuzzy controllers are egaal to:
1 .3 1 0
-9 .3 A
0 0 0
1 2 .6 9
a1 .2 .6 1

1 .8 5 2"

.5 .5 .6 .6
.2 <+ .9 -9

Considering a oolleetion of testing sets (aenial sets with degree of fuz-i
ziness equal to I) i.e.

[I 0..0]

[O 1...0]

[0 .1.0 1]
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after calculations wo got tho following:

controller no. 1. <p(x™)

=S 2

controller no. 2. <f{x") = 1= " 3.7

what is in agreement with tho Intuition viz. fuzzy controller no. 2. gi-
ves more "fuzzy"™ information about control variable.

5. Concluding remarks

A. do Luca and S. Termini provided us a general sotting of entropy and
energy measures of a fuzzy sot. Lot us remind essential definitions of the
concepts of energy and ontropy of the fuzziness. Regarding a sextuple
<P, < ,<ri,0,0> whore P is a set partially ordered by jg end <" t, 0 arc
tho maximum and minimum of P rolative to < and both aro minimal elements
with respect to o is the maximal element of P rolative t o D e -
noting by M tho sot of minimal oloments of P with reapoot to there
are introduced the following general definitions:

1. An E-funotion is anymape: P— R such that o is isotono with the or-
der S, i.e. forall p,ge P p<g =t=h(p) hQ@Q)-

2. An H-funotion is anymaph: P—--R suoh that h is isotone- with tho or-
der iglL i.e. for all p,qCP p~r"g=i>h(p)<h(g) and b(p) =0 iff peH,
Energy and entropy of a fuzzy sot are meant an E-funotlon and H-function
defined on <€ ( ) respectively, whore <€( ) is a complete lattice with
respect to the operations (v) and (A).
Each of these measures of fuzzinoes given by the formulas 1 and 2 givonin
this paper under assumptions 1. and 2. is an entropy measure in the sense
of do Luca and Termini.

From the episteaologioal point- of view both conceptions of fuzzinoss
measures aro equivalent. But from the dooision making point of view the
energy kind of measuro seems to be more useful and Intuitively oloar. Jt
is shown that the presented kinds of measures of fozzinoss shed new light
on those funotions and their connection to the measurement of uncertainty
in deoision making.
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1CBPH PACIUHB'U.TOCTa H XX HPHUEEEHHS
B nPOUECCB tIPHKBHAKZT FBSBHHItt

P«sdXe

KoHnampta padLixaxaiicc m txetii exasaxaci, iixoxotbopho# >¢ Xiterxx nprasa-
ItttS X , OjpULKS TOXiKO KetieXBBO« JCOXHVeCTSO paOOT CB13U« C BpOfiASMOtt 0H9ZK-
Baxxx (x&paKTepxa&Bxa) pacaxuavaTero xxoxecTBa. B otom othomghbs 0OeHoiaxxx
HBAxeTca paOoTu x# JI»xa, Tepxana, Jin, Kxoa$xaxepa a ToiiBaxtxa.

fle JInxa a Tepxaxa ciJxipxyAHpoBaxH hoxatkx 0O oarponafiHux u saapreiawecKax
mb pax paonAUBxaioro XHoxeoTBa, apexctaBxxx oxaoBpexeinio npaxeHtaxa oarponaa
k Bonpocaa apaxxtxx peaoHasS.

B xaw»oit padote npexcianxeao 0cobx# sax »aepreravecKoa xepx, tax HaauBa-
exutt ypoBSBB pacEAitavatecTa xaoxecTBa, kotopan bo UHOKrxx cxyvaxx apaxsxaxax
b npoRocce Bpauxiax peaexaM (xaapaxsp X' apoeKtupoBaana pacnxmvaToro pe-

ryxxiopa). C »nacToxoxoraxecKott tovxh 3pexax ofie kohrshhhx Xep ToxxecTBea-
SX«.

KONCEPCJA MIAR ROZMYTOSCI I ICH ZASTOSOWANIE
W PODEJMOWANIU DECYZJI

Streszczenie

0d ozasu wprowadzenia konoepoji zbioréw rozmytyoh pojecie to okazale
sie uiyteozne w wielu dziedzinaoh zastosowah, 00 potwierdza szereg prao.
Tylko niewielka ioh liozba zwigzana jest z problemem oceny (charakteryza-



On tho ooncepts of measuros of. 67

oji; zbioru rozmytego. ¥Yi tvm zakresie podstawomroi pracami sf |»racndo l0-
ea, Torminiepo. boc. Knopfmachera, Dottwalda. Dc buca i Termini sformuto-
wali pojecia miar entropowych i enorme! vcznvch zbioru rozmytego. prezen-
tujcie .jednoczesnie wykorzystanie entropii w problemach podejmownni a derr-
zji.

v niniejszej pracy zaprezentowano specjalny rodzaj miary enerpe ty.czncj
tzw, stopi of_.rozraycia zbioru, w wielu sytuacjach przydatny w podejmowaniu
decyzji jno. dla projektowani.” o.eulatora rozmytego). Z cniatcmelo,"i czn<
jio punktu widzenia obie koncepcje miar sij réwnowazne.



