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A CONTRIBUTION TO FUZZY MARKOV CHAINS

Summary, Since the establishment of fuzzy set theory it forned a
useful tool for solving a wide elass of problems. Nowadays there are
some attempts to combine fuzzy sot theory and probability theory in
order to desoribe subjeotive and objective form of uncertainty.

Here wo deal with fuzzy Markov chains treating them as a refor-
mulation of well known notion of probability. The paper introduces
some baslo properties and theorems oemneoted with fuzzy Markov
ohains (e.g. stationarlty of transition matrix of the chain). The
applioatlonal example illustrates the utility of disoussed method.

1. Preliminaries

Theory of fuzzy eete investigated by many researohee played similarly,
as the probability theory an important role in description ef many pro-
blems of science. The theory of probability and statistioa, established
theorotioally by Kolmogorof forms a useful tool for investigation of the
condetermlnistie phenomena, e.g. optimal control under stochastic distur-
bances.

There are some papers eonaeoted with fuszy-probability theory, mentio-
ned firstly by Zadeh £57] and oontinueed by e.g. Hirota £jJ. Fuzzy set theo-
ry and probability theory were ooabined in different manner, emphasizing
the various aspoots of description of oomplex processes in "hard" and
"soft" solenoes [6J.

Let us now introduce the notion of fuzzy Markov Chain forming a refor-
mulation of stoohastio Markov chain, disouasing some baslo properties as
stationarlty of transition matrix of the chain corresponding to the simi-
lar feature in probability theory. The applioational example points out
the utility of the discussed method.

2* ruEzy Markov chalns-daflnltlona and theorems

Let us eonsider a finite collection of states

(1)
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The transition between the actual state and the past ones is oxpressod 4
moans of tho number:
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where upper indioes denote discrete time moments and the lower ones stad
for a concrete state. In extremal oaso we have:

1,if the possibility of transition betvee

A GRS = 1-th and s-th state is the highest one
0,if this possibility is equal to O

©)

Now we could define fuzzy Markov chain.

Def.1Jx1,X.,,--- ,Xjr1 forms a fuzzy Markov ehain if the following in a«
tisfled: n
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From tho abovo definition ono can dosoribe the fuzzy Markov chain by mean]
of a transition matrix Mn which completely obaraoterizea this chain:

AT xM-1) AT IxT_1) oo o (XM]x*~1)
n|] n-1,
21 1
M_ = ®!
nl _n-1 - n 1 n-1 / n 1 n-1\
RIRLLE] ) - LAXN IXN "

IT we assume the transition between i-th and J-th state does not depend*
time, so

ST [Xj-1) = X a
is satisfied, we get a stationary Markov chain.
Def. 2. Ve call fuzzy Markov ohaln a stationary, if
Mhn =M Vi = 1,2,...

holds true.
A, %) L |x2) ... I Xii)
AMX2 I x,) jax2jx2) ...

i1*1»1 X1* 2~ (XN I X25 ee*{ANXn IXN?
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Now let u3 consider the problem of calculation of the possibility of tran-
sition between J-th and 1-th state in finite number of steps (n).Ve start
with n=2, having the situation depicted in Fig, 1. State Xj forming a
starting pointis fixed. For each r t[I1,Nj we could oompute the minimal
value of possibility between. J-thand i-th state via r-tb state:

mint A (xj ir), ox(xr | Xj)) =¢MUTIxr) A J*Xp|Xi) (€D)

and taking into aooount the maximal value for all r C 11 ,NJ

A, 1 X)) = max [minC ¢ii™ [*r), Ixj~] =
N
= VFfc il Xr)A ~ (Ir 1XJ5 {10)
r=1

Fig. 1.1llustration ofcomputation of possibilityoftransition between
j-th and i-th state in fuzzy Markovchain

This result is equivalent o the well known max-min composition of transi-
tion matrix M:

M2 = M oH 1)

or generally for every n

nt g My e PN <12)
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M is defined recursively:

Me =1 (13)
"1 0

1 = 1. (1M
LO *1
= W=1_M 15)

In place of max-min composition (eq, 10) ws oould dafino another compooi-
tion:
N

A(Xilxj) =Y inMixilxr) ¢~ xilxr)) (16)
r=1

is an operation of multiplication (max-mult) composition. An aquation
corresponding with Eq. 12 has a for«:

Mhn = H t an
n-tines

The following theorem gives a comparison of thsso two kinds of oonposi-
tions.

Theoron 1. If we dlsouso max-min and max-mult composition then the follo-
wing holds true:

JUIIX)**- ¢ H xIxj)n \Y (18)
1<1 ,jSsM

,a(-1-), £€(.].) are elements of transition matrices H2 and M2 rsspeo-
tively.

Proof. In erder to prove the eorreotnesa of the theprem it is enough and
sufficient to prove tbo validity of inequality:

Imin(a,b) - ab|™- a,b i (o-1j 19
Let us put down:
f(a,b) = |min(arb)-ab]

Ve show that f(a,b) attains its global maximum in point a»b= j equal to ~

So we consider:

B=h b =\ +£ te[0" 7] (20)
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thon wo havo

| =11 ~ +M =17 “FiHg n21n
Similarly a= b=j3 -fcf 22)
j£Ew=1j -8- ~£)] =1&- 1 |7$- "23)

sotaking into account tho ayoaotry of the disoussodfunction:
f(a,b) = f(b,a) @

it leads to tho theorem.

The theorem 1 oould be extended to tho form whioh makes it possible to
compare ¢i (xjJxj) and E£t(xjJxj) for n>2.
The following inequality ie valid:

li»Cil*j) -~ Xilxj~-p; 25

JICNMX)) (x| xj) are elements of transition matrices Mn and MB respec-
tively.

Discussing oax-min composition (eq.-12) we could use tho following results
on convergenoo of powers of fuzzy matrices

Theorem 2. If M i M* (r<a) then M converges.

Immediate from this theorem we get:

Proposition 1. If for all thoro exists such k that
FiUIIXJ)« IXXTIXK) A T (XIXT)

than M oonvergoa toM1 t ~ N-1

From this faot we have: - if ISM then M oonverges to Mt tSN-1.
Of oourse if M,M2 ,M™*,___,M* Fforms a convergent seriee of matrioes then
we have :

limp (CeXixi), ""(xjIxj)) =0 (26)

£I(=|®» stands for n-th power of M, X{<]*) stands for the limit of the
power series of M, p denotes the distanoe.
This result corresponds with ergodlo property of Markov ohain in probabi-
lity theory £27].
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In order to estimate the upper bound transition matrix let us use the
olooure of fuzzy relation.

MUA~AU ... UHP, if HP = MP+l = __.

Hu H2D _._ uMPU MP+1U ... UMp+°, if the series of powors of M
ia not convergent and has osoillation with the period aqual
to o. Q7)

Of course we have:

MEE M° 28)

Till now we oonsidered that states are defined precisely and transition
between aaeh of the state is given subjeetively assigning their transition
a oonorete value of possibility.

Ve could extend our considerations allowing a more general situation
an initial state is given in the form fuzzy set X* defined by membership
function:

(29)

Then using that"s X we oombine it obtaining the state in second time mo-
ment as follows:

A-Tix> = A (W xX*'x])Ato(X])) (30)

msl j=i
GD
J=1 m=1
Eq.30 could be rewritten as follows:

If

[*<»d *°> V1 [PCxil~)aPj.., *.>] (32)
m=

( » stands for max-aln composition), or generally for variable

:V A ®V %sse *I\M)(-}) (33)

n-times
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3. Kumarioal examplo

Ae an illustration of our discussion at the usefulness of the proposed
cencopt let us’consider an applioational example such as deterioration of
quality of bridge pavement, where this process is disoussed with respect
to it» utilization [I]. There arc a lot of faotors which play an important
role such as: >

- incroasiEg of brittlono3s,
- hydratation,
- freezing and unfreezing.

The states givon here having its linguistic representation are as follows:

Xj - smooth

Xg - quite good

XN - uneven

x* - not useful for exploitation.

It is an obvious faot that from engineering point of view we have some

preblems which are

natrix has a form:

interesting from essential design problems. Transition

.8 | 0
-2 .7 .3 1
M =
0 0 .2 -9
0 0 0 1
Caleulating sequentially M, M2 »e* A0 have:
".8 A .3
.2 7 -3 .3
M2= 0 o 2 o
0 0 0 1
.8 A .3 .3
.2 7 .3 .3
M3 = 0 0 P 9
9 0 0 1
M¥F = M3 and i« equal to M3.
let us consider the following situation, when as a fuzzy set
-ith membership function
n 1 .05 ol
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whioh deaorlbea the initial state of pavament as quite good. Ve calculate.”
X = X°o M = [.8 4 .3 .3]

It .oould bo noticed that the possibility of x.j decreased and the possi-
bility of Xj, x”, xjj considerably inoreasod pointing the fact of dete-
rioration of quality of tho pavement.
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PACIWHBHAItCE 1QSIIH HAPKOBA

Pe a» me

Teopwa pacnxuBgaTHX UHOxecTB paxa npaxiHRecKHe ueiojju pememift BHpoKorc
x-tacca npoBxen. HHHY cypecTByeT Hecxojibxo nonniox ofrtejUHHeHHa teopHH pac-
nNAUBQaiux uuoxects C Teopxeit BepoaiHOCTett h oiwcaHHe laicaii  00pa3ow cyGeK-
THBHOfi H 0CeKTBBHOH )OpUK HeyBCpeHHOCTH.

PafioTa Kacaelcx"paciuiHBqgaiH X peneft MapxoBa, anajiorHNH tcx pen/m MapxoBa.
BBeAeHO HexoTopae ocKOBime cBoifciBa (Hairpimep ciapHOHapHOCTD) h xoxa3aM

CBH3aHHKe ¢ khmh xeopeuu. HccxiexoBaHHTfl HliJuocTpHpyeT npaKTJltgecKHii npxwep.
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ROZMYTE £ ANCUCHY MARKOWA

Streszczenia

Teoria zbioréw rozmytych dostarczyta uzytecznego narzedzia rozwigzywa-
nia szerokiej klasy probleméw. Istnieje oboonie kilka préb majgoyoh na ce-
lo potgczenie teorii zbioréw rozmytych i probabilistyki, umozliwiajac w
ten spos6b opis subiektywnej i obiektywnej formy niepewnosci.

Praoa dotyczy rozmytyoh #aécuchéw Markowa stanowigcych analogie +ancu-
chéw Markowa. Wprowadzono niektére podstawowe whasnoioi (up. staojonar-
nos€), udowodniono twierdzenia z nimi zwigzane. Przyktad aplikaoyjny sta-

novi ilustracje przeprowadzonyoh rozwazan.



