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We investigate the structure of groups satisfying a positive law, that is, an
identity of the form u = v, where u and v are positive words. The main question
here is whether all such groups are nilpotent-by-finite exponent. We answer this
question affirmatively for a large class C of groups including soluble and residually
finite groups, showing that moreover the nilpotency class and the finite exponent in
question are bounded solely in terms of the length of the positive law. It follows, in
particular, that if a variety of groups is locally nilpotent-by-finite, then it must in
fact be contained in the product of a nilpotent variety by a locally finite variety of
finite exponent. We deduce various other corollaries, for instance, that a torsion-
free, residually finite, n-Engel group is nilpotent of class bounded in terms of n.
We also consider incidentally a question of Bergman as to whether a positive law
holding in a generating subsemigroup of a group must in fact be a law in the whole
group, showing that it has an affirmative answer for soluble groups. © 1997
Academic Press
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INTRODUCTION

Let F denote the free group on X = {x,, x,,...}. A positive word in the
x; is a nontrivial element of F not involving the inverses of the x;, that is,
of the form x™ix2 --- x™« where k >1and m,>1forj=1,..., k. A

I Ty 03 J
positive (or semigroup) law of a group G is a nontrivial identity of the form
u = v where u, v are positive words in F, holding under every substitution
X — G. The degree of such a law is the length of the longer of u, v.

In this paper we investigate a structure of groups satisfying a positive
law. By a result of Mal’cev [13] (see also [15, 21]) a group which is an
extension of a nilpotent group by a group of finite exponent satisfies a
positive law. The main question of interest to us is whether the converse is
true.

QUESTION 1. If a group satisfies a positive law, must it be nilpotent-by-finite
exponent?

Ol'shanskil and Storozhev [17] have shown that in this generality the
guestion has a negative answer. They give an example of a 2-generator
group satisfying a positive law which is nonetheless not nilpotent-by-finite.
In contrast with this negative result, our main result (Theorem B) answers
the question affirmatively for a large class C of groups including soluble
and residually finite groups. This may be considered as a further illustra-
tion of the dichotomy, indicated, in particular, by the difference in
methodologies and results associated with, on the one hand, the positive
solution of the restricted Burnside problem and, on the other hand, the
negative solution of the general Burnside problem, between groups built
up in standard ways from soluble and locally finite groups and those not so
constituted.

For each positive integer ¢ we denote by 8, the restricted Burnside
variety of exponent e, that is, the variety generated by all finite groups
of exponent e. We define an SB-group to be one lying in some product
of finitely many varieties each of which is either soluble or a 8, (for vary-
ing e).

THEOREM A. There exist functions ¢c(n) and e(n) of n only, such that any
SB-group G satisfying a positive law of degree n is an extension of a nilpotent
group of class < c(n) by a locally finite group of exponent dividing e(n), that
is,

G e 212c(f1)813e(n)’

where I, denotes the variety of all nilpotent groups of class < c.
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For a closely related though possibly smaller class of groups than that of
SB-groups a similar conclusion can be inferred from [6, Theorem C(ii)]
except for the exclusive dependence of c¢(n) and e(n) on n. Compare also
the result of Lewin and Lewin [11] that a finitely generated soluble group
satisfying a positive law is nilpotent-by-finite.

The dependence in Theorem A of the parameters c(n) and e(n)
uniquely on n has the consequence that if in a group G each finitely
generated subgroup is an SB-group and satisfies a positive law (possibly
depending on the subgroup) of degree <n, then G € 9t B, ,,. Simi-
larly, if G is a subcartesian product of SB-groups each of which satisfies a
positive law of degree < n, then again G € %, B, ,,. Let C denote the
class of groups obtained from the class of all SB-groups by repeated
applications of the operations L and R, where for any group-theoretic
class X of groups (see [19]), LX denotes the class of all groups locally in X
and RX the class of groups residually in X. In particular, residually finite
and residually soluble groups are in C. We thus have the following
extension of Theorem A:

THEOREM B. If a group G belongs to the class C and satisfies a positive
law of degree n, then

G € NogB o

For residually finite G this strengthens Theorem A of Shalev [21], which
asserts in effect that a residually finite group satisfying a positive law is an
extension of a “strongly locally nilpotent group” by a group of finite
exponent. A strongly locally nilpotent group is one which generates a locally
nilpotent variety; it follows readily from our Theorem A that in fact such a
group belongs to 9.8, for some ¢ and e:

THEOREM C. A variety 8 of groups is locally nilpotent-by-finite (i.e., has
all of its finitely generated subgroups nilpotent-by-finite) if and only if

zmos
B cCNB,
for some c, e.

It is perhaps appropriate to mention here by way of contrast with this
result Golod’s celebrated construction for each d > 3 of a non-nilpotent,
residually finite d-generator group with all of its (d — 1)-generator sub-
groups nilpotent (see, e.g., [9, p. 132)).

Remark. By results of Gromov [5], Milnor [14], and Wolf [24], a finitely
generated group has polynomial growth if and only if it is nilpotent-by-
finite. Thus, in view of Theorem B, for finitely generated groups in the
class C, having polynomial growth is equivalent to satisfying a positive law.
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That this equivalence does not always hold for groups outside C is shown
by the result of Adian [1] according to which the relatively free groups of
odd exponent > 665 and of finite rank > 1 have exponential growth. This
may be considered as furnishing yet another illustration of the aforemen-
tioned dichotomy.

Part of the proof of Theorem A requires only the weaker assumption
that some generating subsemigroup of G satisfies a positive law. Hence we
obtain an affirmative answer for the class of soluble groups (see Theorem
D) to the following well-known question of Bergman [2]:

QUESTION 2. Let G be any group and S € G any subsemigroup generating
G. Must any positive law satisfied by S (i.e., holding under all substitutions
X — 8) actually be satisfied by G?

(We have been informed by lvanov that he and Rips have independently
constructed examples showing that the answer in general to Bergman’s
question is negative.)

THEOREM D. Bergman’s question has an affirmative answer for soluble
groups: if G is a soluble group (or, slightly more generally, an extension of a
soluble group by a locally finite group of finite exponent), and S C G is any
generating subsemigroup satisfying a positive law, then that law holds in G
(whence, by Theorem A, G is actually in % .,,*B ,,,, where n is the degree of
the positive law).

We conjecture that this result holds more generally for SB-groups, and
hence for groups in the class C. It is not difficult to show that to achieve
this extension of Theorem D it suffices to establish it in the case that G is
an extension of a locally finite group of finite exponent by a nilpotent
group. Taken together with the (unpublished) counterexamples of lvanov
and Rips, such a result would provide a further illustration of the di-
chotomy mentioned previously.

Our proofs of Theorems A and D rely heavily on Shalev’s results in [21]
concerning finite groups satisfying a positive law, on various results of
Zelmanov [25-29] on the restricted Burnside problem and Engel Lie rings,
and on results of Lubotzky and Mann [12] on “powerful p-groups.” We
relegate those proofs to Sections 2 and 3. In the concluding Section 4 we
deduce Theorem C and the following further consequences of these
theorems:

COROLLARY 1. There exist functions c(n) and é(n) depending only on n,
such that any residually finite n-Engel group without elements of order dividing
e(n) is nilpotent of class < ¢(n). In particular, a torsion-free, residually finite,
n-Engel group is nilpotent of class < ¢(n).
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This result generalizes the result of Zelmanov [26, Problem 1] that a
torsion-free nilpotent n-Engel group has its nilpotency class bounded in
terms of n alone. It may also be regarded as an analogue for residually
finite groups of Gruenberg’s result on soluble n-Engel groups [7].

In [10] Shirshov asked if a group satisfying the nth Engel condition can
be defined by positive laws. The preceding corollary affords an affirmative
answer for residually finite such groups.

COROLLARY 2. The laws of a residually finite n-Engel group follow from a
set of positive laws.

Finally, from Theorem B and the result of Cossey [3] that a nilpotent-
by-finite group has a finite basis for its laws, one deduces the following:

COROLLARY 3. Every finitely generated group in the class C satisfying a
positive law possesses a finite basis consisting of positive laws.

In conclusion, we note the following interesting result of Point [18, Prop.
8], used in proving Theorems A and D, but of independent interest. (We
include a self-contained proof in Section 3 for completeness.)

PROPOSITION.  In a group satisfying a positive law every finitely generated
subgroup H has finitely generated commutator subgroup [H, H] (and more-
over the rank of [ H, H] is bounded above in terms of the minimal number of
generators of H and the degree of the positive law).

We do not know if the conclusion of this result continues to hold under
the weaker assumption that some generating subsemigroup of the group
satisfies a positive law. A result in this direction would be useful for
extending Theorem D to SB-groups.

Our notation is as follows. Let G be a group. We denote by Z(G) the
center of the group, by G” the subgroup generated by all nth powers, by
7,(G) the nth term of the lower central series, and by G the nth term of
the derived series. For x, y, x,,..., x, € G we write

[xp 2] =xigbexy,  [xx,] = [[x 0 x,0]x, ]

[x,,y]=[[x,-1y]¥]

We say that a group G is n-Engel if it satisfies the law [x,,y] = 1. If 4
and B are subsets of G, we denote by {4 the subgroup generated by A,
and by [A, ,B] the subgroup of G generated by all [x, y,,...,y,] where
x€Aandy,,...,y, €B. Following Lubotzky and Mann [12], we say that
a p-group is powerful if [G,G] < G? ((G,G] < G* if p =2).



GROUPS SATISFYING SEMIGROUP LAWS 515

2. PROOFS OF THEOREMS A AND D IN THE FINITE
AND SOLUBLE CASES

We first establish the finite case of Theorem A.

THEOREM 1. There exist functions ¢(n) and e(n) such that any finite
group G satisfying a positive law of degree n is an extension of a nilpotent
group of class < c¢(n) by a finite group of exponent dividing e(n).

This strengthens [21, Theorem B]; the improvement over Shalev’s theo-
rem consists in the independence of ¢(n) of the number of generators
of G.

Proof. By [21, Prop. 2.4] G has a soluble characteristic subgroup H
such that the exponent of G/H divides h(n), some function of n only.
Then by [21, Corollary 3.3] there is a function k = k(n) such that H* is
nilpotent. Being finite and nilpotent, H* is the direct product of its Sylow
p:-subgroups P; say. By [21, Corollary 4.2] there is a function ! = /(n) such
that P* is a powerful p-group for some k, dividing /. Our task is thus
reduced to establishing Theorem 1 under the

Additional assumption 1. G is a powerful p-group.

By [21, Theorem B] there exist functions ¢, = ¢,(n) and e; = ¢,(n) such
that every 2-generator subgroup K < G satisfies

Yo, +2(K*) = {1}.
Hence the group G satisfies, in particular, the 2-variable law
[xellclyel] = 1

Since G is a powerful p-group every element of G has the form g for
some g € G [12, Props. 1.7 and 4.1.7]. We infer that G* satisfies the
c,-Engel law

[x,.y]=1

It follows from [12, Corollary 1.5] that G*: is also powerful. As before, we
can work instead with G, which has the same properties as G (a finite
powerful p-group satisfying a positive law of degree n) and is, in addition,
c,-Engel. Thus we may, without loss of generality, make the further

Additional assumption 2. G is c¢;-Engel.

We shall require a corollary of the following result of Zelmanov [25] on
Engel Lie algebras.
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THEOREM (Zelmanov [25]). A Lie algebra over a field of characteristic
zero satisfying the rth Engel condition [x,,y] = 0 is nilpotent of class < c,(r)
where c,(r) depends only on r.

From this one deduces

CoROLLARY 4.  If a Lie ring L satisfies the rth Engel condition [x,,y] = 0,
then there exists a further function e, = e,(r) such that

e, L2 =0. (1)

Proof. Let L =L denote the free Lie algebra on free generators

Xy, X5, ... over the field Q of rational numbers, and L, the subring of L
generated by x;, x,,... . The subring L, is then a free Lie ring with free
generators x,, x,,..., and Ly = QL,. Denote by I the ideal of L,

generated by all elements of the form [u,,v], u,v € L,. The quotients
L,/I and Lg/QI then both satisfy the rth Engel condition. By the
theorem of Zelmanov quoted previously, the rational Lie algebra Lg/Q1
is nilpotent of class < ¢, = ¢,(r). Hence the commutator [x,, x,,..., x. ]
lies in the ideal @1, and so has the form

[x1, %, "’xcz] = Z%[uilrvi]wi’
i

where u;,v; € L,, w; is an operator made up of a succession of right
multiplications by elements from L,, and the g, are rational numbers.
Since x,, x,,... are free generators of L, the preceding equation consti-
tutes an identity in L, and therefore certainly continues to hold after
replacing the x; (on both sides) by any elements of L,. Hence if e, is the
least common multiple of the denominators of the g¢;, then
eylug, uy, ... u. 1belongsto I forall uj,u,,...,u. € L, whence e, % C
1, or, equivalently,

e,(Ly /1) = 0.

The desired conclusion now follows from the fact that any (countable) Lie
ring satisfying the rth Engel condition is a homomorphic image of L, /1.

Returning to the proof of Theorem 1, we recall that the problem has
been reduced to the case where G is a powerful, finite, c,-Engel p-group,
where ¢; = ¢,(n) depends on n only. Write

es(n) = (e;1)*Vey(cy),
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where e, and ¢, are as in (1). Since G is powerful it follows by repeated
applications of [12, Props. 1.6 and 4.1.6] that

(iy+ip+ - +ig)

[Gr*,G7",...,G"]| < v(G)”
Since G™ = G for integers m not divisible by p, we infer that
[G™,G",...,G™] < v (G)"™" ™ (2)
for any positive integers n,, ..., n,. In particular, this gives
[G*=,G%] < [G,G]¢ < GP% = (G=)"*.

By absorbing e, into the exponent we may now take G*: in place of G; we
may thus, without loss of generality, make our final

Additional assumption 3. [G,G] < G?¢,

Consider the associated Lie ring L = L(G) determined by the lower
central series of G:

L=G/7,(G) @ v,(G)/v5(G) & - .

Since G is c¢;-Engel we have (see [26, Lemma 6]) that the Lie ring L
satisfies the linearized Engel condition

Z [x’ya(l)""’y(r(cl)] =0

o Sym(cy)

for all x,yy,...,y., €L. Taking y =y, = -~ =y, we infer that the
subring (c,!)L satisfies the c,-Engel condition [x, . y] = 0. Hence by (1)

ex(er) (e L)Y =0,
that is,
(e 4 Vey(ey) LAY = e L5 = 0, (3)

where e; = e;(n) and ¢; = c3(n) = ¢,(c,(n)) are functions of n only. Back
in the group G, (3) yields

(%(G)) " = ¥.,+1(G).
Invoking (2) and Assumption 3, we infer from this that

pes

(74G))” < %,21(G) = [[G.G].., G| = [G"*.., 1G] = (7(G))"".
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Since G is a finite p-group we must therefore have

(7(6))" = {1}.
By (2) we then have

%G = (%6))"" = (%(6))" = (1),
completing the proof. |

Proof of Theorem D, and Theorem A in the case G € ©,8,,. Let G be
an extension of a soluble group of derived length </, by a locally finite
group of exponent dividing m, and S be a subsemigroup satisfying a
positive law u = v of degree n, and generating G. We shall show that for
any subgroup H of G generated by a finite subset 4 c S, we have

H €N By

where ¢(n) and e(n) are as in Theorem 1. Since S generates G, it will then
follow that, in fact, G € %t ,,*8,,) establishing Theorem A for G. Fur-
thermore, since any subgroup H (as before) is finitely generated and
nilpotent-by-finite, it is residually finite. Since Bergman’s question has an
obvious affirmative answer for finite, and hence for residually finite,
groups, it follows that for each subgroup H generated by a finite subset of
S, Bergman’s question has an affirmative answer. However, this must then
be the case also for G since if the law u = v failed to hold in G, it would
fail to hold in some such subgroup H. Hence Theorem D will also follow
once we have established that H € )6,

With H as given previously, note first that by a well-known result of
Hall (see [19]) the quotient

H=H/[v,(H"), v.(H™")]

is residually finite for all k. Hence there is a chain
H>H, >H,>

of normal subgroups of H such that |H: H,| < = and N ,H, = {1}.

Let ¢, be the natural epimorphism of H onto H/H,. Denote by S, the
subsemigroup generated by the finite subset 4 C S; then S, C H. Since
H/H. is finite we have ¢,(S,) = ¢,(H), so that the finite group ¢,(H)
satisfies the given positive law u =v. Hence by Theorem 1, already
proven, we have ¢,(H) € JcC(H)Be(n), where ¢ = ¢(n) and e = e(n) are as
in that theorem. Since H is a subcartesian product of the ¢(H) it then
follows that H € P ey B o(ny OF, €Quivalently,

Y(H) < [v(H™), v(H™)] (4)
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for all k. We now construct inductively a subnormal chain
H=N;=N; = - (5)
of finite-index subgroups of H, and a chain
§285,28 2 (6)

of subsemigroups such that S, satisfies the given law u = v and generates
N, Let N, = H, and let S, be as already defined. Define N, = H™*. Since
H is soluble-by-finite, the quotient H /N, is finite (or order r say), whence
N, is finitely generated (by s elements say). It is a well-known and
relatively easy consequence of the fact that S, satisfies a positive law that
every element 4 of H can be expressed in the form i =ab~' where
a,b € S,. (From the positive law in the form xw, = yw, it follows that
y~tx = w,w;t, whence every element of the form y~'x, x,y € §,, can be
replaced by one of the form w,w; !, where w,,w, € S,. By successively
replacing the former by the latter in any string of elements of S, and their
inverses, one obtains the desired result.) Hence there are elements
X1 Y1, X9, Yor- ooy Xy, ¥ € S, such that

Ny = Coyrthexyg .
Since |H/N,| = r, we have that y] € N, N §,, so that

Ny =y oyl xo s yse o x vy,

We define S, to be the subsemigroup of S, generated by the 2s elements
x; /"ty for i=1,...,s. Since S, CS,, S, also satisfies the given law
u = v. In view of (4) we have

Ye(Ny) < [Yk(Hm)’Yk(Hm)] = [Vk(No)ka(No)]
for all k. Note also that since N, = H™* < H™, the group N, is soluble of
derived length < I. We now consider
]Vl = Nl/[')/k(Nl)’ Yk(Nl)]

in place of H, and arguing as before deduce that

Y (NY) < [v(ND), ve(Ny)]

for all k. We then set N, = Nf, and use the fact that N, is finitely
generated and N, /N, finite to find a finite subset of S, generating N,,
denoting by S, the subsemigroup generated by that finite subset. Continu-
ing inductively, we construct the chains (5) and (6) with the property that,
for all i > 0,

Ye(Niv1) < [%(N), %(N)]
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for every k. It follows that

@ ) )
YC(]VH—l) =< ’YL(]VI) ' = YC(A]I—l)Z < =< YC(Nl)l = {1}

Thus H is a finite extension of a group of class ¢, namely N,, ,. Hence H
is certainly residually finite, and therefore, as noted at the beginning of the
proof, Bergman’s question has an affirmative answer for H; that is, the law
u = v holds in H. Hence by Theorem 1 (which extends immediately to
residually finite groups) we have H € %, ,,, as claimed. [

3. PROOF OF THE PROPOSITION AND COMPLETION
OF THE PROOF OF THEOREM A

Proof of the proposition. Let G be any group satisfying a positive law.
We wish to show that if H is any finitely generated subgroup of G then
H' is also finitely generated. (It will be clear from the proof that, in fact,
the minimal number of generators of H' is bounded above in terms of the
number of generators of H and the degree of the positive law.)

We first show that for any two elements a, b of G, the subgroup (b )’
generated by all conjugates a'ba ' = b, is finitely generated. It is easy to
see that G satisfies some 2-variable positive law, which moreover may be
assumed to be homogeneous. (If the law is not homogeneous, then it
implies one of the form x" = 1, which implies in turn the homogeneous
law (xy)" = (yx)".) Thus we may suppose our positive law to have the form

xmly’1 Eyé'lx’h "'1mi’”i|5;‘|”;‘ > 0’

where X;m; = Y;n; and XL.r; = X;s;, and where the two sides of the
identity end in different symbols. The substitution of a for x and ab for y
yields the relation

aml(ab)rl v = (ab)sl e

Rewriting both sides as products of conjugates of b and canceling residual
powers of a, we obtain

bm1+lbk1 by, = blbll by, (7)

t t

where 1 <m; + 1<k, < - <k, 1<l < - <l,and k, #I,. Hence
b, e{b,,...,b, k = max{k,,1}. (8)

Repeated conjugation of (8) by a yields b, € <{b,,...,b,) for i <1.
Similarly, by (7)

bk € <b11"'1bk71>1
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and repeated conjugation of this by a~ ! yields b, € {b,,...,b,_,) for
i > k. Hence (b)*“ is generated by b,,...,b,. It follows that if H is any
finitely generated subgroup of G and g € G, then

H® is finitely generated. (9)

We next show that, given any two elements a, b € G, the commutator
subgroup {a, b) is finitely generated. The crucial fact allowing this is that
{a,bY is generated by the elements of the form [a, b]*"*" where m and n
are integers. This follows in turn from the well-known fact that {a, b) is
generated by all commutators of the form [a’, b*], r and s integers, via
repeated application of the identities

a—i[arl bs]ai — [ar-f-i’bs][bs,ai],
b—i[ar’ bs]bi — [b[, ar][arl bx+i],
starting with » =s = 1. Now {[a, b])}*’ is finitely generated as before,
whence by (9) ({[a, b])‘“’)¢?> is finitely generated, as required.
This establishes the 2-generator case. Now assume inductively that the
claim is valid for subgroups of G which can be generated by <n

elements, and suppose that H requires n + 1 > 2 generators, say
hy, ..., h,, .. Write H; for the subgroup generated by

(hyyo b INAR),  i=1,....n+1.

Then by the inductive hypothesis [ H;, H.] is finitely generated, whence so
is [H;, H,]"”. The conclusion now follows from the fact that [H, H] is
generated by the set-theoretical union of the [H,, H,]‘"”. For this it
suffices to show that the subgroup generated by this union, that is, by

U= U [HivHi]<hi>:
i
is normal in H. For instance,

h
([Hl, Hl]’”) 2 _ [Hl,Hl]/’lz/’M[/’lphz] - [Hl,Hl]hl[hl,hz],

and since [H,, H,]"* c U and [hy, h,] € [H,, H,], we have [H,, H,]"" <
). 1

Completion of the proof of Theorem A. Let G be an SB-group, that is,
G € B,%, -+ B,, where each variety B, is either soluble or a B, for
some e. Suppose G satisfies a positive law of degree n. The group G
contains a normal subgroup H such that H € ¥, and G/H € i3, --- G,.
Arguing by induction on ¢, we assume that Theorem A is valid for G/H,
so that

G/He N, %,
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for some ¢; and e,. If ¥, = for some c,, then G € N N B, C
S e, 8., Whence by the flrst case considered previously, we have G €
c(n 'Be n

I{I(;w s(uiopose that B, =B, for some e,. Then G € B, NV, . The
group G contains a normal subgroup K from 8, Jt. . It clearly suffices to
show that K € 9,8, We prove this by induction on c,.

If ¢, =0 we have nothing to prove. Consider the case ¢, > 0. It is
enough to prove that every finitely generated subgroup of K lies in
I ey B oy NeNce without loss of generality we may assume that K is
finitely generated. By Proposition 1 the commutator subgroup K’ is
finitely generated. The finitely generated subgroup K’ €8, %, _;, and
therefore, by the inductive assumption, K' € %t ., B, ). Since K’ is
finitely generated, (K')*™ has finite index in K’. The group K acts on the
finite quotient K’ /(K’)“"™ by conjugation. Let C be the centralizer of this
action. The group C has a finite index in K and [C, C,C] < (K')*" which
is nilpotent. Hence C is a soluble subgroup of finite index in K, and by the
first case of Theorem A, already proven, we have K € 3t ,,8,.,). |

J(

4. DEDUCTION OF THEOREM C
AND THE COROLLARIES

Proof of Theorem C. Sufficiency is clear. For the necessity let 8 be, as
in the statement of the theorem, a locally nilpotent-by-finite variety of
groups. We wish to show that % c 9t B, for some ¢, e.

The relatively free group of 8 of rank 2 is by assumption nilpotent-by-
finite, and therefore, according to Mal’cev [13], satisfies some positive law
and hence some positive 2-variable law, of degree n say, which will then
hold in every group in 2. Since the finitely generated groups of & are
nilpotent-by-finite, they are certainly SB-groups, and so by Theorem A lie
in N,V Hence by Theorem B every group of 8 lies in 9t B,

Proof of Corollary 1. We need two lemmas, the first of which is a result
of Wilson [23]. We give a proof different from Wilson’s, using a result of
Zelmanov on Lie rings.

LeEMMA 1 (Wilson [23]). A k-generator, residually finite n-Engel group K,
is nilpotent of class bounded above by some function of k and n only.

Proof. Since a finite Engel group is nilpotent (by the well-known result
of Zorn), we have that K is residually nilpotent. Consider the associated
Lie ring

L :L(K) = Vl(K)/Vz(K) ® 72(K)/73(K) SR
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determined by the lower central series of K. Since K is n-Engel by
assumption, we have in L that [x,,y]=0 for all x€L and y e
v{(K)/v;,,(K), and, as noted earlier, the less obvious linearized Engel
identity (see [26, Lemma 6])

Z ['x’yo'(l)""'yu'(n)] =0
o< Sym(n)

for all x,y,,...,y, € L. By a result of Zelmanov [29] these two conditions
imply that the k-generator Lie ring L is nilpotent of class bounded by a
function of & and n only. Since K is residually nilpotent, the same
function of k& and n will then bound its class. |

LEMMA 2. Let K be an n-Engel group and H be a normal subgroup of K
without nontrivial elements of order dividing k. If for some element g of K we
have [H, g¥] = {1}, then [H, g] = {1}.

Proof. Assuming [h, g“]1 = 1 for all h € H, we prove by induction on i
going from n to 1 that for all # € H we have [A,;g] = 1. The initial
proposition is [#, ,g] = 1 for all &~ € H, which is valid since K is n-Engel.
Suppose inductively that [4,;,,g] = 1 for all & € H. By using the identity

[a,bc] =[a,c][a,b][a,b,c]
repeatedly, one finds that for all 7 € H,

1= [hli—lg:gk] = [h,.8] l_l[hwlg]"h

for various integers n; and elements 4; € H. From the inductive hypothe-
sis it follows that [/ ,,g]" —1foral he H, whence [h,,;g] = 1 since K
has no k-torsion. This completes the induction. Hence [4, g] = 1 for all
heH 1

We are now ready to prove Corollary 1. Let G be a residually finite and
n-Engel group, and let K be the rank-2 relatively free group of the variety
generated by G. Since G is residually finite, so is K, whence, by Lemma 1,
K is nilpotent of class bounded by some function of n alone. It follows that
K, and therefore every group in the variety generated by G, satisfies a
positive 2-variable law of degree bounded in terms of n only. Hence, by
Theorem B,

G € N,y B,

where ¢(n), e(n) depend only on n.

Assuming now that G has no e-torsion, we shall deduce that, in fact,
G € Ny, More specifically, we shall show by induction on m that if a
group K |s n-Engel, e-torsion free, and belongs to ¢, B, then, in fact,
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KeMN,. If m=1, then K°={1}, whence K = {1} since K has no
e-torsion. Suppose inductively that the claim is valid for m and that
KeMN, B, Setting H = v, (K°, we have [H, K°] = {1}, whence by
Lemma 2 we have H < Z(K). We wish to show that the central quotient
K = K/Z(K) has no é-torsion so that we can apply the inductive hypothe-
sis to it. If g = gZ(K) € K satisfied g° = 1, we should have g¢ € Z(K),
that is, [K, g°] = 1, whence by Lemma 2 [K, g] = 1, that is, g € Z(K), so
that indeed K is &-torsion free. Since H < Z(K) we have that K¢ is
nilpotent of class m, whence K € 9, % ,. By the inductive hypothesis we
then have K € 9N, whence K € N, , ,, completing the proof. |

Proof of Corollary 2. Let G be a residually finite n-Engel group. As in
the proof of Corollary 1, it follows that G is an extension of a nilpotent
group by a group of finite exponent. Hence G satisfies a positive law,
u = v say. A well-known argument shows that every law w = 1in G is a
consequence of the particular law u = v and some other positive law
u, = v, holding in G, whence the result.

ACKNOWLEDGMENT

We are grateful to the referee for pointing out several inaccuracies and for numerous
suggestions for improvement.

REFERENCES

1. S. I. Adian, “The Problem of Burnside and Identities in Groups,” Nauka, Moscow, 1975
(in Russian) (see also, trans. J. Lennox and J. Wiegold, “Ergebnisse der Mathematik und
ihrer Grenzgebiete,” Vol. 92, Springer-Verlag, Berlin, 1979).

2. G. Bergman, Questions in algebra, preprint.

3. J. Cossey, Laws in nilpotent-by-finite groups, Proc. Amer. Math. Soc. 19 (1968), 685—-688.

4. J. Dixon, M. P. F. Du Sautoy, A. Mann, and D. Segal, “Analytic Pro-p Groups,” London
Math. Soc. Lecture Note Series, Vol. 157, Cambridge Univ. Press, 1991.

5. M. Gromov, Groups of polynomial growth and expanding maps, Publ. Math. Inst. hautes
Etud. Sci. 53 (1981), 53-73.

6. J. R. J. Groves, Varieties of soluble groups and a dichotomy of P. Hall, Bull. Austral.
Math. Soc. 5 (1971), 391-410.

7. K. W. Gruenberg, Two theorems on Engel groups, Math. Proc. Cambridge Philos. Soc. 49
(1953), 377-380.

8. P. Hall, On the finiteness of certain soluble groups, Proc. London Math. Soc. 9 (1959),
595-622.

9. M. I. Kargapolov and Ju. I. Merzljakov, “Fundamentals of the Theory of Groups,”
Springer-Verlag, New York /Heidelberg /Berlin, 1979.

10. “The Kourovka Notebook: Unsolved Problems in Group Theory,” 12th ed., Inst. Math.
Sibirsk. Otdel. Akad. Nauk Rossii, Novosibirsk, 1993.



12.

13.
14.

15.

16.

17.

18.
19.

20.

21.

22.
23.

24.

25.
26.

217.

28.

29

GROUPS SATISFYING SEMIGROUP LAWS 525

. J. Lewin and T. Lewin, Semigroup laws in varieties of soluble groups, Math. Proc.
Cambridge Philos. Soc. 65 (1969), 1-9.

A. Lubotzky and A. Mann, Powerful p-groups, I. Finite groups, J. Algebra 105 (1987),
484-505.

A. I. Mal’cev, Nilpotent semigroups, Uchen. Zap. Ivanouvsk. Ped. Inst. 4 (1953), 107-111.
J. Milnor, Growth of finitely generated solvable groups, J. Differential Geom. 2 (1968),
447-449.

B. H. Neumann and T. Taylor, Subsemigroups of nilpotent groups, Proc. Roy. Soc.
London Ser. A 274 (1963), 1-4.

P. S. Novikov and S. I. Adian, On infinite periodic groups, I, Il, 111, Math. USSR-Izv. 32
(1968), 212244, 251-254, 709-731.

A. Yu. Ol'shanskil and A. Storozhev, A group variety defined by a semigroup law, J.
Austral. Math. Soc. Ser. A 60 (1996), 255—259.

F. Point, Milnor identities, Comm. Algebra 24 (1996), 3725-3744.

D. J. S. Robinson, “Finiteness Conditions and Generalized Soluble Groups,” Parts 1 and
2, Springer-Verlag, Berlin /Heidelberg /New York, 1972.

J. F. Semple and S. Shalev, Combinatorial conditions in residually finite groups, I, J.
Algebra 157 (1993), 43-50.

A. Shalev, Combinatorial conditions in residually finite groups, 11, J. Algebra 157 (1993),
51-62.

S. Shalev, On almost fixed point free automorphisms, J. Algebra 157 (1993), 271-282.

J. S. Wilson, Two-generator conditions for residually finite groups, Bull. London Math.
Soc. 23 (1991), 239-248.

J. A. Wolf, Growth of finitely generated solvable groups and curvature of Riemannian
manifolds, J. Differential Geom. 2 (1968), 421-446.

E. I. Zelmanov, Engel Lie algebras, Dokl. Akad. Nauk SSSR 292 (1987), 265—268.

E. I. Zelmanov, On some problems of group theory and Lie algebras, Math. USSR-Sb, 66
(1990), 159-168.

E. 1. Zelmanov, The solution of the restricted Burnside problem for groups of odd
exponent, Math. USSR-Izv. 36 (1991), 41-60.

E. I. Zelmanov, The solution of the restricted Burnside problem for 2-groups, Mat. Sb.
182 (1991), 568-592.

. E. 1. Zelmanov, Nil rings and periodic groups, KMS Lecture Notes Math. (1992).



