
, y -  -

VOLUME XIX JULY, 1940 NUMBER 3

h  2  S / t o

THE BELL SYSTEM

TECHNICAL JOURNAL
DEVOTED TO THE SCIENTIFIC AND ENGINEERING ASPECTS

341

Crosstalk Between Coaxial Conductors in Cable
— R. P. Booth and T. M . Odarenko 358

C om pressed Pow dered M olybdenum  Perm alloy for H igh  
Quality Inductance Coils— V. E. Legg and F. J. Given . 385

High Accuracy Heterodyne Oscillators— T. Slonczew ski . . 407

Relations Between Attenuation and Phase in Feedback Ampli-
fier Design— H. W. B o d e ............................................................ 421

Analysis of the Ionosphere—Karl K . D a r r o w ................................455

Abstracts of Technical P a p e r s ............................................................489

Contributors to this I s s u e ....................................................................... 492

AMERICAN TELEPHONE AND TELEGRAPH COMPANY
NEW YORK

50c per Copy $1.50 per Year

Crosstalk in 
and Open

Based on Short-Circuited



THE BELL SYSTEM TECHNICAL JOURNAL

Published, quarterly by the 

American Telephone and Telegraph Company 

195 Broadway, N ew  York, N . Y.

EDITORS  

R. W. King J. O. Perrine

F. B. Jewett 
A. B. Clark 
S. Bracken

EDITORIAL BOARD

H. P. Charlesworth 
O. E. Buckley 

M. J. Kelly 
W. Wilson

W. H. Harrison 
O. B. Blackwell 
G. Ireland

SUBSCRIPTIONS

Subscriptions are accepted at SI.50 per year. Single copies are fifty cents each. 
The foreign postage is 35 cents per year or 9 cents per copy.

Copyright, 1940 

American Telephone and Telegraph Company

PRINTED IN U. S. A.



The Bell System Technical Journal
Vol. XIX July, 1940 No. 3

Crosstalk in Coaxial Cables—Analysis Based 
on Short-Circuited and Open Tertiaries

By K. E. GOULD

T h e problem  considered  herein is th a t of estim a tin g , from  m eas­
u rem en ts on  sh ort len g th s of coaxial cable, th e  crossta lk  to  be 
exp ected  in long  len g th s of th e  sam e cable. T h e  m ethod  d e v e l­
oped, w h ich  is particu larly  ap p licab le  to  cases in w hich th e  effect 
of tertiary  c ircu its on the crossta lk  is large, is based on m easure­
m en ts of crossta lk  in  a sh ort len gth , w ith  the tertiaries first short- 
c ircu ited  and th en  open. T h e ap p lication  of th is  m ethod  to  the  
cable  described in th e  com panion  paper b y  M essrs. B o o th  and  
O darenko g ave  crossta lk  va lu es in good agreem en t w ith  their  
experim en ta l results.

I n t r o d u c t io n

T ? O R  a num ber of years the problem of crosstalk sum m ation in long 
open-wire lines or cables has been studied by m easuring crosstalk, 

in phase and m agnitude, in short lengths. T he crosstalk w ithin a 
short length, between two circuits term inated  in their chaiacteristic  
im pedances, would be m easured with all im portan t te rtia ry  circuits 
also approxim ately  term inated . Then th e  crosstalk between two 
circuits in adjoining short lengths would be measured w ith the te r­
tia ry  circuits term inated . From  these coefficient m easurem ents the 
crosstalk  in a  long length could be estim ated by a process of integration.

T he application of this general m ethod to  crosstalk in the usual 
types of coaxial cable would require great accuracy in the coefficient 
m easurem ents, because in ’onger lengths the desired crosstalk value 
depends on the difference between two nearly  equal quan tities involv­
ing the coefficients. In the following analysis the  com putation  of the 
crosstalk  for long lengths of coaxial cable is based on crosstalk m easure­
m ents, in phase and m agnitude, between two coaxial circuits in a 
single short length w ith the te rtia ry  circuits first open and then short- 
circuited, no crosstalk m easurem ents with term inated te rtia ry  circuits 
being involved.
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T his m ethod of analysis, when applied to  the  tw in coaxial cable 
described in the  com panion paper by  M essrs. B ooth and  O darenko, 
gave results in good agreem ent w ith the m easured crosstalk.

In th is analysis it was assum ed th a t  all the  te r tia ry  circuits could be 
com bined and  considered as a  single circuit. A lthough no evidence 
has been found th a t  w ith th e  types of s tru c tu re  stud ied  so far, b e tte r  
accuracy would resu lt from  th e  fu rth e r refinem ent of considering two 
or m ore dissim ilar te r tia ry  circuits w ith  coupling betw een them , 
there  is one case of practical im portance which canno t be hand led  w ith 
the sing le-tertiary  analysis. T his case is th a t  of th e  in terac tion  cross­
ta lk  ( th a t is, the  crosstalk  by w ay of a  te r tia ry  circuit) betw een two 
adjoining lengths of coaxial cable, when, a t  th e  junction , p a r t  of the 
te rtia ry  conductors are short-circu ited  to  the  o u te r coaxial conductors 
while th e  rem aining te rtia ry  conductors con tinue through w ith  no 
d iscontinu ity . T his problem  m ight be of im portance where, a t  a 
repeater, the  ou te r coaxial conductors and  th e  sheath  are bonded to ­
gether, b u t paper-insu lated  pairs in the  sam e sheath  provide an u n ­
in te rru p ted  te r tia ry  circuit. T he near-end crossta lk  under such condi­
tions m ight also differ significantly from  th e  values indicated  by  the 
sing le-tertiary  analysis.

T he tw o-te rtia ry  analysis is too  long to  be given here in de ta il, and 
hence has been outlined only to  such an  ex ten t as to  ind icate  the 
derivation  of the  form ulas for in teraction  crossta lk  when one of the 
tertiaries is short circuited and  th e  o th e r te rm inated  in its  ch a rac te r­
istic im pedance. T he form ula for near-end crossta lk  under th is  condi­
tion is given w ithou t derivation .

I-— I d e n t i c a l  C o a x ia l  L i n e s  S y m m e t r ic a l l y  P l a c e d  
w it h  R e s p e c t  t o  a  S i n g l e  T e r t ia r y

T he first case we shall consider herein is th a t  of a n y  num ber of 
identical coaxial lines w ith  the ou ter coaxial conductors in continuous 
electrical co n tac t and sym m etrically  placed w ith respect to  a  single 
te r tia ry  c ircuit, such as th a t  which m igh t be provided by  a  sheath  su r­
rounding the coaxial lines and  insu lated  from  th e  o u te r coaxial con­
ductors, or by  a  surrounding  layer of paper-insu lated  pairs. T h ro u g h ­
ou t we shall assum e th a t  the reaction of the  induced cu rren ts  upon the  
d isturb ing  line is negligible.

Following a nom enclature analogous to  th a t  of the  Schelkunoff- 
O darenko paper,1 we will designate by Z u  the  m u tual im pedance per 
u n it length  betw een an y  two coaxial lines in th e  presence of th e  o th e r 
coaxial lines b u t in th e  absence of an y  o ther conductors. T h e  m u tua l

1 Bell System  Technical Journal, April, 1937.
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im pedance per un it length between any  coaxial line (in the  presence of 
the o ther coaxial lines) and  the te r tia ry  circuit consisting of all of 
the coaxial ou ter conductors w ith return  by way of the sheath  or other 
te rtia ry  conductors, we will designate by Z i3.

If we consider the crosstalk between two coaxial lines of length, I, 
such th a t the coaxial lines and the te rtia ry  are electrically short, each 
coaxial line being term inated  in its  characteristic  im pedance Z  and the 
te rtia ry  open a t  each end, the crosstalk (near-end and far-end being 
identical for such a length) is given by

Z\jl  
2Z '

If, now, we consider a case sim ilar except th a t the te rtia ry  is short- 
circuited a t  each end, the crosstalk is the above term  plus the effect 
of the te rtia ry  curren t / 3, which, for un it curren t in the  d isturbing 
coaxial line, is given by

where Z 33 is the series im pedance of the te rtia ry  circuit per un it length.

( Z2 I \
— *3 ) in the dis-

2 Z Z 33 /
turbed coaxial line and the to ta l crosstalk will be

Z u l  Z 2i3l 
~2Z ~  2Z Z 33 '

Z  Z 2
If we designate ~  by  X  and „  *3 by £, then, for an electrically

¿Z  Z 12Z 33

short length, X  will represent the  crosstalk per un it length between 
two coaxial lines w ith the te rtia ry  open, and X (1 — £) the crosstalk 
per un it length w ith the te rtia ry  short-circuited. In the formulas 
developed below these quantities will be found to  be of fundam ental 
im portance.

Tertiary Terminated in its Characteristic Impedance 
Far-End Crosstalk 

From  the  Schelkunoff-Odarenko paper, the  sum of the d irect far-end 
crosstalk (eq. 19) and the indirect far-end crosstalk (eq. 40) for any 
length under these conditions gives the  to ta l far-end crosstalk F t, as

Z u l Z \ 3 r 2731 m
2Z  4Z Z 3 1_ 7 32 — 7 2 (73 - 7 ) 2 (7 3 +  T)2 J ’ { )
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where
Z 3 =  characteristic  im pedance of te r tia ry  circuit,

7, 73 =  propagation  constan ts  of coaxial lines and  te rtia ry  
circuit respectively.

T his m ay be rearranged and  w ritten  (since Z 37 3 =  Z 33)

F t = Z n l Z \ z l Z 213
2 Z 2 Z Z 33 2 Z Z 33

X r h 2 73
l  732 - 72 2

1 — g—(r¡—yU 1 — g - ( r 8+TU

=  X  [  / ( ! - £ ) - /£ 732 -  7

(73 -  7 )2 

_ i £73
,2 "T- 9

X
1 — g—(73- 7)*

+

(73 +  7 )2

1 — g—(rs+T)1 

(73 +  7 )2

(2a)

(2b)
(73 -  7 )2

T his form ula has been found to  be applicable, w ith  good accuracy, to  
th e  types of coaxial cable which have been stud ied  so far. T he q u a n ­
tities X  and X (1 — £) are determ ined  from crosstalk  m easurem ents on 
a short length, and  the propagation  co n stan ts  are of course read ily  
determ ined .

Near-End Crosstalk
A sim ilar approach to  th e  problem  of the near-end crosstalk  N t w ith  

the te rtia ry  term inated  in its  characteristic  im pedance, using equa tions 
(10) and (32) of the Schelkunoff-O darenko paper, gives

1 — £ £ 7N , = X (1 -  e~2yl)
2 y 2 (7 s 2 -  7 2) 

£7
2(732

> j L _  ( i  +  e- iy i  _  2e-<Tg+ir>») j (3)

Here, as in the case of equation  (2b) above, the  crosstalk  m ay  be 
com puted  readily  from crosstalk  and im pedance m easurem ents on a 
sho rt sam ple.

Interaction Crosstalk
Far-End Far-End and Far-End Near-End

W e will consider the  in teraction  crossta lk  betw een tw o adjoin ing 
sections of lengths I and I', respectively, the  te r tia ry  being connected 
through a t  the junction , with no d iscon tinu ity . T he te r tia ry  cu rren t 
is(l) a t  the far end of a  section of length I , for u n it sending-end cu rren t, 
w ith th e  te r tia ry  te rm ina ted  in its  characteristic  im pedance, is readily  
form ulated  as

. . . .  Z u e - t l -
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In the adjoining section, w ith the te rtia ry  term inated  in its  ch a r­
acteristic  impedance, the te r tia ry  cu rren t i z i y )  will be given by 

where y  is the distance m easured from the junction  of the  two
sections.

This te rtia ry  cu rren t fs(y) will produce a far-end cu rren t in the 
disturbed coaxial of

Z 213 e~y' -
4ZZ3 73 — 7

-  e~y>1 f '' 
- 7  Jo

e-y ,i/e-y C '- i i) d y .

The equal-level far end-far end in teraction  crosstalk FF, being this 
far-end curren t divided by e~yil+l' \  m ay be obtained as

F F  =  d  -  (5)

T he near-end curren t in the  disturbed coaxial due to  the curren t 
isiy) is given by

Z  13 e n 1 -  e ~ y f '
   e~y^e~yydy.
-  7  Jo4Z Z 3 73

From  this the equal-level far end-near end in teraction crosstalk FN,  
being this near-end curren t divided by e~yl, m ay be obtained as

F N  =  2 - ^ y l \ 2) (1 -  (6)

Near-End Near-End
T he near-end te rtia ry  curren t in the section of length I is sim ilarly 

form ulated as

*»(°) = § g l ~ e~ 'y3+y)‘ - (7)2Z 3 73  +  7

The near-end near-end interaction crosstalk N N  is readily obtained, in 
a fashion sim ilar to  th a t outlined above for the far-end near-end in ter­
action crosstalk, as

N N  =  (! -  ^ (T‘+7)I)(1  -  e-<y+y»')- (8)

Tertiary Short-Circuited 
T he general case of the crosstalk between coaxial lines of length I 

with the te rtia ry  short-circuited a t  each end m ay be a ttacked  as follows. 
A t any  point a t  a d istance x  from the sending end, the  voltage gradient 
along the ou ter surface of the ou ter coaxial conductors, for un it sending- 
end current, will be Z u e~rx. Each differential elem ent, Zue~rxd x , of 
th is voltage drop will produce a curren t in the te rtia ry  circuit de-
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term ined  by the im pedances, Z '  and  Z ", of the  te r tia ry  as seen in th e  
two directions from  th is point, these im pedances being

and
Z '  =  Z 3 ta n h  y 3x  

Z "  = Z 3 tan h  y 3(l — x)

(9)

(10)

respectively tow ard and  aw ay from  the  sending end.
A t any  o ther po in t a t  a  d istance y  from the sending end, th e  te r tia ry  

cu rren t due to  the  voltage Z u e~yxdx  will be given, for y  > x, by

*s60
_  Z l:ie~yxdx  cosh y 3(l — y) 
~  Z '  +  m  cosh y 3(l -  x) ( 1 1 )

From  th is the transfer ad m ittan ce  A (x ,  y) betw een these tw o poin ts 
is ob tained  as

A  (x, y) =
1 cosh 73 (/ — y)

Z 3 tan h  y 3x  cosh y 3(l — x) +  sinh y 3{l — x) 

Sim ilarly, for y  < x, th is transfer ad m ittan ce  is ob tained  as

A ( Xty) =   cosh y & ________
Z 3 sinh y 3x  +  cosh y 3x  ta n h  y 3(l — x)

T he te rtia ry  cu rren t, i 3(x), is given by

*«(*) =  f
J o

Z 13e yvA ( x , y ) d y

( 12)

(13)

(14)

from  which we obtain

Z 13
i t(x)  = 2Z 3 sinh 731

X

1 c o s h  y 3{l — x) +  e~yx s in h  y 3l
73 +  7 — eryX c o s h  7 3 X

1 c o s h  y 3(l — x) — e~yx s in h  y 3l
7 3 - 7 — eryl c o s h  y 3x

(15)

Far-End Crosstalk 
T he  indirect far-end crosstalk  F /  due to  th is te r tia ry  cu rren t (eq. 15) 

is given by

'/  =  er' r Z ^  e-r('~*>dx 
Jo 2 Z

13

2ZZ 33

\ _ h l _
L 7 s 2 -  7 2

2 7 3 7 2 cosh 731 — cosh y  I
(7 3 2 -  7 2 ) 2 sinh 731

(16a)

(16b)
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Z  I
If this is combined with the d irect far-end crosstalk , and the

term s rearranged as in the  case of equation (2b), the to ta l far-end 
crosstalk Fe is obtained as

=  * [ / ( !  - Ö ~ l k

Y372 cosh 73/ — cosh 7 1

(7 a 2 ~  7 2) 2 sinh 731 (17)

I t  will be noted th a t equations (2b) and (17) differ only in the term s 
which are no t proportional to  the  length and which thus are of de­
creasing im portance as the length becomes great.

Near-End Crosstalk

The indirect near-end crosstalk N ,  due to  the te rtia ry  cu rren t iz{x) 
is given by

J  0
(18)

By substitu ting  f 3(x) from equation (15) herein, and com bining the 
resu lt w ith the direct near-end crosstalk,

Z „  1 -  e -^ i 
2 Z  27

we obtain the to ta l near-end crosstalk N s, which m ay be w ritten  in 
the  form

N . = X

1 -  e ~ iy l  I  ^  ^  , ? t 2(732 +  7 2)
27

?7372
(73 2 -  7 2) !

(73 2 -  7 2) :

(1 +  e~2yl) cosh 731 — 2e~yl 
sinh 731

■ (19)

I I— I d e n t i c a l  C o a x i a l  L i n e s  S y m m e t r i c a l l y  P l a c e d  w i t h  
R e s p e c t  t o  E a c h  o f  T w o  D i s s i m i l a r  T e r t i a r i e s

W e will now consider the  case of any  num ber of identical coaxial 
lines w ith the ou ter conductors in continuous electrical con tac t and 
sym m etrically  placed w ith respect to  each of two dissimilar tertiaries 
w ith coupling between them .

In an unpublished m em orandum  by J. R iordan, the  general forms 
are developed for the  curren ts and voltages in two parallel circuits 
having uniform ly d istribu ted  self and m utual im pedances and ad ­
m ittances, when these circuits are subjected to  impressed axial fields.
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These cu rren ts ( I 1 and I 2) and  voltages ( V x and V2) (the subscrip ts 
applying, of course, to  the  respective tertiaries) are given b y  the 
coefficient array ,

(fll +  PJe-vi* (bi +  Qi)e^x (a, +  P 2)e~y>* (b2 +  (?*)«*•*
/ 1 1 -  1 V2 -  Vi

h Vi -  Vi 1 -  1
V ! K i K i —  V iK2 —  V iK2
v 2 —  T]2K l — V2K 1 k 2 k 2

where a 2, b i ,  a 2 and b2 are constan ts  to  be determ ined  from  the boundary  
conditions, and

e l =  2 x , ( i  -  „ „ )  / +  r " h ) d x '< 2 0 )

Q , - 2 m +  (21)

/ i  and f 2 being the  im pressed fields along circuits 1 and  2 respectively.
If we consider the two te rtia ry  circuits as consisting of (1) th e  ou te r 

coaxial conductors in parallel w ith  re tu rn  b y  te r tia ry  p a th  1 and  (2) 
te r tia ry  p a th  1 — te rtia ry  p a th  2, only te r tia ry  circu it 1 will be 
subjected  to  an im pressed field. T hus we will have f 2 =  0 and 
f i  = Z u e ~ yx (for un it sending-end cu rren t in the d istu rb ing  coaxial 
line), w here Z 13 is the m utual im pedance, per u n it length , betw een a 
coaxial (in the presence of th e  o ther paralleling coaxials) and  te r tia ry  1, 
and  y is the propagation  constan t, per u n it length, for th e  coaxial 
circuit. T he o ther q uan tities in th is a rray  are c ircu it p aram eters 
given as follows in term s of the series im pedances Z n , Z 22 and  Z \ 2 per 
u n it length and adm ittances a n , a 22 and  a i2 per u n it length  (subscrip ts 
11 and 22 for self im pedance or self adm ittan ce  of circuits 1 and  2 
respectively, and  12 for m u tua ls):

7 i 22 =  a n Z n  +  a 22Z 22 -T 2«12Z 12 ±  ((o ijZ h  — a 22Z 22) 2
+  4 (a u Z i2 +  a \2Z 22) (a \2Z \\  a 22Z i 2) ) :l23, (22)

7 l2 — Ö11Z 11 — d \2Z  12
011Z 12 +  öi 2Z 22

(23)

722 d \2Z \ 2 — d 22Z 22 
d l2Z \ l  +  d 22Z  12 (24)

-V Z \ \  +  ViZ \ 2 7xK  j — >
7 l Û11 ~  ’720X2

(25)

js Z 22 +  V2Z 12 72iv 2 ' • 
72] d 22 — Vla U

(26)
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From  equations (20) and (21) above, we have

P ,  — ----------------- ---------- ----- -----g(Yi—t)*
2X x(l — viVi)(yi — y)

Ox -  — —--------------- g-(ri+Y>*
^  2 X x( l  -  VlVt)(yi +  7 )

p .  = _________Zl3V2 ■  _______- g(Ta-r)*
2X 2(1 — 57m )  (7 2  — 7 )

0 . =  _______ ~ - Zl37?2_______ e-(7a+7)x.
2X 2(1 — 17177 2) (7 2  +  7 )

If we designate
Z 13__________ ,  .

X x ( l  -  7 7 1 *7 2 ) ( 7 i 2 -  7 2) Y ^
and

__________ ^ 1 3 7 7 2  ,  .

x 2( l  -  77X77.) (722 -  7 2) y  ^
we have

Zx =  aie- '>'i;c — b\ey‘x +  ri2a 2e~y x̂
— 7i2b2ey*x +  (^x7x +  \p 2V2y 2) e - yx, (31) 

Z2 =  via ie~y'x ~  vibiV7iX +  a2e~y‘x
— b2ey‘x +  (1/777 x7 i +  4/2Ji)e~yx, (32)

Fx =  Kia.ie~yix +  K\biey'x — 171 K 2a 2e~y*x
— rnK2b2ey*x +  ( i i K xy  — i 2K 2rny)e~yx, (33)

F 2 =  — r]2Kiaie~y'x — V2K 1b1ey x̂ +  K 2a2e~y*x
+  K 2b2ey*x — (ipiKiT]2y  — \p2K 2y)e~yz. (34)

Before proceeding w ith  the application of these results to  specific 
crosstalk problems, we will establish certain  relations which, as in the 
single-tertiary  analysis, will be fundam ental in relating crosstalk 
m easurem ents on short lengths of cable to  the  crosstalk to  be expected 
in a longer length.

L et us consider the crosstalk  as m easured on a short length under 
the following two conditions: (1) bo th  tertia ries open and (2) te rtia ry  
1 short-circuited a t  each end and te rtia ry  2 open. W e will designate 
the crosstalk under condition (1) by  X I  and under condition (2) by 
X l(  1 — £). U nder condition (2) the te r tia ry  curren t (Zx) for u n it

£
curren t in the  energized coaxial is given by and the indirect cross-

¿11  
 2p  1

ta lk  cu rren t in the d isturbed  coaxial is thus 13- , so th a t  we haveLZjZj 11

(27)

(28)

(29)

(30)

349



Interaction Crosstalk with One Tertiary Short-Circuited
Far-End

For th e  sake of sim plicity, and  w ith no considerable loss of app lica­
bility , we will postu la te  the  restric tion  th a t  eyA and  eyA are  large 
com pared w ith  eyl, w here I is the  length of th e  section in w hich we are 
form ulating  th e  te r tia ry  curren ts.

R eferring to  equations (31) to  (34), under the above restrictions the 
term s involving e~y'x and  e~y*x are negligible in the  region near x  =  I 
and  thus in th is region

11 =  — biey'x — r\2b2ey*  +  \_{pi — 2i) +  V i(p i — 22) Je~yx, (36)

12 — — vib iey'x — b2ey*x +  £vi(Pi — 2 i) +  (pi — 22) Je~yx, (37) 

Vi =  K ih 1eycx -  771 K 2b2ey*x
+  \_ K i(p i  +  q i ) — r \ \K 2( p 2 +  qi)~\e~yx, (38)

V 2 = — n2K\b iey'x +  K 2b2ey*x
+  C — m K i( p i  +  2 i) +  K 2(p2 +  qi)^\e~yx, (39)

where 2

p l  =  2 ^ ( 1  -  v Z ) ( y  1 -  7 ) ’ (40)

qi  =  2 X i ( l  -  v i m ) ( y i  +  7 ) ’ (41)
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,   ________ E 13272________
p2 ~  2 K 2(l  -  , i „ )  (72 -  7 ) ’

(42)

_  _________________ ~  ^13??2________________  - ¡ s

Q2 2 K 2(1 -  , ! , 2) ( 7 2  +  7 )  ’  ̂ j

If, now, x  is m easured from  th e  far end, and  th e  following su b s titu ­
tions are m ade as a m a tte r  of convenience : 3

ai — bie(yi+y)l, (44)

a2 =  b2e<-y*+y)l, (45)

equations (36) to  (39), m ultiplied by  eyl so th a t  the  cu rren ts and
voltages are given for u n it received cu rren t in th e  energized coaxial,
become

I i  — — aie~yix — ri2a2e~y‘x +  [_(pi — qi) +  r\2(p2 — q2)~]eyx, (46)

I i  =  — vidie-y x̂ — a2e - y*x +  [ , i ( £ i  — qi) +  (p2 — q2) ~]eyx, (47)
2 The terms involving e~yx here are identical with the corresponding terms in 

equations (31) to (34) except for the change in nomenclature, which in each case has 
been chosen so that the a ’s and b’s will be given by simple functions of the parameters 
employed (p ’s and q’s here: p ’s in the previous equations).

3 a\ and a2 here have no relation to a\ and a2 in equations (31) to  (34).



Vi =  K\a\er~<'x — y iK 2d2e~yie
+  LKi(pi  +  <?i) — r\iK2{p2 +  qi)~\e'ix, (48)

V 2 =  — i\2Kid\e~y^x +  K 2d 2e~y^x
+  [  — VïKiipi  +  qî) +  K 2(p2 +  q2) ~\eyx. (49)

In  the section, of length ad jacen t to  the far end of the  energized
section, the  impressed fields are zero and thus (under the condition th a t 
eyA' and eyA' are large com pared w ith un ity ), using prim es to  indicate 
curren ts and voltages in th is region, w ith th e  distance x '  taken positive 
from  x  — I,

11 =  a / e “ T i*' +  t/2 a 2 e - y ^ ’, (50)

12 =  ijiai'e-T»*' +  a i 'e -** ’, (51)

V i’ = K id i 'e - i * '  -  v iK 2a2'e-i>x\  (52)

V 2' =  — y 2K i d i  c~ 7 iX -j- K 2d 2 6 ~ . (53)

W ith te rtia ry  1 short-circuited , the  boundary conditions to  be 
satisfied are th a t  a t  x  = x '  =  0, V\ — V\ =  0 and I 2 = I 2 . From  
these boundary  conditions, we obtain

g l - - (, ,  +  g l ) + ^ ( y .  +  w , (54)

-  {p! +  3,) +  Kk T +  m 'K ?  ’ (5S>

_ , ViK2(yipi +  p 2) /e^
01 - - - K i + ^ K r ’ (56)

_ t _ K l i v i p l  +  pi)
a > -  K i  +  • (5 7 )

T he equal-level far-end far-end in teraction  crosstalk FF S is given by 4

F F S = ^ § e v 1' f h ' e - y w - ^ d x ' .  (58)LZj j  o

W ith I i  as given by equations (50), (56) and (57), under the restric­
tions we have placed on yil '  and y 2V, we have
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F F .  =  Z2
4 Z (1  — y i y 2) ( K i  +  y i 2K 2)

X
vi _j_ Vi _ i  r  l

i £ i ( 7 i  —  7 )  - ^ 2(72 —  7 )  J  L 7 i  —  7  7 2  —  7

T m K 2

J  L 7 i  -
(5 9 )

4 As pointed out in the Schelkunoff-Odarenko paper in the section on mutual 
impedance, since a coaxial circuit is involved, the current distribution external to this 
circuit does not affect the mutual impedance, and hence the current I I  contributes 
nothing to the crosstalk.



or, w ith  th e  use of equation  (35),

Xt-Z n
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F F S =
2(1 — 771772) (-KT1 +  r ,JK 2)

X r  ÜL
U i ( 7 i  -

+ V2
7 )  ^ 2 ( 7 2  -  7 )  _

riiK2 V2X 1

_ 7 i  7  72 — 7
(6 0 )

T he equal-level far-end near-end in teraction  crosstalk  F N ,  is given by

F N , = 1 ï f !  I ' e~yx'dx '' (61)

and under the  restric tions we have placed on y il '  and  y 2V, we have

F N ,  =

X

4Z(1 — 771772) (K i  +  Vi2K 2)

[  ^ 1(7 1 -  7 )  +  K 2( y 22-  y )  ]  [  

X Ç Zn

ViK 2 t]2K i
7 i  T  7  72  +  7

2 (1  — 771172) {Ki  +  t]i2K 2)

X r  * _
L ^ i ( 7 i  -

+ V2
7 ) K 2 (72  — 7 ) .

ViK 2 _ j_  t]2K  
7 i  +  7  72 + 7 ]

(62a)

(62b)

Near-End

U nder th e  above restric tion  th a t  ey»*, ey ' l’t eyA and  ey*1’ are  large 
com pared w ith eyl, the  curren ts and  voltages in the d istu rb ing  section 
near x =  0 are given by  equations (31) to  (34) w ith  th e  ¿»-terms om itted , 
and  th e  cu rren ts  and  voltages in the  d istu rbed  section ad jacen t to  the  
sending end by  equations (50) to  (53).

T he boundary  conditions to  be satisfied are th a t  a t  x  =  x ' — 0, 
Vi = V\ = 0 and 12 =  — I 2 ■ F rom  these boundary  conditions we 
obtain

a i  =  — ( p i  +  31)
riiK2(q2 +  17131) 

K \  +  rii2K 2

- ( *  +
A i  i? r A 2

/ _  V\K 2(q2 +  77igi)
fll _  K !  +  r,i2K 2 ’

CL 2 —
K i(q 2 +  ?7igi) 

K i  +  17 12 K  2

(63)

(64)

(65)

(66)
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N N .

T he near-end near-end in teraction crosstalk N N ,  is given by

=  ^  r  We  2Z Jo 11
'e~yxdx  

Zhz

X

4Z(1 — +  Tli2K 2)
V i , V2

_ K  1 (7 1  +  7 ) K 2(72  +  7 ) .

________ X $ Z n _________
2(1 — V1V2) { K \  +  7] \2K 2)

7]\K2 r)2K \
7 i  +  7  72 +  7

X »11 | V2 Vi K 2 1
1 K i (  7 1  +  7 ) K 2( y 2 +  7 ) 7 1  +  7  T 2  7  ^

(67a)

(67b)

(67c)

Near-End Crosstalk with One Tertiary Short-Circuited
A lthough the  derivation  of the form ula for near-end crosstalk N s 

w ith one te rtia ry  short-circuited is too long to  be included here, it 
seems advisable to  give th is form ula w ithou t derivation. U nder the 
above m entioned restriction th a t  ey d and ey*1 are large com pared w ith 
eyl,

N s =  N t +  N N  -  N N S, (68)
where

N t = near-end crosstalk, tertia ries term inated ,
N N  =  near-end near-end in teraction  crosstalk between two 

adjoining lengths, tertiaries w ith  no discontinuity ,
N N a =  near-end near-end in teraction crosstalk between two 

adjoining lengths w ith te rtia ry  1 short-circuited a t  the 
junction.

T he first two term s ( N t and N N )  m ay, w ith the types of cable studied 
so far, be determ ined w ith satisfactory  accuracy from the single- 
te r tia ry  analysis. In such a case, the form ulas given herein are suffi­
cient for com puting the near-end crosstalk w ith one te rtia ry  short- 
circuited.

I l l — C o m p a r is o n  o f  C o m p u te d  C r o s s t a l k  
w i t h  M e a s u r e d  V a l u e s

W ith  72-ft. and  145-ft. sam ples of the twin coaxial cable described in 
the com panion paper by  M essrs. B ooth and O darenko, crosstalk and 
im pedance m easurem ents were m ade in the laboratory , a t  frequencies 
from 50 kc to  300 kc, the sheath  and quads in parallel being considered 
as providing a  single te rtia ry , th a t  is, as being connected together a t  
short intervals.
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T he far-end crossta lk  for a  length of 5 miles was com puted  from  these 
labo ra to ry  m easurem ents and  in Fig. 1 the resu lts are com pared w ith  
m easurem ents on th is length, th e  crossta lk  in e ither case being p rac ­
tically  the  sam e w hether the  te r tia ry  was term inated  or short-c ircu ited .
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Fig. 1— Far-end crosstalk and near-end crosstalk for 5-mile length.

In  Figs. 1 and 2, the  com puted  near-end crosstalk  for a  length  of 5 
miles is com pared w ith represen ta tive  m easurem ents on th e  above 
m entioned tw in coaxial cable. F igure 1 shows th is  com parison w ith 
the  te r tia ry  term inated  and  Fig. 2 w ith the  te r tia ry  short-circu ited .
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T he assum ption of uniform ity of the coaxial lines, as regards transfer 
impedances, and of the te rtia ry  circuits as regards transm ission ch a r­
acteristics, is a more serious restriction in the com putation  of near-end 
crosstalk than  in the  case of far-end crosstalk. Even for long lengths 
of cable, the near-end crosstalk is determ ined alm ost en tire ly  by the 
crosstalk behavior of a  relatively short length of the cable near the 
sending end, whereas the  average crosstalk characteristics determ ine

Fig. 2—-Near-end crosstalk for 5-mile length, tertiary short-circuited.

the far-end crosstalk for a  long length of cable. T hus, from m easure­
m ents on representative short lengths, the  far-end crosstalk for a long 
length m ay  generally be com puted more accurately  than  can the near­
end crosstalk.

Similarly, the various types of in teraction  crosstalk depend largely 
upon the crosstalk behavior of relatively short lengths of the cable 
near the junction. In Fig. 3, the far-end far-end in teraction crosstalk 
has been chosen as an illustration of the correlation which has been 
obtained between com puted in teraction  crosstalk for the above m en­



tioned tw in coaxial cable and the m easured in terac tion  crossta lk  
T h e  curves in Fig. 3 are for equal lengths e ither of 3000 ft. or 12,000 ft. 
In  th e  case of the  m easured values, the  junction  po in t of the  tw o sec­
tions was n o t the  sam e for these two lengths. A lthough the  ag reem ent 
betw een calculated  and  m easured values is only fair, th e  spread in the  
experim ental resu lts for these two cases, which for uniform  cable would 
be slight, is ab o u t the  sam e as the  spread betw een calcu la ted  and  
m easured values.
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Fig. 3—Far-end far-end interaction crosstalk between two equal lengths.

T he tw o -te rtia ry  form ulas have so far been applied only  to  one type  
of cable w ith  four coaxial lines and  a layer of paper-insu la ted  pairs. 
T he longest length of th is type of cable on which crossta lk  m easure­
m ents have been m ade is 1900 ft. T h e  various types of in te rac tion  
crosstalk  w ith one te r tia ry  short-circu ited , as com puted  from  th e  
form ulas given above, agree roughly  w ith  th e  m easured in terac tion  
crosstalk  under th is sam e condition. H ow ever, the  restric tion  th a t  
th e  te r tia ry  circuits involved are electrically  long, as postu la ted  in 
deriving the  in teraction  crosstalk  form ulas for th is  case, is no t satisfied ,
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and com parisons of the calculated and m easured values are no t very 
significant.

I t  m ay be rem arked th a t the application of the sing le-tertiary  an a ly ­
sis to  all cases in which the  two tertia ries were trea ted  alike (either 
term inated  or short-circuited) gave very  sa tisfactory  agreem ent be­
tween com puted and m easured crosstalk for this 1900 ft. length of 
4-coaxial cable.



Crosstalk Between Coaxial Conductors in Cable
By R. P. BOOTH and T. M. ODARENKO

The available literature on crosstalk between coaxial conductors 
in contact makes it clear th a t the presence of any other conducting 
material in continuous or frequent contact with the coaxial outer 
conductors simply reduces the coupling per unit length without 
altering the law of crosstalk summation with length.

When the conducting material is insulated from the coaxials, 
as in the case of quads and sheath in coaxial cables, the situation is 
more complicated. Instead of simply reducing the coupling per 
unit length the quads and sheath, with the outer conductors for a 
return, provide a tertiary circuit in which interaction crosstalk can 
take place between elementary line sections. The summation with 
length for this type of crosstalk is quite different from th a t between 
two coaxials in contact and therefore the combined summation is 
obviously more involved.

Tests on sections of a five-mile length of coaxial cable were made 
at Princeton, New Jersey, in the latter part of 1937 and early in 
1938 in order to obtain experimental verification of the manner in 
which the quads and sheath affect crosstalk summation with length.
I t is shown tha t the crosstalk component due to the presence of the 
sheath and quads opposes the component which is present between 
two coaxials in free space so th a t the resultant crosstalk is con­
siderably lower than would be computed ignoring the tertiary 
effects.

I n t r o d u c t io n

In  sp ite  of the geom etrical and  electrical sym m etry  of th e  coaxial 
c ircu it and  th e  excellent shielding properties of th e  o u te r conductor, 
a p a r t  of th e  electrom agnetic energy escapes from  the  c ircu it th rough  
the  ou te r conductor and  sets up  an electrom agnetic field in th e  space 
a round  it. A ny circuit, be it even an o th er coaxial placed in th is  field 
will absorb a  p a r t of the energy stored  in th e  field and  deliver it to  the  
term inals of the c ircu it in th e  form  of an  unw anted  or in terfering  
cu rren t— the  crosstalk  cu rren t. T he m agnitude of th is  crossta lk  
cu rren t depends on a v a rie ty  of factors, such as th e  physical ch a rac te r­
istics of the  conductors and  of th e  in tervening  space, th e  frequency 
and  the  length of th e  circuit.

Expressions for two im p o rtan t cases of crossta lk  betw een two coaxial 
circuits in free space, nam ely, th e  so-called “ d ire c t” crosstalk  w ith  th e  
o u te r conductors in continuous co n tac t and  the  “ in d ire c t” crossta lk  
w ith the ou ter conductors insu lated  from  each other, were determ ined

358
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and  discussed in a  previously published pap er .1 I t  was shown there 
th a t the  d irect far-end crosstalk  is d irectly  proportional to  I and the 
d irect near-end crosstalk is proportional to

1 -  (T2yl
2y ’

where I is the length and y is the propagation constan t of e ither coaxial 
un it. T he indirect crosstalk was shown to be a more com plicated 
function of the  length.

T he present paper extends th is earlier work to  include the case 
where the  coaxials are enclosed in a common sheath  or, in the  general 
case, paralleled by any  conducting m aterial sym m etrically  disposed .2 
W hen th is conducting m aterial is in troduced in the neighborhood of 
two coaxials in con tac t the conditions for crosstalk production are 
natu ra lly  changed from those existing in free space. If the m aterial 
is uniform ly d istribu ted  along the coaxials and is in continuous or 
frequent con tac t w ith the ou ter conductors the  sum m ation of crosstalk 
w ith length is the  sam e as before bu t the m agnitude is reduced. This 
reduction is due to  the fact th a t  p a rt of the  cu rren t formerly flowing on 
the d isturbed  ou ter conductor now flows on the new conducting 
m aterial instead, thus reducing the  d irect crosstalk coupling per un it 
length.

In m ost cables, the  coaxial ou ter conductors are in con tac t bu t the 
o ther conducting m aterial (sheath and quads) is insulated from the 
ou ter conductors. T he quads m ust obviously be insulated for 
norm al use and the  sheath  is kep t insulated except a t  the ends 
of a  repeater section in order to  perm it the use of insulating jo in ts 
for electrolysis prevention where required. This m aterial thus pro­
vides an ex tra  transm ission circuit, or te rtia ry  circuit, in which 
te rtia ry  curren ts can be propagated up and down the line. In such a 
case the resulting crosstalk in any  length consists of bo th  th e  d irect 
crosstalk between the  contacting  coaxials and  the indirect crosstalk 
v ia the ou ter conductor-sheath and quad te rtia ry  circuit. T he gen­
eral form ulas given in the Schelkunoff-Odarenko paper apply  for 
these com ponents. Since the two com ponents follow different laws 
regarding sum m ation w ith length the  resu ltan t sum m ation is quite 
com plicated except for very  short or very  long lengths.

T he s tudy  of the te rtia ry  effects on crosstalk sum m ation is the main 
contribution of this paper to  crosstalk theory. Em phasis will be placed 
on the developm ent of a simple physical p icture which will help one to

1 Schelkunoff-Odarenko paper in Bell Sys. Tech. Jour., April, 1937.
2 In the interim between our tests and this publication a paper by H. Kaden 

concerning this general subject was published in the Europäischer Fernsprechdienst, 
no. 50, October, 1938, pp. 366-373.
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visualize clearly th e  influence of the te r tia ry  c ircu its in th e  sum m ation 
process. To produce such a p icture a  certa in  am oun t of review  of the 
general crosstalk  problem  will be necessary. T his is u n d ertak en  in 
P a r t  I of th is paper.

P a r t II  is devoted  m ainly to  the  p resen tation  of te s t d a ta  taken  in 
N ovem ber and  D ecem ber, 1937, Jan u a ry  and  F eb ruary , 1938 on sec­
tions of a  five-mile length of a  tw in coaxial cable near P rinceton . 
T hese d a ta  confirm  and  graphically  illustra te  certa in  relationships 
developed in P a r t I. In  addition  they  provide inform ation on th e  
tendency  of te r tia ry  circuits to  com plicate the  effectiveness of tra n s ­
positions and  show how in teraction  crosstalk takes place around  
repeaters v ia  the te r tia ry  circuits.

PA R T  I— T H E O R Y

In any  series of crossta lk  tests  on sho rt lengths of paired or quadded 
cable where the problem  of com bining a  num ber of such lengths is 
concerned it  has generally been the practice to  te rm in a te  bo th  the  tes t 
c ircuits and  im p o rtan t te r tia ry  circuits in characteristic  im pedance. 
U nder such a condition th e  norm al influence of all circuits in th e  p ro ­
duction of crosstalk  w ithin each sho rt section is provided for and  the 
sum m ation process, including in terac tion  betw een successive sections, 
can be stud ied  under actual line conditions. T his is a general m ethod  
applicable to  any  type of coupling and  was adop ted  for th e  P rinceton  
investigation. T he effect of d iscontinuities such as short-circu ited  
te rtia ries a t  the extrem e ends of a repea te r section can be readily  
handled m athem atically  as correction term s due to  “ end effect.”

T o  sim plify the  p resen tation  of the factors involved, th e  discussion 
in th is section will be confined m ainly to  the  case of far-end crosstalk . 
In  a tw in coaxial cable where the transm ission in th e  two u n its  is in 
opposite d irections there  ac tua lly  exists no far-end crossta lk  problem  
since only ta lk er echo, a  near-end crossta lk  phenom enon, is in ­
vo lved .3 In  m u lti-u n it cable, however, there  will be far-end  crossta lk  
betw een different system s. Since th is  type  of cro ssta lk  tends to  in ­
crease d irectly  w ith the  num ber of repea te r sections it is im p o rtan t to  
understand  its n a tu re  thoroughly . M oreover, in a  s tu d y  of funda­
m entals it is possible to  avoid certa in  com plications no t essential to  an 
understand ing  of th e  problem  by  investigating  far-end ra th e r th an  
near-end crosstalk.

T o  p resen t a  clear p ic ture  of th e  physical m eaning of some of the  
forthcom ing m athem atica l expressions the ir derivations will be ap-

3 This statement may not hold if the repeater impedances fail to match the line 
impedance since in that case the far-end crosstalk can be reflected and appear as 
near-end crosstalk.
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proached in as elem entary  a fashion as possible. In order to  do this 
we shall s ta r t  w ith the simple arrangem ent of two coaxial conductors 
in free space, a  case already covered in previous papers. To the 
crosstalk equations covering th is case will then be added term s to  allow 
for the effects of quads and  sheath . In all th a t  follows in P a r t I the 
quads and sheath  will be considered as one unit referred to  as the 
“ sh ea th .” T his is a  good approxim ation as will be shown in P a rt II.

T he conception of two independent crosstalk com ponents— a direct 
or transverse com ponent between coaxials in con tac t and an indirect 
or in teraction com ponent via the sheath  te rtia ry  circuit— is no t neces­
sary  for the solution of the problem . I t  is preserved here, however, as 
offering a fam iliar and m uch sim pler approach to  a clear understanding 
of the processes involved in crosstalk sum m ation w ith length.

F a r -E n d  C r o s s t a l k

Consider first an elem entary  section, dl, of a long single coaxial in 
free space as indicated in Sketch (a) of Fig. 1. If the curren t a t  this 
point in the center conductor is I \  the  curren t in the ou ter conductor 
is practically  — I x since there is no o ther re tu rn  path  (except through 
the1 air dielectric which offers a high im pedance especially a t  the lower 
broad-band frequencies considered here). Using Schelkunoff’s nom en­
clature  we m ay s ta te  th a t an open-circuit voltage equal to ex = I i Z aSdl 
is developed on the ou ter surface of the ou ter coaxial conductor. The 
term  Z aS represents the surface transfer im pedance (m utual im ­
pedance) per un it length between the inner and ou ter surfaces of the 
ou ter coaxial conductor.

Now suppose th a t we place ano ther long coaxial parallel to  the first 
one and, for generality, insulated  from it  as shown by Sketch (b) of 
Fig. 1. T he open-circuit voltage ex on length dl of the first coaxial 
ou ter conductor will now cause cu rren t to  flow in the in term ediate 
circuit composed of the  two outer conductors. T he param eters of this 
circuit are y 3 and Z 3 as shown on the sketch. In returning on the 
second coaxial ou ter conductor this cu rren t causes crosstalk into the 
second coaxial circuit.

I t  is convenient a t  th is point to  replace the original impressed voltage 
ei by  the set of em f’s shown in Sketch (c) of Fig. 1. T he insertion of 
equal and  opposite voltages ei/2  on the ou ter surface of the d isturbed 
coaxial ou ter conductor does no t change conditions b u t enables us to 
consider certain  effects separately . T he first effect to  be considered is 
th a t  due to  the  pair of equal and opposite voltages ei/2  in the loop 
composed of the  two coaxial ou ter conductors. These voltages com­
bine to  form a “ ba lanced” voltage e\ which tends to  drive curren t
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around the balanced circuit com posed of th e  two o u te r conductors. 
F or th e  p resen t we shall no t consider th e  voltages Ci/2 w hich a re  in 
the  sam e direction in th e  ou te r conductors.

T he cu rren t in the “ b a lan ced ” in term ediate  c ircu it of ch aracteristic  
im pedance Z 3 and  propagation co n stan t 73 due to  th e  balanced voltage 
ei in the  e lem entary  length dl is i 3 =  ei/2Z 3. T his cu rren t flowing 
along the  ou te r coaxial conductor of the d istu rbed  c ircu it produces a 
voltage e-i =  i 3Z apdl on the inner surface of th is ou te r conducto r and 
th is voltage in tu rn  causes a cu rren t i ia in the d istu rbed  coaxial circuit

- d l -

Z zz i
COAXIAL I

-e! = I| zap di­

ta)

r 3>z 3 I

COAXIAL I

ei I y3>z3

COAXIAL 2 JZ
(b)

SHEATH

Fig. 1.— Coaxial crosstalk schematics.

equal to  e2/2Z,  w here Z  is the  coaxial characteristic  im pedance .4 In  a 
long line o ther e lem entary  lengths of the d istu rbed  coaxial are also 
affected by  i 3 because of its  p ropagation along th e  in te rm ed ia te  circuit. 
(This crosstalk  by w ay of a te r tia ry  circu it from  one length  in to  an o th e r 
is known as ind irect or “ in teraction  c ro ss ta lk ” and  because of its 
presence the sum m ation of crossta lk  w ith length  is n o t a  sim ple function  
of length even for system atic  coupling such as occurs w ith coaxials.) 
T his is a  crosstalk  case for w hich th e  general solution is a lready

4 The subscript “a ” in i 2a relates this current to the so-called “ mode a ” current 
used by Carson and Hoyt in their paper entitled “ Propagation of Periodic Currents 
Over a System of Parallel W ires,” Bell Sys. Tech. Jour., July, 1927.
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available. W hen the effects are in teg rated  it is found th a t  the  far-end 
crosstalk  is qu ite  a  com plicated function of length and of the te r tia ry  
and coaxial propagation and im pedance characteristics .6 However, 
if the  coaxial un its  are in actual co n tac t as in the  case of the  coaxial 
cable to  be considered here, the form ula for th e  far-end crosstalk F 3 
expressed as a  cu rren t ra tio  is qu ite  simple, nam ely,

F 3 =  2ZZ73 ’ l '

where Z 33 =  Z 3y 3 is the series im pedance per un it length of the circuit 
composed of one coaxial ou ter conductor w ith re tu rn  on the other. 
T hus, for th is com ponent, the  far-end crosstalk is d irectly  proportional 
to  length. T his simple relation results from  the fac t th a t  the  in te r­
m ediate circuit, being continuously shorted, has such high a tten u a tio n  
th a t  no in teraction crosstalk between elem entary  lengths can exist.

W e shall now consider the  crosstalk contribu tion  due to  the  longi­
tud inal voltage ei/ 2 acting along bo th  coaxial ou ter conductors in 
parallel. Suppose th a t  a  sheath  is placed sym m etrically  around the 
tw o coaxials b u t insulated  from  them  as shown in Sketch (d) of Fig. 1. 
T he longitudinal voltage sends a  cu rren t around the circuit composed 
of the two parallel ou ter conductors w ith sheath  re tu rn  equal to 
n  = ei/(2)(2Z4), where Z 4 is the characteristic  im pedance of this 
circuit. H alf of th is longitudinal cu rren t flows on the  disturbed 
coaxial ou ter conductor in  opposition to  the  balanced cu rren t i 3 flowing 
there.

Following previous procedure i t  can be shown th a t  in the elem entary  
length a crosstalk cu rren t izc = iJZcpdl/iZ  will flow in the disturbed 
coaxial c ircu it.6 O ther elem entary  lengths are also affected by u  thus 
producing in teraction  crosstalk. W hen the effects are in tegrated  over 
a length I the  far-end crosstalk for th is com ponent is found to  be as 
follows:

F a =  —
z a? r 2i

/  2 ( y 42 +  y 2)  _  € ~ ( r » ~ r ) i  _  e-(.yt+y)i

\  (y 42 — y 2) 2 (74  — y ) 2 (y 4 +  y ) 2
(2)

where y 4 is the propagation co nstan t of the sheath -ou ter conductor 
circuit. If the sheath  is in ac tual con tac t w ith the coaxial un its the

5 See equation (40) in the Schelkunoff-Odarenko paper in Bell Sys. Tech. Jour., 
April, 1937.

6 The subscript “c ” in i 2c relates this current to the “ mode c ” current used by 
Carson and Hoyt in their paper of July, 1927.
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form ula reduces to  th e  sim ple relation

p-     Z a02 21   Z a02 J
4 I 6Z Z 4 ' 74 _  8Z Z 44 ’

where Z 44 =  Z 4y 4 =  series im pedance per u n it length of th e  c ircu it 
com posed of th e  o u te r conductors w ith  sheath  re tu rn .7 F o r a  sheath  
in co n tac t th is  com ponent is th u s d irectly  proportional to  length  since 
in terac tion  crosstalk  from  one elem entary  length in to  an o th e r has been 
elim inated.

Now, while we are ac tua lly  concerned w ith the insu lated  sheath  as 
covered by (2) it  is of considerable in te rest to  s tu d y  equations ( 1) 
and  (3) a t  th is point. T he to ta l far-end crosstalk  when th e  ou te r 
conductors and  sheath  are in co n tac t is the  sum  of th e  crossta lk  com ­
ponents F s and  F 4 as given in equations (1) and  (3), or

Ft +  Ft =  F i = ^ f
_l l _
Z 33 4Z 44

(4)

T his sim ple add ition  follows from  th e  fact th a t  th e  c ircu its for th e  tw o 
m odes of propagation  covered by  equations (1) and  (3) are m u tu a lly  
non-inductive because of sym m etry  so th a t  there  is no reaction be­
tw een them . T he recognition of th is fact does aw ay w ith  th e  necessity  
of com plicated m athem atics which would otherw ise have to  be used 
in th e  general so lu tion .8

In  form ula (4) the  second term  in th e  b rack e t represen ts th e  co n tr i­
bu tion  of th e  te r tia ry  circu it involving th e  sh ea th  and  is seen to  be 
opposite in sign to  th e  first te rm  which represen ts th e  crossta lk  which 
would exist in th e  absence of the  sheath . T he equation  illu stra tes  
m athem atica lly  the  previous s ta te m e n t th a t  conducting  m ateria l in 
co n tac t w ith  the  coaxials ac ts  to  reduce th e  crossta lk . Since bo th  
com ponents are d irectly  proportional to  length, the  to ta l is also d irectly  
proportional to  length.

I t  is ap p aren t in form ula (4) th a t  th e  crossta lk  w ould be zero if th e  
values of Z 33 and  4Z 44 were equal. In  cables w here steel tapes are 
used on th e  ou ter surface of the  coaxials th is condition  is approached . 
For exam ple, if we neglect ex ternal inductance  and  p roxim ity  effects, 
Z 33 would be equal to  twice the  surface self-im pedance of a  single o u te r

7 It should be noted here that it is not really necessary to postulate a separate 
sheath return in order to obtain expression (3) for F4 due to  the longitudinal voltage 
ei/2, since the return in  continuous contact with the outer conductors will actually  
tend to lose its identity. The device of introducing sheath return insulated from the 
outer conductors and then shorting it to  the conductors serves only to simplify the 
concepts of Z 44, Z 4, y 4.

8 This principle of sym m etry can be extended to the case of four coaxial units 
whether insulated or in contact.
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conductor while Z 44 would equal one-half of the surface self-im pedance 
of a  single ou te r conductor (neglecting th e  self-im pedance of the  lead 
sheath  in com parison w ith the iron ou ter conductors). T hus, neglect­
ing differences in external inductance and  in proxim ity effects 1 /Z 33 
would equal 1/4Z44 and th e  crosstalk  would vanish. A ctually , the 
observed reduction  in crosstalk  due to  these opposing term s is abou t 
32 db a t  50 kilocycles in a 145-foot section of tw in coaxial w ith quads 
and  sheath  shorted  to  the coaxials a t  the  ends only. Physically  th is 
m eans th a t  the  cu rren t due to  the voltage on th e  ou te r conductor 
surface of th e  d isturb ing  coaxial flows m ainly  in the  sheath  and quads 
ra th e r th an  on th e  high im pedance surface of the  d istu rbed  coaxial.

Now le t us consider th e  case where th e  sheath  is insu lated  from  the 
coaxial ou te r conductors. For th is case equations (1) and  (2) m ay 
also be added d irectly  to  give

F, = Zap2 T (  I I 742 \  , 74
1 2Z  [  (  Z 33 4Z 44 ■ 7 42 -  7 2)  " r  4Z 44 V (742 -  7 2) 2 ,

e— (Tí-r)! e—(r4+T)i74 /
4Z 44 \ 2 (74  — 7 ) 2 2 (-y4 +  y ) 2 (5)

T his equation  appears qu ite form idable b u t it  has been sp lit purposely 
into three term s which will be exam ined individually. T he first term  
is d irectly  proportional to  'length, th e  second term  is independent of 
length and the th ird  term  involves length exponentially. For lengths 
where the te r tia ry  circuit is electrically long the th ird  term  vanishes 
and we have

F = z j \ ( ±  L  v *2 \  ,
r i  2Z L U 33 4Z 44V - 7 2/  

In  electrically sho rt lengths we get

74 /  742 +  7 2
4Z 44 \  (7 42 — y 2) 2 (6)

Fl ~  ~2 Z
I I 742 \  74 /  74/

Z 33 4Z 44 7 42 — 7 2/  4Z 44\ 7 42

¿ V I '  /
_ I ]

'  1 12Z |_ Z 33 4Z 44 2 j1 ~  2Z |. Z 33J (7)

in which i t  is seen th a t  term s two and three of (5) com bine to  cancel 
the  second half of te rm  one.

From  equations (5), (6) and  (7) we are now ready to  build a  physical 
p icture  of w h at takes place as I is increased for cable sections where 
the  sheath  is insulated  from the  coaxial ou ter conductors b u t te r­
m inated  to  them  a t  each end in characteristic  im pedance, Z 4. S tarting  
w ith equation (7) we see th a t for very  short lengths the term  involving
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I2 becom es negligible, th a t  is, th e  crosstalk  is p ractically  all due to  the  
com ponent which exists in the  com plete absence of a  sh ea th  (see 
equation  (1)). In  th e  range of lengths w here th is  is tru e  the crosstalk 
increases directly with length.

Q uite a d ifferent s ta te  of affairs exists for a section electrically  long 
enough for equation  (6) to  hold. T h e  first b racke ted  te rm  is still 
p roportional to  length b u t now consists of th e  difference of tw o com ­
ponents. T he first of these represen ts th e  crossta lk  betw een the 
coaxials with no sheath present while the  second is a  p a r t  of th e  crosstalk  
com ponent in troduced  by  th e  presence of th e  sheath . E xcep t for the  
factor y 42/y 42 — 7 2 th is first b racketed  te rm  in equation  (6) is th e  sam e 
as equation  (4) for a sheath  in co n tac t where, as we have a lready  no ted , 
the  cancellation of th e  tw o com ponents is qu ite  effective when steel 
tapes are used on th e  ou te r conductors. Since y 42 is necessarily  con­
siderably g rea ter th an  y 2 because of these steel o u te r conductors, i t  is 
reasonable to  expect th a t  th e  fac to r y 42/y 42 — y 2 is nearly  u n ity  and  
th a t,  therefore, th e  tw o com ponents in th e  first b racketed  te rm  of 
equation  (6) will also ten d  to  cancel leaving a residual p roportional to  
length b u t  much lower in m agnitude th an  e ither com ponent alone.

T he second b racketed  te rm  of equation  (6) is en tire ly  independen t 
of length. T his te rm  has also been in troduced  by  the  presence of th e  
te r tia ry  circuit and  its  m agnitude depends on th e  characteristics  of 
th is circuit.

T hus, even w ithou t knowing th e  re la tive  m agnitudes of th e  tw o 
com ponents of the first b racketed  term  of equation  (6) for a  given 
length, it  is ap p aren t th a t  as I is increased th is  te rm  m ust even tually  
be controlling. T he crosstalk  will then  again be proportional to  length 
as it  was for very  sho rt lengths b u t a t  a  reduced level p roportional to

J  L  . y  42
Z 33 4Z 44 y 42 — y 2 _  _  Z 33 _ y 42 _

1 4Z 44 y 42 — y 2
Z 3 3

I t  is qu ite  evident, too, th a t  for a range of lengths w here the  te r tia ry  
circuits are electrically  long b u t w here the first te rm  of equation  (6) 
has no t had  a  chance to  build up  sufficiently th e  crossta lk  will be ab o u t 
co n stan t a t  a level determ ined  m ainly by  th e  second term .

T he above analysis m ay  well suffice as a  background for an  in te rp re ­
ta tio n  of the m easurem ents to  be given in P a r t  II . H ow ever, an o th er
and  perhaps in some ways a  m ore illum inating approach  from  a physical 
s tan d p o in t is possible.
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Suppose, for example, th a t  far-end crosstalk m easurem ents are m ade 
on tw o cable sections each of length I w ith tertia ries term inated  as illus­
tra te d  in Sketch (a) of Fig. 2. L et the  to ta l crosstalk in each section 
be equal to  Fi as defined by equation (5) above. If these two sections 
are  joined together the  to ta l crosstalk is 2Fi plus some o ther term s 
which represent the in teraction  crosstalk between the two sections as 
illustrated  in Sketch (b) of Fig. 2. We shall call the  com ponent F nn
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Fig. 2— Schematics illustrating far-end crosstalk summation.

near-end near-end and the com ponent Fff far-end far-end in teraction 
crosstalk. A lthough inseparable under norm al line conditions, these 
com ponents are definite physical en tities and can be isolated as shown 
schem atically  on Sketches (c) and  (d) of Fig. 2. T hus, b o th  Fnn and 
Fff can be m easured readily . In  addition it is possible to  measure 
d irectly  Ft +  FfJ as shown on Sketch (e).

T his in teraction  crosstalk between sections is due to  crosstalk cur­
ren ts  in troduced into the ou ter conductor-sheath te rtia ry  circuit in one
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section and  p ropagated  along th is  c ircu it in to  th e  nex t section and 
thence in to  th e  d istu rbed  coaxial. E xcep t for in terac tion  crosstalk  
betw een sections th e  to ta l crosstalk  in 21 would sim ply be tw ice th a t  in 
length I, th a t  is, the  crossta lk  would be d irectly  p roportional to  length .

Now, th e  expressions for far-end crosstalk  due to  such in te rac tions 
betw een tw o sections each of length  I are

F n n =  -
74

T?   Z aÿ
T rr =  —

Z ą l  
AZ 4Z 44 

2 7 4

4Z 4Z 4

\ — (—tyt+y)l 

74 +  7  

1 —

7 4

(8)

(9 )

Since the coefficients 9 outside of th e  brackets are th e  sam e for F nn 
and Fff  the term s m ay be com bined to  give the to ta l in terac tion  cross­
ta lk  betw een the  two sections, nam ely,

Fnn +  FI I
¿aß
2 Z

742 +  y 2
(y42 _  y 2y

7 4

4Z 44

74 /  e-(yi+y)i
4 Z 44

+

(74 — 7 ) 2 (74 +  7 ) 2

y  4 / e—2(74—7) I e—2<.yt+y)l
44 \  2 (74  — y ) 2 2(74  +  7 ) 24Z 4

(10)

As m entioned before, the  crossta lk  in length 21 exclusive of in te rac tions 
between the  two sections is equal to  2F\ or equation  (5) m ultip lied  by  2, 
nam ely,

2 F, = ¿aß
2 Z

21_ 
Z 33

21 74"
4Z 44 742 +

274 /  7 4 2 + 7 2

4Z 44 V (7  42 — 7 2) 2

  2 7 4  /
e-(.yt- y  )i e-(74+7)¡

4 Z 44 V 2(74  — y ) 2 2(74  +  7 )2 ( I D

T he to ta l crosstalk  in length 21 is then  th e  sum  of (10) and  (11), 
nam ely,

F n  =  2 F t +  F n n  +  F „  =
21

Z 33
74̂21

4Z 44 742 — 72

74 _|_ ŷ2 \  ̂ 2(74 7 )l £ 2(74+7)̂

4 Z 44 \  (7 42 — 7 2)2 / 4 Z 44 V 2(74  — 7 )2 2(74  +  7 )2 ( 12)

8 These near-end near-end and far-end far-end coefficients are equal because the 
coupling through a coaxial is of a series voltage character. In open wire and non­
shielded cables where there is also present coupling due to shunt adm ittances the 
coefficients for Fn„ and Fff are different in magnitude and their effects must be 
considered^'separately. See paper by A. G. Chapman in Bell Sys. Tech. Jour, for 
January and April, 1934.
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wherein the second term  in equation (10) is cancelled com pletely by  
the th ird  term  of equation (11). T his equation  (12) is exactly  w hat 
we would ge t by  sub stitu tin g  21 for I in the  general equation  (5). T he 
only reason for deriving it  in term s of 2Ft plus in teraction  betw een the 
sections is to  presen t a b e tte r  physical p ic ture  of the m echanism  of 
far-end crosstalk  sum m ation w ith length, th a t  is, to  show how the 
in teraction crosstalk between two sections alters w hat otherw ise would 
be a d irec t sum m ation w ith  length.

In  lengths w here the  te r tia ry  circuit is electrically long equation 
( 12) for to ta l crosstalk  in length 21 becomes

F 2I =  2 F, +  F nn +  F „  =  ^
Zzz 4Z 44 y 42 —

-4 74 /  7 J  +  7 2 \  
4 Z 44\ ( 7 42 -  7 2) 2 /

(13)

which differs from equation (6) for to ta l crosstalk in length I only by 
the  factor of 2 in the first b racketed  term . T hus, as m entioned before, 
there  is a  range of lengths wherein the crosstalk will be constan t a t  
a  level determ ined by  th e  second term  of (6) or (12) un til the  length 
becomes sufficient for the first te rm  to  become controlling.

In  lengths where th e  te r tia ry  circuit is electrically sh o rt equation 
( 11) becomes

2 F- <“ > 

which reduces sim ply to

when the length is sufficiently short. T he in teraction  crosstalk between 
two electrically short lengths becomes, from equation  (10),

— 7  „2
Z? | Z7________r nn +  t f f  — ~ Y Z ~ =  (i6)

one-half of which is due to  com ponent F nn and  the o ther half to  com­
ponen t Fff.  T he  sum  of (14) and (16) is

F „  = 2F , +  F „  +  F „ = ^ [ ^ r ^ - . m ] ,  (17)

which is exactly  equal to  equation (7) if 21 is su b stitu ted  for I therein. 
F rom  (15) and  (16) it  is ap p aren t th a t  for very  short lengths the  to ta l
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crosstalk  in length  21 will be sim ply twice th a t  in length  I since th e  
in terac tion  crosstalk  betw een lengths I is proportional to  I2 and  th e re ­
fore is negligibly sm all.

T h e  view  of th e  m echanism  of far-end crossta lk  sum m ation  as d e­
veloped above is illu stra ted  by  m easurem ents to  be p resen ted  in 
P a r t  I I . I t  m ay  be po in ted  o u t here th a t  the  m easurem ent of far-end 
and  in teraction  crossta lk  in phase and  m agnitude on sh o rt lengths 
w here equations (15) and  (16) hold gives th e  far-end and  in te rac tion  
crosstalk  coefficients from  which th e  crossta lk  in an y  length  of line 
m ay be com puted  provided th e  p ropagation  co n stan ts  and im pedances 
of th e  coaxial and the te r tia ry  circuits are known.

A practical difficulty m ay  arise from  the  fact th a t  the  app lication  of 
th is m ethod  involves equations (12) or (5) w here th e  first b racketed  
te rm  consists of th e  difference of two quan tities  each of w hich is very  
large com pared w ith th is difference. T hus, a  considerable e rro r m ay  
be in troduced in th e  com puta tion  of th is te rm  because of sm all errors 
in the  m easurem ent of its  com ponents. F or some cases it is, therefore, 
b e tte r  to  use a  m ethod based on certa in  crosstalk  m easurem ents in a 
sh o rt length  of cable w ith  the te r tia ry  circuits open and  sh o rte d .10 
T here are cases, however, w here th e  controlling crossta lk  in a five-mile 
section is p redom inan tly  due to  the  second te rm  of equation  (5). 
One such case is for th e  crosstalk  betw een diagonally  opposite  coaxials 
in a four-coaxial cable. In  th is case te s ts  have shown th a t  th e  cancel­
lation of com ponents in the  first te rm  is so com plete th a t  th e  second 
te rm  is controlling in five miles. F or such a  case th e  m ore accu ra te  
m ethod  m ay be to  determ ine the  in teraction  coefficient from  eq u a­
tion (16).

N e a r - E n d  C r o s s t a l k

I t  will be sufficient here to  give sim ply th e  final equations for th e  two 
crossta lk  com ponents for any  length  I.

F or the  com ponent which would exist for two con tac ting  coaxials 
in free space we have

Z af  1 /  1 -  e~2yi
<18>

and  for th a t  com ponent due to  the  presence of the  sheath

Z aß2 1
2Z  4Z 4

1 -  e~2yl
742 — 7 2 2 7

7 42 1  -  2 e-tT*+»>' +  t~2yl
274

10 The method described in a companion paper by K. E. Gould.

( 19)
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whence, for both com ponents,

]V3 + N 4 =  | | 2
1 1 1 C

4 Z 44 742  — 7 2

1 -  e~2yl 
2 y

+
741

4 Z 44 742 — 7 2

1 _  2e~(T*+ r)i +  e"2^

274
(20)

In a section where the te rtia ry  circuit is electrically long equation  (20) 
reduces to

7 „ 2  

1 2Z
1 1 y C

Z  3 3  4 Z 4 4  7 4 2

1 -  e - 2?'
2 7

1 y c
4 Z 44 74!2 _

1 +  e~2yl 
2 74

and when I is electrically short it reduces to

at _  ^«g2 r _ t  74  ^  1
‘ 2Z l Z 33 4Z 4 4 2 J ’

(21)

(22)

which is the  same as for far-end crosstalk in very  short lengths as given 
in equation (7).

As pointed ou t earlier the expression for near-end crosstalk even 
when the te rtia ry  circuit is electrically long is more com plicated in form 
than  for far-end crosstalk because of the  term s 1 — e~2yl and 1 +  e~2yl. 
This m ay be seen by com paring form ulas (6) and (21).

N evertheless it is possible to  see from (21) th a t  the  presence of the 
te rtia ry  circuit ac ts  to  reduce near-end crosstalk as it did in the  case of 
far-end crosstalk. T he first term  of (21) is less than  the near-end 
crosstalk w ithout the  sheath (equation (18)) by  the factor

1 1 y C
4Z 44 74 '2 _

1
=  1 -

'33 y C

This is the same factor by which far-end crosstalk is reduced in very 
long lengths as brought ou t in the  discussion of equation  (6). H ow ­
ever, the  second term  in equation  (2 1) prevents th is com plete reduction 
from ever taking place in the case of near-end crosstalk.

P A R T  I I— E X P E R IM E N T A L  R E SU L T S

T he crosstalk m easurem ents presented here were m ade on and 
between sections of twin coaxial cable of various lengths from 73 feet
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to  ab o u t five miles. P rim arily  th e  te s ts  were m ade to  ind ica te  th e  
effect of sheath  and  quads upon th e  sum m ation  of crossta lk  w ith  
length  as a  check on theoretical considerations and  were th e  first 
extensive tests  m ade on a  coaxial cable w ith  th is  end in view. T h e  
layup  of the  cable is shown in Fig. 3.

COAXIAL UNIT__________
CENTER CONDUCTOR

13 AW GAUGE ,SEM l-HARD 
DRAWN COPPER CONDUCTOR 

INSULATION:—
HARD-RUBBER DISCS 

OUTER CONDUCTOR
TUBE FORMED FROM COPPER 
AND STEEL TAPES

QUAD----------------------
PAPER INSULATED, I9AW GAUGE, 

SPIRAL-FOUR QUADS

SHEATH

PAPER WRAPPING 

STEEL TAPES 

INSULATION

PAPER WRAPPING

PAPER-INSULATED
CONDUCTOR

CENTER CONDUCTOR 

OUTER CONDUCTOR

Fig. 3— Cross-section of twin coaxial cable.

As indicated  in th e  la tte r  portion  of P a r t  I the  general procedure was 
to  m easure crossta lk  in available sections of equal length , I, w ith  the  
te r tia ry  circuits te rm ina ted  in approxim ately  charac teristic  im pedance. 
In te rac tio n  crosstalk  betw een these sections was then  m easured and 
finally th e  tw o sections were com bined to  find the  to ta l crossta lk  in 
length 21. T his process was repeated  u n til a to ta l leng th  of ab o u t five 
miles was b u ilt up.

F a r - E n d  C r o s s t a l k  S u m m a t io n

T he resu lts of crossta lk  tests  on 73 and 146-foot lengths are  shown 
in Fig. 4. T he le tte rs  on the  curves correspond to  the  crosstalk  
com ponents discussed in P a r t  I. O nly far-end far-end in teraction  
crosstalk  was m easured b u t for such sho rt lengths the  near-end n ea r­
end crossta lk  would be nearly  the  sam e.

Rem em bering from  th e  discussion in P a r t  I th a t  th e  to ta l crossta lk  
Fz i  in length  21 is equal to  2 F i  +  F nn +  F f f  i t  is ev iden t th a t  since in 
th is case the  m easured com ponents F nn or Fff  are  q u ite  sm all the  cross­
ta lk  in 146 feet should be approx im ate ly  2 Fu  T h a t  th is  is th e  case 
m ay be seen from  the m easured crossta lk  in 146 feet w hich is ab o u t 6 db  
higher th an  for 73 feet. These lengths are  ap p a ren tly  sh o rt enough 
for equations (15) and  (16) to  hold reasonably  well a t  th e  lower 
frequencies.
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Fig. 4— Crosstalk components in 73-foot and 146-foot lengths.

Now suppose th a t  we consider two lengths which are considerably 
longer so th a t  equations (6) and (13) more nearly  apply. Figure 5 
shows the results of te s ts  on and  betw een two 1500-foot cable sections. 
H ere, in con trast w ith  th e  73-foot m easurem ents, com ponents Fi and 
Fff are nearly  equal in m agnitude while F nn is qu ite  sm all. Also, 
Fff  and Fi are in general phase opposition since their sum, Fi +  Ff f, 
is considerably less th an  either com ponent alone.

hfq+Fff

100 150 2 0 0  3 0 0  4 0 0  5 00  6 00  8 0 0  1000
FREQUENCY IN KILOCYCLES PER SECOND

Fig. 5— Crosstalk components in 1500-foot and 3000-foot lengths.
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Reference to  equations (6) and (9) show th a t  th is tendency  to  cancel 
is to  be expected provided th e  second te rm  of (6) is th e  contro lling  
term  in Ft. Indeed, in lengths w here th e  te r tia ry  is e lectrically  long, 
equations (8) plus (9) should exactly  cancel th e  second te rm  of (6). 
In  o th e r words, the  to ta l in terac tion  crosstalk  between tw o such sections 
should cancel a  portion  of th e  in terac tion  crossta lk  within  a  section. 
Since th e  portion  which is cancelled is the  contro lling  te rm  th e  n e t 
resu lt is th a t  when tw o sections are  com bined th e  to ta l crossta lk  in 
length  21 is no m ore th a n  was m easured in length  I, as evidenced by  the  
m easured curve Fi +  F nn +  (iq  -f F//) of Fig. 5.

T h is effect persists when tw o 3000-foot lengths a re  com bined to  
form  a 6000-foot section, as illu stra ted  b y  th e  curves of Fig. 6 . H ere
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Fig. 6— Crosstalk components in 3000-foot and 6000-foot lengths.

again (Ft +  Fff) and  F nn are considerably  sm aller in m agn itude  than  
Ft so th a t  th e  to ta l crossta lk  in 6000 feet canno t differ m ateria lly  from  
th e  value Fi m easured in 3000 feet.

T he curves labelled A B  and  B A  were m ade by  using first coaxial A  
and  then  coaxial B  as th e  d istu rb ing  circuit. T he difference betw een 
th e  curves indicates th a t  there  is a  certa in  am o u n t of random  u n ­
balance w ith in  th e  section. F o r exam ple, random  dev ia tions in th e  
shielding of th e  tw o coaxials from  a  nom inal value w ould resu lt in 
different values of in te rac tion  crosstalk  when th e  d istu rbed  and  dis­
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tu rb ing  circuits are in terchanged. T he direct crosstalk com ponent 
would no t exhibit th is effect.

T he results of te s ts  on 6000 and  12,000-foot lengths are given in 
Fig. 7. Again, the trend  is in the  sam e direction as in Figs. 5 and 6 
except th a t in th is  case (F ( +  F{f) is nearly  equal to  Fi and has an 
appreciable influence when the tw o com ponents are com bined to  give 
far-end crosstalk  in 12,000 feet. T his indicates th a t  th e  first term  of 
Fi in equation  (6) is becoming more im p o rtan t as I is increased as 
would be expected.
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Fig. 7— Crosstalk components in 6000-foot and 12,000-foot lengths.

I t  m ay be noted here th a t  curve Fi in Fig. 7 differs considerably from 
the A B  and B A  curves of Fi +  F nn +  (Fi +  Fff ) in Fig. 6 although 
all represent far-end crosstalk  in 6000-foot sections. These differences 
in m agnitude m ust be due to  differences in the construction of the two 
cable sections. T he difference between the curves varies from 3 to  8 
db in the  frequency range above 200 kilocyles. However, up  to about 
150 kilocycles the differences are no t g reater than  1 db. A t the higher 
frequencies such differences na tu ra lly  will in troduce difficulties in any 
analysis since they  superpose sizeable random  effects on the m ajor 
com ponent of crosstalk which is system atic.

The curves in Fig. 8 present far-end crosstalk tests  on 12,000 and 
24,000-foot lengths. H ere Fi  and {Ft +  Ff f ) are of the  same order of 
m agnitude and combine in such a w ay th a t  th e  crosstalk  in 24,000 
feet is from 3 to 6 db  higher th an  th a t m easured in 12,000 feet. Com ­
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ponen t F nn is again negligible. T h is behavior ind icates th a t  the  first 
te rm  of equation  (6) is contro lling  as th e  length is increased.

I t  appears from  all these te sts  th a t  the  m agnitude of th e  far-end 
crosstalk  in th is  cable w ith  te rtia rie s  te rm ina ted  does no t v a ry  m a­
teria lly  from  1500-foot to  12,000-foot cable lengths, except for random  
effects. In  o ther words, for th is  range of lengths th e  second te rm  of 
(6) is controlling. F or very  sh o rt lengths the  crosstalk  varies d irec tly  
w ith length due to  th e  absence of in teraction  crosstalk  of sufficient m ag­
nitude to  exert an y  influence. Also, in going from  12,000 to  24,000 
feet, there  is a  definite indication  th a t  th e  crosstalk  is increasing w ith
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Fig. 8— Crosstalk components in 12,000-foot and 24,000-foot lengths.

length, so th a t  for lengths over 24,000 feet th e  crossta lk  w ould again 
tend  to  be proportional to  length . W e have shown in P a r t  I th a t  on 
the basis of theoretical considerations th is law of crosstalk  sum m ation  
w ith length  m ight be expected.

T o  illustra te  th is m easured behavior the  far-end crossta lk  versus 
length for frequencies of 50, 100 and  200 kilocycles has been p lo tted  on 
Fig. 9. F o r com parison are  also p lo tted  dashed  curves based on the  
73-foot tests  and  com puted  on th e  assum ption  th a t  th e  crossta lk  is 
d irectly  proportional to  length . T h e  difference betw een correspond­
ing curves shows the influence of th e  te r tia ry  c ircu its. F o r a  24,000- 
foot length  th is difference am oun ts to  23, 26 and  27 d b  a t  50, 100 and  
200 kilocycles, respectively.
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Fig. 9— Far-end crosstalk vs. length with tertiary terminated.
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N e a r -E n d  C r o s s t a l k  S u m m a t io n

T he curves on Fig. 10 show the am oun t of near-end crosstalk  reduc­
tion due to  the presence of the  sheath  and  quads for a  length of abou t 
five miles. T he upper curve was com puted from tests  on a 73-foot 
length w ith tertiaries te rm inated  by raising the  values m easured

4 0  50  60 80 100 150 200  300 4 0 0  500  600 800 1000
FREQUENCY IN KILOCYCLES PER SECOND

Fig. 10— Near-end crosstalk in a 5-mile length with tertiary terminated.
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there  by  th e  factor
1 -  e-2yL

2 y l  *

w here 1 = 73 feet and  L  = 5 m iles. T h is is th e  crossta lk  w hich 
w ould exist in five miles in  the absence o f  a sheath and quads.

T he lower tw o curves were m easured a t  opposite  ends of th e  cable 
and  th e  difference of ab o u t 10 db  betw een these curves and  th e  upper 
curve is due to  the  te r tia ry  c ircu it effects. As m igh t be expected from  
the  discussion of equation  (2 1 ), th is reduction  is considerably  less th an  
in the  case of far-end crosstalk .

I n t e r a c t io n  C r o s s t a l k  B e t w e e n  S e c t io n s

T he m ethods of m easuring th e  various types of in te rac tion  crossta lk  
betw een two sections have a lready  been discussed in reference to  Fig. 2. 
Besides showing th e  influence of in terac tion  crossta lk  in th e  sum m ation  
of crossta lk  within  a  repea te r section th e  resu lts  p resen ted  below are 
ind icative of th e  im portance of in teraction  crossta lk  w hich takes place 
between repea te r sections, th a t  is, around  repeaters , w hen all or on ly  a 
p a r t  of th e  te r tia ry  is continuous a t  rep ea te r points.

Values of near-end near-end in terac tion  crosstalk , F vn, were m eas­
ured betw een various section lengths from  73 to  12,000 feet. I t  was 
found th a t  th e  resu lts are roughly independen t of th e  section lengths 
above 1500 feet, and  curve Fnn of Fig. 11 for th e  crossta lk  m easured 
betw een tw o 12,000 foot sections is typ ical. T h is independence of 
length  is because of th e  high a tten u a tio n  of the  te r tia ry  circuits w hich 
ann ih ila tes the  effects of crossta lk  in the  m ore rem ote portions of the  
sections as m ay  be seen from  equation  (8) if 74 is m ade large. T he 
re latively  u n im p o rtan t con tribu tion  of th is  type  of in te rac tion  crosstalk  
to  th e  sum m ation of far-end crosstalk  within  a  rep ea te r section has been 
discussed.

Sim ilarly, m easured values of far-end far-end  and  near-end  far-end 
in terac tion  crosstalk  betw een various sections lengths were found to  be 
practically  independent of length  above 1500 feet. C urves Ff f  and  
N nf  of Fig. 11 for the  crosstalk  betw een 12,000-foot sections are typ ical. 
T he far-end far-end com ponent of in terac tion  c ro ssta lk  has an im ­
p o rta n t influence on the sum m ation  of far-end c rossta lk  w ith in  a 
repeater section as a lready  m entioned in th e  section  on far-end cross­
ta lk  sum m ation. T he influence of near-end far-end in te rac tio n  cross­
ta lk  N nf, on th e  sum m ation  of near-end crossta lk  w ith in  a rep ea te r 
section has no t been very  thoroughly  investigated  here b u t it  is respon­
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sible for the results described in the discussion of near-end crosstalk in 
a five-mile len g th .11

T he relative im portance of various te rtia ry  circuits in the production 
of in teraction  crosstalk betw een two sections was studied  for the case 
of near-end near-end crosstalk betw een two 12,000-foot lengths. I t  
was found th a t the  ou ter conductor-quads and ou ter conductor-sheath 
circuits were abou t equally  im p o rtan t and  th a t  crosstalk v ia th e  quad- 
sheath  te rtia ry  circuit was from  20 to  30 db less. These results are 
abou t as expected since the ou ter conductors are the source of the
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Fig. 11— Interaction crosstalk between two 12,000-foot lengths.

te rtia ry  em f and thus the te rtia ry  circuits involving the ou ter con­
ductors should be the im p o rtan t ones. I t  is therefore permissible to  
consider sheath  and quads as a  single un it as was done in P a r t I.

E f f e c t i v e n e s s  o f  T r a n s p o s it io n s  o n  F a r - E n d  
C r o s s t a l k  R e d u c t io n

In a  long repeatered system  th e  far-end crosstalk m easured in suc­
cessive individual sections inheren tly  tends to  sum  up d irectly  since all

11 It should be noted that while Fig. 11 shows the measured values of the three 
types of interaction crosstalk between two 12,000-foot sections, the relative impor­
tance of the various types acting between repeater sections, that is, around repeaters, 
is not as shown there, since different correction factors have to be applied when 
estimating the total crosstalk at system terminals.
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repeaters have prac tica lly  th e  sam e phase sh ift and  the  propagation  
characteristics of the  tw o coaxials are nearly  identical. One w ay to  
p reven t th is d irec t add ition  is to  transpose one section against an o th e r 
or one group of sections aga in st an o th er group along th e  line. In  th e  
case of unbalanced circuits these “ tran sp o sitio n s” tak e  th e  form  of 
transform ers or ex tra  tu b e  stages in one of th e  system s a t  repeaters, 
e ither of w hich will produce a  180-degree phase reversal.

If th e  far-end crossta lk  in one transposition  section is Fn  and  th a t  in 
an o th er is Fi2 th e  to ta l in th e  tw o sections, exclusive o f  interaction cross­
talk between sections, is inheren tly  F n  +  Fn.  W ith  a  transposition  in 
one coaxial a t  the  junction  th e  to ta l becom es Fn — Fn- H ence, if 
F n  — F n  i t  is possible to  e lim inate th is  crossta lk  com ponent en tire ly . 
However, due to  irregularities in th e  cable and  the  p ractical im pos­
sib ility  of locating rep ea te r po in ts exactly , F n  will n o t, in general, 
equal F n  and even a fte r transposing  a  small residual m ay  rem ain.

T his residual, however, m ay  be negligible com pared  w ith  th e  n ea r­
end near-end and  far-end far-end in terac tion  crossta lk  com ponents 
F nn and  Fff  betw een repea te r sections ( th a t  is, a ro u n d  repeaters), 
unless transm ission along th e  te r tia ry  circuits from  one rep ea te r section 
in to  an o th er is suppressed a t  repea te r points. T h e  in terac tion  cross­
ta lk  te s ts  a lready  discussed m ay  be used to  com pute th is  effect. H ow ­
ever, in order to  dem onstra te  the  effectiveness of transpositions, far-end 
crosstalk te s ts  were m ade in a 24,000-foot leng th  w ith  and  w ith o u t a 
transposition  in one of the  coaxials a t  the  cen ter and  w ith  various in te r­
action  crosstalk p a th s  suppressed. T he resu lts are  given in Figs. 12 
to  14 and  are discussed below.

T o suppress en tire ly  th e  in terac tion  crossta lk  betw een th e  tra n s ­
posed sections all te r tia ry  circuits were shorted  a t  th e  transposition  
poin t. In  these m easurem ents the  te rtia rie s  were also shorted  a t  each 
end of th e  line in an  effort to  have bo th  ends of each half of th e  line 
term inated  as nearly  alike as possible. T he te s t  resu lts are  given in 
F ig. 12.

F or th is condition th e  crosstalk  m easured in each half of th e  line is 
also shown. C urve A B  represen ts th e  far-end crossta lk  in one line 
section and  A 'B '  th a t  in th e  o th e r section. C urve (A B  +  A 'B ')  
gives the  resu lts w hen th e  tw o sections are com bined w ith  no tran sp o si­
tion . C urve (A B  — A 'B ' )  gives the  resu lts w hen a  transfo rm er is 
inserted  in one coaxial a t  th e  center. (A sim ilar se t of curves are given 
for B A ,  B 'A ' ,  etc.)

N ote  th a t  A B  and  A 'B '  coincide very  closely in m agnitude. W hen 
com bined w ith no transposition  the  crossta lk  in tw o sections is nearly  
6 db  higher over the  en tire  frequency range th a n  in e ith e r individual
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section. W hen com bined w ith a  transposition  the  crosstalk  in two 
sections is from  13 to  27 db  below either individual section over the  
frequency range. Such a reduction is possible only because A B  and A  'B '  
are so nearly equal.
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Fig. 12— Effect of a transposition on far-end crosstalk in a 24,000-foot length with 
all tertiary circuits suppressed at the transposition.

In con trast, B A  and  B 'A '  m ay  be seen to  differ considerably from 
each o ther a t  the  higher frequencies. As a result, th e  transposition  is 
n o t nearly  so effective in th a t  range. T he im provem ent a t  the lower 
frequencies where it is needed m ost is still abo u t 20 db.
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In  order to  suppress only a portion  of th e  in teraction  crosstalk  
betw een tw o sections, m easurem ents were m ade w ith  th e  coaxial 
o u te r conducto r-sheath  c ircu it shorted  a t  th e  transposition  p o in t thus 
perm itting  co n tin u ity  of the quad-ou ter conductor te r tia ry  circuit. 
T h is te r tia ry  c ircu it had been shown previously to  be an im p o rtan t
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Fig. 13— Same as Fig. 12 except with quad-outer conductor tertiary circuit 
continuous past the transposition.

one in th e  production of in teraction  crosstalk . T h e  m easured far-end 
crossta lk  resu lts are given in Fig. 13.

I t  is a t  once ap p aren t th a t  the  transposition  is n o t so effective in th is 
case. T he crossta lk  rem aining a fte r transposing  is ab o u t w h a t would 
be expected due to  in teraction  crosstalk  betw een sections v ia the quad-
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FREQUENCY IN KILOCYCLES PER SECOND 

Fig. 14— Same as Fig. 12 except with all tertiaries continuous past the transposition.

ou ter conductor te r tia ry  c ircu it.12 However, a  certain  portion is also 
due to  differences between A B  and A 'B '  (or B A  and B 'A ') .

On Fig. 14 are p lo tted  far-end crosstalk values when two 12,000-foot 
sections are com bined w ith and w ithou t a transposition in one coaxial

12 It should be noted here that these tests indicate directly the effect of a trans­
position at the center of a 24,000-foot section rather than at a junction  between two 
repeater sections in a long repeatered system. If 12,000-foot repeater spacing is 
assumed with the transposition at the repeater point it is necessary to reduce the 
measured far-end far-end interaction crosstalk and increase the measured near-end 
near-end interaction crosstalk by an amount equal to the line loss in 12,000 feet. 
These corrections put interaction crosstalk between repeater sections on an output- 
to-output or equal level basis.
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a t  th e  cen ter and  when all te r tia ry  circuits are con tinuous a t  the  
transposition  po in t and  te rm in a ted  a t  the  ends. C urve (A B  +  A 'B ' )  
gives th e  results w hen th e  tw o sections are  com bined w ith  no tra n s ­
position. C urve (A B  — A 'B ' )  shows th e  resu lt when a  transfo rm er 
is inserted  in one coaxial a t  th e  junction . (A sim ilar se t of curves is 
given for B A ,  B 'A ' ,  etc.)

I t  is seen th a t  in th e  50-200 kc range there  is an im provem ent in 
overall crosstalk of from  3 to  8 db  due to  th e  transposition . How ever, 
the overall crosstalk  in the  com bined sections w ith  a  transposition  is 
n o t appreciab ly  less th an  th a t  in an ind iv idual 12 ,000-foot section as 
shown b y  curve Fi on Fig. 8 . Reference to  Fig. 11 shows th a t  th is  is 
due m ainly  to  the  far-end far-end in terac tion  crossta lk  betw een the 
two sections which is unaffected by  the transposition .

T he resu lts shown in Fig. 12 give some ind ication  of th e  e x ten t to  
which far-end crosstalk  m ay be reduced by  m eans of a  transposition , 
provided interaction crosstalk between sections is entirely suppressed. 
As illustra ted  in Figs. 13 and  14 a transposition  a t  a  rep ea te r po in t is 
n o t nearly  so effective if the  in terac tion  crossta lk  is n o t suppressed.
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Compressed Powdered Molybdenum Permalloy for High 
Quality Inductance Coils *

By V. E. LEGG and F. J. GIVEN

M oly b d en u m -P erm a llo y  is n ow  produced in  th e  form  of com ­
pressed  pow dered cores for in d u ctan ce  coils. I t s  high p erm eab ility  
a nd  low  losses m ake possib le  im proved  coil q u a lity , or decreased size  
w ith o u t sacrificing coil perform ance. I ts  low  h ysteresis loss reduces 
m od u la tion  enou gh  to  perm it a p p lica tion  w here large air core coils 
w ou ld  o th erw ise  be required.

H E  introduction  of loading coils in the  telephone system  a t  abou t
th e  tu rn  of the  cen tu ry  b rought special dem ands on m agnetic and 

electrical properties of core m aterials, and  set in m otion investigations 
which have had wide influence on the theoretical and practical aspects 
of ferrom agnetism . T he first step  in th is developm ent led to  cores of 
iron wire, which sufficed for loading coils on circuits of m oderate 
leng th .1 W ith  th e  developm ent of telephone repeaters and the ex­
tension of circuits to  transcon tinen ta l length some tw enty-five years 
ago, there  arose need n o t only for loading coils, b u t also for netw ork 
coils, which would have high s tab ility  w ith tim e, tem pera tu re  and 
accidental m agnetization. M agnetic s tab ility  was a t  first secured 2 
by em ploying iron wire cores provided w ith several air gaps. L ater, 
commercial and technical considerations led to  a core struc tu re  m ade 
from  com pressed insulated  pow dered m aterial, first electrolytic iron 3 
and la te r perm alloy pow der.4 T his type of core is m echanically 
stab le ; i t  in tioduces in an evenly d istribu ted  fashion th e  requisite 
air-gaps, while avoiding undesirable leakage fields; and  it  sub-divides 
th e  m agnetic m aterial so as to  reduce eddy-current losses. A lthough 
o ther m eans have been suggested ,5,6 no w ay has y e t been devised which 
provides these features so well and a t  so low a cost as the compressed 
powdered type of core.

Loading coil cores m ade from electrolytic iron powder generally 
satisfied th e  s tab ility  requirem ents for long lines, b u t on account of 
the ir low m agnetic perm eability  th ey  were large and costly. The 
search for m aterials w ith  higher perm eability  and lower hysteresis loss

* Presented at Winter Convention of A .I.E .E ., New York, N. Y., January 22-26, 
1940.

In t r o d u c t io n
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led to  perm alloy 7 which, by  1925, had been produced in powdered 
form  and  fabricated  in to  cores. T his developm ent provided coils for 
voice frequency applications (loading coils and filter coils) which were 
cheaper and  y e t superior electrically  to  those m ade from  electro ly tic 
iron. These coils becam e available a t  a  tim e w hen the telephone 
p lan t was undergoing a very  large extension of loaded cables. As a 
result, large economies in cost and  space were realized in th e  m ore th an  
six million coils involved in th is p lan t expansion.

Iron powder, and la te r perm alloy powder, ground to  a  finer size and 
dilu ted  to  lower perm eability  th an  used in loading coils, also found 
application in coils for oscillators, filters and  netw orks of m ultiplex 
carrier telephone and  telegraph system s em ploying frequencies up  to  
30 k c .8 and  in receivers for transoceanic radio telephone com m unication 
em ploying frequencies up  to  approxim ately  60 k c .9 P erm alloy pow der 
im proved the  electrical characteristics—-particularly  m odulation— of 
coils for use in high frequency circuits, because of its low hysteresis 
losses.

C ontinued research for a powdered m aterial having still b e tte r  
in trinsic properties has recently  m ade available new com pressed pow der 
cores which perm it fu rther im p o rtan t gains in coils for voice-frequency 
circuits and  in coils for high-frequency carrier system  applications. 
T he la tte r  tak e  on considerable significance a t  th is tim e because they  
p lay  an im p o rtan t p a r t in m aking practical for com m ercial use the 
new broad-band  carrier telephone system s in tended  for use on existing 
open-wire and  cable lines and on new types of cable. Again, therefore, 
the  ad v en t of a  new core m aterial is well-tim ed to  be of assistance in 
fu rth e r grow th of the  telephone system .

T he developm ent of th is core m ateria l was based on th e  d iscovery 10 
th a t  the  addition  of a  small percentage of m olybdenum  to  perm alloy 
increases its  perm eability  and  electrical resistiv ity , and  decreases its  
eddy  cu rren t and  hysteresis losses. D ecreased losses are  necessary for 
im provem ents and  economies for bo th  voice and  carrier frequency 
operation . T he increased perm eability  of th is  alloy is essential for the 
im provem ent of voice-frequency coils. I t  is readily  reduced to  the  
proper values for high-frequency coils by  d ilu ting  the  powdered m ag­
netic m aterial w ith insu lating  m ateria l before com pressing in to  core 
form. In th is developm ent m any  problem s of alloy em brittlem en t, 
pulverization, insulation and  h ea t tre a tm e n t had to  be solved bo th  on a 
labo ra to ry  and factory  scale. T he alloy com position finally selected 
as giving the best com bination  of desirable properties, con tains a p ­
proxim ately  2 per cen t m olybdenum , 81 per cen t nickel, and  17 per cent 
iron, and is designated as 2-81 m olybdenum -perm alloy. T his new
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alloy is m anufactured  com m ercially by the W estern Electric Com pany 
for use in loading coils and filter coils.

P h y s ic a l  a n d  M a g n e t ic  C h a r a c t e r is t ic s

T he raw m aterials and necessary em brittling  agents 11 are m elted  
together and  cast in to  ingots which are rolled to  develop the desired 
grain struc tu re . T he density  of th is alloy is 8.65 gm /cm 3. T he b rittle  
m aterial is pulverized to  the desired fineness and finally annealed to 
soften the  alloy particles before insulation and pressing in to  core form.

T he d istribu tion  by weight of the  particle sizes of a  sam ple of 120- 
mesh powder is given in Fig. 1, showing a  roo t mean square size of 50

Fig. 1— Distribution of particle size of 120-mesh powder, by weight.

m icrons.12 Since the effective resistance of a  coil due to  eddy-curren t 
losses in its  core is proportional to  the mean square particle d iam eter ,13 
it can be decreased when desired by the use of m ore finely pulverized 
m aterial.

T he problem  of insulating 2-81 m olybdenum -perm alloy powder is to 
coat the particles w ith a  m inim um  thickness of a  m aterial which will 
no t break aw ay during the pressing operation, which will no t fuse and 
flux the m agnetic particles together during the core heat trea tm en t, 
which will p revent the flow of eddy curren ts between m etallic particles, 
and which will be chem ically inert th roughout the lifetime of the 
m agnetic core. T he difficulty of the  problem  will be appreciated  from 
the  fact th a t  the separation between ad jacen t particles of a  core of 
125 perm eability  is approxim ately equal to  the w ave-length of visible
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ligh t (0.5 m icron). T h is thickness of insulating  film m ay  be show n to  
f t

be approxim ately  - - , w here r is th e  percentage of insu lating  m a-
6\ j \ jp

terial b y  volum e, p  is the  packing fac to r of the  m agnetic m ateria l, and  
t is th e  r.m .s. particle d iam eter (assum ing spherical partic les).

A new type  of ceram ic insulation has been in troduced  w ith  these 
cores which fulfills the above requirem ents and  w hich is m ore inert 
th a n  th e  previous type . T h is new insu lating  m ateria l is free from  
w ater soluble residue. I t  th u s  elim inates th e  final w ashing tre a tm e n t 
which was required w ith  th e  earlier type.

For applications w here a low perm eability  is desired, non-m agnetic 
powder is added to  fu rth e r d ilu te  th e  m agnetic m ateria l. T he perm ea­
b ility  of th e  finished core depends largely on th e  q u an tity , particle 
size, and  thoroughness of adm ix tu re  of non-m agnetic pow der. V ari­
ous a tte m p ts  to  derive theoretical relations betw een core perm eability  
and  dilution have been m ad e ,14>15 b u t th ey  generally  fail in some 
detail. An em pirical rep resen tation  of th is  relationship  is found to  be

/i =  m<p or log ai = p  log in,

where Mi is th e  in trinsic perm eability  of th e  m agnetic m ateria l, an d  p  
is the  packing factor, or fraction  of th e  core volum e occupied b y  m ag­
netic m ateria l. T his equation  is found to  be valid  for a  w ide range of 
d ilution, effected either by  adding insu lating  m ateria l or b y  reducing 
the  load during  core com pression. How ever, th e  in trinsic  perm eability  
m ust be determ ined experim entally  for each type of partic le , size 
d istribu tion , m ethod  of adm ix tu re  of non-m agnetic pow der, a n d  a n ­
nealing process. F igure 2 shows curves of perm eability  and  percentage 
d ilu ting  m ateria l vs. m etallic packing factor. A  perm eab ility  of 125 
has been selected for m ost loading coil cores, while perm eabilities of 14 
and  26 have been chosen for tw o im p o rtan t types of high-frequency 
filter coils.

A pressure of 100 tons/sq. in. is em ployed in form ing m olybdenum  
perm alloy cores, to  a tta in  proper density  and  m echanical s tren g th . 
T he effect of pressure on core density  and  stren g th  is shown in Fig. 3 
for cores hav ing  2.5 per cen t d ilu tion . T h e  tensile s tren g th  of d ilu ted  
cores is decreased som ew hat; for exam ple, cores w ith  25 per cen t n o n ­
m agnetic m aterials have a tensile s treng th  of ab o u t 250 lbs./sq. in.

In  annealing the com pressed cores to  rem ove stresses inc iden t to  
pressing, it  has been found th a t  th e  insulating m ateria l rem ains in ta c t 
a t  a  considerably higher tem p era tu re  if oxygen is excluded. An im ­
proved annealing tre a tm e n t has therefore been in troduced  b y  w hich
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th e  cores are heated  in an atm osphere of hydrogen, w ith the  a tta in ­
m ent of high core perm eability  and  low hysteresis loss. T he ab ility  
of th e  insulating m aterial to  w ith stand  such a  h ea t trea tm en t testifies
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Fig. 2— Relation between metallic packing factor, permeability 
and percentage dilution.

to  its  extrem e s tab ility  and  recom m ends i t  in preference to  organic 
m aterials.

An essential core requirem ent of precision inductance coils is th a t  
the  perm eability  rem ain unaltered  during the  life of th e  coil. T he 
g rea test difficulty w ith cores having no air gaps is the  large and more or
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less perm anen t shift of perm eability  due to  accidental strong  m agneti­
zation . Such varia tions have recently  been overcom e to  a  degree in 
continuous cores m ade of hard  rolled nickel-iron alloy sh ee t ,6 b u t they  
have been found to  be ra th e r  large im m ediately a fte r strong  m agnetiza­
tion, decreasing slowly to  to lerable lim its only a fte r tw o or th ree days. 
W ith  com pressed pow dered m olybdenum -perm alloy cores, perm ea­
b ility  sh ift due to  strong  m agnetization  is rem arkab ly  small even w ithin 
a fraction  of a  m inute  a fte r the m agnetization  is released, and any

Fig. 3— Effect of core forming pressure on density and tensile strength.

fu rther d rift of perm eability  w ith tim e is negligible. In typical cores 
of the  new m ateria l, the  sh ift in perm eability  a fte r strong  m agnetiza­
tion is less than 0.2 per cen t for cores of perm eability  125, and  less 
than  0.05 per cen t for cores of perm eability  14. Figure 4 shows the 
residual effect of the application  and  rem oval of various m agnetizing 
forces on cores of bo th  these perm eabilities.

W hen a d irec t cu rren t is superposed on an a lte rn a tin g  cu rren t in the 
w indings of a  coil, the  inductance is a lte red  because th e  m agnetic 
field set u p  by  th e  d irect cu rren t modifies th e  core perm eability . 
F igure 5 shows the  effect of superposed d-c. fields on the  perm eability  
of 2-81 m olybdenum -perm alloy pow der cores of various perm eabilities.

A fu rther im p o rtan t core p roperty  is the  constancy  of perm eability  
w ith respect to  flux density  B.  T his is of particu la r im portance in
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DC MAGNETIZING FORCE IN OERSTEDS

Fig. 4— Residual effect of d-c. magnetization on initial permeability—-measured three 
minutes after release of direct current.

precision filters, to  insure th a t changes in transm ission level do not 
produce serious alterations in the frequency discrim ination character­
istics. Figure 6 shows the superiority  of the  new m aterial over the 
earlier permalloy.

A new requirem ent for cores has been in troduced by quartz  crystal 
filters used in w ide-band carrier system s. In  order to  secure the  neces­
sary precision in th is type of filter, m easures have to  be taken  to  pre­
v en t departures from th e  initial frequency ad ju stm en t due to  changes 
in core perm eability ordinarily occurring w ith room  tem peratu re  
changes. Extrem ely small tem pera tu re  coefficients of perm eability 
have now been achieved by adding to  the  new 2-81 m olybdenum - 
permalloy powder a very  small percentage of special perm alloy powder 
having a  m olybdenum  con ten t of abou t 12 per cent. Such an alloy 
has a non-m agnetic or Curie po in t close to  room tem perature, and for a

INITIAL PERMEABILITY 

Fig. 5— Effect of superposed magnetization on permeability.
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small tem p era tu re  range ju s t below its  Curie point, i t  has a  negative 
tem p era tu re  coefficient several hundred  tim es as large as th e  positive 
coefficient of 2-81 m olybdenum -perm alloy. By choosing su itab le  
com positions and  percentages of such com pensating  alloys, th e  ne t 
tem pera tu re  coefficient of perm eability  of a  core can be ad ju sted  to  any  
reasonable value, positive or negative, over a  desired tem p era tu re  
range. F igure 7 shows a  perm eability  vs. tem p era tu re  curve for a

FLUX DENSITY IN GAUSSES 

Fig. 6— Permeability-induction characteristics.

core stabilized to  give a  small negative coefficient, com pared  to  a 
sim ilar curve for a core no t stabilized.

C o r e  L o s s e s

T he desirability  of core m ateria ls increases in general as the ir loss 
characteristics decrease. Low to ta l eddy-cu rren t and hysteresis 
losses give low contribu tions to  a tten u a tio n . H ysteresis loss is 
frequently  of especial im portance because it appears fundam enta lly  as 
a  resistance which varies w ith coil cu rren t, and because i t  incidentally  
generates harm onic voltages. A low value of hysteresis loss thus
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TEMPERATURE IN DEGREES FAHRENHEIT

Fig. 7— Effect of temperature on permeability of stabilized and 
unstabilized cores.

simplifies circuit problems arising from resistances which vary  with 
energy level, and it avoids troublesom e m odulation conditions.

T he to ta l resistance per un it inductance arising from eddy-current 
and hysteresis losses m ay be expressed as 16

Rm/L =  ¡x{aBm +  c) f  +  fief2,

where the symbols are as given in the  Appendix.
T able I gives the loss coefficients for various core m aterials, and for

TABLE 1
Loss C o e f f ic ie n t s  o f  P o w d e r e d  C o r e  M a t e r ia l s

M aterial
Hysteresis Residual Eddy Current

oXIO« tia X10s c X106 acXIO* e X109 tie X10®

Grade B Iron 
Grade C Iron

35
26

49
81

1.7
2.1

109
139

3.8
3.6

88
31

3.1
0 .8

81 Permalloy r 75 
\  26

5.5
11.5

0.41
0.30

37
108

2.8
2.8

51
27

3.8
0.7

2-81 Molybdenum  
Permalloy

f 125
f 26 
I 14

1.6
6.9

11.4

0 .2 0
0.18
0.16

30
96

143

3.8
2.5
2 .0

19
7.7
7.1

2.4
0 .2
0.1
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2-81 m olybdenum -perm alloy insulated  to  several perm eabilities. 
T he low loss coefficients of the new m aterial as com pared w ith  th e  best 
previous m aterials are of im portance from  two stan d p o in ts . F irst, 
core perm eabilities as m uch as 50 per cen t g rea ter can be now utilized 
in coils w ithou t increasing th e  to ta l core loss resistance. Second, by 
utilizing the  sam e perm eabilities, core loss resistances ab o u t 60 per cen t 
sm aller can be obtained.

In  m any coil design problem s, harm onic generation  or m odulation 
assum e controlling im portance. T he m odulation  factor m  which 
denotes the ra tio  of the generated  th ird  harm onic to  the applied voltage 
m ay be expressed as follows 17

m  =  E i j E \  =  3fj.aBm/\0Tr.

T he low values of a  obtained  w ith  the  new m ateria l yield values of m  
th a t  are ab o u t 6 db  and 20 db  lower th an  possible w ith  pow dered 
perm alloy and  electrolytic iron cores, respectively.

T he wide range of core perm eability  available w ith  th is new m aterial 
perm its a ready  choice of the proper values of perm eability  and core 
size to  su it any  particu lar needs. In the  usual design problem  the 
following m ain requirem ents m ust be considered, in addition  to  p ro ­
viding the desired inductance.

1. D-C. Resistance, R c.
2. Coil quality  factor, Q =  u L / ( R c +  R m).
3. M odulation F actor, m .
4. Coil size (which depends d irectly  on core size).

These requirem ents can no t be satisfied independently  however, as 
fixing any  two of them  autom atica lly  fixes th e  values of the  o thers. 
In each case, a particu lar value of core perm eability  is required  for the 
proper fulfillm ent of th e  conditions. A ppendix I lists th e  form ulae es­
sential to  the determ ination  of these factors. A lthough these form ulae 
im ply an en tire  freedom of choice of core perm eability  an d  size, it 
becomes necessary for p ractical purposes to  standard ize  on a lim ited 
num ber of values of perm eability  and a  lim ited num ber of sizes of core. 
I t  is possible by  th e  proper choice from  these types to  approach ra th e r  
closely to  an ideal solution for each problem .

Im p r o v e d  D e s i g n s  o f  L o a d in g  C o il s

A stu d y  of a lte rn a te  ways of utilizing th e  advan tages offered by the 
new m aterial in coils for voice frequency loaded cables showed th a t  the 
g rea test im m ediate benefit to  the  telephone p lan t would accrue from 
m aking th e  new coils su b stan tia lly  duplicate  perform ance ch a rac te r­
istics of previous designs. T h e  new designs chosen are in fact b e tte r



M O L Y B D E N U M  P E R M A L L O Y  FOR IN D U C T A N C E  COILS 395

in m ost respects and have been m ade approxim ately  50 per cen t 
sm aller in volum e by using a m olybdenum -perm alloy core w ith  a 
nom inal perm eability  of 125. T able  II  sum m arizes d a ta  com paring

TABLE II
C o m p a r a t iv e  S i z e  a n d  W e ig h t  D a t a  o f  T y p ic a l  N e w  a n d  S u p e r s e d e d  C o il s

Type of Coil Type of Compressed 
Powdered Core

Inductance
(Henrys)

Coil 
Volume 

(Cu. In.)
Coil

Weight
(Lbs.)

Small Exchange Area Permalloy 0.088 2.5 0.4«< Molybdenum Permalloy 0.088 1.5 0.2
Program Circuit Permalloy 0.022 11.8 1.6

i  4 Molybdenum Permalloy 0.022 4.4 0.6
Toll-Side'Circuit Permalloy 0.088 13.5 1.7

It Molybdenum Permalloy 0.088 5.1 0.7

the electrical characteristics, sizes, and weights of coils com m only 
used on exchange and toll cables. F igure 8 shows the  im proved

O 0 .5  1.0 1.5 2 .0  2 .5  3 .0  3 .5  4 .0  4 .5  5.0 5 .5 6.0 6 .5  7.0 7.5 8.0
FREQ U EN CY IN KILOCYCLES PER SECOND

,  EXCHANGE-AREA 
'  COI LS 

0 .0 8 8  HENRY 
0.001 AMPERE

TOLL COILS 
0 .0 8 8  HENRY 
0 .0 0 2  AMPERE

PROGRAM COILS 
0 .0 2 2  HENRY 

0 .002  AMPERE

Fig. 8— Effective resistance-frequency characteristics of typical loading coils.
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resistance-frequency characteristics for typical coils. F igure 9 shows 
the  im proved telegraph flu tter 18 characteristics of a com m only used 
toll type coil.

TELEGRAPH CURRENT IN M ILLIAM PERES

Fig. 9— Flutter characteristics of typical toll loading co il; P— with 
permalloy core, MP— with molybdenum-permalloy core.

Figure 10 pictures the reduction in size of cores and coils w hich are 
com m only used in toll and exchange area circuits. In  th e  p repara tion  
for commercial m anufacture  of the sm allest of th e  new coils, a  difficult 
problem  in th e  developm ent of w inding m achinery  was involved 
because of th e  small dim ensions of the  hole in th e  finished coil. T h is  
problem  has been successfully solved by th e  W estern  E lectric C om pany,
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Aside from  m anufacturing  economies, th e  reduction  in coil size is of 
im portance to  the  Bell System  from  th e  s tandpo in ts  of p lan t co nstruc­
tion and  insta lla tion . T h e  size reduction  is p a rticu la rly  im p o rtan t in 
instances w here only a  few coils are required a t  a given po in t, as is the  
case in program  circu it loading. I t  is now p racticab le  to  enclose as 
m any as six coils, even of the  larger size em ployed for loading program  
circuits, d irectly  in th e  cable splice a t  a  loading po in t. T h is dispenses 
w ith  th e  need for conventional cases, and  reduces bo th  m anufactu ring  
and installa tion  costs. In  th e  field of small com plem ents using the 
inexpensive lead sh ea th  type  of case construction , i t  is now  possible to  
furnish as m any  as 100 of th e  small exchange a rea  coils w hereas 15 was 
th e  m axim um  num ber accom m odated  w ith  th e  superseded coil design. 
Table  I I I  gives com parative w eights and  volum es of typ ical cases 
provided for po ttin g  exchange area and  toll type coils.

TABLE III
C o m p a r a t iv e  D a t a  o n  R e p r e s e n t a t i v e  C a s e s  f o r  N e w  

a n d  S u p e r s e d e d  L o a d in g  C o il s

Type Cable Size of 
Complement Type Coil or U nit

Approx. 
Volume 
Cu. F t.

Approx.
W eight

Lb.

Exchange Area
u

200 Permalloy 1.7 480
M olybdenum-Permalloy 0.8 350

Program-Toll 6 Permalloy 0.15 70
M olybdenum-Permalloy 0.11 50

Toll 50 units* Permalloy 5.5 1350
M olybdenum-Permalloy 3.5 950

* A unit consists of one phantom and two side circuit coils.

Figures 11 and  12 show the com parative sizes of typical steel an d  
lead sleeve type  cases for th e  new and  superseded coils. In  Fig. 13, 
the m idget proportions of th e  la te s t design of case for p lo ttin g  100 
exchange area coils are con trasted  w ith those of th e  case u tilized  u p  to  
1922 contain ing  only 98 exchange area coils. T he reduction  in size 
of cases for th is  type of coil is of particu la r im portance in larger cities 
where underground v au lt space is a t  a  prem ium .

I m p r o v e d  I n d u c t a n c e  C o il s  f o r  F il t e r s

T he trend  of developm ent of toll transm ission circu its is now very  
definitely tow ard  m ultiple channel carrier system s utilizing a  m uch 
wider frequency band  th an  has heretofore been em ployed on wire 
circu its .19' 20 These system s involve extensive use of selective or 
equalizing netw orks a t  term inals and  a t  repeater sta tio n s in o rder to
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obtain  proper separation of the frequency bands of the  various ch an ­
nels or to  insure suitable transm ission properties of the individual 
channels. W hile these netw orks involve coils, condensers and  crystals, 
it is frequently  the  case th a t their size, cost and  perform ance are de­
term ined chiefly by the  quality  factor Q of the inductance coils. This 
follows from  the fact th a t  Q values of coils are usually considerably

Fig. 11— New and superseded cases containing 200 exchange area coils.

lower than  those obtainable readily in condensers and  crystals. Ac­
cordingly, it is very  desirable to  have as high a value of Q as possible 
economically. In addition, such coils m ust have low hysteresis 
resistance to  lim it m odulation, and a  low tem perature  coefficient of 
inductance to  secure s tab ility  of a tten u a tio n  or im pedance charac­
teristics of the filters and networks.

D ue to  the  im provem ents in these respects, m olybdenum -perm alloy 
core coils can be used quite  extensively in new types of carrier tele-
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phone system s. In  such system s for existing lines and  cables, as 
well as for projected  new types of cables, those filters are of key im ­
portance which separate  individual message channels in the  frequency 
range from  3 to  108 kc. B y using coils of pow dered m olybdenum - 
perm alloy insu lated  to  perm eabilities of 14 or 26, valuab le  economies 
in space and  cost of filters are realized .21’22 F igure 14 shows a  typical 
coil em ploying a  14 perm eability  core designed for use in one of these 
channel filters having its tran sm itted  band  in th e  v ic in ity  of 108 kc,

Fig. 12— New and superseded cases containing six program loading coils.

together w ith a  shielded solenoidal air core coil which m ight be em ­
ployed for th e  sam e purpose. T he m olybdenum -perm alloy coil has a 
Q a t  100 kc ab o u t twice th a t  of the  air core coil, y e t it  occupies a p ­
proxim ately  1/10 as m uch space. T he th ird  order m odulation  p rod ­
ucts are approxim ately  80 db  below the level of the  norm al channel 
curren ts. T his is considered to  be tolerable from  the s tan d p o in t of 
in terchannel crosstalk  on circuits used for one-w ay transm ission. 
An inductance-tem pera tu re  coefficient of ab o u t —20 X 10-6  per de­
gree F. has been chosen to  com pensate for th e  positive capacity- 
tem pera tu re  coefficient of associated condensers.



In  Fig. 15 d a ta  are presented illustrating  the  (/-frequency charac­
teristics th a t  can be obtained on typical coil designs using the new 
m aterial in th e  frequency range from 300 cycles to  200 kc. T he 
characteristics shown apply  to  coils wound on three sizes of cores th a t
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Fig. 13— Comparative size of equivalent 1939 and 1922 cases.

are suitable for use in th is range. For comparison, sim ilar charac­
teristics are also included for coils using cores of equal size b u t m ade 
of perm alloy and  electrolytic iron powder. These d a ta  include all 
effects on Q resulting from winding capacities and losses, which have
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been m ade to lerab ly  small by  su itab le  choice of insu lating  m ateria ls, 
s trand ing  of conductor and  configuration of winding.

C o n c l u s io n

Com pressed powdered cores of 2-81 m olybdenum -perm alloy have 
properties which are superior to  those of earlier pow dered cores in 
respect to  perm eability  range, hysteresis loss and  eddy  cu rren t loss. 
Because of th e  lower losses and  g rea ter perm eability  range, inductance 
coils are now possible which have g rea tly  increased Q values for a  given 
volum e. Because of the  low hysteresis losses and a tte n d a n t lowering

Fig. 14— Comparative size of non-magnetic core and molybdenum  
permalloy core filter coils.

of m odulation effects to  tolerable levels, m agnetic core inductance 
coils can now be em ployed where non-m agnetic core coils have p re­
viously been necessary, w ith a very  g rea t increase in Q values for a 
given volum e. T em peratu re  coefficients can now be ob tained  which 
are equal to  the  tem pera tu re  coefficients of o ther high grade electrical 
elem ents such as m ica condensers and  q uartz  crystals. M oreover, the 
ab ility  to  m ake the tem p era tu re  coefficient of coils negative or positive 
a t  will perm its the  a tta in m e n t of rem arkable s tab ility  in resonan t 
com binations of coils and  condensers. Tw o im p o rtan t applications 
have been m ade in the  field of com m unication  ap p ara tu s . F o r voice- 
frequency circuits, new loading coils of im proved quality  and  reduced



M O L Y B D E N U M  P E R M A L L O Y  FOR I N D U C T A N C E  COILS  403

a3

US
"c5

o>

a
£oU

mbf)
E

QUALITY FACTOR, Q



404 B E L L  S Y S T E M  T E C H N IC A L  JO U R N AL

size have been standard ized . For broad band carrier system s, the 
com pactness of channel separa ting  filters is largely due to  th e  volum e 
economies in troduced  by  m olybdenum -perm alloy coils.

A P P E N D IX

T he following form ulae illustra te  the  essential steps in selecting the 
size and perm eability  of an annu lar core best su ited  for a  coil having 
a desired se t of characteristics. F o r sake of sim plicity, th ey  assum e 
th roughout a coil of a rb itra rily  chosen proportions, in w hich all 
dim ensions bear fixed ratios to  th e  m ean core d iam eter, and  approxi­
m ating  those th a t are p racticab le  from  a m anufactu ring  s tan dpo in t. 
T he core is assum ed to  be rec tangu lar in section. I t  is assum ed th a t  
wire of an y  d iam eter can be used and  th a t  th e  w inding efficiency is 
independent of the  wire d iam eter. A ny inductance due to  a ir space 
outside of the  core is neglected. Because of these sim plifications, the 
expressions are of som ew hat restric ted  applicab ility . How ever, th ey  
yield solutions for op tim um  perm eability  and  corresponding values of 
Q and  core size which are sufficiently accu ra te  for m ost p ractical 
purposes.

T he inductance in henrys due to  a  core of perm eability  p, and  m ean 
d iam eter d cm., wound w ith N  tu rn s  of wire is

(1) L = \ N 2pd X 10-9.

If the coil is wound w ith wire of resistiv ity  pc ohm -cm ., w ith  w inding 
efficiency s (i.e., th e  ra tio  of copper area to  to ta l available w inding 
area), the d irect cu rren t resistance in ohm s will be

^  o 19pX  X 109
(2) R ‘ =  -------------------- •

T he m axim um  flux density  due to  sine wave m easuring cu rren t of 
effective value I  am peres is

(3) B„ p L  X 109
3d3

In term s of th e  hysteresis loss coefficient k 2 = pa, th e  m odulation  
factor thus becomes 17

(4)

K
lltf
II 3k ,B m

1 Oír
or
(5) d3

Xa.roII

4£2/  f 
25vr V

3pL  X  109

(  4k sI  V

d 3
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W hen th e  core perm eability  p is reduced by  dilution of a  given 
m ateria l, th e  hysteresis and  residual loss coefficients a and  c v a ry  so 
as to  m ake th e  products pc = k\ and  pa = k 2 approxim ately  constant, 
as m ay be seen by  reference to  T able I. T he core loss resistance in 
ohm s a t  frequency /c y c le s  per second m ay  therefore be expressed with 
reasonable accuracy as

(6) R m = L f ( h  +  k ,B m +  pef) =  L f  ( ki  -f- +  pef ) ,

where the eddy curren t coefficient e depends upon the  particle d iam eter 
t, and  th e  alloy resistiv ity  p being p ro p o rtio n a l13 to  P/p.

T he coil quality7 fac to r is thus

(7 )  Q =  W  -  Ï t !
R< +  R m 19pf X 109 

spd-

Case I: If  th e  value of m is fixed and  d and  H  can be freely chosen, 
it  is desirable to  know th e  value of p. w hich will yield th e  h ighest 
possible value of Q. B y  su b stitu tin g  in (7) th e  value of d2 obtained 
from  (5) and  se tting  th e  derivative w ith  respect to  p equal to  zero, the  
following is obtained for th e  op tim um  perm eab ility :

, , 52.5 X 1016Pc3w4 _
( ) ^ ' e?s^pkx*I*Ls

The corresponding values of d an d  R c can be ob tained  from equations 
(5) and (2). T h e  corresponding value of Q, which is th e  grea test 
obtainable under these conditions is

(9) =
5rmr ,¿1 , 4  , , 
—  +  2 + 5 “ ef

If a  sm aller value of Q th a n  th a t ob tained from  (9) is acceptable, 
equations (7) an d  (5) can be solved sim ultaneously for d and  p. A 
sm aller value of p th an  th a t  obtained from  (8) and a  correspondingly 
sm aller value of d will result.

Case I I :  If m odulation is u n im p o rtan t and  th e  hysteresis loss re­
sistance is negligible in com parison w ith  o ther com ponent losses, then  
d and  p can be selected w ithou t regard to  m odulation . E quation  (7) 
can be d ifferentiated directly7 and  solved for th e  perm eability  required 
to  yield th e  m axim um  value of Q. T his optim um  perm eability  is

( 10 )
19pe X 109 

> -  sei‘r
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T he corresponding value of Q is

(11) =  k 1 +  2 p "e f '

T he values of Q"ma.x and  p "  depend on the  value of d chosen. F or a 
desired value of Q, (11) can be solved for p " , and  (10) for th e  corre­
sponding diam eter.

In any  case, th e  ideal wire size has a cross-sectional area of conductor 
equal to

n i c JO M X  10“ 90.15m2 a / £  cm 2.

I t  is usually desirable to  subdivide the  wire in to  insu lated  s tran d s to  
minimize eddy curren t losses in the coil w inding.
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High Accuracy Heterodyne Oscillators

By T. SLONCZEWSKI

The accuracy of a heterodyne oscillator after the low frequency 
check is made is of the same order of magnitude as tha t of an 
ordinary type of oscillator in which circuit elements of the same sta­
bility are used. I t  depends on the constants of the variable fre­
quency oscillator only. This accuracy can be improved by a ratio 
of 10 to 1 by adding another and higher check frequency. The 
temperature coefficient of the circuit elements can be kept down to 
less than 6 parts per million. Scale errors can be reduced to a value 
comparable with the oscillator accuracy by spreading the scale.
A precision oscillator having a frequency range up to 150 kc. and 
an accuracy of ±  25 cycles including a scale mechanism whereby 
a large scale spread is obtained on a direct reading scale is described.

I n t r o d u c t io n

TH E  o u tp u t frequency of a  heterodyne oscillator is obtained by 
m odulating th e  ou tp u ts  of two oscillators of appreciably higher 

frequency, one of the  oscillators having a fixed frequency, the  other 
being continuously variable over a  band  w idth equal to  the required 
o u tp u t frequency range.

T he circuit consists essentially of the  two so-called local oscillators, 
the m odulator, where the  difference frequency is generated, and an 
amplifier where the m odulator o u tp u t is raised to  the  desired level.

T he earliest designs of heterodyne oscillator were confined to  the 
audio frequency range, b u t recently  carrier-frequency applications 
have become more num erous. As the frequency range of the  oscilla­
tors has increased, their per cent accuracy requirem ent has increased 
also. T he required frequency accuracy of the oscillator is determ ined 
by the m axim um  slope of the frequency characteristic  of the appara tus 
being m easured. If th is slope is great, as in the case of a  sharply 
tuned  circuit a relatively  small displacem ent of the frequency will re­
su lt in a  large error in the value to  be m easured. In  carrier-frequency 
system s where the signal is displaced upw ards in the  frequency scale 
by  m odulation, each channel has to  m eet sam e crosstalk and transm is­
sion requirem ents independent of its  location in the  carrier band. 
Therefore, th e  m axim um  slope of the characteristics is independent of 
the frequency and an oscillator used for m easuring purposes has to  
m eet a constan t frequency error requirem ent. In addition the accur-

407
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acy required  when expressed in cycles is com parable w ith  th a t  of aud io ­
frequency oscillators so th a t  th e  percentage accuracy  m u st be m uch 
higher.

T he advan tages of the  heterodyne oscillator have m ade it desirable 
to  s tu d y  its sources of e rro r to  determ ine w hether such an  oscillator 
can be designed to  have sufficient accuracy  for these applications.

O s c il l a t o r s  W it h  a  S i n g l e  F r e q u e n c y  C h e c k  

T he frequency of a  heterodyne oscillator is given by  th e  expression :

F  = f  — / ,  (1)

where we will assum e / '  to  be co n stan t and  /  to  be variab le  and  less 
th an  f  whence the frequency of the  variab le  frequency oscillator is 
lowered as the o u tp u t frequency of th e  heterodyne oscillator is raised.

T he value of F  is usually  m uch sm aller th an  e ith er f  or /  and  re la ­
tively  small frequency shifts in th e  local oscillators produced b y  aging 
and  tem pera tu re  effects upon th e  elem ents of th e ir  reso n an t circuits 
and  changes in vacuum  tubes and  in th e  s tra y  capacitances of the 
circuits produce large re la tive  v a ria tions in the  o u tp u t frequency. 
U sually  th e  stab ility  required  of F  and  th e  ra tio  f ' / F  are  so high th a t  
i t  is im practicable to  design local oscillators of sufficient s tab ility  to  
m eet requirem ents. Instead , in all heterodyne oscillators an a d ju s t­
m en t in the form  of a  padding  condenser in the  c ircu it of th e  fixed 
frequency oscillator is used, w hereby its frequency is ad ju sted  shortly  
before th e  m easurem ent u n til the  oscillator reads correc tly  a t  th e  b o t­
tom  of its  frequency range. T he ad ju s tm en t is m ade b y  th e  zero b ea t 
m ethod or by  com parison w ith  a low -frequency s tan d a rd  such as a 
v ib ra ting  reed or th e  60-cycle pow er supply.

A t the tim e of the ad ju s tm en t the frequency of the  oscillator is

F o = f ' - f „  (2)

where f 0 is the  value of /  a t  th e  check frequency F0. E lim inating  / '  
betw een (1) and  (2) we ob tain

F  = F0 +  (/„ — / ) .  (3)

T he frequency of the variab le  oscillator m ay be expressed as

/  =  1/(2 W L (C 0 +  Ca)), (4)

where Ca is th e  change in th e  variab le  a ir condenser capacitance  from  
the value it has a t  f 0, and  C0 is essentially  th e  value of the  fixed con­
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denser, usually  a good m ica un it. L  is the inductance of the resonant 
circuit.

Com bining (3) and (4) we get

F  = F0 +  1 /(2 ttV L Q  -  1/(27rVL(C 0 +  Co)). (5)

T he accuracy of the oscillator will depend on th e  varia tions in the 
values of F 0, L,  C0 and  Ca and is independent of the  constan ts of the 
fixed frequency oscillator.

By giving increm ents AF0l AC0, ACa and  AL  to  the  constan ts  F0, 
Co, Co and L  we obtain  after sim plifying the expressions

A FFo =  A F„, (6)

(7)

^ - ‘êA'A-ÜVAA-m (8)

= <9>

giving the corresponding frequency errors AF  where f 0 = l / ( 2 x \ L C 0) 
is the  variable oscillator frequency a t th e  check frequency F0.

A variation  in F0 will produce an error co n stan t over the whole 
frequency range. On Fig. 1 th e  o ther errors are found p lo tted  in 
param etric  form. T o  find the  error AF  corresponding to  a  frequency 
F  the o rd inate  y  corresponding to  the  value of x  = (F  —  F0) / (fo) 
should be found. Then

A FCa =  ycaf<ACa/Ca; A Fco =  ycoACo/Coi  A Fh =  y Lf 0AL/L.

I t  is found th a t  F0 can be neglected in all p ractical cases. T he ratio  
of the  ord inate to  the  abscissa gives the  percentage error in frequency 
caused by  a  one per cen t varia tion  in the  elem ent involved.

An exam ination of the curves shows th a t they  differ only slightly  
from stra ig h t lines which can be in terp re ted  as m eaning th a t the errors 
are fairly  independent of the  choice of f 0. T his constan t should be 
chosen therefore sufficiently low to  require infrequent ad ju stm en t a t  
the low-frequency end of the  scale. For low values of f 0 such th a t 
x  >  .3 difficulties in shaping of the  air condenser plates and in designing 
the m odulator filter begin to  appear. If th e  errors in an ordinary  type 
of oscillator due to  capacitance and  inductance varia tions were p lo tted  
on the sam e set of coordinates the  curves would coincide w ith the  line
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y l .  T his m eans th a t  if elem ents of the  sam e accuracy  were used, the 
heterodyne oscillator would be som ew hat m ore accu ra te . I ts  to ta l 
error would be represen ted  b y  y ca +  y co +  y l- Since ACa/Ca and  
A Col C0 will be b o th  positive and  of ab o u t th e  sam e order of m agn itude 
partia l com pensation will ob tain  and  the  error will be of th e  o rder of

0 0.04 0 .08  0.12 0.16 0 .20 0 .2 4  0 .28
X

Fig. 1—The frequency errors in a heterodyne oscillator at a frequency F  =  xfo 
+  Fa after the low frequency check had been made can be obtained from the plot as

follows: For a variation A Co in the fixed capacitance Co, AFc„ =  yc0 fa\ for a
Co

A C
variation in the air condenser capacitance Ca, AFca =  yca -pr^/o; for a variation in the

C a

inductance L , AFl — Vl -j j  fa.

m agnitude of AF l- In the  case of the  o rd inary  type  of oscillator the 
errors due to  the capacitance and  inductance v a ria tions will be equal 
and  of the  sam e sign so th a t  the erro r will be of the  order of m agnitude 
of 2AF L. F or audio  frequency applications th is  accuracy  has been 
found to  be adequate  given sufficient care in th e  construction  of the 
circuit elem ents.
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O s c il l a t o r s  W it h  a  D o u b l e  F r e q u e n c y  C h e c k  

F or carrier frequency applications the tolerable error takes a con­
s ta n t value over the entire frequency range and it is found th a t if a 
single frequency check is used it  is no t possible to  ob tain  sufficiently 
stable elem ents to  m aintain  the  required accuracy a t  po in ts on the 
scale rem oved from the check frequency.

An increase in the  accuracy of heterodyne oscillators has been ob­
tained, however, by  adding an ad justab le  condenser to  C„ and checking 
the oscillator a t  two frequencies, the low frequency Fa and a t  another, 
higher, frequency Fa. A djustm ent of th is condenser by  AC0 in troduces 
a frequency change—ycofo^C0/2 C0 adjustab le  in sign and m agnitude 
and th is can be m ade to  cancel the error AFca +  A FL for a t  least one 
frequency, the check frequency Fs. O bviously if the ad ju stm en t is 
made to  correct for varia tions in C„ no residual error rem ains. T he 
residual errors which rem ain a fte r correcting for A Fca and A F l  are 
shown on Fig. 2. T he residuals of AF Ca and AF L differ from  each other

Fig. 2—The frequency errors in a heterodyne oscillator at a frequency F  =  xfo 
+  F0 after the low and high frequency checks had been made can be obtained from

the plot as follows: For a variation in the air condenser capacitance Ca, AFc„ = y -q-Jo\

for a variation in the inductance L , A F l = y  /»■

so little  th a t only one set of curves was draw n. T he values of y  were 
obtained by forming the sum  y  = K y Co +  y Ca and choosing K  so th a t 
y  = o for x s = (Fs — F„)/f0.

F or xs =  .1 b e tte r com pensation is obtained a t  the lower end than  
a t  the  higher. F or a very  wide frequency range up to  x  =  .25 the best
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check frequency w ould be x s =  .2 . A  good p ractica l lim it to  x  is a t  
1.9 and  here a  value of x s around .15 is best. A fu rth e r im provem ent 
of ab o u t 50 per cen t could be ob ta ined  b y  choosing a h igher va lue  of F 0. 
W hen com paring Fig. 2 w ith  Fig. 1 i t  should be borne in m ind th a t  
th e  scale spread  for y  on Fig. 2 is ten  tim es th a t  of th e  Fig. 1 which 
shows th a t  an im provem ent in accuracy  of a t  least ten  to  one is ob tained  
b y  the  ad ju stm en t. T h is m eans, th a t  given tw o frequency  s tan d ard s  
F0 and  Fa of sufficient accuracy  a  he terodyne oscillator can be b u ilt 
hav ing  a  m uch higher accuracy  th an  an o rd inary  oscillator having  the 
sam e frequency range and  sam e q u a lity  of c ircu it elem ents. T h is  is 
som ew hat co n tra ry  to  w h a t we are accustom ed to  th ink .

0 10 20 30 40  50 60 70 80 90 100 110 120 130 140 150
F R EQ U EN C Y  IN K ILO CYCLES PER SECO N D

Fig. 3— Frequency-output characteristic.

One detail involved in th e  procedure of checking th e  oscillator w hich 
perm its th is high degree of accuracy  to  be ob tained  needs elaboration . 
As C0 is varied  during  th e  ad ju s tm en t by  th e  am o u n t A Co th e  value  of/ 0 
is changed and  th is destroys th e  low frequency ad ju s tm en t a t  F 0. I t  is 
possible to  ob tain  th e  ad ju s tm en t b y  a  process of successive approx im a­
tions b u t the  procedure is tedious. T he difficulty can be overcom e by  
the use of a  m echanical device, however, as follows. T he condenser 
A Co is ganged to  ano ther condenser in th e  re so n an t c ircu it of th e  fixed 
oscillator, and  the  tw o condensers are so proportioned  th a t  the  change 
in th e  fixed oscillator frequency is equal to  th e  change in / 0 as the  con­
denser is ad justed . T his m akes the  low frequency a d ju s tm en t inde­
p enden t of th e  high frequency one. T he oscillator is ju s t  se t to  the  
required reading a t  F, and  AC0 is ad justed  u n til the  frequency value is 
correct. T heoretically  instead  of tw o condensers tw o coupled inducto- 
m eters could have been used to  a d ju s t th e  inductances in th e  re sonan t 
circuits. T he n e t resu lt ob ta ined  w ould have been the sam e and  the  
m athem atical tre a tm e n t w ould be like th e  one given above. C onden­
sers lend them selves b e tte r  to  such construction , however.
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S t a b il i t y  o f  t h e  C o n s t a n t s

H aving determ ined the oscillator errors from  the varia tions in its 
constan ts it will be of in terest to  inquire how large these m ay be.

W hen the zero bea t m ethod is used the erro r AFFo will depend on 
the value of the  lowest b ea t frequency a t  which the  local oscillators 
can operate. W ith  a  reasonable am ount of shielding and some p re­
cautions in order to  avoid m utual inductance in wiring loops it is quite 
practicable to  keep th is error below one cycle w ith local oscillators as 
high as 200 kc. T he b ea t frequency m ay be observed on an am m eter 
placed in the p late  circuit of the m odulator. W hen a lternating  curren t 
from the power m ains is used as a  standard  the accuracy is b e tte r  than 
one cycle.

There are now available external frequency s tandards against which 
the high frequency check could be m ade which have such high accuracy 
th a t the  resulting error in the  heterodyne oscillator can be entirely  
neglected. I t  is desirable, however, to  m ake the oscillator independent 
of external sources for its  ad justm ent. A convenient checking circuit 
consists of a  quartz  crysta l which is throw n in w ith a key across the 
grids of the  o u tp u t amplifier. A t the series resonance frequency of the 
crystal the  loss in troduced reduces the o u tp u t so sharp ly  th a t  the 
m inim um  o u tp u t can be observed w ithin 3 cycles a t  100 kc. A t any  
other frequency the  erro r is therefore 30 ppm  (parts per million). By 
using properly  cu t crystals th e  tem pera tu re  variation  error is m ade 
negligible.

T he varia tions in L  are chiefly due to  tem pera tu re  variations. 
O rdinary  p o tted  coils having a large num ber of layers have tem perature  
coefficients up  to  20 p a rts  per million per degree Fahrenheit. The 
varia tion  is chiefly due to  the  expansion of the wire.

T his error is tolerable in audio frequency oscillators for m ost p u r­
poses. For carrier frequency oscillators unpo tted  coils having a single 
layer bank  w inding wound on a phenol p lastic  form m ay be used. Here 
the lengthwise expansion of the  form, which tends to  decrease the 
inductance p a rtly  com pensates for the expansion of the winding which 
tends to  increase the inductance. Coefficients from 0 to  +  6 ppm  per 
°F. are obtained.

T he capacitance Ca in commercial air condensers has tem perature  
coefficients of up  to  25 ppm  per °F. This, again, gives sufficient ac­
curacy for audio frequency oscillators b u t is no t satisfactory  for carrier 
applications. T he varia tions in capacitance w ith  tem pera tu re  are 
produced b y  increase in area  of the p lates w ith the ir expansion which 
increases b y  an am ount equal to  twice the linear coefficient of expansion 
of the m aterial used. This change is p a rtly  com pensated by the length­
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ening of the  air-gaps. W hen, as usual, several m ateria ls are  used in the  
construction , bending of the  s ta to r  p la tes due to  stra in s in troduced  by  
unequal expansions of the m em bers produce unpred ic tab le  changes in 
capacitance. T his is p a rticu la rly  tru e  in the  m ost com m on construc­
tion w here the  s ta to rs  are held in p lace by  rods of insu lating  m ateria l. 
T he insu la to r having a d ifferent tem p era tu re  coefficient of expansion 
than  the plates, th e  difference in the  expansion causes th e  p la tes to  
buckle.

B e tte r s tab ility  can be ob tained  in a condenser b u ilt as follows. All 
p a rts  determ ining  th e  length of the  condenser, including the s ta to r  
supports and the  s ta to r  p la tes are of alum inum . T he ends of the  
s ta to r  supports are  held in place by  insu lating  bushings of sufficiently 
small dim ensions to  m ake the difference in expansion negligible. T he 
bushings are m ade of A lsim ag, a  ceram ic m ateria l w hich has a small 
dielectric co n stan t and coefficient of d ielectric constan t.

W ith  such a construction , the  tem p era tu re  coefficient of the  con­
denser is equal to  tw ice the tem p era tu re  coefficient of expansion of the  
m aterial of which the ro to r p la tes are m ade m inus th e  tem p era tu re  
coefficient of linear expansion of a lum inum  determ ining  th e  length of 
the  air-gaps. One half of the ro to r p la tes are  m ade of invar and  one 
half of alum inum . T he average expansion of th e  a rea  of th e  ro to r 
p la tes equals then the tem pera tu re  coefficient of linear expansion of 
alum inum  and  the  tem pera tu re  coefficient of capacitance of th e  con­
denser should be equal to  the tem p era tu re  coefficient of a ir  dielectric 
co n stan t which is ab o u t 1 ppm  per °F. negative. M easurem ents show 
th a t  th e  tem pera tu re  coefficient of the  condenser varies from  — 3 to  
+  4 ppm  per °F., a  qu ite  acceptab le  value. T he capacitance change 
due to  a varia tion  in the atm ospheric pressure of one inch, a large 
varia tion , is 20 ppm .

T em pera tu re  coefficients, of paraffined m ica condensers, can be ad ­
ju sted  b y  special m anufactu ring  m ethods to  10 ppm  negative. F o r the 
sake of increasing the  in stan taneous s tab ility  th e  tw o condensers used 
in each oscillator are paired w ithin 3 ppm . As m entioned before, no 
residual error due to  AC0 rem ains a fte r the  frequency check is m ade. 
T h e  low tem pera tu re  coefficients are desirable only to  im prove the  
s tab ility  of the  oscillator.

By using high Q c ircuits and  su itab le  corrective reactances, the  
varia tions in th e  frequency due to  pow er line v a ria tions m ay  be readily  
k ep t sm aller than  any  one of the  o ther errors discussed above.

S c a l e  E r r o r s

A heterodyne oscillator canno t be classified as a  pu re ly  electrical 
circuit for it  is used to  tran sla te  a  m echanical coord inate, the  scale
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setting, in to  an electric coordinate, the o u tp u t frequency. In planning 
the oscillator design, therefore, it is necessary to  give as much a tten tion

elem ents.
For m axim um  scale length econom y the scale should be so subdivided 

th a t  a  frequency in terval equal to  the  tolerable frequency error AF

interval, will v a ry  w ith the  m easuring conditions. F or well illum inated 
scales on panel m ounted equipm ent to  be read conveniently  a t  a rm ’s 
length an in terval Al of a t  least .05" is needed. For portab le  appara tus, 
in tervals as small as .02" have been used. W ith  the aid of a  vernier it 
can be b rought down to  .001". Scale spreads such th a t a  frequency 
in terval m uch sm aller than  AF  can be read are no t only uneconomical 
b u t are also objectionable because they  encourage the use of the 
instrum ent beyond its accuracy lim its.

H aving chosen Al and the frequency error AF a t all po in ts of the 
scale, the scale shape I = / ( F )  can be determ ined by the approxim ation

As an example, in audio frequency applications the m ost common 
form of frequency accuracy desired is th a t having a constan t percentage 
value A F /F  =  p a t  the upper p a r t  of the scale. A t lower frequencies 
this accuracy is higher th an  necessary and the  requirem ent is changed 
to  a co nstan t AF0. A sm ooth shape is obtained by m aking the tran si­
tion po in t F t  a t  such a  frequency th a t AF 0/ F t  =  p. T he scale shape 
is then approxim ately

T he scale of common type of audio frequency oscillator can be 
spread over a  ten  inch dial giving a  satisfactory  accuracy.

For carrier applications, where the spread of any voice band is inde­
pendent of its  position in the frequency range the error function takes 
the form of a  co nstan t and the scale should be linear. Usually the 
scale lengths involved are much larger than  in audio oscillators. To 
obtain  sufficient scale length a  precision worm and gear m echanism 
has to  be used to  drive the  tuning condenser of the  heterodyne oscilla-

to  the  construction of the  scale as to  the  construction  of the circuit

could be read. T he scale in terval Al corresponding to  th is frequency

for F < F t

and
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to r. I t  gives a  scale length  of 300 inches, th e  equ ivalen t of a  5-foot 
dial and  can dup lica te  se ttings to  b e tte r  th an  one p a r t  in 1 0 ,0 0 0 .

One detail of construction  of such long scales deserves m ention. 
C om m ercial w orm  driven a ir condensers ca rry  on th e  w orm  sh aft a 
d rum  or a  dial on w hich frac tions of a  revolution of th e  w orm  sh aft are 
recorded, while th e  num ber of revolu tions is recorded on a  m ain dial 
fixed on th e  ro to r shaft. T he effective scale leng th  is then  equal to  the  
to ta l d isp lacem ent of th e  periphery  of the  sm all dial or d rum . Using 
such a  construction  the oscillator has to  be se t b y  consulting  a  ca lib ra­
tion c h a rt w here th e  position of the  m ain dial and  of th e  w orm  shaft is 
recorded against th e  oscillator frequency. T h u s one of th e  m ost 
valuable properties of th e  sh o rt scale audio  frequency oscillator, its  
d irec t reading, is lost.

T o  rem edy th is  s itua tion  a  special scale m echanism  has been de­
veloped for carrier frequency oscillators w hich com bines g rea t scale 
length w ith  good spread and  com pactness. I t  consists of a  long m otion 
p ic tu re  film strip  engaged b y  a  tw o inch film sp rocket m ounted  in place 
of the  conventional d rum  on th e  w orm  shaft. T he ro ta tio n  of the  
shaft determ ines the  d isp lacem ent of the  film against an index which 
reads th e  frequency d irec tly  in kilocycles. T he loose ends of the  
s trip  are w ound u p  on tw o spools in terconnected  b y  a  spring m echan­
ism  w hich takes up  th e  slack. T he whole m echanism  is confined in a  
space ab o u t 4 "  by  5" b y  5 " accom m odating a  scale leng th  u p  to  450 
inches w ith a  scale spread corresponding to  AI — .05".

S p e c i f i c  A p p l ic a t io n

An exam ple of application  of these m ethods in th e  design of a  
heterodyne oscillator is furnished b y  an oscillator b u ilt for use in con­
nection w ith  the insta lla tion  and  m ain tenance  of b road  band  transm is­
sion system s. I t  is shown on Fig. 4.

I t  has a  frequency range of from  1 to  150 kc. I ts  variab le  frequency 
oscillator covers a  range of from  500 to  650 kc. T h is was chosen as 
low as possible to  ob tain  good in stan taneous stab ility , b u t high enough 
no t to  in troduce difficulties in designing the  filter following the  m odu­
lato r. T h e  capacitance of th e  a ir condenser is ab o u t 800 /¿/ff. F rom  
th e  c ircu it design s tan d p o in t a  larger capacitance  w ould be desirable, 
b u t for th e  s tab ility  required  th e  overall size of th e  condenser sets an 
upper lim it to  the  capacitance. T h e  frequency and  a ir condenser 
capacitance values determ ine the  value of th e  fixed condenser a t  1000 
m m f and  the  coil inductance  a t  50 m icrohenries. T h e  fixed oscillator 
is sim ilar to  th e  variab le  oscillator except for th e  omission of the  v a ri­
able a ir condenser.
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T he frequency se tting  is recorded on a  300-inch film scale such as 
described above. T his gives a  spread of tw o inches per kilocycle. 
W ith  th e  50-cycle divisions m arked d irectly  th e  m echanism  can be 
readily  se t to  an accuracy b e tte r  th an  25 cycles. T he visib ility  of the 
scale is g rea tly  enhanced by  a  p ilo t lam p placed in back  of the  scale

& c
m

*
*

j

j

Fig. 4— Front view of the oscillator.

window w ith an intervening opal glass. A crank  on the fron t of the 
panel is used to  set the oscillator, the  range being covered in 47 revolu­
tions. W hen changing the frequency se tting  even a t  a  m oderate ra te  
the speed w ith which th e  film m oves prevents the  operator from observ­
ing the frequency setting . T o m ake th e  ad ju stm en t more convenient, 
a  coarse scale is recorded on a dial which can be read easily to  one
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kilocycle while th e  m echanism  is in m otion. I t  can be seen u n d er the 
hood in th e  cen ter of the  panel.

Below th e  coarse frequency dial is seen a small dial connected  to  a 
variable condenser which perm its  the  o pera to r to  v a ry  the  frequency of 
th e  oscillator u p  to  =1= 50 cycles from  th e  frequency to  w hich it  is se t 
and  to  read the  frequency change w ith  an accuracy  of ab o u t 3 cycles. 
T his feature  is found to  be useful in locating  peaks of frequency ch ar­
acteristics of sharp ly  resonan t circuits.

T he frequency checks are m ade by opera ting  a  key which throw s the 
oscillator o u tp u t across a telephone sw itchboard  lam p and  a  100 kc 
crystal across the grid of the  o u tp u t stage. F o r the  low frequency 
check ano ther key superposes the  60 cycles pow er m ain frequency on 
the oscillator o u tp u t and  a  screw driver ad ju s tm en t operating  a con­
denser in the fixed oscillator ad ju s ts  the  oscillator frequency  to  syn ­
chronism  w ith the  scale set a t  60 cycles. F o r the  high frequency check 
a m inim um  signal is ob tained  on the  lam p w ith  the  scale se t to  100 kc 
by  ad justing  a  padding  condenser in the  variab le  oscillator.

In th e  m odulator a  pentode ty p e  vacuum  tu b e  is used, w hich has a 
control grid-plate cu rren t characteristic  which over nearly  th e  en tire  
region from  zero bias to  cut-off approaches a  p arabo la  so closely, th a t 
w here m odulation  p roducts lower th an  40 db  dow n on th e  useful o u t­
p u t can be neglected, only first and  second m odulation  p rod u c ts  need 
be considered. T he bias is placed in the  m iddle of the  parabo lic  range 
and  th e  tw o in p u t signals are ad ju sted  to  eq u a lity  and  to  a  value 
covering th e  en tire  parabolic range. T h is gives th e  m axim um  useful 
m odulation o u tp u t necessitating  the sm allest am o u n t of gain in the  
o u tp u t stage a t  little  sacrifice in efficiency. T he m odu la to r being 
parabolic, th e  only p roducts of m odulation  o ther th an  the useful o u tp u t 
are  the  tw o high frequency in p u t signals, th e ir  harm onics and  sum  
frequencies. These are elim inated from  the o u tp u t b y  inserting  a filter 
betw een th e  m odulato r and  the  o u tp u t stage. A dvan tage  is taken  of 
phase discrim ination since the  circuit is a rranged  in push-pull to  de­
crease the  filter requirem ents for some of the  products, w hich are 
generated  in phase.

T he p late  supply  is ob tained  from  a rectifier operating  on th e  60-cycle 
m ain supply. I t  is provided w ith  a  vacuum  tu b e  regu la to r c ircu it 
w hich keeps the p la te  and  screen voltages co n stan t over a  ±  5 vo lt 
varia tion  of the  power line voltage. T h e  o u tp u t contro l is ob tained  
b y  m eans of a  p o ten tiom eter in the  o u tp u t am plifier in pu t. T w o o u t­
p u t im pedances, 600 and 135 ohms, m ay be selected b y  opera ting  a key.

T he ap p ara tu s  is m ounted  on a  s tan d a rd  19-inch panel 28 inches high. 
T he bo ttom , the coolest p a rt, is occupied by  the oscillators; the  m iddle
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by the m odulator and am plifier; and the top  by the power pack. P er­
forations in the  oscillator cover provide ven tila tion  to  reduce w arm ­
ing-up effects. A close-up giving the  details of the  scale m echanism  
and the shielding is shown on Fig. 5.

Fig. S— Details of the scale mechanism.

Tests on the oscillator show th a t  the overall frequency accuracy 
th roughout its  range can be m aintained to  ±  25 cycles. The h a r­
monics are down 40 db from the fundam ental a t  100-milliwatt ou tpu t. 
W ith  the full o u tp u t of one w a tt the harm onics are 30 db down. The 
to ta l o u tp u t varia tion  w ith frequency is shown on Fig. 3.

This oscillator has found a wide range of applications as an accurate 
source of frequency in the com m unications field.

L is t  o f  S y m b o l s

F  o u tp u t frequency of the heterodyne oscillator 
F0 s tandard  frequency used to  check the oscillator a t  the 

low end of the scale



Fs s tan d ard  frequency used to  check th e  oscillator a t  the 
high end of th e  scale 

F t  frequency a t  w hich th e  scale changes from  linear to  
logarithm ic 

I length  of the  scale in terval from  0 to  F  
f  frequency of th e  variab le  oscillator 

/ '  frequency of th e  fixed oscillator
f 0 frequency of the  variab le  oscillator a t  the  se tting  

F = F 0
L  inductance in the  resonan t c ircu it of variab le  oscillator
C to ta l capacitance in th e  resonan t c ircu it of variab le

oscillator
C0 to ta l capacitance in th e  resonan t c ircu it of variab le  

oscillator when set to  F = F 0 
Ca =  C — Co capacitance change in th e  a ir condenser 

AF0 v aria tion  in the  s tan d a rd  frequency F„
A Ca varia tion  in Ca
AC0 va ria tion  in C0
AL  va ria tion  in L
Al sm allest readable scale in terval 
p relative frequency e rro r AFJF  

A F  e rro r in F
A F Fo erro r in F  caused by  AF0
AFco erro r in F  caused by  AC0
A F Ca erro r in F  caused by  AC„
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Relations Between Attenuation and Phase in 
Feedback Amplifier Design

By H. W. BODE

I n t r o d u c t io n

TH E  engineer who em barks upon the design of a  feedback amplifier 
m ust be a creatu re  of mixed em otions. On th e  one hand, he 

can rejoice in the  im provem ents in the  characteristics of the s truc tu re  
which feedback prom ises to  secure h im .1 On the  o ther hand, he 
knows th a t  unless he can finally ad ju s t th e  phase and a ttenua tion  
characteristics around  the feedback loop so the amplifier will no t 
spontaneously b u rs t in to  uncontrollable singing, none of these ad ­
vantages can actually  be realized. T he em otional situation  is much 
like th a t of an im pecunious young m an who has im petuously invited 
the lady of his h ea rt to  see a play, unm indful, for the m om ent, of the 
lim itations of the $2.65 in his pockets. T he rap tu rous com m ents of 
the girl on the  wrny to  th e  th ea te r would be very  p leasant if they  were 
no t shadowed by  his p riv a te  speculation abo u t the  cost of the tickets.

In m any designs, particu larly  those requiring only m oderate am ounts 
of feedback, the  bogy of in stab ility  tu rn s ou t no t to  be serious after all. 
In others, however, the  situation  is like th a t of the  young man wrho 
has ju s t arrived a t  the  box office and finds th a t his worst fears are 
realized. B ut the  young man a t  least knows where he stands. The 
engineer’s experience is more tantalizing. In typical designs the loop 
characteristic  is always satisfactory— except for one little  point. W hen 
the engineer changes the circuit to  correct th a t point, however, diffi­
culties appear somewhere else, and so on ad infinitum . T he solution 
is always ju s t around th e  corner.

A lthough the engineer absorbed in chasing th is rainbow m ay not 
realize it, such an experience is alm ost as strong an indication of the 
existence of some fundam ental physical lim itation as the census which 
the young m an takes of his pockets. I t  rem inds one of the experience 
of the inven to r of a perpetual m otion machine. T he perpetual m o­
tion m achine, likewise, alw ays works— except for one little  factor. 
Evidently , th is so rt of frustra tion  and lost motion is inevitable in

1 A general acquaintance with feedback circuits and the uses of feedback is as­
sumed in this paper. As a broad reference, see H. S. Black, “ Stabilized Feedback 
Amplifiers,” B. S. T. J January, 1934.
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feedback am plifier design as long as th e  problem  is a tta ck ed  blindly. 
T o  avoid it, we m u st have some w ay of determ ining  in advance  when 
we are e ither a ttem p tin g  som ething which is beyond our resources, 
like th e  young m an on the w ay to  the  th ea te r, or som ething which is 
literally  im possible, like the perpetual m otion en thusiast.

T his paper is w ritten  to  call a tten tio n  to  several sim ple relations 
betw een the  gain around  an am plifier loop, and  th e  phase change 
around the  loop, which impose lim its to  w h at can and  canno t be done 
in a  feedback design. T he relations are m athem atica l laws, w hich in 
the ir sphere have th e  sam e inviolable character as th e  physical law 
which forbids the building of a  perpetual m otion m achine. T hey  show 
th a t  the  a tte m p t to  build  am plifiers w ith certa in  typ es of loop char­
acteristics must fail. T hey  perm it o ther types of characteristic , b u t 
only a t  the  cost of certa in  consequences which can be calculated . In  
particu lar, they  show th a t  the loop gain cannot be reduced too  a b ­
ru p tly  outside th e  frequency range w hich is to  be tran sm itted  if we 
wish to  secure an unconditionally  stab le  am plifier. I t  is necessary to  
allow a t least a  certain  m inim um  in terval before the  loop gain can be 
reduced to  zero.

T he question of th e  ra te  a t  which th e  loop gain is reduced is an im ­
p o rta n t one, because it  m easures the ac tual m agnitude of th e  problem  
confronting b o th  the designer and th e  m anufactu rer of the  feedback 
s truc tu re . U ntil the  loop gain is zero, the am plifier will sing unless the  
loop phase sh ift is of a  prescribed type. T he cutoff in te rva l as well 
as the  useful transm ission band  is therefore a region in w hich the 
characteristics of th e  ap p ara tu s  m ust be controlled. T he in terval 
represents, in engineering term s, th e  price of the  ticket.

T he price tu rn s  ou t to  be surprisingly  high. I t  can be m inim ized 
by accepting an am plifier which is only conditionally  s tab le .2 F o r the 
custom ary  absolutely  stable am plifier, w ith  o rd inary  m argins against 
singing, however, the price in term s of cutoff in te rva l is roughly  one 
octave for each ten  db of feedback in the useful band . In  p ractice , 
an additional allowance of an octave or so, w hich can perhaps be re­
garded as the  tip  to  the h a t check girl, m ust be m ade to  insure th a t  the  
amplifier, having once cu t off, will s ta y  p u t. T h u s in an am plifier 
w ith  30 db feedback, th e  frequency in terval over which effective con­
trol of the loop transm ission characteristics is necessary is a t  least four 
octaves, or sixteen tim es, b roader th an  th e  useful band . If we raise 
the feedback to  60 db, the  effective range m u st be m ore th an  a  hundred  
tim es the useful range. If th e  useful band  is itself large these factors

2 Definitions of conditionally and unconditionally stable amplifiers are given on 
page 432.
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m ay lead to  enorm ous effective ranges. For example, in a 4 megacycle 
am plifier they  indicate an effective range of abou t 60 megacycles for 30 
db feedback, or of more than 400 megacycles if the feedback is 60 db.

T he general engineering im plications of th is resu lt are obvious. I t  
ev idently  places a  burden upon the designer far in excess of th a t which 
one m ight an tic ipate  from  a consideration of the  useful band  alone. 
In fact, if the required to ta l range exceeds the band over which effective 
control of the  amplifier loop characteristics is physically possible, be­
cause of parasitic  effects, he is helpless. Like the young m an, he 
sim ply can ’t  pay for his ticket. T he m anufacturer, who m ust con­
stru c t and te s t the ap p ara tu s  to  realize a prescribed characteristic  over 
such wide bands, has perhaps a  still more difficult problem . U n­
fortunately , the  situation  appears to  be an inevitable one. T he 
m athem atical laws are inexorable.

Aside from sounding th is w arning, the  relations between loop gain 
and loop phase can also be used to  establish a definite m ethod of 
design. T he m ethod depends upon the developm ent of overall loop 
characteristics which give the optim um  result, in a  certain  sense, con­
sisten t w ith the  general laws. T his reduces actual design procedure to 
the  sim ulation of these characteristics by  processes which are essen­
tially  equivalent to  routine equalizer design. T he laws m ay also be 
used to  show how the characteristics should be modified when the 
cutoff in terval approaches the lim iting band w idth established by the 
parasitic  elem ents of the circuit, and to  determ ine how the m axim um  
realizable feedback in any  given situation  can be calculated. These 
m ethods are developed a t  some length in the w rite r’s U. S. P a ten t No. 
2,123,178 and are explained in som ew hat briefer term s here.

R e l a t io n s  B e t w e e n  A t t e n u a t i o n  a n d  P h a s e  in  
P h y s ic a l  N e t w o r k s  3

The amplifier design theory  advanced here depends upon a  s tudy  of 
the transm ission around the feedback loop in term s of a num ber of 
general laws relating  th e  a tten u a tio n  and phase characteristics of 
physical netw orks. In a ttack ing  th is problem  an im m ediate difficulty 
presents itself. I t  is app aren t th a t no entirely  definite and universal

3 Network literature includes a long list of relations between attenuation and 
phase discovered by a variety of authors. They are derived typically from a Fourier 
analysis of the transient response of assumed structures and are frequently ambigu­
ous, because of failure to recognize the minimum phase shift condition. No attempt 
is made to review this work here, although special mention should be made of Y. W. 
Lee’s paper in the Journal fo r Mathematics and, Physics for June, 1932. The proof 
of the relations given in the present paper depends upon a contour integration in the 
complex frequency plane and can be understood from the disclosure in the patent 
referred to previously.
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relation betw een the  a tten u a tio n  and  the phase sh ift of a  physical 
s tru c tu re  can exist. F o r exam ple, we can alw ays change th e  phase 
sh ift of a  circuit w ith o u t affecting its  loss by  add ing  e ith er an ideal 
transm ission line or an all-pass section. A ny a tten u a tio n  ch arac teris­
tic can thus correspond to  a  v a s t v a rie ty  of phase characteristics.

For the purposes of am plifier design th is am bigu ity  is fo rtuna te ly  
u n im portan t. W hile no unique relation  betw een a tten u a tio n  and 
phase can be s ta ted  for a  general c ircuit, a  unique relation does exist 
between any  given loss characteristic  and  the m in im um  phase shift 
which m ust be associated w ith  it. In  o th e r words, we can alw ays add 
a line or all-pass netw ork  to  the  c ircu it b u t we can never su b trac t such 
a s tru c tu re , unless, of course, it  happens to  be p a r t  of th e  circuit 
originally. If the circuit includes no surplus lines or all-pass sections, 
it will have a t  every  frequency the  least phase sh ift (algebraically) 
which can be obtained from any  physical s tru c tu re  having  the given 
a tten u a tio n  characteristic . T he least condition, since i t  is the  m ost 
favorable one, is, of course, of p a rticu la r in te rest in feedback am plifier 
design.

For the sake of precision it m ay be desirable to  re sta te  the  situa tions 
in which th is m inim um  condition fails to  occur. T h e  first s itua tion  is 
found when the circuit includes an all-pass ne tw ork  e ith er as an ind i­
v idual s tru c tu re  or as a  portion  of a  ne tw ork  which can be replaced by 
an all-pass section in com bination  w ith  som e o ther physical s tru c tu re .4 
T he second situa tion  is found when the c ircu it includes a  transm ission 
line. T he th ird  situa tion  occurs when the frequency is so high th a t 
the tubes, netw ork  elem ents and  w iring canno t be considered to  obey 
a  lum ped co n stan t analysis. T his s itua tion  m ay be found, for exam ple, 
a t  frequencies for which the tra n s it tim e of the tubes is im p o rtan t or for 
which the  d istance around the feedback loop is an appreciable p a r t  of 
a  w ave-length. T he th ird  situa tion  is, in m any  respects, su bstan tia lly  
the sam e as the second, b u t i t  is m entioned separa te ly  here as a  m a tte r  
of em phasis. Since the effective band  of a feedback am plifier is much 
g reater th an  its  useful band, as the  in troduction  po in ted  out, the  con­
siderations i t  reflects m ay be w orth  tak ing  in to  accoun t even when 
they  would be triv ia l in th e  useful band  alone.

I t  will be assum ed here th a t  none of these exceptional situa tions is 
found. F or the  m inim um  phase condition, then , it  is possible to  derive

4 Analytically this condition can be stated as follows: Let it be supposed that the 
transmission takes place between mesh 1 and mesh 2. The circuit will include an 
all-pass network, explicit or concealed, if any of the roots of the minor A ,2 of the 
principal circuit determinant lie below the real axis in the complex frequency plane. 
This can happen in bridge configurations, but not in series-shunt configurations, so 
that all ladder networks are autom atically of minimum phase type.
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a large num ber of relations between the a tten u a tio n  and phase char­
acteristics of a physical netw ork. One of the  sim plest is

X 00 

00

Bdu = %(A„ -  A 0), (1)

where u  represents log f / fo , fo  being an a rb itra ry  reference frequency, 
B  is the  phase sh ift in radians, and A 0 and A x are the  a ttenua tions in 
nepers a t  zero and infinite frequency, respectively. T he theorem  
states, in effect, th a t  the to ta l area under the phase characteristic  
p lo tted  on a logarithm ic frequency scale depends only upon the differ­
ence betw een the  a tten u a tio n s a t  zero and  infinite frequency, and no t 
upon the course of the a tten u a tio n  between these limits. N or does it 
depend upon the physical configuration of the netw ork unless a  non­
m inim um  phase stru c tu re  is chosen, in which case the area is necessarily 
increased. T he equality  of phase areas for a tten u a tio n  characteristics 
of different types is illu stra ted  by the sketches of Fig. 1.

The significance of the phase area relation for feedback amplifier 
design can be understood by  supposing th a t the practical transm ission 
range of the am plifier extends from zero to  some given finite frequency. 
The q u an tity  A 0 — A x can then be identified w ith the change in gain 
around the feedback loop required to  secure a cut-off. Associated with 
it m ust be a certain  definite phase area. If we suppose th a t the m axi­
m um  phase shift a t  an y  frequency is lim ited to  some ra th e r low value 
the to ta l area m ust be spread ou t over a p roportionately  broad interval 
on the  frequency scale. T his m ust correspond roughly to  the cut-off 
region, although the  possibility  th a t some of the area m ay be found 
above or below the  cut-off range prevents us from  determ ining the 
necessary in terval w ith precision.

A more detailed s ta tem en t of the relationship between phase shift 
and  change in a tten u a tio n  can be obtained by  tu rn ing  to  a second



426 B E L L  S Y S T E M  T E C H N I C A L  J O U R N A L

theorem . I t  reads as follows:

5 (/c ) =  ^ I w^ lo g co th T ^ M' (2)

where B ( f c) represen ts th e  phase sh ift a t  an y  a rb itra rily  chosen fre­
quency f c and u  =  l o g / / / c. T h is equation , like (1), holds only for 
the m inim um  phase sh ift case.

A lthough equation  (2) is som ew hat m ore com plicated th an  its 
predecessor, i t  lends itself to  an equally  sim ple physical in te rp re ta tio n . 
I t  is clear, to  begin w ith, th a t  the  equation  im plies b roadly  th a t  the

0.1 0.2 0.3 0 .4  0 5  0.6 0.6 1.0 2 3 4  5 6 6 10

fc
Fig. 2— W eighting function in loss-phase formula.

phase sh ift a t  any  frequency is p roportional to  the  d erivative  of the 
a tten u a tio n  on a  logarithm ic frequency scale. F o r exam ple, if dA /d u  
is doubled B  will also be doubled. T he phase sh ift a t  any  pa rticu la r 
frequency, however, does n o t depend upon the  d e riva tive  of a t te n u a ­
tion a t  th a t frequency alone, b u t upon th e  d erivative  a t  all frequencies, 
since it involves a sum m ing up , or in teg ra tion , of con tribu tions from  
the com plete frequency spectrum . F inally , we notice th a t  th e  c o n tr i­
bu tions to  the  to ta l phase sh ift from  the  various portions of th e  fre ­
quency spectrum  do no t add  up  equally , b u t ra th e r  in accordance w ith  
th e  function log coth | u  | /2. T his q u an tity , therefore, ac ts  as a w e ig h t­
ing function. I t  is p lo tted  in Fig. 2. As we m ight expect p h y s ica lly
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i t  is much larger near the po in t u =  0 than  it  is in o ther regions. We 
can, therefore, conclude th a t while the derivative of a tten u a tio n  a t  all 
frequencies enters in to  the phase shift a t  any  particu la r frequency 
/  =  f c th e  derivative in the neighborhood of f c is relatively  m uch more 
im p o rtan t than  the derivative in rem ote p a rts  of the spectrum .

As an illustration  of (2), let it be supposed th a t  A  = ku, which cor­
responds to  an a tten u a tio n  having a co nstan t slope of 6 k db per octave. 
T he associated phase shift is easily evaluated . I t  tu rns out, as we 
m ight expect, to  be constan t, and is equal num erically to  &7t /2  radians. 
This is illustra ted  by Fig. 3. As a  second exam ple, we m ay consider

to
Fig. 3— Phase characteristic corresponding to a constant slope attenuation.

a discontinuous a tten u a tio n  characteristic  such as th a t shown in Fig. 4. 
T he associated phase characteristic , also shown in Fig. 4, is propor­
tional to  the w eighting function of Fig. 2.

T he final exam ple is shown by  Fig. 5. I t  consists of an a ttenuation  
characteristic  which is constan t below a specified frequency f b and has 
a  constan t slope of 6 k db  per octave above /&. The associated phase 
characteristic  is sym m etrical abou t the transition  point between the 
two ranges. A t sufficiently high frequencies, the phase shift ap ­
proaches the lim iting &7r /2 radians which would be realized if the 
co nstan t slope were m aintained over the com plete spectrum . A t low 
frequencies the  phase shift is substan tia lly  proportional to  frequency 
and is given by the equation

„  2k f
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Solutions developed in th is  w ay can be added together, since i t  is 
ap p aren t from  the general relation upon which th ey  are based th a t  the  
phase characteristic  corresponding to  the sum  of tw o a tten u a tio n

20 K

<m
3u 10k

fo
Fig. 4— Phase characteristic corresponding to  a discontinuity in attenuation.

Fig. 5— Phase characteristic corresponding to an attenuation which is constant below  
a prescribed frequency and has a constant slope above it.

characteristics will be equal to  the  sum  of the  phase characteristics 
corresponding to  th e  tw o a tten u a tio n  characteristics separa te ly . W e 
can therefore com bine elem entary  solu tions to  secure m ore com plicated
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characteristics. An exam ple is furnished by  Fig. 6 , which is bu ilt up 
from  three solutions of the type shown by  Fig. 5. B y proceeding 
sufficiently far in th is way, an approxim ate com putation  of the  phase 
characteristic  associated w ith alm ost any  a tten u a tio n  characteristic  
can be m ade, w ithout the labor of actually  perform ing the in tegration 
in (2).

Fig. 6— Diagram to illustrate addition of elementary attenuation and phase char­
acteristics to  produce more elaborate solutions of the loss-phase formula.

E quations (1) and (2) are the m ost satisfactory  expressions to  use 
in studying the  relation betw een loss and phase in a  broad physical 
sense. T he m echanics of constructing  detailed loop cut-off character­
istics, however, are simplified by  the inclusion of one other, som ewhat 
more com plicated, form ula. I t  appears as

/ "
A d f

Vo2 ~ P( P -  fc2) +  X

B d f

\ F I ! (P  -  P 2)
_  7T B ( fc)

2fcSfo2 -  fc2 ’ 
7T A (P )
2 fcSfc2 - / o 2’

fc < fo

fc > fOi (4)

where / 0 is some a rb itra rily  chosen frequency and the o ther symbols 
have the ir previous significance.

T he m eaning of (4) can be understood if it is recalled th a t (2) implies 
th a t the m inim um  phase shift a t  any  frequency can be com puted if the
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a tten u a tio n  is prescribed a t  all frequencies. In th e  sam e w ay (4) 
shows how the com plete a tten u a tio n  and phase characteristics can be 
determ ined  if we begin by  prescribing the  a tten u a tio n  below / 0 and the 
phase sh ift above fo- Since f 0 can be chosen a rb itra rily  large or small 
th is is ev iden tly  a more general form ula than  e ither ( 1) or (2), while 
it can itself be generalized, by  the  in troduction  of additional irra tional 
factors, to  provide for m ore e labora te  p a tte rn s  of bands in which A  
and B  are specified a lternate ly .

As an  exam ple of th is  form ula, le t i t  be assum ed th a t  A  =  K  for 
/  < / o  and th a t  B  = kir/2 for /  >  f 0. T hese are  shown by  th e  solid 
lines in Fig. 7. S ubstitu tio n  in (4) gives the  A  and B  characteristics 
in th e  rest of the spectrum  as

B  = k sin 1 j  , 
Jo

A  = K  +  k log

/ < / o

V ^ 2 _ 1 + / o ] ’ / > / 0 ‘
(5)

These are indicated  by broken lines in Fig. 7. In  th is particu larly

Fig. 7— Construction of complete characteristics from an attenuation character­
istic specified below a certain frequency and a phase characteristic above it. The solid 
lines represent the specified attenuation and phase characteristics, and the broken 
lines their computed extensions to  the rest of the spectrum.

simple case all four fragm ents can be com bined in to  the single analy tic  
form ula

A  +  iB  =  K  +  k log ( «



F E E D B A C K  A M P L I F I E R  D E S I G N 431

This expression will be used as the fundam ental form ula for the loop 
cut-off characteristic  in the next section.

O v e r a l l  F e e d b a c k  L o o p  C h a r a c t e r is t ic s

T he survey ju s t concluded shows w hat com binations of a ttenuation  
and phase characteristics are physically  possible. W e have next to  
determ ine which of the  available com binations is to  be regarded as 
representing the transm ission around the overall feedback loop. T he 
choice will n a tu ra lly  depend som ew hat upon exactly  w hat we assum e 
th a t  the amplifier ought to  do, b u t w ith  any  given set of assum ptions 
it is possible, a t  least in theory , to  determ ine w hat com bination is m ost 
appropriate.

/  >X< 'N
/ \ /  - 1 , 0 f=co f= o

V  /

I s
1 ( /'m ill li

"  \S  M

S  \\
__

-—  - ____ -  —

F ig. 8— Nyquist stability diagrams for various amplifiers. Curve I represents 
“ absolute” stability, Curve II instability, and Curve III “ conditional” stability. 
In accordance with the convention used in this paper the diagram is rotated through 
180° from its normal position so that the critical point occurs at — 1 ,0  rather than 
+  1, 0.

The situation  is conveniently  investigated by means of the N yquist 
s tab ility  diagram  5 illu stra ted  by Fig. 8 . T he diagram  gives the path

6 Bell System Technical Journal, July, 1932. See also Peterson, Kreer, and Ware, 
Bell System Technical Journal, October, 1934. The Nyquist diagrams in the present 
paper are rotated through 180° from the positions in which they are usually drawn, 
turning the diagrams in reality into plots of — m/3. In a normal amplifier there is one 
net phase reversal due to the tubes in addition to any phase shifts chargeable directly 
to the passive networks in the circuit. The rotation of the diagram allows this 
phase reversal to be ignored, so that the phase shifts actually shown are the same as 
those which are directly of design interest.
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traced  by  the vec to r represen ting  th e  transm ission around  the feedback 
loop as the  frequency is assigned all possible real values. In accordance 
w ith  N y q u is t’s resu lts a  p a th  such as I I , w hich encircles th e  p o in t 
— 1 ,0 ,  ind icates an  unstab le  c ircu it and  m u st be avoided. A  stab le  
am plifier is ob tained  if th e  p a th  resem bles e ither I or I I I ,  n e ith e r of 
w hich encircles — 1 , 0 . T h e  s tab ility  rep resen ted  b y  C urve III, how ­
ever, is only “ N y q u is t” or “ cond itiona l.” T h e  p a th  will enclose the 
critical p o in t if i t  is m erely  reduced in scale, w hich m ay  correspond 
physically  to  a reduction in tube  gain. T h u s th e  c ircu it m ay  sing 
when the  tubes begin to  lose th e ir  gain because of age, and  i t  m ay  also 
sing, instead  of behaving  as i t  should, w hen the  tu b e  gain increases 
from  zero as pow er is first applied to  th e  circuit. Because of these 
possibilities conditional s tab ility  is usually  regarded  as undesirable 
and th e  p resen t discussion will consequently  be restric ted  to  “ abso­
lu te ly ” or “ u n co n d itio n a lly ” stab le  am plifiers hav ing  N yquist 
d iagram s of th e  ty p e  resem bling C urve I.

T he condition th a t  the  am plifier be abso lu tely  stab le  is ev iden tly  
th a t  the loop phase sh ift should no t exceed 180° u n til th e  gain around  
the  loop has been reduced to  zero or less. A  theoretical characteristic  
which ju s t m et th is requirem ent, how ever, w ould be unsatisfac to ry , 
since i t  is inev itab le th a t  th e  lim iting phase w ould be exceeded in fact 
b y  m inor deviations in troduced  e ither in th e  deta iled  design of th e  
am plifier or in its  construction . I t  will therefore  be assum ed th a t  the  
lim iting phase is taken  as 180° less some definite m argin. T h is is 
illu stra ted  b y  Fig. 9, the  phase m argin being ind ica ted  as yir rad ians. 
A t frequencies rem ote from  the  band  it is physically  im possible, in 
m ost circuits, to  re s tric t the  phase w ith in  these lim its. As a  supple­
m ent, therefore, i t  will be assum ed th a t  larger phase shifts are perm is­
sible if the loop gain is x  db  below zero. T h is is illu stra ted  b y  the 
broken circular arc in Fig. 9. A theoretical loop ch aracteristic  m eeting 
bo th  requirem ents will be developed for an am plifier tran sm ittin g  
betw een zero and  some prescribed lim iting  frequency w ith  a  co n stan t 
feedback, and  cu ttin g  off th ereafter as rap id ly  as possible. T h is  basic 
characteristic  can be adap ted  to  am plifiers w ith  vary ing  feedback in 
th e  useful range or w ith  useful ranges lying in o th e r p a r ts  of th e  spec­
tru m  by  com paratively  sim ple m odifications w hich are described a t  a  
la te r  po in t. I t  is, of course, con tem pla ted  th a t  the  gain an d  phase 
m argins x  and  y  will be chosen a rb itra rily  in advance. If  we choose 
large values we can p erm it correspondingly large to lerances in the  
detailed  design and  construction  of the  ap p a ra tu s  w ithou t risk  of in ­
stab ility . I t  tu rn s  out, however, th a t  w ith  a  prescribed w id th  of 
cutoff in terval the am o u n t of feedback w hich can be realized in th e
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useful range is decreased as the assum ed m argins are  increased, so th a t  
it  is generally desirable to  choose as small m argins as is safe.

T he essential feature in th is s itua tion  is the requirem ent th a t  the  
d im inution of th e  loop gain in th e  cutoff region should n o t be accom ­
panied by  a  phase shift exceeding some prescribed am ount. In view 
of the close connection betw een phase shift and the slope of the  a tte n u ­
ation characteristic  evidenced b y  (2) th is  ev iden tly  dem ands th a t  the 
amplifier should cu t off, on the whole, a t  a  well defined ra te  which is n o t 
too fast. As a  first approxim ation, in fact, we can choose the cutoff

loop.

characteristic  as an exactly  co nstan t slope from the edge of the  useful 
band outw ard. Such a  characteristic  has already  been illustrated  by  
Fig. 5 and is shown, rep lo tted ,6 by  the broken lines in Fig. 10. If  we 
choose the p aram eter corresponding to  k  in Fig. 5 as 2 the cutoff ra te  
is 12 db  per octave and  the  phase sh ift is substan tia lly  180° a t  high 
frequencies. T his choice thus leads to  zero phase m argin. By choos­
ing a  som ew hat sm aller k  on the o ther hand, we can provide a definite

6 To prevent confusion it should be noticed that the general attenuation-phase 
diagrams are plotted in terms of relative loss while loop cutoff characteristics, here 
and at later points, are plotted in term s of relative gain.
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m argin against singing, a t  the cost of a  less rap id  cutoff. F o r exam ple, 
if we choose k =  1.5 th e  lim iting phase sh ift in th e  ///3 loop becom es 
135°, which provides a m argin of 45° against instab ility , while the  ra te  
of cutoff is reduced to  9 db per octave. T he value k  =  1.67, w hich cor­
responds to  a cutoff ra te  of 10 db  per octave and  a phase m argin of 30°, 
has been chosen for illu stra tive  purposes in p reparing  Fig. 10. T he loss 
m argin depends upon considerations w hich will appear a t  a  la te r point.

A lthough characteristics of the  ty p e  shown by Fig. 5 are reasonably  
sa tisfac to ry  as am plifier cutoffs th ey  ev iden tly  provide a  g rea te r phase

fo
Fig. 10— Ideal loop cutoff characteristics. Drawn for a 30° phase margin.

m argin against in stab ility  in the  region ju s t  beyond the useful band 
th an  they  do a t  high frequencies. In  v irtu e  of the  phase a rea  law  th is 
m ust be inefficient if, as is supposed here, th e  op tim um  ch aracteristic  
is one which would provide a co n stan t m argin th ro u g h o u t the  cutoff 
in terval. T he relation  betw een the  phase and  th e  slope of th e  a t te n u a ­
tion suggests th a t a  co n stan t phase m argin can be ob tained  by  increas­
ing the slope of the  cutoff characteristic  near the  edge of the band, 
leaving its slope a t  more rem ote frequencies unchanged, as shown by 
th e  solid lines in Fig. 10. T he exact expression for th e  required  curve 
can be found from  (6), w here the problem  of determ ining  such a ch a r­
ac teristic  appeared as an exam ple of the  use of the general form ula (4 ).



F E E D B A C K  A M P L I F I E R  D E S I G N 435

A t high frequencies the  new phase and a tten u a tio n  characteristics 
merge w ith  those obtained from the preceding stra ig h t line cutoff, as 
Fig. 10 indicates. In th is region the relation between phase m argin and 
cutoff slope is fixed by  the k in the  equation (6) in th e  m anner already 
described for the more elem entary  cutoff. A t low frequencies, how ­
ever, the increased slope near the  edge of the  band  perm its 6 k db  more 
feedback.

I t  is w orth while to  pause here to  consider w hat m ay be said, on the 
basis of these characteristics, concerning the  bread th  of cutoff in terval 
required for a given feedback, or the  “ price of the  tick e t,” as it was 
expressed in the  introduction. If we .adopt the  s tra ig h t line cutoff 
and assum e the k used in Fig. 10 the  in terval betw een the  edge of the 
useful band and the in tersection of the characteristic  w ith the zero gain 
axis is ev idently  exactly  1 octave for each 10 db  of low frequency feed­
back. T he increased efficiency of th e  solid line characteristic  saves 
one octave of th is to ta l if the feedback is reasonably large to  begin w ith. 
T his apparen tly  leads to  a net in terval one or tw o octaves narrow er 
than  the  estim ates m ade in the  in troduction . T he additional interval 
is required to  bridge the gap betw een a purely m athem atical form ula 
such as (6), which im plies th a t  the  loop characteristics follow a p re­
scribed law up to  indefinitely high frequencies, and a physical amplifier, 
whose u ltim ate  loop characteristics vary  in some uncontrollable way. 
This will be discussed later. I t  is evident, of course, th a t the cutoff 
in terval will depend slightly  upon the m argins assumed. For example, 
if the  phase m argin is allowed to  vanish the cutoff ra te  can be increased 
from 10 to  12 db per octave. This, however, is no t sufficient to  affect 
the order of m agnitude of the result. Since the dim inished m argin is 
accom panied by  a corresponding increase in the  precision w ith which 
the  ap p ara tu s  m ust be m anufactured such an econom y is, in fact, a 
Pyrrhic v ic to ry  unless it is d ic ta ted  by some such compelling considera­
tion as th a t  described in th e  next section.

M a x im u m  O b t a in a b l e  F e e d b a c k

A p articu larly  in teresting  consequence of the  relation between feed­
back and cutoff in terval is the fact th a t i t  shows w hy we cannot obtain 
unconditionally  stable amplifiers w ith as much feedback as we please. 
So far as the  purely  theoretical construction of curves such as those in 
Fig. 10 is concerned, there is clearly no lim it to  the feedback which can 
be postu lated . As the feedback is increased, however, the cutoff in te r­
val extends to  higher and higher frequencies. The process reaches a 
physical lim it when the frequency becomes so high th a t parasitic  effects 
in th e  circuit are controlling and do no t perm it the  prescribed cutoff
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characteristic  to  be sim ulated  w ith sufficient precision. F or exam ple, 
we are obviously in physical difficulties if the  cutoff characteristic  
specifies a  n e t gain around th e  loop a t  a  frequency so high th a t  the 
tubes them selves w orking in to  the ir own p arasitic  capacitances do no t 
give a gain.

T h is lim ita tion  is s tud ied  m ost easily if th e  effects of th e  parasitic  
elem ents are lum ped together b y  represen ting  them  in term s of the 
asym pto tic  characteristic  of the  loop as a  whole a t  extrem ely  high 
frequencies. An exam ple is shown b y  Fig. 11. T he s tru c tu re  is a

Fig. 11— Elements which determine the asym ptotic loop transmission characteristic
in a typical amplifier.

sh u n t feedback amplifier. T he ¡3 c ircu it is represen ted  by  th e  T  com ­
posed of netw orks As, N e and A?. T he in p u t and  o u tp u t c ircu its are 
represented by  A j and  Ah and the  in terstage  im pedances b y  Ah and  A 3. 
T he C ’s are p arasitic  capacitances w ith the  exception of C5 and  C§, 
which m ay be regarded as design elem ents added deliberately  to  A 5 and 
A 6 to  ob tain  an efficient high frequency transm ission p a th  from  o u tp u t 
to  inpu t. A t sufficiently high frequencies the loop transm ission will 
depend only upon these various capacitances, w ith o u t regard  to  the 
A ’s. T hus, if the transconductances of the  tubes are represen ted  by 
G\, Gi, and G3 the  asym pto tic  gains of the first tw o tubes are Gi/coCi 
and G2/wC3. T he rest of the  loop includes the  th ird  tu b e  and  the 
po ten tiom eter form ed by  the  capacitances C1, C4, C5 and C6. Its 
asym pto tic  transm ission can be w ritten  as G3/uC, where

C =  Cl +  C4 +  - ^  (C5 +  Ce).
5 '-'6

E ach of these term s dim inishes a t  a  ra te  of 6 db  per octave. T he com ­
plete asym pto te  is GiG2G3/w3CC2C3. I t  appears as a  s tra ig h t line w ith 
a  slope1 of 18 db per octave when p lo tted  on logarithm ic frequency 
paper,
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A sim ilar analysis can evidently  be m ade for any  amplifier. In the 
particu la r circuit shown by  Fig. 11 the slope of the asym pto te , in un its 
of 6 db  per octave, is the sam e as the  num ber of tubes in the  circuit. 
The slope can ev idently  n o t be less than  the  num ber of tubes b u t it  m ay 
be grea ter in some circuits. F or exam ple if C-, and C$ were om itted  in 
Fig. 11 and  N-0 and N 6 were regarded as degenerating in to  resistances 
the asym pto te  would have a  slope of 24 db per octave and would lie 
below the presen t asym pto te  a t  any  reasonably high frequency. In 
any  event the asym pto te  will depend only upon the parasitic  elem ents 
of the  circuit and perhaps a  few of the  m ost significant design elem ents. 
I t  can thus be determ ined from a skeletonized version of the final 
structu re . If w aste of tim e in false s ta rts  is to  be avoided such a 
determ ination  should be m ade as early  as possible, and certain ly  in 
advance of any  detailed  design.

The effect of the asym pto te  on the overall feedback characteristic  is 
illustra ted  by  Fig. 12. T he curve A B E F  is a  reproduction of the ideal

Fig. 12— Combination of asymptotic characteristic and ideal cutoff characteristic.

cutoff characteristic  originally given by  the solid lines in Fig. 10. I t  
will be recalled th a t the curve was draw n for the  choice k =  5/3, which 
corresponds to  a phase m argin of 30° and an alm ost constan t slope, for 
the portion D E F  of the characteristic, of abou t 10 db per octave. T he



438 B E L L  S Y S T E M  T E C H N I C A L  J O U R N A L

stra ig h t line C E K  represen ts an asym pto te  of the  type  ju s t described, 
w ith a slope of 18 db per octave. Since the a sym pto te  m ay  be assum ed 
to  rep resen t the  p ractical upper lim it of gain in the  high-frequency 
region, the effect of the p arasitic  elem ents can be ob tained  by  replacing 
the  theoretical cutoff by the  broken line characteristic  A B D E K .  In 
an actual circuit the  corner a t  E  would, of course, be rounded off, b u t 
th is is of negligible q u a n tita tiv e  im portance. Since E F  and E K  d iverge 
by 8 db  per octave the effect can be stud ied  by  adding curves of the 
type shown by Fig. 5 to  the  original cutoff characteristic .
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Fig. 13— Phase characteristics corresponding to gain characteristics of Fig. 12.

T he phase shift in the  ideal case is shown by  C urve I of Fig. 13. 
T he addition  of the phase corresponding to  the  ex tra  slope of 8 db  per 
octave a t  high frequencies produces the  to ta l phase characteristic  
shown by  C urve I '. A t the  p o in t B  w here |/t/3| =  1, the  additional 
phase sh ift am ounts to  35 degrees. Since th is is g rea te r th an  the 
original phase m argin of 30 degrees the  am plifier is u n stab le  when 
parasitic  elem ents are considered. In the  p resen t instance s tab ility  
can be regained by  increasing the coefficient k to  1-5/6, w hich leads to  
the  broken line characteristic  A G K H  in Fig. 12. T h is reduces the 
nom inal phase m argin to  15 degrees, b u t the  frequency in te rva l be­
tween G and K  is so much g reater th an  th a t  betw een B  and  E  th a t  the  
added phase is reduced still m ore and  is ju s t less th an  15° a t  the  new
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cross over po in t G. T his is illustra ted  by II  and I I ' in Fig. 13. On 
the o ther hand, if the zero gain in tercep t of the asym pto te  C E K  had 
occurred a t a  slightly  lower frequency, no change in k alone would have 
been sufficient. I t  would have been necessary to  reduce the am ount 
of feedback in the  tran sm itted  range in order to  secure stab ility .

T he final characteristic  in Fig. 13 reaches the lim iting phase shift 
of 180° only a t the crossover poin t. I t  is ev iden t th a t  a  som ew hat more 
efficient solution for the extrem e case is obtained if the lim iting 180° 
is approxim ated throughou t the  cutoff in terval. T his result is a tta ined  
by the cutoff characteristic  shown in Fig. 14. T he characteristic  con-

X

Fig. 14— Ideal cutoff modified to take account of asymptotic characteristic. Drawn 
for zero gain and phase margins.

sists of the  original theoretical characteristic, draw n for k = 2 , from 
the edge of the  useful band  to  its  in tercep t w ith the zero gain axis, the 
zero gain axis from  this frequency to  the in tercep t w ith the high-fre­
quency asym pto te , and the  asym pto te  thereafter. I t  can be regarded 
as a com bination of the ideal cutoff characteristic  and two character­
istics of the type shown by  Fig. 5. One of the added characteristics 
s ta rts  a t  B  and has a  positive slope of 12 db per octave, since the ideal 
cutoff was draw n for the lim iting value of k. The o ther s ta rts  a t  C and 
has the negative slope, — 18 db  per octave, of the asym ptote itself. 
As (3) shows, the  added slopes correspond a t lower frequencies to  ap ­
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proxim ately  linear phase characteristics of opposite sign. If  th e  
frequencies B  and  C a t  w hich the  slopes begin are in th e  sam e ratio , 
12 : 18, as th e  slopes them selves the  con tribu tions of the  added slopes 
will su b stan tia lly  cancel each o ther and  the n e t phase sh ift th ro u g h o u t 
th e  cutoff in terval will be a lm ost the  sam e as th a t  of the  ideal curve 
alone. T he exact phase characteristic  is shown b y  Fig. 15. I t  dips

f
fo

Fig. IS— Phase characteristic corresponding to gain characteristic of Fig. 14.

slightly  below 180° a t  the p o in t a t  w hich th e  characteristic  reaches the 
zero gain axis, so th a t  th e  c ircu it is in fac t stable.

T he sam e analysis can ev idently  be applied to  asym pto tes of any  
o ther slope. T his m akes i t  easy to  com pute the  m axim um  feedback 
obtainable  under any  asym pto tic  conditions. If f 0 and  f a are respec­
tively  the edge of the useful band and the  in te rcep t (C in Figs. 12 and 
14) of the a sym pto te  w ith th e  zero gain axis, and  n is th e  a sym pto tic  
slope, in un its  of 6 db  per octave, the  resu lt appears as

A m =  40 logic (7)
Jo

w here A m is the  m axim um  feedback in d b .7

7 The formulae for maximum feedback given here and in the later equation (8) 
are slightly conservative. It follows from the phase area law that more feedback  
should be obtained if the phase shift were exactly 180° below the crossover and rose



F or the sake of generality  it is convenient to  extend this form ula to 
include also situations in which there exists some fu rther linear phase 
characteristic  in addition to  those already  taken in to  account. In 
exceptional circuits, th e  final asym pto tic  characteristic  m ay no t be 
com pletely established by the tim e the curve reaches the zero gain axis 
and the additional phase characteristic  m ay be used to  represent the 
effect of subsequent changes in the  asym pto tic  slope. Such a situation 
m ight occur in the  circuit of Fig. 1 1 , for example, if C-0 or C6 were made 
extrem ely small. T he additional term  m ay also be used to  represent 
departures from  a lum ped constan t analysis in high-frequency am pli­
fiers, as discussed earlier, If we specify the added phase characteristic, 
from w hatever source, by  m eans of the frequency f d a t  which it would 
equal 2n/ir radians, if ex trapolated , the general form ula corresponding 
to  (7) becomes

A m =  40 logio-wT—r^ F  ' (8)nfofa + f d

I t  is in teresting to  notice th a t  equations (7) and (8) take no explicit 
account of the  final external gain of the amplifier. N atu ra lly , if the 
external gain is too  high the  available n c ircuit gain m ay no t be sufficient 
to  provide it  and also the  feedback which these formulae promise. 
This, however, is an elem entary  question which requires no further 
discussion. In o ther circum stances, the external gain m ay en ter the 
situation indirectly, by  affecting the asym pto tic characteristics of the 
/3 p a th , b u t in a  well chosen /3 circuit th is is usually  a  m inor considera­
tion. The external gain does, however, affect the p a rts  of the circuit 
upon which reliance m ust be placed in controlling the  overall loop 
characteristic. F or example, if the  external gain is high the circuit 
will ordinarily  be sharply  tuned  and will drop off rapidly in gain beyond 
the useful band. T he /3 circuit m ust therefore provide a decreasing 
loss to  bring the overall cutoff ra te  w ithin the required limit. Since 
the (3 c ircuit m ust have in itially  a high loss to  correspond to  the high 
final gain of the com plete amplifier, this is possible. Conversely, if 
the gain of the amplifier is low the n circuit will be relatively flexible 
and th e  /3 circuit relatively inflexible.
rapidly to its ultimate value thereafter. These possibilities can be exploited ap­
proximately by various slight changes in the slope of the cutoff characteristic in the 
neighborhood of the crossover region, or a theoretical solution can be obtained by 
introducing a prescribed phase shift of this type in the general formula (4). The 
theoretical solution gives a Nyquist path which, after dropping below the critical 
point with a phase shift slightly less than 180°, rises again with a phase shift slightly 
greater than 180° and continues for some time with a large amplitude and increasing 
phase before it finally approaches the origin. These possibilities are not considered 
seriously here because they lead to only a few db increase in feedback, at least for 
moderate n’s, and the degree of design control which they envisage is scarcely feasible 
in a frequency region where, by definition, parasitic effects are almost controlling.

F E E D B A C K  A M P L I F I E R  D E S I G N  441



442 B E L L  S Y S T E M  T E C H N I C A L  J O U R N A L

In se tting  up  (7) and  (8) it  has been assum ed th a t the  am plifier will, 
if necessary, be b u ilt w ith  zero m argins against singing. A ny surplus 
which the  equations ind icate  over the  actual feedback required can, of 
course, be used to  provide a cutoff characteristic  having definite phase 
and  gain m argins. F o r exam ple, if we begin w ith a  lower feedback in 
the useful band  the derivative  of the  a tten u a tio n  betw een th is region 
and  the  crossover can be p roportionate ly  reduced, w ith a  corresponding 
decrease in phase shift. W e can also carry  the flat portion  of the 
characteristic  below the  zero gain axis, thus providing a gain m argin 
when the phase characteristic  crosses 180°. In reproportion ing  the 
characteristic  to  su it these conditions, use m ay  be m ade of th e  a p ­
proxim ate form ula

n  — 2 2
A m — A  = (Am +  17.4);y + -  - x + - x y ,  (9)

tv tv

where A m is the  m axim um  obtainable  feedback (in db), A  is the ac tual 
feedback, and x  and  y  are the gain and  phase m argins in the  n o ta tion  of 
Fig. 9. Once the available m argin has been divided betw een th e  x  and

_P

Fig. 16— Modified cutoff permitting 30° phase margin and 9 db gain margin.

y  com ponents by  m eans of th is form ula the  cutoff ch aracteristic  is, of 
course, readily  draw n in. An exam ple is furnished by  Figs. 16 and 17,
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where it is assum ed th a t A m =  43 db, A  =  29 db, x  = 9 db, n =  3 and 
y  =  1/6. T he N yquist d iagram  for the stru c tu re  is shown by Fig. 
18. I t  ev idently  coincides alm ost exactly  w ith the d iagram  postu lated  
originally in Fig. 9.

_L
to

Fig. 17— Phase characteristic corresponding to gain characteristic of Fig. 16.

Fig. 18— Nyquist diagram corresponding to gain and phase characteristics of 
Figs. 16 and 17. As in Fig. 8 the diagram is rotated to place the critical point at 
— 1 ,0  rather than +  1, 0.

W ith the characteristic  of Fig. 16 a t  hand, we can retu rn  once more to 
the calculation of the to ta l design range corresponding to  any  given 
feedback. From  the useful band to  the intersection of the cutoff
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characteristic  w ith  th e  zero gain axis the  calculation is th e  sam e as 
th a t  m ade previously  in connection w ith Fig. 10. F rom  th e  zero gain 
in te rcep t to  the  junction  w ith  the asym pto te , w here we can say th a t 
design contro l is finally relaxed, there  is, however, an additional in terval 
of nearly  tw o octaves. A lthough Fig. 16 is fairly  typ ical, th e  exact 
b read th  of th e  additional in terval will depend som ew hat on circum ­
stances. I t  is increased by  an increase in the asym pto tic  slope and 
reduced by  decreasing th e  gain m argin.

R e l a t iv e  Im p o r t a n c e  o f  T u b e s  a n d  C ir c u it  in  
L i m i t in g  F e e d b a c k  8

T he discussion ju s t  finished leads to  the  general conclusion th a t  the 
feedback which can be ob tained  in an y  given am plifier depends u lti­
m ately  upon th e  high-frequency asym pto te  of th e  feedback loop. I t  
is a m a tte r  of some im portance, then , to  determ ine w h at fixes the 
a sym pto te  and  how it can be im proved. E viden tly , the asy m p to te  is 
finally restric ted  by  the  gains of the  tubes alone. W e can scarcely 
im prove upon th e  resu lt secured b y  connecting th e  o u tp u t p la te  d irectly  
to  th e  in p u t grid. W ithin  th is lim it, however, th e  ac tual asym pto tic  
characteristic  will depend upon the configuration and  ty p e  of feedback 
em ployed, since a given d istribu tion  of parasitic  elem ents m ay  evi­
d en tly  affect one a rrangem ent m ore th an  another. T he salien t circuit 
problem  is therefore th a t  of choosing a general configuration for the 
feedback circuit w hich will allow the  m axim um  efficiency of transm is­
sion a t  high frequencies.

T he relative im portance of tube  lim ita tions and  c ircu it lim itations 
is m ost easily studied if we replace (7) by

A,  = i 0 l o (10)

where f t is the  frequency a t  which th e  tubes them selves w orking in to  
their own parasitic  capacitances have zero gain 9 and A  t is the asy m p ­
to tic  loss of th e  com plete feedback loop in db  a t  /  =  f t. T h e  first te rm

8 The material of this section was largely inspired by comments due to  Messrs. 
G. H. Stevenson and J. M. West.Q

9 I.e .,/«  =  where Gm and C are respectively the transconductance and capaci-Z7rC Q
tance of a representative tube. The ratio — ■ is the so-called “ figure of merit ” of the

tube. The analysis assumes that the interstage network is a simple shunt impedance, 
so that the parasitic capacitance does correctly represent its asym ptotic behavior. 
More complicated four-terminal interstage networks, such as transformer coupling 
circuits and the like, are generally inadmissible in a feedback amplifier because of the 
high asym ptotic losses and consequent high-phase shifts which they introduce.



FEED BACK A M P L IF IE R  D ESIG N 445

of (10) shows how th e  feedback depends upon the  intrinsic band w idth 
of the  available tubes. In low-power tubes especially designed for the 
p u rp o se /i m ay be 50 me or more, b u t i f / 0 is small the  first te rm  will be 
substan tia l even if tubes w ith much lower values of f t are selected. 
The second term  gives the loss in feedback which can be ascribed to  the 
rest of the circuit. I t  is ev idently  no t possible to  provide in p u t and 
o u tp u t circuits and a jS-path w ithou t m aking some contribu tion  to  the 
asym pto tic  loss, so th a t A t cannot be zero. In an amplifier designed 
with particu la r a tten tio n  to  th is question, however, it  is frequently  
possible to  assign A , a  com paratively  low value, of the order of 20 to  
30 db or less. W ithou t such special a tten tio n , on the  o ther hand, A t is 
likely to  be very m uch larger, w ith a  consequent dim inution in available 
feedback.

In addition  to  /» and A ,,  (10) includes the q u an tity  n, which repre­
sents the final asym pto tic  slope in m ultiples of 6 db per octave. Since 
the tubes m ake no con tribu tion  to  th e  asym pto tic  loss a t  f  = f t  we 
can v a ry  n w ithou t affecting A  t by  changing the num ber of tubes in the 
circuit. This m akes it  possible to  com pute th e  optim um  num ber of 
tubes which should be used in any given situation  in order to  provide 
the  m axim um  possible feedback. If A  t is small the  first te rm  of (10) 
will be the  dom inant one and it  is ev idently  desirable to  have a small 
num ber of stages. T he lim it m ay be taken as n = 2 since w ith only 
one stage th e  feedback is restric ted  by  the  available forw ard gain, 
which is no t taken  in to  account in th is  analysis. On the o ther hand 
since the second term  varies more rapidly  than the first w ith w, the 
optim um  num ber of stages wall increase as A  t is increased. I t  is given 
generally by

or in o ther words the optim um  n  is equal to  the asym ptotic loss a t  the 
tube crossover in nepers.

T his relation is of particu lar in terest for high-power circuits, such as 
radio transm itters , where circuit lim itations are usually  severe b u t the 
cost of additional tubes, a t  least in low-power stages, is relatively u n ­
im portan t. As an extrem e example, we m ay consider the problem  of 
providing envelope feedback around a transm itte r. W ith  the rela­
tively  sharp  tun ing  ordinarily  used in the  high-frequency circuits of a 
tran sm itte r the  asym pto tic  characteristics of the  feedback p a th  will be 
com paratively  unfavorable. For illustra tive purposes we m ay assume 
t h a t / a =  40 kc. and n =  6. In accordance with (7) th is would provide 
a m axim um  available feedback over a  10 kc. voice band  of 17 db. I t



will also be assum ed th a t the additional tubes for the low-power p o r­
tions of the  circuit have an f t of 10 m e.10 T he corresponding A t is 33 
nepers 11 so th a t equation  (11) would say th a t the  feedback would be in ­
creased b y  th e  addition  of as m any  as 27 tubes to  the  c ircuit. N a tu r­
ally  in such an extrem e case th is resu lt can be looked upon only as a 
qu a lita tiv e  indication  of the  direction in which to  proceed. If we add 
only 4 tubes, however, the  available feedback becom es 46 db while if we 
add  10 tubes it reaches 60 db. I t  is to  be observed th a t  only a small 
p a r t  of the available gain of the added tubes is used in d irectly  increas­
ing the  feedback. T he rem ainder is consum ed in com pensating for 
the  u n fo rtu n a te  phase shifts in troduced  by  th e  rest of the circuit.

A m p l if ie r s  o f  O t h e r  T y p e s

T he am plifier considered th u s far is of a  ra th e r  special type . I t  has 
a  useful band  extending from  zero up to  some prescribed fre q u e n c y /0, 
co n stan t feedback in the  useful band , and  it is abso lu tely  stable. D e­
p artu res  from  absolu te s tab ility  are ra th e r  unusual in prac tica l am pli­
fiers and will no t be considered here. I t  is ap p a ren t from  the  phase 
area relation th a t a  conditionally  stab le  am plifier m ay  be expected to  
have a g rea ter feedback for a  cut-off in terval of given b read th  than  a 
s tru c tu re  which is unconditionally  stable, b u t a  detailed  discussion of 
the  problem  is beyond the  scope of th is paper.

D epartu res from  th e  o ther assum ptions are easily trea ted . For 
exam ple, if a vary ing  feedback in the  useful band  is desired, as it m ay 
be in occasional am plifiers, an app rop ria te  cut-off characteristic  can 
be constructed  by re tu rn ing  to  the  general form ula (4), perform ing the 
in tegrations graphically , if necessary. If the  phase requirem ent in 
the  cut-off region is left unchanged only the  first in tegral need be 
modified. T he m ost im p o rtan t question, for o rd inary  purposes, is th a t 
of determ ining  how high the vary ing  feedback can be, in com parison 
w ith a corresponding constan t feedback characteristic , for any  given 
asym pto te . T h is can be answ ered by  observing th e  form  to  which the 
first in tegral in (4) reduces w h e n /c is m ade very  large. I t  is easily seen 
th a t  the  asym pto tic  conditions will rem ain the sam e provided the

10 In tubes operating at a high-power level f t  may, of course, be quite low. It is 
evident, however, that only the tubes added to the circuit are significant in interpret­
ing (11). The additional tubes may be inserted directly in the feedback path if they  
are made substantially linear in the voice range by subsidiary feedback of their own. 
This will not affect the essential result of the present analysis.

11 It is, of course, not to be expected that the actual asym ptotic slope will be con­
stant from 40 kc. to 10 me. Since only the region extending a few octaves above 40 
kc. is of interest in the final design, however, the apparent A t can be obtained by 
extrapolating the slope in this region.
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feedback in the  useful band satisfies a relation of th e  form

7r/2

Ad<f> = constan t, (12)

where cf> =  sin-1///<>• T hus the area under the  varying characteristic , 
when p lo tted  against $, should be the same as th a t under a correspond­
ing co nstan t characteristic  having the  sam e phase and gain m argins 
and the same final asym pto te . T his is exemplified by Fig. 19, the

A

o so
4  IN DEGREES

Fig. 19— Diagram to illustrate the computation of available feedback when the 
required feedback in the useful band is not the same at all frequencies.

varying characteristic  being chosen for illustra tive purposes as a 
stra igh t line on an arithm etic  frequency scale.

T he m ost im portan t question has to  do with the assum ption th a t the 
useful transm ission band extends down to  zero frequency. In m ost 
amplifiers, of course, th is is no t true. I t  is consequently  necessary to  
provide a cut-off characteristic  on the  lower as well as the upper side 
of the band. T he requisite characteristics are easily obtained from 
the ones which have been described by means of frequency transform a­
tions of a type fam iliar in filter theory. T hus if the cut-off characteris­
tics studied thus far are regarded as being of the “ low -pass” type the 
characteristics obtained from them  by  replacing / / / 0 by  its  reciprocal 
m ay be regarded as being of the  “ h igh-pass” type. If the  band w idth 
of the am plifier is relatively broad it is usually sim plest to  tre a t the 
upper and lower cut-offs as independent characteristics of low-pass and 
high-pass types. In th is event, the  asym pto te  for the lower cut-off is 
furnished by such elem ents as blocking condensers and choke coils in the 
p late  supply  leads. T he low-frequency asym pto te  is usually no t so
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serious a problem  as th e  high-frequency asym pto te  since i t  can be 
placed as far from  the  band  as we need by using large enough elem ents 
in the  pow er supp ly  circuits. T he superposition of a  low -frequency 
cutoff on the  idealized loop gain and  phase characteristics of a  “ low- 
p a s s” circuit is illu stra ted  by  th e  broken lines in Fig. 20.

Fig. 20— Modification of loop characteristics to  provide a lower cutoff in a broad­
band amplifier.

If the band w idth is rela tively  narrow  it is more efficient to  use the 
transform ation  in filter theo ry  w hich relates a  low-pass to  a sym m etrical 
band-pass struc tu re . T he transfo rm ation  is ob tained  b y  replacing 

f / fo  in the  low-pass case by  ( / 2 — f i f í / f i f í  — / i ) ) ,  w here / i  and / 2 are 
the  edges of the  prescribed band. I t  substitu tes  resonan t and  a n ti­
resonan t circuits tuned  to  the cen ter of the  band  for the coils and  con­
densers in the low-pass circuit. In pa rticu la r each p a rasitic  inductance 
is tuned  by  the addition  of a  series condenser and  each p arasitic  capac­
ity  is tuned  by  a shu n t coil. T he param eters of the transfo rm ation  
m ust, of course, be so chosen th a t  th e  p arasitic  elem ents have th e  co r­
rec t values for use in th e  new branches.

T h is leads to  a sim ple b u t im p o rtan t result. If th e  inductance  of a 
series resonan t circuit is fixed, the  in te rva l represen ted  b y  fb  — f a in 
Fig. 21, betw een th e  frequencies a t  w hich the abso lu te  value of the 
reactance reaches some prescribed lim it X 0, is alw ays co n stan t and  
equal to  th e  frequency a t  which the  u n tu n ed  inductance w ould exhib it 
the reactance X 0, w hatever the  tun ing  frequency m ay  be. T he sam e 
relation holds for the  capacity  in an an ti-reso n an t circuit. T h u s the 
frequency range over which the branches contain ing  p arasitic  elem ents 
exhibit com parable im pedance varia tions is the  sam e in th e  band-pass 
s tru c tu re  and in the  p ro to ty p e  low-pass s tru c tu re . B u t since the 
transfo rm ation  does no t affect the  relative im pedance levels of the  
various branches in the circuit, th is resu lt can be extended  to  the  com ­
plete m/3 characteristic . W e can therefore conclude th a t  the feedback 
which is obtainable in  an amplifier of given general configuration and with 
given parasitic elements and given margins depends only upon the breadth
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Fig. 21—Frequency interval between prescribed reactances of opposite sign in a 
resonant circuit with fixed inductance.

of the hand in  cycles and is independent o f the location of the band in  the 
frequency spectrum.

These relations are exemplified by the p lots of a  low-pass cutoff 
characteristic  and the equivalen t band-pass characteristic  shown by 
Fig. 22. T he equality  of corresponding frequency in tervals is ind i­
cated by the horizontal lines A , B  and C.

Fig. 22— Diagram to illustrate the conservation of band width in the low-pass 
to band-pass transformation with fixed parasitic elements. A , B  and C represent 
typical corresponding intervals of equal breadth.

E x a m p l e

An exam ple showing the application of the m ethod in an actual de­
sign is furnished by  Fig. 23. T he struc tu re  is a  feedback amplifier 
in tended to  serve as a  repeater in a 72-ohm coaxial line.12 T he useful 
frequency range extends from 60 to  2,000 kc. Coupling to  the line is

12 The author’s personal contact with this amplifier was limited to the evolution of 
a paper schematic for the high frequency design. The other aspects of the problem 
are the work of Messrs. K. C. Black, J. M. West and C. H. Elmendorf.
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obtained through the  shielded in p u t and o u tp u t transform ers T i and  
T 2. T he th ree stages in the n c ircuit are represented in Fig. 23 as single 
tubes. Physically, however, each stage em ployes two tubes in parallel, 
the  transconductances of the individual tubes being ab o u t 2000 m icro­
mhos. T he principal feedback is obtained through the im pedance Zp. 
T here is in addition  a subsidiary local feedback on th e  pow er stage 
through the im pedance Z K■ T his is advantageous in producing a 
fu rther reduction in the  effects of m odulation in th is stage b u t it does 
no t m ateria lly  affect the  feedback available around th e  principal loop.

T he elem ents shown explicitly include resistance-capacitance filters 
in the  power supply  leads to  the  p lates and screens, cathode resistances 
and by-pass condensers to  provide grid bias po ten tia ls, and blocking 
condenser-grid-leak com binations for the several tubes. In addition  to  
serving these functions, the various resistance-capacitance com bina­
tions are also used to  provide th e  cutoff characteristic  below the useful 
band. T he low-frequency asym pto te  is established by  the grid leak 
resistances and  the  associated coupling condensers and the approach 
of the feedback characteristic  to  th e  asym pto te  is controlled m ainly  by  
the cathode im pedances and  the resistance-capacitance filters in the  
pow er supply  leads to  the plates. T he principal p a rts  of th e  circuit 
entering  in to  the yu/3 characteristic  a t  high frequencies are the interstage 
im pedances Z \  and Z 2, the  feedback im pedance Z^,13 the cathode im ­
pedance Z k , and  th e  tw o transform ers. T he four netw ork designs are 
shown in detail in Figs. 24, 25, 26, and  27.

T he jo in t transconductance, 4000 micromhos, of tw o tubes in parallel 
operating in to  an average in terstage capacity  of 14 mmf, as indicated 
by  Figs. 24 and 25, gives an f t of ab o u t 50 me. T he parasitic  capacities 
(chiefly transform er high side and ground capacities) in the other p arts  
of the  feedback loop provide a ne t loss, A t, of ab o u t 18 db a t  th is fre­
quency. Since th e  asym pto tic  slope is 18 db per octave the in tercep t 
of the  com plete asym pto te  w ith the zero gain axis occurs abou t one 
octave lower, a t  slightly  less than  25 me. This is a  relatively  high 
in tercep t and m ay be a ttr ib u te d  in p a r t  to  the high gain of the vacuum  
tubes. T he care used in m inim izing parasitic  capacities in the  con­
struction  of th e  amplifier and  the  general circuit arrangem ent, including 
in particu la r the  use of single shu n t im pedances for the  coupling and 
feedback netw orks, are also helpful.

13 The relative complexity of this network is explained by the fact that it actually 
serves as a regulator to compensate for the effects of changes in the line temperature. 
(See H. W. Bode, “ Variable Equalizers,” Bell System Technical Journal, April, 1938.) 
The present discussion assumes that the controlling element is at its normal setting. 
For this setting the network is approximately equal to a resistance in series with a 
small inductance. The fact that the amplifier must remain stable over a regulation 
range may serve to explain why the design includes such large stability margins.
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Fig. 24— First interstage for the amplifier of Fig. 23.
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Fig. 25— Second interstage for the amplifier of Fig. 23.
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Fig. 26— /3 circuit impedance for the amplifier of Fig. 23.
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Fig. 27— Cathode impedance for the amplifier of Fig. 23.
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In accordance w ith (7) th e  m axim um  available feedback A m is 
48 db. F o r design purposes, however, x  and  y  in (9) were chosen as 
15 db and  1/5 respectively. T his reduces the actual feedback A  to  
ab o u t 28 db. T he theoretical cutoff characteristic  corresponding to

FREQUENCY IN M EGACYCLES PER SECOND

Fig. 28— Loop gain characteristic for the amplifier of Fig. 23.

Fig. 29— Loop phase characteristic for the amplifier of Fig. 23.

these param eters is shown b y  the  broken lines in Figs. 28 and  29, and 
the actual design characteristic  by  the solid lines. Since th is is a 
s tru c tu re  in which th e  required forw ard gain is considerably less than 
the m axim um  available gain, the  general course of the  cutoff character­



454 B E L L  S Y S T E M  T E C H N IC A L  JO U R N A L

istic is controlled, in accordance w ith the  procedure outlined  previously , 
by  th e  elem ents in the  ¡j , circuit. T he sharp  slope ju s t  beyond th e  edge 
of th e  useful band  is ob ta ined  from  a transfo rm er an ti-resonance. T he 
relatively flat portion  of th e  characteristic  near its  in tersection  w ith  the  
a sym pto te  is due p a r tly  to  an anti-resonance of the  ¡3 c ircu it w ith  its 
d istribu ted  capacitance and  p a r tly  to  an increase in th e  gain of the 
th ird  tube  because of the filter-like action of th e  elem ents of Z k  in 
cu ttin g  ou t the local feedback on the  tu b e  in th is region.

T he large m argins in th e  design m ade it  possible to  secure a su b s tan ­
tia l increase in feedback w ithou t instab ility . F o r exam ple, w ith a loss 
m argin as g rea t as 15 db th e  feedback can be increased b y  ad ju stin g  the 
screen and  p la te  voltages to  increase the  tube  gains. A higher feed­
back  can also be ob tained  by  ad justing  th e  resistance in the  first in te r­
stage. As th is  in terstage  was designed, an  increase in th e  resistance 
results in an increased am plifier gain and a correspondingly increased 
feedback which follows a new theoretical characteristic  w ith  a som e­
w hat reduced phase m argin. T he ad ju stm en t, in effect, p roduces a 
change in th e  value of the co n stan t k  in equation  (6). W ith  th is  a d ­
ju s tm en t th e  feedback can be increased to  ab o u t 40 db  before th e  
amplifier sings.



Analysis of the Ionosphere *
By KARL K. DARROW

T h e ionosphere is a region in th e  v ery  high a tm osp here from  
w hich radio signals are reflected , a fact w hich is a d eq u a te ly  ex ­
plained by  assum ing th a t region to  be pop u lated  w ith  free electrons.
In exploring th e  ionosphere, signals of a w ide range of frequencies 
are su ccessiv e ly  sen t upw ard, and th e  tim e  e lap sing  before th e  re­
turn of th e  echo is m easured. T h e  d e la y  of th e  ech o  m ulitp lied  by  
\ c  is called th e  v irtu al h e igh t of th e  ceiling for th e  signal. T h e  data  
appear in th e  form  of curves rela tin g  v irtu a l heigh t of ceilin g  to  
freq uency  of signal. T h ese  curves are peculiar in shape and vary  
rem arkab ly  w ith  tim e  of d ay , tim e  of year and epoch  of th e  solar  
cycle. B y  th eory  th e y  can be transla ted  in to  curves rela tin g  elec- 
tro n -d en sity  to  true h eig h t a b o v e  ground. T h e  th eo ry  is app roxi­
m a tiv e , b u t th e  resu lts are accu rate  enough  to  be of va lue . T he  
m agnetic  field of th e  earth  a ffects th e  d a ta  rem arkab ly , m aking it 
possib le to  te st  th e  th eory  and to  ev a lu a te  th e  field -strength  a t  
great heigh ts. T h e  free e lectrons are supposed  to  be liberated  from  
th e  a ir-m olecu les by ion izing agents, of w hich the chief bu t not the  
o n ly  one is u ltra -v io le t ligh t from  th e  sun.

H E  very  title  of th is article embodies the assum ption th a t in
the upper reaches of the atm osphere there is a  host of ions. 

By “ upper reaches” here is m eant, a  region of the atm osphere so high 
th a t  no m an ever entered it, nor even a balloon w ith instrum ents. 
T he ions therefore have never been observed by norm al electrical 
means. T hey  are postu lated  as the  explanation of two things m ainly: 
the echoing of radio signals from the sky, and th a t small portion of 
the e a r th ’s m agnetic field which fluctuates w ith time.

T he idea th a t these things require explanation, and the idea of the 
so rt of postu late  th a t is required to  explain them , can both be followed 
back for m any years. W h a t was lacking in the  early  days was the 
notion of mobile electrified particles, th a t is to  say, of “ ions,” in the 
air. T h a t notion did no t even exist, when in the eighties Balfour 
S tew art desired to  imagine a conducting layer in the upper air for 
explaining m agnetic fluctuations. I t  was only ju s t being formed, 
when in 1902 Kennelly and H eaviside independently desired to imagine 
a conducting layer in the upper air for explaining w hy wireless signals 
can travel around the world. T o speak of a  conducting layer in the

* This paper, in abbreviated form, appears in the current issue of Electrical E n ­
gineering.
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eighties, when air was regarded as an alm ost perfect insu lato r and 
no th ing  was known th a t  could m ake it  conductive, was certa in ly  
audacious. T o  speak of i t  in 1902 was still ingenious b u t no longer 
daring, for by  then  it  could reasonably be expected th a t  th e  researches 
on ions la te ly  begun by Thom son and so m any o thers would ju stify  
the  notion.

N ever was an expectation b e tte r  founded. W ith in  a  few years 
those researches had  m ade it  sure th a t  th e  upper atm osphere m u st be 
conductive, because of contain ing the raw  m ateria l required for m aking 
ions and  one a t  least am ong the  agents capable of m aking them : to 
w it, a tom s and molecules, and  u ltra-v io let light from  the sun capable 
of ionizing them . T he problem  then becam e: w hat d istribu tion  and 
w h at k inds of ions m ust be postu lated  for the  upper atm osphere, to  
explain (for instance) the  reflection of radio signals?

T his problem  could n o t even be a ttack ed , w ith o u t g rea t forw ard 
strides in b o th  the  a r t  of experim entation  and  th e  m athem atical 
theory. These strides were rap id ly  m ade in the  m iddle and  late 
tw enties. H ad  theory  alone gone ahead, i t  would have been little  
more th an  a  p re tty  exercise in m athem atics. H ad  the a r t  of experi­
m en tation  progressed by  itself, the  experim enters w ould a t  least have 
found some in teresting  correlations of th e  d a ta  w ith  such variables as 
tim e of day  and epoch of the  solar cycle and presence of m agnetic 
storm s; b u t the lack of theory  would have been sorely felt. B u t 
theory  and  experim ent advanced together, and  the in te rp lay  betw een 
the two has seldom been so well exemplified.

T h e  advance in the a r t  of experim ent lay n o t so m uch in the  inven­
tion of new ap p ara tu s  (though th is has n o t been w anting) as in tu rn ing  
aw ay from the  practical problem  of sending signals to  g rea t distances, 
and  instead designing the  experim ents for the purpose, first of proving 
the ionosphere and  then of “ so u nd ing” it. T hree m ethods were 
invented  for th is purpose, all based upon the  fac t th a t  wireless waves 
when sen t in to  the sky come bouncing back  from it. Tw o of these 
will be scarcely more than  m entioned in the pages to  follow, since an 
already  g rea t and  ever-increasing proportion  of the  d a ta  is ob tained  
by the th ird . In  th is th ird  a sharply-delim ited  signal or pulse or 
w ave-group is sen t up, and  a sho rt tim e (a few m illiseconds) la te r it  
is de tected  coming back, like an echo from  a  cliff: the  delay  of the 
echo is m easured. T h is is done for m any signals, and  th e  delay  is 
p lo tted  against the  m ean frequency of th e  wireless w aves com posing 
the signals; and  curves so p lo tted  co nstitu te  th e  u ltim ate  d a ta . U su­
ally th e  signal is sen t vertically  upw ard, the  echo comes vertically  
dow nw ard; and there  is the q u a in t situa tion , th a t wireless telegraphy
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is chiefly fam ed for bridging g rea t distances over the  earth , b u t its 
foundations are best studied w ith sender and receiver side by  side.

E lectrom agnetic signals thus find a m irror or a ceiling overhead; 
and the theory  in terp re ts  th is m irror as consisting of the  ions, and 
especially the  free electrons, diffused in the  upper air. T his perhaps 
seems singular, in view of the tenu ity  of the air and the lightness of 
the individual electrons. I t  m ight have seemed better, a t  least in the 
days of the  Greeks, to  propose th a t the dome of the sky is a  hard 
m etallic m irror— of well-polished silver, for instance. Well, in effect 
th a t is w hat is  proposed. A  m irror of silver reflects no t by  v irtue  of 
its  hardness, b u t because of electrons diffused like a  gas through the 
pores of the m etal. A m etal is a container for an electron-gas, and in 
the upper air there is an electron-gas w ithou t a container; and both 
of them  reflect.

T he theory  is s tric tly  classical, in the  sense of the word prevailing 
in physics. No rela tiv ity , no quan tum  theory , no suggested revision 
of the concepts of space and time, afflict the stu d en t thereof. I t  is 
the w orking-out of the basic principle of Maxwell and Lorentz, th a t 
the passage of electrom agnetic waves through a m edium  is controlled 
by the electric cu rren t which the waves them selves evoke in the 
medium. U nder the  influence of the electric field in the  waves, the 
ions swing in sym pathetic  v ibration , and form a p a r t of th a t  current. 
T hey  thus react upon the waves, a lte r the speed thereof, and bring 
abou t the reflection. T he m otion of the  ions is sim ple-harm onic, so 
th a t the  m athem atics of the  theory is simple and fam iliar— so long, 
a t  least, as no account is taken  of any  forces acting  on the ions o ther 
than  th a t  due to  the  field of the  waves themselves. H ere is the 
explanation of the echoing of radio signals, and hence follows the 
procedure for transla ting  the d a ta  of echoes into sta tem ents abou t 
the d istribu tion  of the  ions in the  atm osphere. I t  is no t difficult to 
describe or explain, and will be carried through in th is article.

From  th is po in t the  theory  ramifies in two directions. Two things 
m odify the sym pathetic  vibrations of the ions: the collisions between 
the ions and the neu tra l molecules of the air, and the e a r th ’s m agnetic 
field. By their influence on the v ibrations, they  m odify the speed 
of the waves, and therefore the conditions of the  echoing. The 
theory  extended in either direction continues to be easy in one sense, 
for neither the physical concepts nor the m athem atical operations are 
unfam iliar; b u t becomes very  hard  in another, for the algebraic 
expressions are often of fearful complexity, impossible to rem em ber 
and hard  even to  keep s tra igh t when w ritten  out. W hen it is extended 
in both ways a t  once the expressions become so in tricate, th a t nearly
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every investigato r when tak ing  account of e ither influence sim ply 
ignores th e  o ther. On th e  whole, th e  m athem atica l developm ents 
have far ou tru n  th e  d a ta . Y e t there  are im p o rtan t connections 
betw een experim ent and  theory , including for instance the proof th a t 
th e  ions which principally  reflect th e  signals are free electrons.

A fter the  theory  come w h at I will call, for con trast, the  speculations. 
T he analysis of the ionosphere being m ade and accepted , a  host of 
questions arise. M u st we assum e add itional agents of ionization, 
o ther than  th e  u ltra-v io le t light of the  sun? T he answ er to  th is 
question being certa in ly  “ yes,” one m u st inquire how to distinguish 
th a t  p a r t  of the ionization which is due to  sun ligh t from  the  rest, 
and w h at are the causes of th e  rest. W hy the  d istinc tive  d istribu tion- 
in-height of the  ions, am ounting  to  w h at is called “ the stra tification  
of the  ionosphere” ? W h at assum ptions m ust we m ake ab o u t the 
com position of the  atm osphere in its  dependence on height? or (as 
the  question is m ore com m only pu t) w h at inform ation can we derive 
ab o u t the com position of the atm osphere? H ow  far can we go in 
in terp re ting  the  fluctuations of te rrestria l m agnetism , and  (as la ter 
will be ap p aren t) in m apping o u t the  e a r th ’s m agnetic field? T he 
possible questions even rise to  the  realm  of astronom y, and  the sug­
gested answers form a p a r t  of th e  theory  of th e  sun as a  p o ten t source 
of rad iations of all kinds, lum inous and  electrical and  m ateria l. T he 
im plications of the  ionosphere seem to  be a lm ost lim itless, b u t a 
severe lim it will nevertheless be se t b y  space and  tim e upon th is 
article.

M e t h o d s  o f  E x p e r i m e n t , a n d  a  S i m p l i f i e d  P ic t u r e  o f  t h e  
I o n o s p h e r e  A d d u c e d  f o r  I l l u s t r a t i n g  T h e m

T he ionosphere is a  canopy of ions overarching th e  ea rth , and  in 
Fig. 1 it is represented  by  a model, very  simplified indeed and  y e t 
instructive. H ere i t  is shown as consisting of tw o “ la y e rs” m arked 
E  and F, w ith  an ion-density  w hich is uniform  in each, and  grea ter 
in F  th an  in E . I t  is tim e to  becom e fam iliar w ith  the  sym bol N  
used for num ber of ions per u n it volum e: th is p ic tu re  shows N  having 
th e  co n stan t values N e and N p  ( >  N e ) in E -layer and  E-layer respec­
tively, and  th e  value zero betw een.

T h e  lines which are broken a t  the  layer-edges are  p a th s  of wireless 
signals or w aves sen t o u t from  the source a t  S — sen t o u t obliquely, 
for transm ission over long distances. T here  is a  p a th  reflected from 
E , a  p a th  reflected from  F  and  a p a th  w hich p en e tra tes  bo th . These 
correspond to  re la tively  low, m edium , and  high frequencies respec­
tively : as exam ples I will give the  values 1, 10 and  100 me. (m egacycles,
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i.e. m illions of cycles per second) corresponding to  w ave-lengths of 
300, 30 and 3 m etres. H ere already the reader m eets the  fact th a t 
the  height a t  which such a  signal is reflected, or the question w hether 
it  shall be reflected a t  all, depends on the frequency of the waves and 
the density  of the  ions. F or every frequency there  is w h at I shall 
call a  “ m irro r-density” : signals are reflected as soon as they  reach 
the lowest level in the  ionosphere where th a t m irror-density  is a tta ined . 
The higher the frequency, the higher the m irror-density . T he form ula

Fig. 1

will soon be derived and shown; b u t for the m om ent, let us inquire 
how the a ltitu d e  of either layer can be m easured, in term s of the 
simple model of Fig. 1.

One w ay of m easuring the a ltitude  is very  obvious. Suppose the 
observer to  go a  known distance aw ay from the aerial, and m easure 
there the  angle which th e  reflected wave or “ sky w av e” m akes with 
the horizontal as i t  comes down to him. If th is can be done, then 
clearly he can get the a ltitude  by the sim plest trigonom etry— the 
a ltitu d e  of the  E -layer or the  F-layer, according to  the frequency
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w hich he uses. I t  can be done, and  i t  w as done b y  A ppleton and 
B a rn e tt in 1925. W h a t th ey  m easured w as th e  angle betw een th e  
d irections of p ropagation  of th e  sky w ave and  th e  “ ground w ave,” 
of w hich th e  w ave-fron ts are  shown in Fig. 1 creeping along th e  
g round w ith  a rap id  a tten u a tio n . T h is ground w ave, b y  th e  w ay, 
is th e  only one b y  w hich radio  transm ission could be effected b u t  for 
th e  ionosphere; and  it  is seldom  de tec tab le  beyond a  few hundred  
miles.

A nother schem e is m uch m ore com plicated , an d  owing to  its  super­
session I m ay  be excused for giving only th e  m erest ou tline  of it. 
I t  is a  clever w ay of p u ttin g  to  useful service th e  v e ry  g rea t incon­
venience know n as “ fad ing .” T h is term  refers to  a tra in  of signals 
w hich dies o u t and  revives an d  keeps on fluctuating  over and  over 
again, in a  m ost irregu lar fashion. T his so rt of th in g  occurs in the 
region w here th e  sky w ave and  th e  ground w ave b o th  arrive  and 
overlap  one ano ther, and  it  has been traced  to  w h a t in optics is called 
the  “ in te rfe rence” of th e  tw o. If  conditions were absolutely  stab le , 
then  in tak in g  a w alk in th e  region of overlapping one w ould pass 
th rough several m axim a and  m inim a of in tensity . Since conditions 
a re  never abso lu tely  stab le , th e  observer need n o t tak e  th e  w alk ; 
while he s tan d s a t  any  fixed po in t, th e  m axim a and  th e  m inim a float 
p a s t him  while th e  ionosphere w avers in th e  sky  and  th is  is “ fad ing .” 
B u t im agine th e  conditions relatively  s tab le  for a  tim e, and  th e  
observer stand ing  still; and  suppose th a t  the  engineer a t  the  sending- 
aerial changes the w ave-length by  a small and know n am o u n t— then , 
several m axim a and  m inim a will float p a s t th e  observer, and  by  
counting  them  he can (though th is  is no t a t  all o b v io u s!) ge t a  d a tu m  
w hich enables him  to  figure o u t th e  a ltitu d e  of the  reflecting layer 
in th e  sky. T h is m ethod also was inven ted  b y  A ppleton, and  can 
be found explained in th e  lite ra tu re  under th e  nam e “  w ave-length - 
change m ethod .”

T he th ird  of th e  m ethods has crowded o u t the  o thers, and  henceforth 
will figure alone in these pages. I t  is th e  “ echo-m ethod,” still som e­
tim es called by  th e  clum sy nam e of “ g ro u p-re ta rdation  m eth o d .” 
A ntic ipated  b y  Sw ann, i t  w as realized b y  B reit and  T u v e  a t  the 
Carnegie In s titu tio n  of W ashington.

W h at is sen t up  to  th e  sky is here a sho rt sharp  signal; if i t  could 
be heard , it  would be called a click. W h a t comes back  is the  echo 
of th e  signal. Passing over th e  receiving device, i t  p roduces a  sh o rt 
sharp  kick on an oscillograph-record. Som e of these are  shown in 
Fig. 2. T he kicks m arked E \  and  Fi are  due to  signals echoed from  
th e  layers E  and  F  respectively. T hose m arked  • • • F0 are  due to
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“ m ultip le echoes” ; th e  signal has traveled tw o to  five tim es the  
en tire  jou rney  from ground to  ionosphere to  ground again, th e  surface 
of th e  e a rth  being itself a  good reflector. Those m arked G are  due 
to  th e  signal spreading along th e  ground itself. If  th e  sender and  the 
receiver are p ractically  side b y  tide, as usually  is th e  case, th e  kicks 
G occur a t  th e  in s tan ts  of dep artu re  of th e  signals. T he record is 
m oving la tera lly  w ith  th e  speed in tim ated  b y  th e  w avy line beneath , 
and  accordingly th e  d istance along i t  from  a  G-kick to  th e  following 
echo-kick is a  m easure of the  "d e la y  of th e  echo.”

T he delay of th e  echo is an  indication of the  a ltitu d e  of the m irror 
w here i t  w as reflected— the layer E  o r F. as th e  case m ay  be. Signals 
of relatively  low frequency being reflected from  E  while those of 
m edium  frequency are echoed a t  F. one ad justs  the  frequency according

r  ; ______________ is :
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y  U : .  ; i  m

w w v / a w v .w  A M A M M A M A M M

Cv'C _ £ 5  = £ =  S E C C 'O

F it. 2— Echoes. G, original signal: E-_. F-. echoes remraing after a angle re­
flection from and F  respectively; F-- - -F*. echoes which have suffered two to  five 
reflections a t /--Layer. Appleton and Builder.

to  th e  layer w hich one wishes to  locate. If  there should be n o t two 
b u t  several layers of th e  ionosphere, each having a  grea ter A -value 
th a n  th e  one beneath  i t ,  one w ould locate them  all w ith  appropria te  
frequencies. If  there is a  continuously-rising d istribu tion  of .V w ith 
height in th e  ionosphere, one m ay  plum b i t  b y  vary ing  th e  frequency" 
continuously. Now we are  a t  th e  principle of the  echo-m ethod: b u t 
before i t  is used, there  are  m any  details to  d e a r  up.

F irs t as to  th e  “ signals." a  term  w hich ( it  m u st have been noticed 
replaced th e  te rm  “ w aves” in th e  foregoing paragraphs. These 
signals are  w ave-trains indeed, b u t  n o t th e  long continuous uniform 
tra in s  tac itly  assum ed in  th e  description of th e  o ther tw o m ethods. 
Those m ethods are  adap ted  to  tra in s  of indefinite length, b u t  n o t th e  
echo-m ethod, w hich for an  obvious reason requires w ave-trains of 
lim ited  length— and the  m ore lim ited, the  better.
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Now, a  lim ited w ave-train  is equ ivalen t to  an infin ity  of infinitely 
long w ave-trains, w ith  an infinite v a rie ty  of frequencies. T he am pli­
tudes and  the frequencies of these co n stitu en t w aves are chosen so 
th a t  th e  w aves reinforce one ano ther over the  length of th e  signal, 
coun te rac t one ano ther for all tim e before and a fte r th e  signal. T o  
choose them  th u s is alw ays m athem atica lly  feasible, w hatever shape 
of signal be prescribed. W hether these constitu en t w aves should be 
regarded as “ physically r e a l” is a  question th a t  was discussed long 
before the  days of q u an tu m  theo ry  and  o ther m odern puzzles. A ny­
how, b y  tak ing  them  as such, one arrives a t  verifiable sta tem en ts  
ab o u t the  signals, and  th is is all th a t  m atters .

L e t us now conceive the signal as a  chopped-off segm ent of a  sine- 
w ave-train  of frequency /o ; and let us com pare its  travel w ith  the 
travel of a  lim itless w ave-train  of frequency /  p u t equal to  / 0. One 
feels th a t  the signal ought to  follow the  sam e p a th  th rough the  iono­
sphere as would the  lim itless tra in , and ough t to  move along th a t  
p a th  w ith  th e  sam e speed as would th e  w ave-crests of th e  lim itless 
tra in . T h is is tru e  if, b u t only if, th e  speed u  of the  w ave-crests in 
unlim ited tra in s is independent of / .  B u t when wireless w aves are 
traveling  through th e  ionosphere, u  varies very  m uch w ith / ,  according 
to  a law which will la te r be w orked o u t; and  th is  m akes a  rem arkable  
difference.

T h e  difference as to  p a th  is no t serious. T he infinite w ave-tra ins 
which form the signal are m ost in tense a t  frequencies very  close to /o , 
and  th is is sufficient to  m ake th e  signal follow nearly  (though no t 
w ithou t some deviation  and d isto rtion) th e  p a th  w hich th e  infinite tra in  
of frequency /o would follow by  itself. W e m ay therefore regard  the 
broken lines of Fig. 1 as the  p a th s  of signals or of waves, indifferently.

T h e  difference as to  speed is  serious. I t  is n o t reduced by  the 
preponderance of com ponent w ave-trains very  close to  /o, and  it  does 
no t tend  to  vanish as th is preponderance is increased b y  lengthening 
the signal. I t  rem ains serious in th e  artificially-sim plified case of ju s t  
tw o com ponent w ave-trains of small frequency-difference A/, w here 
the  signals become the “ b e a ts ” well know n in acoustics and  in radio. 
In th is case the beat-speed or signal-speed approaches a lim it as A/ 
approaches zero. T his lim it, the  “ group-speed ” denoted  b y  v, is 
alw ays used for the  signal-speed, though for ac tua l signals i t  is b u t 
an  approxim ation, and the  signals them selves becom e d isto rted  as 
th ey  travel. C on trasted  w ith v is th e  “ w ave-speed” or the “ phase- 
sp eed ” of th e  w ave-crests of th e  unlim ited  w ave-trains, a lready  
denoted by u.
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Since i t  is entirely  the signal-speed which determ ines the delay of 
the  echo, the  wave-speed m ay seem a pointless side-issue. T his 
q u a n tity  u  is, however, essential in the theory  from which are derived 
first the  conditions of echoing and then the  dependence of v upon f 0. 
Postponing th e  topics of signal-speed and echo-delay in order to re tu rn  
to  them  la te r w ith  b e tte r p reparation , we now take up the theory.

T h e o r y  o f  W a v e -S p e e d , T o t a l  R e f l e c t io n  a n d  G r o u p -S p e e d

i n  t h e  I o n o s p h e r e

I t  will now be proved from M axw ell’s theory, com bined w ith the 
concept of mobile ions, th a t  to ta l reflection of wireless waves m ust 
occur in the  ionosphere a t  the level where the ion-density a tta in s  a 
certain  value depending on the w ave-frequency.

T he fam ous equations of M axwell m elt together in to  a wave- 
equation. T he waves which it  describes consist of an oscillating 
electric field which I will denote by E 0 sin nt, and an oscillating m ag­
netic field which we are perm itted  to  ignore. W hen of high enough 
frequency these are the waves of light, as Maxwell knew; when 
of the  frequency-range w ith which we are  now concerned they are 
the waves of radio, as Maxwell was never to  know because of his 
p rem ature  death . In th e  w ave-equation there figures of course the 
wave-speed u. H ere then is a paraphrase of the  g rea t idea of M axw ell: 
the square of the wave-speed varies inversely as the current-density provoked 
by un it amplitude  1 o f the oscillating field.

Now we see a t  once th a t in the ionosphere the wave-speed m ust be 
affected by  the presence of th e  free electrons, since they  are set into 
oscillation by th e  waves and therefore m ake a contribu tion  to  the 
current-density .

A t th is po in t those who were educated in the electronic era (an 
ever-increasing fraction of the  population) are in some danger of 
falling in to  a serious error. One m ay in fact assume th a t the electrons 
form the whole of the current, and deduce th a t in vacuo the oscillating 
field provokes no cu rren t a t  all, and the wave-speed m ust therefore 
be infinite— an absurd  conclusion! Maxwell was wiser. H e under­
stood, and  m ade it  a  p a r t  of his theory , th a t  w herever there is an 
electric field which is changing in tim e the rate-of-change of th a t  field 
is equivalen t to a current. T his he called the “ d isp lacem ent-curren t,” 
and for the  case of vacuum  he said th a t the displacem ent-current- 
density  is precisely equal to  the rate-of-change of the field, m ultiplied 
by 1/47T.

1 I introduce the words “ unit am plitude’’ to shield the reader from drawing the 
false inference that wave-speed depends upon wave-amplitude.
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In  vacuo, therefore, there  is a  cu rren t-density  (1/4-71-) tim es th e  
rate-of-change of E 0 sin nt, and  it  has an am plitude  of (tiE o/Att) and  
is 90° ahead  of th e  field in phase. T o  th is cu rren t-density  corresponds 
th e  speed of ligh t in vacuo, th e  well-known co n stan t c. T h e  speed 
of ligh t in th e  non-ionized lower regions of th e  a tm osphere  differs so 
little  from  c th a t  we need never bo ther w ith  th e  difference, which 
henceforth  will be ignored.

W hen the waves pass ou t of o rd inary  air in to  the ionosphere, there 
is still th e  d isp lacem ent-curren t b u t  now in addition  there  is the 
cu rren t borne by  m oving electrons. H ere is a  second pitfall. I t  
m ay seem obvious th a t  the  e lec tron-curren t m u st add  on to  the 
d isp lacem ent-curren t, creating a to ta l cu rren t-density  g rea ter than  
th a t  in vacuo and therefore lowering the  wave-speed. N o t so a t  a l l ! 
T he po in t is, th a t  w hen the electrons are tru ly  free, th e  field sets 
them  in to  oscillation in such a curious w ay th a t  when they  become 
ad justed , they  are oscillating w ith  the ir velocities 90° behind th e  field 
in phase. T heir con tribu tion  to  the  cu rren t, being p roportional to  
their velocity, is also 90° behind the field, and  hence in perfect opposi­
tion of phase to  th e  d isplacem ent-current.

T herefore the  electron-curren t density— call i t  I e— is to  be subtracted 
from the d isplacem ent c u rren t-d en s ity ! A ccordingly I w rite,

u 2 n(i/4:ir)Eo . .
72 ~  w ( 1/ 4t t )£ 0 -  E  '

T he reader m ay suppose th a t  th e  fac to r cos nt, com m on to  bo th  
curren ts, has been divided o u t.2 T he q u a n tity  I e is clearly p ropor­
tional to  E 0 and  also to  our fam iliar N  the  density  of electrons, and  
in fac t the reader can undoubted ly  w ork o u t w ith  ease th a t  i t  is 
equal to  N E 0e2lm n. H ere e and m  s tand  for the  charge and  m ass 
of the  ion, as is custom ary. Therefore we find:

— =    =     (2)c2 1 — 4:TrNe2/m n2 1 — N e2/irm f2

The wave-speed is greater in  the ionosphere than it is  in  vacuo or or­
dinary air. I now recall from  the m ost e lem entary  optics the  principle 
th a t  when tw o m edia adjoin in which light has d ifferent wave-speeds, 
and  light passes th rough the ir com m on bou n d ary  in to  th e  m edium  
where its  speed is greater, i t  is refrac ted  aw ay from  the norm al to  the 
boundary . A ccepting for the  m om ent the  over-sim plified model of the

2 Actually M axwell’s theorem does refer to the amplitudes of the currents— but 
if the currents are not exactly 0° or 180° apart in phase, the amplitude of one must 
be taken as a complex quantity.
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ionosphere in Fig. 1, and  considering the  lower frequencies, we have 
the non-ionized lower atm osphere and the £ -lay e r for these m edia. 
T he p a th s  of the  w aves are draw n accordingly. Now I fu rther recall 
th a t  to ta l reflection occurs for all values of the  angle of incidence i 
g rea ter than  th a t  given by the eq u a tio n :

sin i  =  c2/u2. (3)

T hus we see th a t for any  frequency w hatever, to ta l reflection m ust 
occur when the waves impinge w ith  sufficient obliqueness upon the 
ionosphere; b u t  (so long as c/u does n o t sink to  zero) to ta l reflection 
will no t occur if the waves rise vertically , or in a direction sufficiently 
near to  the  vertical.

T he waves thus p enetra te  or are reflected back  from the  ionosphere, 
according as the ir angle of incidence thereon is less or g rea ter th an  a 
certain  critical value. H ere is the  explanation of w h at is called 
“ skip-distance ” : the  sky-w ave is perceived beyond a  certain  distance 
from th e  source, b u t n o t w ithin th a t  certain  d istance.3

B u t all th is seems to  have nothing to  do w ith the  usual conditions 
of experim ent, in which, as I in tim ated, the signals are sen t up v e rti­
cally! I t  is indeed a  fac t th a t  in optics, no case is known in which 
to ta l reflection occurs a t  vertical incidence. Y et equations (2) and 
(3) pred ic t th a t  if ever c2/u2 should vanish, to ta l reflection would 
extend even to  vertical incidence. Now there  is nothing m ath em ati­
cally impossible or physically unplausible abou t the  condition for the 
vanishm ent of c2/u2, which is sim ply th a t  /  should be equal to  f c 
given thus:

f c2 = N e2lirm  (4)

or alternatively  th a t  N  should be equal to  N c given th u s :

N c = TrmPle2. (5)

Here we have th e  basic form ula of the  analysis of the  ionosphere; 
for i t  is assum ed th a t  vertically-rising waves or signals of any frequency 
/  climb un til th ey  reach the lowest level a t  which N  is equal to  N c, 
and there  they  find their m irror or their ceiling, and are converted 
into echoes which re tu rn . E quation  (5) is the form ula for the  “ m irror- 
d e n s ity ” for signals of frequency c, to  which I above referred.

I t  sounds all righ t to  say th a t  c2/u2 is zero when N  =  N c, and 
negative w hen N  > iVc; b u t i t  is disconcerting to  notice th a t  this

3 Notice incidentally that owing to the curvature of the earth and its overhanging 
ionosphere, the angle of incidence can never rise to  90°; it follows that waves of 
frequency beyond a certain value (ordinarily around 30 me.) never suffer total 
reflection.
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am ounts to  saying th a t  the phase-speed is infinite w hen N  =  N c, 
im aginary  w hen N  >  N c. H ow ever, th e  concept of phase-speed is 
of such a quality  of abstractness, th a t  even these s ta tem en ts  im ply 
no th ing  absurd  in the  physical situa tion . T he signal-speed itself 
rem ains safely finite and real.

T he signal-speed is s tric tly  indefinite, since th e  signal d is to rts  itself 
as it proceeds. How ever, the  practice  is to  iden tify  i t  w ith  the  group- 
speed v, which, as I in tim ated  (page 462), is th e  speed of the beats 
form ed by  two superposed w ave-tra ins differing infinitesim ally in 
w ave-length, each such b ea t being a very  special type  of signal. 
T he form ula is,

v =  u  — X(du/dX) =  u j ^ 1  — ~ ^  ^ • (6)

I t  is difficult to  visualize or derive w ithou t a  d iagram ,4 b u t the deriv a­
tion m ay be sum m arized as follows. Im agine two superposed w ave- 
tra in s  of phase-speeds u and u  +  du, w ave-lengths X and  X +  d \ \  
consider tw o consecutive w ave-crests A , A '  of one and tw o consecutive 
w ave-crests B , B ' of the o ther; transpose tem porarily  to  a  fram e of 
reference in which the form er w ave-train  is s ta tio n ary . A t a  certain  
place and tim e A  and  A '  will coincide, and the  m axim um  of one of 
the beats will be righ t there. L et th e  tim e dX/du elapse; w hen it  
has elapsed, the  crests B  and B ' will be coinciding and  th e  m axim um  
of the  b ea t will have m oved on b y  one en tire  w ave-length. T h e  b e a t 
therefore travels w ith  speed Xdu/dX in th e  tem p o rary  and  w ith  speed 
u  — X(du/dX) in the  original fram e of reference (the m inus sign is 
ev iden t when the  reasoning is gone through in detail).

C om bining (6) w ith (2) one finds:

v =  c2/m; (7)

the g rea ter the phase-speed, the slower the  signal ! R ela tiv ists  will 
be pleased to  observe th a t  according to  th is form ula, the  signal never 
a tta in s  any  speed g rea ter th an  c; s tu d en ts  of q u an tu m  m echanics 
m ay be misled by  its  superficial resem blance to  a  form ula relating  
phase-speed to  group-speed for de Broglie waves, w ith  w hich it  has 
no th ing  to  do. S tuden ts  of the  ionosphere should rem em ber its 
approxim ative character. A lm ost all th a t  needs to  be known for the  
purposes of th is article is, th a t  as a  signal clim bs in to  th e  ionosphere 
it  goes more and more slowly, th e  nearer N  approaches to  th a t  value 
N c w here the signal finds its  ceiling.

4 Cf. this journal, 9, 173 (1930), or my Introduction to Contemporary P hysics, 
2nd edition, p. 147.
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C h a r a c t e r i s t i c  C u r v e s  o f  t h e  I o n o s p h e r e :  t h e  ( h ' , f )  C u r v e s

Now th a t  we have the concept of a  signal ascending until i t  reaches 
the  ceiling w here N  = N c, we will consider first the  to-be-expected 
relation betw een tru e  height of ceiling and frequency of signal, then 
the  relation between delay of echo and frequency of signal. By 
following th is order we pass from the unobservable to  the  observed, 
which is the  reverse of the custom ary  way, b u t nevertheless has its 
advantages. L et z s tand  for height over ground when used as inde­
penden t variable, w ith  N  depending on it;  h for the height of the 
m irror or ceiling for signals, when expressed as a function of the signal- 
frequency / .

T ake first the oversimplified model of the  ionosphere appearing in 
Fig. 1: N  having the values N e over one range of heights and 
N f ( >  N e ) over ano ther range a t  a  higher elevation, and the value 
zero elsewhere. I t  is ev ident th a t  the  (h ,f)  curve for such an iono­
sphere would consist of two horizontal lines or “ branches,” extending 
respectively from  abscissa 0 to  abscissa = VN Fe2/ irm and from 
abscissa f s  to  abscissa fp  = SN pe11nm respectively. T he la tte r  would 
lie higher than  the form er; there  would be a  jum p or gap between 
the branches. T he nam es “ .E -branch” and “ E -b ranch” for these 
last are obvious, and so is the  usage “ penetration-frequency of the 
E  (or E) la y e r” f o r / s  o r f F; “ critical frequency” is also used.

N ext we approach closer to  the  tru th  by  supposing th a t  N  rises 
continuously w ith  increase of z across the E -layer and also across the 
E-layer, N e and N F now representing the h ighest iV-values found in 
the  respective layers. T he two branches of the (h, f )  curve would 
then be no longer horizontal, b u t  slanting or probably curving upw ards 
tow ard the right.

In  th e  foregoing paragraph  it  was tac itly  assum ed th a t N  still 
vanishes between the layers; b u t now let us approach still closer to 
the tru th  by  postu lating  the  so rt of dependence of N  on z shown in 
Fig. 3A. H ere N  drops w ith fu rther increase of height after the 
“ crow n” of th e  E -layer is reached, b u t it does no t fall to  zero. I t  
m ight, however, ju s t  as well fall to  zero so far as reflections are con­
cerned, for the signals which could be reflected from these regions 
never reach them . Regarding the curve of Fig. 3A  as a  sequence of 
hills and  valleys, we see th a t  the  valleys con tribu te  no echoes. T he 
E -branch  of the  (h ,f)  curve refers to  the  left-hand side of the first 
hill; the  E-branch refers to  the left-hand side of the second hill, and 
n o t even to  all of th a t, b u t only to  the  portion which rises above the 
first hill. T hus Fig. 3B, w ith its  up tu rn ing  branches and its gap, 
represents the  (h ,f)  curve for the ionosphere of Fig. 3A , w ithou t in
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th e  least depending on the dashed p a rts  of the  N (z)  curve of Fig. 3A 
or ind icating  any th in g  w hatever ab o u t those p a rts  except th a t  they  
do no t rise above th e  o rd inate  N e -

Now if the signal and the echo traveled  fro and  to  w ith  the  speed c, 
the  delay  T  of the echo m ultip lied  by  \c  would be the  heigh t of the 
ceiling. This, however, is n o t the  case, since the signal-speed depends 
on N . W e m u st therefore deno te  the  p roduct \ c T  by  ano ther sym bol 
h', and  m ake an inquiry  in to  the probable dependence of h '  on / ,  
tak ing  in to  account our vague knowledge as to  the  dependence of 
signal-speed on N .

A B

Fig. 3— A . The “ curve of inference” : conjectural dependence of number N  of 
electrons per unit volume on true altitude h. B. The “ curve of d a ta ” : dependence 
of virtual altitude h' of ceiling (one-half the delay of the echo, multiplied by c) on 
frequency / .

I t  is easily seen th a t  h' m ust be g rea ter (or a t  least no less) th an  h, 
and  th a t  the  excess of h' over h m u st be larger, th e  fa rth e r  the  signal 
travels through regions w here N  is alm ost b u t  n o t qu ite  equal to  N c. 
T he  curve m u st therefore lie above the (h , f ) curve, and fa rth es t
above it in the im m ediate neighborhood of th e  gap on b o th  sides. 
T here  will still be an E -b ranch  and an E -branch, b u t  th e  u p tu rn s  
tow ard the righ t-hand  ends of these branches will be exaggerated, and 
an u p tu rn  running to  the  left will be in troduced in to  th e  left-hand end 
of th e  E -branch. I t  is conceivable th a t  these u p tu rn s  m ay becom e 
so large, th a t  the  (h ',f )  curve will appear to  show a peak  w here the 
(h, f )  curve w ould show a  gap.

W ith  th e  rem ark  th a t  h' is know n as “ v irtu a l a ltitu d e ,” “ v irtua l 
h e ig h t,” “ equ ivalen t he igh t,” or “ effective he ig h t,” I tu rn  now to 
exam ples of the  characteristic  curves of the  ionosphere.
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FREQUENCY ( f )  IN MEGACYCLES PER SECOND

Fig. 4— Example of characteristic or fh ', f )  curv es, showing gap between E-branch 
and E-branch, and crinkle in E-branch indicating presence of Ei-layer. Duplication 
of curve due to earth’s magnetic field (page 479). (Appleton.)

FREQUENCY IN KILOCYCLES PER SECOND

Fig. 5— Another example of (h ', f)  curve, showing gap and crinkle. 
• (Schafer and Goodall.)
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Figures 4 and 5 show tw o exam ples of these curves, from d a ta  
ob tained  while the sun was high in the  sky. A ctually  there  are  two 
curves in each of th e  figures; th e  appearance is th a t  of a  single curve, 
repeated  w ith  a  sidewise shift. I m ention th a t  th is  repetition  is due 
to  th e  e a r th ’s m agnetic field, b u t ask  the  reader to  ignore for the 
presen t the  righ t-hand  curve and fix his a tten tio n  on th e  left-hand one. 
H ere he will see th e  E -branch , the  gap, and th e  F-branch. T he

TIME IN MINUTES

Fig. 6— Characteristic (h ', f ) curves obtained with the multi-frequency apparatus; 
sun high in sky, F\ crinkle apparent. (Carnegie Institution of W ashington.)

u p tu rn s to  righ t and left of the  gap are strik ing  on Fig. 5, insignificant 
in Fig. 4. T he F-branch is deform ed by an enorm ous hum p or crinkle. 
T h is is supposed to  correspond to  a second gap, the u p tu rn s  on righ t 
and  left being so pronounced as to  give a perfect sem blance of a  peak; 
indeed one sees in Fig. 5 how readily  the  gap betw een E  and F  m ight 
have been draw n as a  peak. C urves of th is  so rt a re  therefore taken 
as evidence for th ree layers in th e  ionosphere, denoted  by  E  and Fi 
and F 2. Som etim es there are  signs of a  fourth , lying betw een E  and 
F 2, and denoted by  M  or E 2.

So g rea t is the  in te rest in curves like these, and  so m uch do they  
v a ry  from tim e to  tim e and  from place to  place, th a t  la te ly  there  
have been m ore than  a score of sta tio n s over th e  w orld engaged in 
m aking them . A t some of these th e  trac ing  of the curves is speeded 
up and m ade incessant by  a rem arkable  m achine developed a t  the



B ureau of S tandards and the Carnegie In stitu tion . A utom atically  
sending o u t the signals ten tim es in a second, and changing the fre­
quency by  (on the average) 1600 cycles betw een each signal and the 
nex t while the photographic film is moved a tin y  b it from left to  right, 
th is  “ m ulti-frequency a p p a ra tu s” traces the  curve over the
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0.516 1 2 3 4  5 6 7 8
FREQUENCY IN MEGACYCLES PER SECOND

Fig. 7— Characteristic (h ' , f ) curves obtained with the multi-frequency apparatus; 
sun low in sky, F i crinkle missing. (Carnegie Institution of Washington)

frequency-range betw een 0.516 me. and 16 me. in fifteen m inutes, 
and then  goes righ t back and does i t  over and over again. Figures 6, 
7 and 8 show individual curves thus autom atically  taken, and Fig. 15 
a sequence of them  spanning several hours of the  day.

In Fig. 6 are curves w ith crinkles in the  F-branch, sim ilar to  those 
of Figs. 4 and 5. In Fig. 7, however, the crinkle is missing, and the
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F-branch sweeps sm oothly and slowly upw ard from its com m encem ent. 
(The forking signifies th a t  here are two sim ilar curves lying side by 
side as in the previous figures, b u t overlapping so m uch th a t  over a 
large p a r t of the ir course they  are  no t d istinc t.) M any  observations 
have concurred in showing th a t  th e  crinkle is p resen t only when the

J I I I_______________I___ I I________ L_________ I_____ I 1____ I_________ I________ I___ I
0 .5  I 2 3  4  5 6 7 8

FREQUENCY IN MEGACYCLES PER  SECOND

Fig. 8— M ultiple echoes. (Carnegie Institution of W ashington.)

sun is high in the sky (w ithin some 40° of th e  zen ith )— therefore 
absen t by  n igh t and a t  the beginning and end of day , and indeed 
absen t all day  in w in ter w here the  la titu d e  is high. T h is is our first 
exam ple of the dependence of the ionosphere on sunlight, a  very 
im p o rtan t feature.
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In  all of these photographs the curves are repeated several tim es 
along the  vertical direction. T h is signifies echoes which have traveled  
four, six, eigh t or m ore tim es betw een ground and ionosphere, being 
reflected b y  both . Figure 8 shows a  w onderful m u ltitu d e  of such 
echoes.

T he curves of Fig. 9 are sketches generalized from m any data . 
C on trasting  those on th e  left w ith those on the  righ t, we see the
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Fig. 9— Dependence of (h ', f )  curve on season and on the sunspot cycle (Smith, 
Gilliland and Kirby: National Bureau of Standards).

crinkle prom inent in the ones, m issing or feeble in the  others. This 
is the  difference betw een sum m er and w inter. All of the d a ta  were 
taken  near noon, b u t though the D istric t of Colum bia is n o t exactly 
in polar la titudes, th e  sun in Decem ber does n o t rise far enough in 
W ashington’s sky to  bring ou t th a t  feature  of th e  ionosphere of which 
th e  crinkle is the  sign. R unning th e  eye along either column, one
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EA S T ER N  STANDARD T IM E

Fig. 10— Dependence of critical frequencies on season and hour of day. 
(Smith, Gilliland and Kirby.)
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sees th e  curve lengthening ou t to  the  righ t as year follows year. 
D uring  th is series of years the sun spots were growing more frequent: 
the  sun was in the  ascending p a r t of th a t eleven-year cycle of its fever, 
of which the sun spots are one of the m anifestations, while the form 
of these curves is another. Do not, however, m isread th is s ta tem en t 
as m eaning th a t  the curve lengthens out, when and only when there 
are sun spots on the solar d is c ! there  is no such correlation.
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Fig. 11— Dependence of virtual altitude of the crowns of the principal layers on 

season and hour of day. (Smith, Gilliland and Kirby.)

A nother w ay to  s tudy  dependence on the sun is to pick ou t salient 
features of the  (h ' , f ) curves, and see how they vary. Such features 
are the abscissae and the ordinates of the right-hand ends of the 
branches and of the top  of the F i crinkle. T he abscissae are the 
penetration-frequencies for the layers E , Fi and _F2; the ordinates are 
the v irtu a l heights (not the  true heights) of w hat I have called the 
crowns of these layers. All are shown, in their dependence on season 
and  hour of day, in Figs. 10 and 11.

I t  m ay have s truck  the reader th a t for the last five paragraphs 
there has been no allusion to  the theory, the correlation of the (h ' , f )
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curves w ith  th e  sun having  been presen ted  as if for its  own sake. 
M uch w ork  in th e  field does stop  a t  th is  po in t, and  is n o t w ith o u t 
value in sp ite  of its  stopping  there. T h e  th eo ris t indeed m ay  care 
for an (h ' , f )  curve only as m ateria l for deducing th e  (N,  z) curve—  
the  d istribu tion-in -heigh t of th e  ions— to  w hich he aspires. I t  is, 
however, fo rtu n a te  th a t  th is is n o t the  only value of th e  (h f )  curves, 
for as we now shall see, th e  derivation  of th e  (N , z) curves from  them  
is full of difficulties.

P erhaps the  g rea test of these difficulties springs from  the  dependence 
of th e  signal-speed on N , w hich is to  blam e for th e  difference betw een 
v irtu a l heigh t h' and  tru e  heigh t h. E ven  if i t  is fully  justifiable to  
iden tify  signal-speed w ith  group-speed v, th e  difficulty is n o t banished. 
I t  resides in th e  fac t th a t  (h' — h) depends n o t on th ings a lready  
known b u t  on the very  th ing  one is striv ing  to  find ou t, to  w it, the  
d istribu tion  of ion-density  in th e  ionosphere. T he value of h for any  
particu la r h' depends indeed n o t on th e  value of N  a t  th a t  height 
alone, b u t  on th e  values of N  a t  all inferior heights. T h e  problem  
is som ew hat like having to  solve for x  an equation  in w hich x  appears 
bad ly  entangled  on b o th  sides of th e  equals sign. T h e  m athem atica l 
technique is difficult and  approxim ative.

A nother m ajo r difficulty resides in th e  fac t th a t  w hen N  varies by 
an  appreciable fraction  over a  d istance equal to  a w ave-length  of the 
waves, th e  consequences of the  theo ry  becom e a  good deal more 
complex th a n  those em bodied in th e  sim ple equations (4) and  (5). 
F or instance, p artia l reflection m ay occur a t  a  level w here N  is rising 
rap id ly , though as y e t far below th e  m irro r-density  N e. One canno t 
therefore say th a t  w henever an echo is observed on a frequency / ,  
there  m ust som ewhere exist an electron-density  re la ted  to  /  b y  (5). 
T he lite ra tu re  is full of allusions to  m ystify ing echoes, some of w hich 
are ascribed to  partia l reflection. F igure 2 shows an .E-echo and  an 
E-echo received from the sam e signal; and  m any  a (h ' , f )  curve shows 
the £ -b ran ch  running  along for qu ite  a  d istance undernea th  the 
E -branch, instead of stopping a t  ju s t  the  abscissa w here the  E-branch 
begins.5 Y et on th e  o ther hand, th e  E -layer m ay  be denser a t  some 
places th an  it  is a t  o thers of equal a ltitu d e , and  p a rts  of a  signal m ay 
be reflected from  the  places of high density  while o ther p a rts  slip 
betw een these and go on to  the  E-layer. T h e  assum ption  th a t  N  
depends on z only, w hich h ith erto  has been taken  for g ran ted  in th is 
paper as i t  is in m ost theory , is in fac t very  assailable; and  people are

6 This is so well-known a phenomenon that lengthy papers have been written 
about it under the name of “ abnormal .E-ionization,” though it seems too common 
to deserve the adjective “ abnormal.”
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beginning to study the distribution of A in the horizontal plane, 
e.g. by using obliquely-sent as well as vertically-em itted signals.

N ow  we turn briefly to  a difficulty affecting not the relation between 
h' and h, but the relation between X c an d /p resen ted  as equation (5). 
This equation was based on the ta d t assumption that the electric 
force on a single electron is the same as though there were no other 
electrons a t all in the ionosphere. The assumption has been doubted, 
and quite a polemic has ranged about it- The question is in fact a 
special case of one of the most pestiferous questions of all mathematical 
ph ysics, occurring for instance in the theory of magnetized bodies 
and of bodies polarized electrically: when a great many similar atoms 
side by side are exposed together to an external field, how is the force 
suffered by any one of them modified by the presence of its equally- 
affected neighbors? One strongly-held position is, that there is  such 
a modification which manifests itself in a factor 3 '2, to be multiplied 
into the right-hand member of equation (5). A  test experiment has 
been devised, and the early results have favored this theory. The 
presence or absence of this factor alters in equal proportion all the 
ordinates, but does not modify in the least the trend of the A /s)  
curve; but the student specially interested in numerical values of N  
must discover, from each paper wherein such are given, which formula 
was used in computing them.

After uttering all these warnings about the theory' underlying the 
(A~, s) curves. I will risk a few statem ents about the curves themselves.

The shape of the (A*, s) curs e, when the sun is low in the sky.' and 
there is no crinkle in the (h'f) curse, is roughly that of Fig. 3-4. If 
the sun is within some 40° of the zenith and the crinkle is present in 
the (h'f) curs e, the theory indicates not that the F-peak of Fig. 3-4 
has split into two, but rather that a bulge has appeared on the left- 
hand side of the F-peak. The letters F i and Fs are then applied to  
the bulge and the peak, respectively. If the shape of the (h '.f ) curs e 
indicates y et another layer between E  and Fi, it  appears as a small 
hump in the s'alley between the peaks of Fig. 3-4.

As for the A-values, those of most interest are those corresponding 
to the crests of the peaks: or to define them better by staying closer 
to the data, they are the ones corresponding to  the points on (h'f) 
curves which adjoin the gaps or lie at the tops of the crinkles. These 
may be called the s'alues corresponding to  the “ crowns” of the 
several layers.

A t Huancayo in the Peruvian Andes, at a typical summer noon, 
N  has the values 1.8-10® — 3.3 10s — 1-10® at the crowns of the 
layers E , Fi, Fs: so says Berkner. A t Slough near London, at noon
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on a  certa in  day  of early  spring (1933) A ppleton found 1 .2 -105 a t  the 
crown of E  and 3.8 105 a t  the  crown of F, the  E-layer being a t  th a t  
tim e and place no t d ifferentiated  in to  Ei and  E 2. T hese figures are 
no t far ap a rt, if E  be com pared w ith  E  and Ei w ith  F; b u t w ith  a 
little  search I could have found p len ty  of values differing m uch more 
g reatly , as is a tte s ted  by  Figs. 9 and  10. F rom  th e  form er of these 
we have a lready  deduced th a t  critical frequencies v a ry  as the  sunspot 
cycle proceeds: I now add  th a t  from  m inim um  to  m axim um  of the 
cycle ju s t  ending, N  a t  th e  crown of th e  .E-layer increased by  three- 
fifths while N  a t  the  crown of E 2 w en t up  no less th an  fourfold ! From  
Fig. 10 we infer, by  squaring the  values of critical frequencies, how 
g rea t is the change of these iV-values w ith  hour of day . Sudden 
unaccountable changes also occur; one evening over C am bridge 
(M assachusetts) the N -value for the  E -layer was m ore than  tenfold 
the values given above, being ascerta ined  b y  M im no as 2.8 -106!

I therefore sum m arize, as precisely as seems justifiab le: th e  N-  
values a t  th e  crowns of th e  layers v a ry  w ith  hour of d ay  and  tim e of 
year and year of th e  sunspot-cycle very  m arkedly , n o t to  speak  of 
sudden unexplained fluctuations; and 105 to  106 electrons per cc. is a 
good figure to  keep in m ind for th e  order of m agnitude thereof.

T o  te rm ina te  th is section I show Fig. 12, in w hich th e  delay  of the 
echo for a  certain  frequency (2 me.) is p lo tted  against tim e during  the 
hours preceding and  following dawn. In te rp re tin g  w ith  th e  aid  of 
Fig. 3 A : during the  n igh t the  .E-peak was too low to  echo back  the 
signals of th is frequency, w hich accordingly clim bed fa rth e r and found 
the ir m irror in F ; b u t a t  6 :35 A.M. very  sharp ly , th e  .E-peak increased 
in height to  ju s t  the  ex ten t needed to  in te rcep t them . O r since 
confusion m ay  arise from using the word “ h e ig h t” in two senses, 
I express w h a t w ent on in an exacter w ay: during  th e  n ig h t th e  electron- 
density  a t  the  crown of the  E -layer was inferior to  th e  m irro r-density  
for /  =  2 me., b u t w ith  the oncom ing of day  it rose, and  a t  6:35 a .m .  

very  sharp ly  i t  a tta in ed  and  overpassed th a t  m irror-density .
I recall th a t  Fig. 11 exhibits how the  v irtu a l a ltitu d es  of th e  layer- 

crowns v a ry  w ith  hour of day  and  season of th e  year in th e  sky over 
W ashington. I t  is ev iden t th a t  E  is a  fixture of the  ionosphere w ith 
a v irtu a l height surprisingly s tead y  a t  the  close neighborhood of 120 
km, while F  rises and falls in the  course of a  w in ter day , rises and 
falls and  divides and  m erges again during  a d ay  of sum m er.

Now we m ust tak e  brief notice of a  difficult sub jec t: th e  forkings 
and th e  doublings of the (P ' , f ) curves, and the theory  w hich finds 
th e ir source in th e  e a r th ’s m agnetic field.
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A m agnetic field, the  e a r th ’s or any  other, should have no effect 
w hatsoever on radio waves so long as these are traveling in a ir com­
posed en tire ly  of neu tra l molecules. W hen, however, the  waves are 
se tting  electrons in to  m otion, the  m oving electrons are affected by 
the field, w hich has a  tw isting  action on their paths. W e have seen 
a lready  th a t  the m oving electrons react, so to  speak, upon the  waves, 
raising the  w ave-speed thereof. By altering the m otions of the 
electrons, the m agnetic field will influence a t  second hand  the  waves 
them selves. B ut will the  resu lt be perceptible? In view of the fact

T IM E  O F DAY

Fig. 12— Ceiling" for signal of fixed frequency shifting near sunrise from F  to £  as 
the electron-density of the E-layer increases with increase of light. (Appleton.)

th a t  th e  e a r th ’s m agnetic field is very  feeble by  com parison w ith the 
fields betw een th e  poles of our electrom agnets g rea t or small, or even 
w ith  those around the horseshoe m agnets which are playthings, one 
m ight well th ink  the  influence no t w orth the trouble of com puting. 
B u t those who first undertook to  com pute it— Nichols and Schelleng 
in Am erica, A ppleton independently  in England, in the w inter of 
1924-25— found it a  serious influence, and very well w orth the trouble.

T h e  problem  is one of those which are no t very  hard  to  sta te , b u t 
can be very  tedious to  solve except in special cases which m ay or m ay 
no t be of practical im portance. For th is problem it happens th a t 
two of the  special cases can be solved w ith relative ease, and one a t
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least is realizable in practice. I canno t v en tu re  to  give th e  theory  
of even th is one, b u t  a t  least I will a tte m p t to  describe w h a t happens.

T h e  special case occurs w hen th e  w aves are traveling  a t  r ig h t angles 
to  the  field. Since they  travel v ertica lly ,6 i t  is necessary to  find a  
place on th e  ea rth  w here th e  field is horizontal. Such places are found 
in th e  equato ria l regions only, and  these are n o t precisely crowded 
w ith  universities or engineering experim ent sta tions. H ow ever, the  
Carnegie In s titu tio n  of W ashington  was inspired, several years ago, 
to  se t up  a  s ta tion  in ju s t  such a place: H uancayo , in the  A ndes of 
Peru. H ere th ey  established long s tra ig h t horizontal an tennae , one 
running  north -and-sou th , an o th er east-and-w est, and  y e t ano ther 
northeast-and-southw est. In  th e  w aves w hich m o u n t from  these to  
the ionosphere and  then  come bouncing back, th e  electric field E 0 sin nt 
— henceforth  to  be called “ th e  electric v e c to r”— is fa ith fu l to  the  
d irection of the  an tenna . T hey  are called “ plane-polarized w aves.” 

W hen th e  no rth -sou th  an ten n a  is used, th e  electrons are  impelled 
to  and  fro in th e  no rth -so u th  d irection w hich is th a t  of the  m agnetic 
m eridian. Now as is well know n, an electron m oving parallel to  a 
m agnetic field behaves ju s t  as i t  w ould if there  were no such field a t  
all. T hese w aves ough t therefore to  behave according to  th e  theory  
which we se t up  while we were still d isregarding th e  m agnetic  field. 
T hey  are th e  so-called “ ord inary  w av es” or “ o-w aves.”

W hen the  east-w est an ten n a  is used, the  electrons of th e  ionosphere 
are  im pelled to  and  fro in th e  east-w est d irection , w hich is transverse  
to  the  e a r th ’s m agnetic field. T h is is ju s t  th e  condition for the 
m axim um  am oun t of m eddling by  the  field in th e  m otion of the  
electrons. T he m eddling consists in bending th e  e lec tron-paths in to  
curiously tw isted  arcs. The action o f the magnetic field is tantamount 
to strengthening the electron-current-density I e parallel to the electric 
vector. I t  will be recalled (from page 464) th a t  i t  is I e w hich for 
small A -values cancels a  p a r t  of the  d isp lacem ent-curren t and  so 
speeds up the  waves, and  for a  certa in  critical A -value cancels th e  
whole of th e  d isp lacem ent-curren t and  so brings ab o u t to ta l reflection. 
So, for these “ ex trao rd inary  w av es” or “ x-w aves,” a  given A -value 
produces a g rea te r augm enta tion  of th e  wave-speed, and  th e  critical 
A -value for to ta l reflection is sm aller, th an  for th e  o rd inary  waves. 
T h e  signal composed of x-waves, m ounting  in to  the  ionosphere, finds 
its  ap p rop ria te  m irror a t  a  lesser a ltitu d e  th a n  does the  signal composed 
of o-waves, and it  gets earlier back  to  ea rth . I t  m ay  indeed come

6 In addition to the other advantages of sending the waves up vertically, there 
is the feature that the angle between their line of motion and the field is the same 
when they are going up and when they are returning.
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back  from  E  while the  o-signal goes on to  F  or from  Fi while the 
o-signal goes on to  F2, or from  F 2 while the  o ther goes irre trievab ly  
forth  in to  space.

W hen th e  northw est-southw est an ten n a  is used, the  ionosphere 
takes charge of the  signals, and separates them  in to  an o-com ponent 
and  an ^-com ponent. Each travels according to  its  proper law, and 
the  x-com ponent reaches its  lower-down m irror earlier and  beats the 
o-com ponent back  to  earth . Two echoes re tu rn  instead of one. 
T he earlier is plane-polarized w ith  electric vector east-and-w est; the 
laggard is plane-polarized w ith  electric vector north-and-south . 
Suppose a long s tra ig h t horizontal an ten n a  is used to  respond to  the 
return ing  signals. I t  will respond to  bo th , if pointed  north-w est- 
sou theast; only to  the  earlier, if pointed east-and-w est; only to  the 
later, if pointed north-and-south .

All the  foregoing were s ta tem en ts of theory  a t  first, b u t th an k s to 
the  experim ents of W ells and B erkner a t  H uancayo, they  now are 
s ta tem en ts of d a ta  as well.7 Figure 13 exhibits a  sm all selection from 
the da ta .
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Fig. 13— Echoes of plane-polarized signals near the geomagnetic equator.
(Wells and Berkner.)

Now look again a t  Fig. 4: form erly I asked th e  reader to  ignore 
one of the  curves, b u t now we will com pare the two. T he circles and 
th e  crosses indicate th e  o-wave and the  x-wave respectively. One is

7 This is a good place to speak of a question which may already have occurred 
to many readers, viz. the question why we assume the charged particles in the 
ionosphere to  be free electrons rather than charged atoms or molecules. Were 
they of atomic or molecular mass, the separation of the o and x  echoes would be 
inappreciable, and the “ gyro-frequency ” later to be mentioned (page 482) would 
be quite outside of the radio range. It is not, however, excluded that among the 
free electrons there may be a great multitude of charged atoms, perhaps even many 
times more numerous than they, though much less influential.
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a fairly  close copy of the o ther, shifted a  certa in  d istance  along th e  
horizontal axis. F rom  the  m agnitude of the sh ift i t  is possible to  
com pute the stren g th  H  of the  e a r th ’s m agnetic field ; or le t m e ra th e r  
say, i t  is possible to  com pute a  num erical value w hich m u st agree 
w ith  H , or else the  theory  will be v itia ted . W hen the  com puta tion  
is m ade, the value tu rn s  ou t to  be ju s t a  few per cen t less then  the 
field stren g th  a t  ground-level. T he action of th e  field th rough the 
electrons on th e  w aves is exercised only in the  ionosphere, w hich is 
hundreds of kilom eters up in th e  sky; and  i t  is qu ite  reasonable to 
believe th a t  these few per cen t are ac tually  the  falling-off in the  field 
streng th  from  the  ground up to  th a t  level. Such is the p resen t belief, 
and  m any of those who w ork in terrestria l m agnetism  are happy  over 
the  prospect of m easuring thus th e  field in regions w here there  seems 
to  be no g rea ter hope of anyone ever ac tua lly  going, th an  of going to  
the moon.

A ctually  Fig. 4 shows d a ta  ob tained  in E ngland, w hich is far from 
the equa to r; I p o in t th is ou t in order to  m ention th a t  even w hen the 
w aves are  traveling  obliquely to  the  e a r th ’s m agnetic field, there  is 
a  separation  of the signals in to  pairs of echoes, and  these are  still 
am enable to  theory. In th is general case of oblique transm ission, 
the waves are polarized elliptically— a fea tu re  difficult to  visualize 
w ith o u t a  certa in  am oun t of specialized knowledge, b u t lending itself 
to  some very  n ea t and p re tty  experim ental te sts .8 In  th e  special case 
of transm ission parallel to  th e  m agnetic field, w aves in itia lly  plane- 
polarized should rem ain of th is charac ter b u t the ir p lane of polarization 
should ro ta te  as they  proceed. T here  are indeed so m any  curious and 
in teresting  details of th e  influence of the  field through th e  electrons 
on th e  waves, th a t  a  w riter m ust be ru th less in ignoring them  if he 
is to  observe decent lim its of space. I will m ention only in closing 
th a t the  “ gyro-frequency ” eH/2Trmc— w hich in our la titu d es is around 
1.3 -106 m e.— plays th e  p a r t  of a  resonance-frequency. W aves too 
close to  th is frequency are liable to  g reat, n o t to  say distressing, 
anom alies in transm ission. T heoretical s ta tem en ts  ab o u t w aves in 
general are likely to  assum e two different form s, one ap p ro p ria te  to 
those of frequency higher and the o ther to  those of frequency lower 
th an  the  gyro-frequency; it  is the form er which appears in th is  paper.

In  Fig. 14 there  appears som ething which, if th e  w ar had  begun 
before its  discovery, w ould perhaps have been called a  “ b lack o u t.”

8 It may perhaps be regarded as obvious that the ellipse of polarization should 
be described in opposite senses in the northern and southern hemispheres, since in 
one hemisphere the magnetic lines of force are coming out of the ground, in the 
other they are diving in. This inference was tested by a special experiment in 
Australia, and the result was taken as establishing the “ magneto-ionic theory,” 
as this general theory is often called.
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V IRTUAL ALTITUDE IN K ILO M ET ER S
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Being discovered however some years before th e  w ar, i t  was and  is 
called a “ fad eo u t.” T h e  a p p a ra tu s  was th a t  w hich I m entioned  on 
page 471; accordingly each of the p ictures was traced  in fifteen m inutes, 
and  as soon as each was finished th e  nex t was begun. See how the 
p a tte rn  of (P ' , f ) curves, fam iliar and  sharp  in the  earlier pictures, 
dissolves in to  fragm ents and  then  is com pletely w iped o u t ! L a te r on 
it begins to  come back  piecem eal, and finally is restored  as good as ever.

Since a tten tio n  w as focussed on such events in 1935, th ey  have been 
reported  by the  scores in every  year, vary ing  in d u ra tio n  and  in 
severity . I t  requires no (h ' , f ) curve to  show them , since ord inarily  
th ey  cu t off com m unication by  radio, and  w ith  the  sharpness of a 
knife. M any  an engineer, to  quo te  from Dellinger, has “ dissected 
his receiving equ ipm ent in th e  vain  effort to  determ ine w hy it  suddenly  
w en t d ead .” O ver broad areas th e  ex tinction  is sudden and  sim ul­
taneous in m any  fadeouts, m ore gradual in o thers; th e  resto ration  is 
as a  rule m ore gradual.

Shall we in te rp re t th is s trange and  strik ing  effect as a  sudden 
vanishing of the  ionosphere and  all the reflecting layers thereof, or as 
a  swallowing-up of th e  signals b y  som ething w hich is suddenly  created  
underneath  th e  ionosphere? A gainst th e  first suggestion it  is to  be 
said, th a t  no one can image any th ing  w hich m igh t so suddenly  frighten 
all the  electrons of th e  ionosphere back  under cover, so to  say—  
drive them  into the arm s of the ir p a ren t molecules in a few seconds 
o r m inutes— w hen all day  and  even a t  n igh t they  m anage to  hold 
the ir freedom . Such a graph as Fig. 15 speaks also against i t  forcibly. 
H ere in the  upper p a r t  of the figure we see the critical frequencies 9 
of F2, F i and  E  as located every  fifteen m inu tes on (P ', / )  curves such 
as those of Fig. 14. E ach  flock of d a ta  lies along a curve which, 
in tercep ted  though it  is by  the fadeout, resum es so nearly  a t  the  level 
w here it left off th a t  one can hard ly  believe th a t  th e  ionosphere to ta lly  
vanished in betw een.10

As for th e  curve m arked “ J m i n ”  in Fig. 15, i t  represen ts th e  low est 
frequency a t  w hich echoes are observed. I have said no th ing  as ye t 
ab o u t there  being such a  m inim um -frequency. H ow  indeed can there  
be one, and w hy should signals of any  frequency how ever low fail to  
be echoed, since the  m irror-density  for any  higher frequency is a fortiori 
m ore th an  a m irror-density  for any  lower?

9 For the ordinary waves, as indicated by the superscript in symbols such as }°E.
10 In violent magnetic storms the ionosphere is so convulsed that the echoes 

lose their sharpness entirely, and (h ', f )  curves like those of Fig. 7 are replaced by 
broad smudges; or echoes may vanish altogether. These are quite different from  
fadeouts.
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Attem pting to supplv an answer to this question. I point out that 
in such part of the theory as I have thus far given, there is nothing  
corresponding to  absorption. This is because the electron-current

- je : - : -
F ig. 15— lrend of th e  critical frequencies and of the echoed frequency

as a  iadeoct proceeds. B e te e r .

I ,  in the former notation' is in quadrature with the electric vector 
in the waves, being thus a “ w a tt le s  current-" This in turn is because 
we have assumed each electron to  be entirely free, oscillating in the
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w ave-sw ept ae ther as though there  were no th ing  else in th e  w orld 
b u t  itself and the  waves. If, however, the  electron were occasionally 
to  strike  and bounce off a  molecule i t  would leave some (even though 
b u t a  small p a rt)  of its  k inetic energy behind, and  th is  would have 
to  be replenished by  the  waves. Indeed as soon as collisions are 
taken  in to  account, the  algebra tells us th a t  th e  e lec tron-curren t is 
no longer in perfect q u ad ra tu re  w ith  the  electric vector. D issipation 
of energy occurs together w ith  reflection, and  if i t  is sufficiently g rea t 
— if, th a t  is to  say, th e  electrons collide often enough w ith  molecules— 
it takes th e  place of reflection. In  th e  term s of m y acoustic simile 
on an earlier page, th e  signals are no longer echoed back  from  th e  hard 
slopes of the  m ountain-range of Fig. 3A , b u t are swallowed up and 
lost as if in som ething soft and  woolly.

One would expect absorption  to  occur in th e  lower reaches of the 
ionosphere ra th e r  th an  in th e  upper, since the a ir is denser there  and 
the electrons suffer m any m ore collisions. T h e  absorbing layer, th a t  
is to  say, m ust be situ a ted  ju s t  w here it  is able to  cu t us off from the 
reflecting layers by  d issipating  the signals w hich we send. W hy 
should i t  do  so occasionally w ith  such com pleteness, and  m ost of the 
tim e n o t do so a t  all, for any  except th e  low est frequencies?

For an answ er to  th is query , one looks again to  the  sun. O rdinarily , 
we will suppose, the  ionizing agen t coming from  the  sun p ene tra tes 
deep enough in to  the  air to  form th e  reflecting layers high overhead, 
b u t is nearly  consum ed in so doing. Occasionally, though, the  sun 
sends forth  a qu ite  abnorm al tran sito ry  b u rs t of rad iation , so strangely  
constitu ted  th a t  it passes the  reflecting layers w ith o u t co n tribu ting  to  
them  or w eakening itself, and continues so far down th a t  a t  th e  level 
w here i t  a t  la s t engenders free electrons they  con stitu te  a layer a b ­
sorptive and  n o t reflective. T h is would be no m ore th an  an ad hoc 
assum ption, were i t  no t th a t  b rillian t erup tions are frequen tly  seen 
on the  face of the  sun a t  the  m om ents when fadeouts are com m encing. 
T o  some ex ten t it  is still an ad hoc assum ption, for th e  light w hereby 
the eruption is seen is certa in ly  n o t ionizing light, and  we m ust assum e 
th a t the  visible light is a ttended  by  rays of o ther w ave-lengths having 
ju s t th e  properties desired. Coincidence of fadeou t and  erup tion  is, 
however, so frequent, th a t  it would now take  a  very  sceptical m ind 
to  re ject the  assum ption. T he trend  of th e  curve “/ m i n ” in Fig. 15 
sustains it.

A nd so I have now come back  to  the  theory  th a t  i t  is rad iation  
from the  sun w hich m akes th e  upper atm osphere  in to  an ionosphere, 
by  detach ing  electrons incessantly  from the molecules thereof. (The 
detach ing  m u st be incessant, for th e  electrons are alw ays liable to
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recap tu re  by  the molecules.) Of th is theory  i t  m ay be said th a t  the  
m ajor facts confirm it, though a t  n igh t the E -ionization persists so 
tenaciously th a t  we are obliged to  seek for a  separate  agen t (m eteors, 
perhaps?); while num erous m inor discrepancies can be explained aw ay 
by  m aking special assum ptions which can neither be confirmed nor 
refuted  because there  is so little  independent knowledge of th e  upper 
atm osphere. N o t a  very  satisfactory  situation  for the present, b u t 
a t  any  ra te  one which offers endless p rom ise!

T hus i t  can readily  be seen th a t  as the  ionizing light descends from 
heaven through the  upper a ir, the  ionization per u n it volum e should 
a t  first increase (because the  a ir is ge tting  denser) and then decrease 
(because the light is getting  to  be used up). T h is offers an explanation 
for a  layer; and  the m athem atical w orking-out of the  idea— due in 
the  m ain to  C hapm an— shows th a t  n o t only the  existence b u t the  shape 
of either peak  in th e  curve of Fig. 3A is com patible w ith th e  theory. 
B u t there  are several layers and peaks, no t ju s t  one; how does th is 
come about? Well, th e  atm osphere is a  m ixture of several gases, 
differently susceptible to  the ionizing ligh t; one can a ttr ib u te  a peak 
to  each gas (indeed more th an  one to  a gas, by  invoking different 
s ta tes  of the  molecules). T h e  height of a  peak, th e  N - value a t  the 
crown of a layer, should rise and  fall as th e  sun rises and sinks in the 
sky. T his is tru e  of the layers E  and Fi, as we saw from Fig. 11, and 
again there  is a  q u an tita tiv e  theory  by  C hapm an, which is borne ou t 
in some though n o t in full detail. Of E 2 it  is n o t always true, as 
Fig. 11 proclaim s; there  is a  m inim um  a t  noon in sum m er, and the 
highest N -values of all are a tta in ed  in w in te r ! One tries to  cope w ith 
the discrepancy by  assum ing th a t as the  sun clim bs higher in the  sky, 
the E 2 region expands so much in the  h ea t th a t although the to ta l 
num ber in the region is properly  increasing, the num ber in u n it volume 
suffers a decline. T he layers do no t d isappear a t  night, though the 
7V-values shrink. T here seems to  be p len ty  of tim e for recapture of 
all the  electrons betw een sunset and  sunrise, and one is driven to 
h u n t for o ther causes of ionization which emerge when the sunlight 
is gone. These rem ain m ysterious. In rush  of m eteors in to  the high 
atm osphere has been suggested as one of the causes, and also incessant 
stream s of charged particles sim ilar to  those which become intense 
during m agnetic storm s.

Sunligh t is therefore no t the only, y e t apparen tly  the m ajor factor 
in m ain tain ing  the ionosphere. N ot, however, any  sunlight th a t we 
ever feel! T his portion of the sun ’s outpourings is so thoroughly 
consum ed above th a t it never reaches down to  the levels where we live. 
W ere i t  no t so consum ed, we should n o t be able to  com m unicate by
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radio very  far over the ea rth . T he reader m ay th in k  th a t  th is is n o t 
very  im p o rtan t: our ancestors lived w ith o u t radio, w hy should we 
w orry ab o u t lacking it? W ell, i t  is probably  qu ite  tru e  th a t  if the 
ionosphere were n o t overhead, we should no t be w orrying ab o u t the  
lack of radio. W e should in fac t p robab ly  n o t be w orrying ab o u t 
any th in g  a t  all, for we should n o t be here to  w orry. T h e  u ltra-v io le t 
light of the  sun, pouring down upon the surface of th e  globe unhindered , 
would w ork changes so severe on organism s as we know them  th a t  life 
would have to  be very  different, and perhaps im possible. T h is lethal 
ligh t is like an enem y, which in a ttack in g  a c ity  spends itself in throw ing 
up a barrier against itself; and th e  barrier n o t only keeps the  enem y 
ou t, b u t is serviceable otherw ise to  the  dwellers in the city.



Abstracts of Technical Articles by Bell System Authors
Stereophonic Reproduction from  Film .1 H a r v e y  F l e t c h e r . On 

April 9 and 10, 1940, dem onstrations of the stereophonic reproduction 
of music and speech, described in th is article, were given a t  Carnegie 
Hall, New Y ork, N . Y. These dem onstrations represented  the la test 
developm ent in a  series of researches by  Bell Telephone Laboratories, 
the  first step  of which was dem onstrated  in 1933 when a  sym phony 
concert, produced in Philadelphia, was transm itted  over telephone 
wires to  W ashington, and  there reproduced stereophonically and with 
enhancem ent before the N ational A cadem y of Sciences.

For the presen t dem onstrations, original recordings of orchestra, 
choir, and  dram a were m ade a t Philadelphia and Salt Lake C ity ; and a t  
a  la ter audition the  a r tis t or d irector was able to  vary  the recorded vol­
um e and to  change the  tonal color of the  music to  suit his taste . A t 
will, he could soften it to  th e  fain test pianissim o or am plify it to  a 
volume ten tim es th a t of any orchestra w ithout altering its  tone quality , 
or he m ight augm ent or reduce th e  high or low pitches independently . 
T he music or d ram a so enhanced is then  re-recorded on film, w ith the 
result th a t upon reproduction, a musical in terp re ta tion  is possible th a t 
would be beyond the power of an original orchestra, speaker, or singer 
to  produce.

Wave Shape of 30- and 60-Phase Rectifier Groups? O. K . M a r t i  and 
T . A. T a y l o r . T he installation  of m ercury arc rectifiers w ith a to ta l 
capacity  of 82,500 k ilow atts by  th e  A lum inum  Com pany of A m erica 
a t  Alcoa, Tennessee and M assena, New Y ork, was accom panied by 
widespread increases in the inductive influence of the interconnected 
power supply netw orks w ith resu ltan t increases in the  noise on exposed 
telephone circuits. Because of the size of these installations, and the 
com plexity of the  supply system s, i t  appeared im practicable to  lim it 
the rectifier harm onics by the use of frequency-selective devices, which 
have been successfully applied to  certain  sm aller installations. H ow ­
ever, the  results of a cooperative s tudy  indicated  th a t  by  m eans of a 
relatively simple arrangem ent of phase shifting transform ers, the  equiv­
alen t of 30- or 60-phase operation of the rectifier sta tions could be 
secured. In  th is way, the  im p o rtan t harm onic com ponents on the  
power system s were reduced to  relatively small values, and wave shape 
and noise conditions were restored practically  to  norm al.

1 Jour. S . M . P . E ., June 1940.
2 Elec. Engg., April 1940.

489



490 B E L L  S Y S T E M  T E C H N IC A L  JO U R N A L

T his paper describes briefly the  voltage and  cu rren t re la tions, p re ­
lim inary tests  on a small-scale rectifier, the  phase sh ifting  transform ers 
and the ir application  to  th is  particu la r situa tion , and  presen ts d a ta  to  
ind icate  the ir effectiveness.

A  N ew  Quartz-Crystal Plate, Designated the G T, which Produces a 
Very Constant Frequency over a W ide Temperature Range.3 W . P. 
M a s o n . In  th is paper, a  new q u artz-crystal p la te , designated  the G T, 
is described which produces a very  co n stan t frequency over a wide 
tem pera tu re  range. T h is crysta l does n o t change b y  m ore th an  one 
p a r t in a  million over a  100-degree cen tigrade range of tem pera tu re . 
T his crystal ob tains its g rea t tem p era tu re  s tab ility  from  th e  fact th a t 
bo th  the first and  second derivatives of the  frequency b y  th e  tem p era­
tu re  are zero. B o th  the  frequency and  the  tem p era tu re  coefficient can 
be independently  ad justed .

T h is crysta l has been applied in frequency standards, in very  precise 
oscillators, and  in filters subject to  large tem p era tu re  varia tions. I t  
has given a constancy  of frequency considerably in excess of th a t  ob­
ta ined  by  any  o ther crystal. A crystal chronom eter, using th is  type 
of crystal, was recently  len t to  th e  G eophysical U nion for m easure­
m ents on th e  varia tion  of g rav ity  and  the chronom eter is repo rted  to  
have k ep t tim e w ithin several p a rts  in 10 million, a lthough  no tem p era­
tu re  contro l was used.

Room Noise at Telephone Locations— I I }  D . F . S e a c o r d . Room - 
noise d a ta , based prim arily  on m easurem ents m ade a t  ab o u t 900 loca­
tions in and  around  Philadelphia and  Chicago under w inter conditions, 
were reported  inform ally to  the conference on sound a t  th e  1939 
A. I. E . E. w inter convention. T h e  p resen t artic le  supplem ents the  
earlier m aterial and  includes a  sum m ary of room -noise conditions ex­
pressed in term s of annual averages based on b o th  th e  w in ter survey  
d a ta  previously discussed and  th e  sum m er survey  d a ta  th a t  had  been 
obtained a t  ab o u t 1,300 locations b u t had  no t been com pletely  analyzed 
a t  the tim e of the  earlier repo rt. T h e  sum m er survey  included 500 
m easurem ents a t  locations previously m easured during  the  w in ter in 
and  around Philadelphia and  Chicago, and  800 m easurem ents a t  loca­
tions in and  around C leveland, New Y ork  C ity , no rthern  New Jersey, 
and  Philadelphia. A nnual average as used in th is a rtic le  is the  mean 
of w in ter and  sum m er m easurem ents. In add ition , th e  p resen t article 
includes a  brief discussion of ou tdoor noise and  the rela tive  frequency 
of occurrence of several p redom inan t sources of room  noise.

3 Proc. I .  R . E .,  M ay 1940.
4 Elec. Engg., June 1940.
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T h e  noise m easurem ents were m ade w ith equipm ent conform ing to 
the specifications described in the A. S. A. “T en ta tiv e  S tandards for 
Sound. Level M eters” (Z24.3-1936), using the 40-decibel loudness- 
w eighting netw ork. T he m easurem ents are expressed in term s of 
sound level in decibels above reference sound level, th a t  is, 10~16 w a tt 
per square centim eter a t  1,000 cycles in a  free progressive wave, each 
m easurem ent being based on the  average of 50 individual readings.

Electrical Conductance Measurements of Water Extracts of Textiles.6 
A. C . W a l k e r . I t  has been shown th a t  the electrical properties of 
textiles depend upon chemical com position, w ater-soluble electrolytic 
im purities, m oisture con ten t and m anner of drying th e  m aterial from 
the w et s ta te . Selection of a  textile for electrical puposes should in ­
clude consideration of the influence of chemical com position upon the 
properties of the m aterial, absence of significant am ounts of electro­
lytes, and  the  m ethod of drying the m aterial from the w et state.

T h is paper discusses the  w ater ex trac t conductiv ity  m ethod, its  cor­
relation w ith insulation resistance da ta , and describes a simple, durable 
electrolytic cell which is convenient to  use for the  conductiv ity  m eas­
urem ents.

5 A . S . T . M . Proc., Vol. 39, 1939.
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