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Analysis and modelling

Purpose: of this paper is the application of the approximate method called Galerkin’s method to solve the task
of assigning the frequency-modal analysis and characteristics of a mechatronic system.
Design/methodology/approach: was the formulated and solved as a problem in the form of a set of differential
equations of the considered mechatronic model of an object. To obtain the solution, Galerkin’s method was used.
The discussed torsionally vibrating mechatronic system consists of mechanical system, which is a continuous
bar of circular cross-section, clamped on its ends. The electrical subsystem of the considered mechatronic
system is a ring transducer to be perfectly bonded to the bar surface.

Findings: this study is that the parameters of the transducer have an important influence on the values of natural
frequencies and on the form of the characteristics of the said mechatronic system. The results of the calculations
were not only presented in a mathematical form but also as transients of the examined dynamical characteristic
which are a function of frequency of the assumed excitation.

Research limitations/implications: is that the linear mechatronic system was considered, for this type of
systems, such approach is sufficient.

Practical implications: of this researches was that another approach is presented, that means in the domain of
frequency spectrum analysis. The method used and the obtained results can be of some value for designers of
mechatronic systems.

Originality/value: of this paper is that the mechatronic system, created from mechanical and electrical subsystems
with electromechanical bondage was examined. This approach is other than those considered elsewhere.
Keywords: Applied mechanics; Torsionaly vibrating shaft; Approximate method; Flexibility

exact positioning, working velocity, control and dimensions. The
problems, cannot always be approached from the point of view of
traditional principles of mechanics. Calculation of characteristics
of the mechatronic systems need to investigate new possible
methods for examination and analysis these systems.

1. Introduction

Graphs and structural numbers methods, was presented in the
Gliwice Research Centre in [1-4,7,9-11], to solving the problem?
to determine the dynamical characteristic of a longitudinally and

torsionally vibrating continuous bar system and various classes of

discrete mechanical systems in view of the frequency spectrum.
Challenging problems for scientific research are the

requirements concerning mechatronic systems, for example their

Y Other diverse problems have been modelled by different kind of methods. Next for the last
several years the problems were examined and analysed in the centre (e.g. [18, 21-25].
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For finding projects involving new construction solutions, a
lot of attention has been given especially as far as the technology
of drives based on the phenomenon of piezoelectricity and
electrostriction is concerned [8,12-15,17,19,20]. To eliminate
oscillation the piezoelectric elements are also used [16]. The
mechatronic system, which has been clamped at one of its end
(Fig. 1), has been considered in the paper [5]. The system was
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excited by the harmonic electrical voltage from the electric side
which was applied to the converter clips.
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Fig. 1. The mechatronic system with electrical excitation

2. The torsionaly vibrating
shaft with piezotransducer
and shunting circuit

The torsionaly vibrating system clamped at of its ends is
considered in this paper. An ideal piezotransducer ring is perfectly
bonded at a certain position x,, to the surface of the shaft

(see Fig. 2).
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Fig. 2. Shaft with piezotransducer with mechanical exitatation and
shunting circuit

The mechanical part of considered mechatronic system is the
continuous elastic shaft with full section, constant along the whole
length I. The shaft is made of a material with mass density p and
Kirchoff’s modulus G. The system was considered in [6], but in
this paper the problem have only been signalized.

The equation of the motion of the mechanical subsystem of
the mechatronic system, in view of the given system, takes the
following form [16].

p|o<pn—eloq>lxx:—TXFU[a(x—xl)_g(x_xz)}%emﬁa(x_l) O
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or, differently:

G A M
-2 =—L_U|d(X—X%)=-8(X=X,) |+-——=8(x=1),(2
(p,II P (p,XX Iopl I: ( l) ( 2):| I[)pl ( ) ( )
Gis
ly
modulus and length of the piezoelement respectively, d,5 the
electromechanical coupling coefficient [15,16,19].

where:  A* :%nGp[(R+hp)3—R3} G, .1, - transverse

The equation of the of the electrical subsystem of mechatronic
system, which is piezotransducer, is given in the form:

2
U. . 1 2nR hpdlst
R.C 1,C,

S

o (Ipt)=0 (3)

p

or in a different way

U+aU +oc2cpyt(|p,t):0, @

2d,:G
where: Cp:Zntheﬁ(l—lspJ g =—L— e,- the
I e R.C,

dielectric constant [15, 16, 19].

Taking into consideration equations (1-4) the considered
mechatronic system (Fig. 2) is described by the next set of
equations in form

Gy s A )= 8(x—x )= L Ms(x—
Pt p(p,xx+|0plu[8(x Xl) 8(X XZ)]_|Op|M8(X I) 5)

U+aU +0c2(p’t(|p,t):0

The set of equations (5) will be a starting point of further
considerations which can be derived.

The solution sought in this paper will involve the sum
function, that means the function of the time and displacement
variables, which are strictly determined and which fulfill the
boundary conditions [6]. This approach is agreeable to Galerkin’s
discretisation of the solutions of the differential equation system
with partial derivative.

The boundary conditions on the mechanical subsystem ends
(Fig. 2) are given in the form of

9(0,t)=0; ®(0)T(t)=0->®(0)=0 (6)
and
qr;(l,t):O; O()T(t)=0—->d(1)=0. @)

The angle of the torsion of the cross-section takes the
following form:

_ _ i NTTX Jiot
(p(x,t)—;%(x,t)—;Aj sin | e . (8)
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Mechatronical system is additionally excitated by moment as
follows:

M =M. 9

The voltage generated in the transducer as a piezoelectric
effect will have a harmonic character, because the mechanical
excitation (9) has the same character, that means

wt—ﬂ)

U= Bei( 2 (10)

3. Frequency-modal analysis of
mechatronic system

3.1. The dynamical flexibility for the
any vibration mode

For the any vibration mode, the angle of torsion (8) takes the
form of

9;(x.t) = A sinjlixe“’". (11)

The solution of the examined set of differential equations (5),
leads to appropriate derivative, as follow

9 (X1) = A; (,)Sinﬂ.'I_Xeimt’
(pj,tt (X,t) = —Aj wzsin TEI_Xeiwt’
(12)

H 2
T . .
(pijX (X’t):_Aj (Jl—j sin TEIXeth’

U= inei(wtig).

By substituting the derivatives (12) in equation (5) the set
algebraic equations is given in form

f i\2 . il ot—T % )
A oK, e + G A [Ej ke 1 Bel“ 3 2 p_ 1 Moe"“'E,
p U lpl ~ lopl (13)
. il t—Z il ot—2
A, io,0Ce™ + Bimel(w q + Balel(w 3 =0
or, in the form
. 2 ilot-% * .
AJ Kelmt g(ﬂ) 70)2 n Be'( 2) A D= 1 Moelth'
pil Lol Topl (14)
R ilot—Z i _
Ajiazwcelmt + Bi())el(n 2) n B(Xlel(w 2) — O’

where: K:sin”TX , C=sinTT‘|p ,D=[3(x—%)-8(x—%,) ], E =8(x~1)

for predetermined x, x; and X,
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After arrangement (13) takes character

_AijKeimt +§A1(IE)Z Kelot 4 Bei(m‘[—%) . D =7MoeimE,
p

1
Iopl — 1opl (15)

. il t—Z
AjiawCe" + Bi(;)el(oJ 2) =0

and after transformations the set of algebraic equations is given as
follows

. 2 ilot-Z " io
A-Ke'“{g(lﬂ) —mZ}IOpH—Be( 2)x D = Mye''E,

! P (16)

: i(ot—x
AjicoCe + ioe "7 o,

To designate the dynamical characteristic, the time function
must be eliminated from the set of equations (16), using Euler’s
theorem in form

e’ = cosmt + isinot . (17)

Using (17) after transformation the set of equations (16) is
obtained as follows

L \2
G( 2 P
AjK[p(lj - }IopI—Blk D =M,E, (18)

AjiooC; + Bo =0
Equations (18), as far as the matrix shape is considered
K{G(J'“)Z _wz} ool —iA'D[[A] [M,E
o i T I

B 0
icwC, [}

or
WA=F. (20)

By substituting in square matrix W, the first column by matrix
F, is obtained

_IMgE -iA'D
‘ W= e .t 1)
The determinant of matrix W, equals to
‘WAJ_ \ =MEo. 22)

Thus, the amplitude of the dynamical characteristic is
obtained as

_‘WAJ‘

AW

(23)
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2
where:W:K{G(Jlnj —mz}loplw—awclk*D- the  main
p

determinant of square matrix W

that means
A - _MoE . (24)
K{i(’(‘) —wz}lopl—aclk*D

The angle of the torsion of the cross-section for the first vibration
mode, i.e. j=1, after substituting (24) to (11) is determined

Esin“l—x

o (X,t)= 2
K{ﬁ(?) —ooz:| lopl —aCA'D

Mt - (25)

The dynamical flexibility for the first vibration mode, on the
base (25) takes the form of

Esin ZX
Y, = ' : (26)

2
{%(?) —mz} Iyl —aCA" D

Finally (26), the dynamical flexibility for the first vibration
mode at the end of the shaft, i.e. when x=I takes the following
form

V| = — £ : (27)
{%(T“) —mz} lpl —aCA D

In Fig. 3 and 4 the transients of characteristics-dynamical
flexibility are shown for the following parameters of bar: | =1m,

R=005m, G=8310"N  -7810"%% ang for
m m
piezotransducer:  h, =0,005m, I,=03m, Oy =440-10"" % ,

_ 2
S, =11,6-10 12le 31:9,8%.

3.2.The dynamical flexibility for the
second vibration mode

For the second vibration mode, i.e. when n=2, the angle of
torsion (8) takes the form of

@, (X,t) = Aysin ﬂﬂeiwt . (28)

By substituting the derivatives of expressions (8), (10) and
(28) to the set of equation (5) the dynamical characteristic, after
steps (11-24) is derived as
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‘le‘ = £ ' (29)

2
{G(ZITC) - mz} lopl —aCA'D
p

The transient of expression (29) are shown in Fig. 5 and 6.

3.3.The dynamical flexibility for the
third vibration mode

For the third vibration mode, i.e. when n=3, the angle of torsion
(8) takes the form of

P3(x,) = Agsin %eiw‘ . (30)

As previously, by substituting the derivatives of expressions
(8), (10) and (28) to (5), the dynamical characteristic after steps
(11-24), has the following form

‘YIS‘ = 2 E ' (31)
{(;(SITC) - 032} lopl —aCA'D

The graphical presentation of expression (31) are shown in
Fig. 7 and 8.

4.Conclusions

On the base of transients of dynamical flexibilities the poles of
the characteristic calculated with the use of mathematical exact
method and Galerkin’s method have approximately the same
values. The presented frequency-modal approach makes it possible
to consider the behavior of the mechatronic system in a global way.

Mathematical formulas, those which concern the dynamical
characteristics-dynamical flexibilities make it possible to investigate
the influence of the change in values parameters, which directly
depend on the type of the piezoelement and on its geometrical size
in view of the characteristics, the sort of vibrations of the
mechatronic system, mainly as far as the piezoelectric converter
“activation” is concerned, however the problems shall be discussed
in further research works.
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Fig. 3. Transient of dynamical characteristic for the first mode vibration
n=1
° frequency [Hz] °
g 8 &8 8 R B ¢ 5 & &8 rp B § B8 B & §
- - - - - - - - - - - -
0,00005
— 0,00004 -
s
=, 0,00003 -
8
% 0.00002 4
S
2
o ]
§ 0.00001
e
©  0,00000

98 8 B 8 8 8 8 § &

o [rad/s]

11000
11500
12000
12500 1
13000
13600
14000

mechatronic system mechanical system

Fig. 4. Transient of characteristic - the increase of resonance zone at first natural frequency

Dynamical flexibility of torsionally vibrating mechatronic system



Journal of Achievements in Materials and Manufacturing Engineering Volume 26 Issue 1 January 2008

n=2
frequency f [Hz]
o o O o L] Yo} Lo] {9} nu o o O O w n w n o o O
N W v W & MO N «— < 0O N © O ¥ 0O N © O M ~ — 1B & o™
N N T I - F O OO - M © 0O T M 1B 0 O N 1 N~ O N < N~
o N < N~ [o) I o ~ — N N N N O O MO o™ < < < < 0 o Yo} [Ye)
— 0,00005 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
s
= 0,00004 -
V)]
© 0,000083 -
s
2
5 0,00002
]
Q
© 0,00001 -
©
L
o 0,00000 T T T T T T = T T T T T T | E—
~ o o o o o o o o o o o o o o o o o o
o o o o o o o o o o o o o o o o o o o
o o o o o o o o o o o o o o o o o o
N < (o] [co) o AN < (] (e} o N < © <o) o AN < (o]
~— ~— ~ ~— ~ N N N N N ™ [sp] [sp] [sp]
O [rad/s]
==mechatronic system mechanical system
Fig. 5. Transient of dynamical characteristic for the second mode vibration
n=2
frequency [Hz]
[Yo] Yol Yo} Yo o o o o o o o o o
[(e] < N o [ee] © < [SN] o [*9) © < AN
o] (o] o ~— — AN ™ < w0 To] (o] N~ (o]
N N [P [sp} ™ ™ [sp] [sp] [sp} ™ ™ [sp] ]
0,00005 : : : : : : : : : : : :
0,00004 -
'E 0,00003 -
p4
=
»n
© 0,00002 -
=
2
=
o
S 0,00001 -
A
©
=
(5]
0,00000 ‘ ‘ ‘ ‘ ‘ : ‘ ‘ ‘ ‘ ‘ T
o o o o o o o o o o o o o
o o o o o o o o o o o o o
o Yol o w0 o w0 o 7o) o w o Yol o
[ce] [ce] ()] [} o o - — N N ¢ [s¢] <
~ ~ ~ -~ N N N N N N N N N
o [rad/s]
mechatronic system ——— mechanical system

Fig. 6. Transient of characteristic - the increase of resonance zone at second natural frequency

E Research paper , A. Buchacz




o
=
©
-]
0
£
°
=
@
i
7]
=
T
c
g

n=3

frequency f [Hz]

0€.S T - 0009€
06vs 1 - 000V
052S |
sros | - 000Z€
SLp + J 0000
esv 1 - 00082
S6TY +
090 1 - 00092
028e | L 000VC
083t T - 00022
ovee +
soe & J 00002
698z L 00081
e T - 00091
G8ez +
a1z | - 0001
0L6lL | L 000Z1
0294 L 00001
oevl |
061 + [ 0008
GS6 | L 0009
ST - 000%
Gy +
cez | L 0002
0 , : : , 10
[Te} < [a2] N ~— o
o o o o o o
o o o o o o
o o o o o o
o o o o o o
S 8 S o o o

[wN/L] sonsuajoeieyo

w [rad/s]

mechanical system ‘

mechatronic system

Fig. 7. Transient of dynamical characteristic for the third mode vibration

n=3

frequency [Hz]

0LYS

0€€S -

0§¢s -

GL1G |

G606 -

GLOG

GE6Y -

Ga8y

SLLY |

G697

SLoY |

GEGY -

Savy |

GLEY |

S6¢Y

Sley

oviy

L 000¥€

L 00G€€

L 000€€

L 00G¢E

- 000C€E

L 00GLE

- 000L€

L 00G0€

L 0000€

L 0056¢

- 0006¢

L 0098¢

. 0008¢

L 00G.¢

L 0004¢

L 00G9¢

0009¢

0,00005

0,00004 -

0,00003 -
0,00002 -
0,00001 -

[wN/L] sonsua)oeIRYD

0,00000

o [rad/s]

mechanical system

mechatronic system

Fig. 8. Transient of characteristic - the increase of resonance zone at third natural frequency

@
)
o
>
5
RS,
c
o
o
)
@
<
&)
0]
S
=)
£
+-
@
O
a
s
=
©
c
2
o
O
o]
)
et
o
>
2
S
=
@)
o=
=
2
@
c
>
o



Journal of Achievements in Materials and Manufacturing Engineering

References

(1]

(2]

(3]

(4]

(5]
(6]

(7]

(8]
(9]

[10]

[11]

A. Buchacz, The synthesis of vibrating bar-systems
represented by graph and structural numbers, Scientific
Letters of Silesian University of Technology, MECHANICS
104 (1991) (in Polish).

A. Buchacz, Modifications of cascade structures in computer
aided design of mechanical continuous vibration bar systems
represented by graphs and structural numbers, Journal of
Materials Processing Technology 157-158 (2004) 45-54.

A. Buchacz, Hypergrphs and their subgraphs in modelling
and investigation of robots, Journal of Materials Processing
Technology 157-158 (2004) 37-44.

A. Buchacz, The Expansion of the Synthesized Structures of
Mechanical Discrete Systems Represented by Polar Graphs,
Journal of Materials Processing Technology 164-165 (2005)
1277-1280.

A. Buchacz, Influence of a piezolectric on characteristics of
vibrating mechatronical system, Journal of Achevements in
Materials and Manufacturing Engineering 17 (2006) 229-232.
A. Buchacz, Calculation of characterisics of torsionally
vibrating mechatronic system, Journal of Achievements in
Materials and Manufacturing Engineering 20 (2007) 327-330.
A. Buchacz, A.Dymarek, T.Dzitkowski, Design and
examining of sensitivity of continuous and discrete-
continuous mechanical systems with required frequency
spectrum represented by graphs and structural numbers,
Monograph 88 Silesian University of Technology Press,
Gliwice, 2005 (in Polish).

J. Callahan, H. Baruh, Vibration monitoring of cylindrical
shells using piezoelectric sensors, Finite Elements in
Analysis and Design 23 (1996) 303-318.

A. Dymarek, The sensitivity as a criterion of synthesis of
discrete vibrating fixed mechanical system, Journal of
Materials Processing Technology 157-158 (2004) 138-143.
A. Dymarek, T. Dzitkowski, Modelling and synthesis of
discrete—continuous subsystems of machines with damping,
Journal of Materials Processing Technology 164-165 (2005)
1317-1326.

T. Dzitkowski, Computer aided synthesis of discrete-
continuous subsystems of machines with the assumed
frequency spectrum represented by graphs, Journal of
Materials Processing Technology 157-158 (2004) 144-149.

Research paper |

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

Volume 26 Issue 1 January 2008

J.S. Friend, D.S. Stutts, The dynamics of an annular
piezoelectric motor stator, Journal of Sound and Vibration
204/3 (1997) 421-437.

B. Heimann, W. Gerth, K. Popp, Mechatronics - components,
methods, examples, PWN, Warsaw 2001 (in Polish).

P.R. Heyliger, G. Ramirez, Free vibration of laminated
circular piezoelectric plates and discs, Journal of Sound and
Vibration 229/4 (2000) 935-956.

Ji-Huan  He, Coupled variational
piezoelectricity, International Journal
Science 39 (2001) 323-341.

W. Kurnik, Damping of mechanical vibrations utilizing
shunted piezoelements, Machine Dynamics Problems 28/4
(2004) 15-26.

P.Lu, K.H.Lee, S.P.Lim, Dynamical analysis of a
cylindrical piezoelectric transducer, Journal of Sound and
Vibration 259/2 (2003) 427-443.

A. Sckala, J. Swider, Hybrid graphs in modelling and analysis
of discrete—continuous mechanical systems, Journal of
Materials Processing Technology 164-165 (2005) 1436-1443.
W. Soluch, Introduction to piezoelectronics, WKIL,
Warsaw, 1980 (in Polish).

0. Song, L. Librescu, N.H. Jeong, Vibration and stability
control of smart composite rotating shaft via structural
tailoring and piezoelectric strain actuation, Journal of Sound
and Vibration 257/3 (2002) 503-525.

J. Swider, G. Wszotek, Analysis of complex mechanical
systems based on the block diagrams and the matrix hybrid
graphs method, Journal of Materials Processing Technology
157-158 (2004) 250-255.

J. Swider, G. Wszotek, Vibration analysis software based on
a matrix hybrid graph transformation into a structure of a
block diagram method, Journal of Materials Processing
Technology 157-158 (2004) 256-261.

J. Swider, P. Michalski, G. Wszolek, Physical and
geometrical data acquiring system for vibration analysis
software, Journal of Materials Processing Technology 164-
165 (2005) 1444-1451.

G. Wszotek, Vibration analysis of the excavator model in
GRAFSIM program on the basis of a block diagram method,
Journal of Materials Processing Technology 157-158 (2004)
268-273.

G. Wszotek, Modelling of mechanical systems vibrations by
utilisation of GRAFSIM software, Journal of Materials
Processing Technology 164-165 (2005) 1466-1471.

principles  of
of Engineering

READING DIRECT: www.journalamme.org



