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Abstract

Purpose — Electric arc furnaces are usually modelled usmmbined models which divide the phenomenon
taking place in real objects into a determinisiid @ stochastic or chaotic parts. The former isesged by
a nonlinear differential equations. The paper geas to obtain a closed form of the solution to ohéhe
most popular nonlinear differential equations usgdhe AC electric arc modelling.
Design/methodology/approach — The solution has been obtained in the time donbg a sequence of
transformations of the original nonlinear equatvdnich lead to a linear equation, for which a clofmun
solution is known.

Findings — A set of parameters for which the solution te tionlinear differential equation describing
electric arc can be obtained in a closed form.

Research limitationg/implications — There are still some parameter values for wkhehsolution can be
found only numerically. Moreover, due to the nataféhe phenomena occurring in electric arc fursaoe
order to build a complete model of the arc the mheit@stic model must be extended using for example
stochastic approach.

Practical implications— The obtained results enable determination oftexaveforms of the arc voltage or
radius without application of numerical algorithfos ODE solving. The arc model can be used to eatelu
the impact of arc furnaces on power quality dutimg planning stage of new plants. The proposedoagpr
facilitates calculation of the arc characteristic.

Originality/value — The importance of having a closed form of thieitsan instead of the numerical ones
comes from new possible ways of extension of teeradel in order to cover the time-varying naturéhe
arc waveforms. So far the equation has been saldusing numerical algorithms.

Keywords — electric arc furnace, nonlinear differential agons, closed form solution, nonlinear loads
Paper type — Research paper

1. Introduction

Electric arc furnaces are commonly used in steelustry. Unfortunately, nonlinear
characteristic of the arc furnace and its stocbdséhaviour bring about many problems, e.g.
voltage flicker and waveform distortions (Gometzal, 2010). This is the reason for many studies
which have been carried out last years in ordeyetobetter understanding of the phenomenon and
to find out an advanced model reflecting the complature of the electric arc (Ramirez, 2000). It is
especially hard task due to the stochastic chara€tprocesses taking place in the furnace during
melting — the arc extinguishes and starts agaamremdom wayMoller et al, 1980. Thus, the most
popular approach consists in two-step modelingst fihe simplified model taking into account only
a deterministic component of the solution is anadiyand then the time-varying character of the arc
is included by adding a chaotic, a stochastic modulated component to the deterministic solution
(Alvesa et al, 2010; Golkar and Meschi, 2008; Gomet al, 2010; Ozgun and Abur, 1999;
Walczak and Piwowar, 2010). It should be streshatithe analysis is carried out using numerical
algorithms for solving nonlinear differential egioais.

This paper presents a closed form solution obtaioed nonlinear differential equation used
commonly for the deterministic AC arc modeling (Adt al, 1990). It extends results presented in
(Grabowski and Walczak, 2011). The closed form tsmhumakes the analysis faster and more
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reliable. It also enables to obtain a realistic madel by treating some parameters of the arc as
stochastic variables

2. Deterministic ar ¢ furnace model

2.1. The arc equation

The paper shows results obtained in the field ¢érdeinistic V-1 arc characteristic modelling
by means of a nonlinear differential equation tbames from the instantaneous power balance
equation (Acheet al, 1990; Gomezt al, 2010; Ozgun and Abur, 1999). The other approaches
consist in approximation based on a step functg@llido and Gomez, 1997), a piece-wise linear or
an exponential approximation (Golkar and MeschD&0and a neural network black-box model
(Changet al, 2010).

The power balance equation of the arc furnace wikithe starting point of the method results
in the following nonlinear differential equationsdeibing a single-phase electric arc (Adtaal,
1990):

drt) - ks
dt  r™2(t)

kyr " () +K,r (1) i%(t) (1)

wherer(t) - the arc radiusi(t) - the arc currentk;, ko, ks - the model coefficients determined
experimentallyn andm — the equation parameters.

In this equation the arc radius is regarded asrémawn variable and the arc curref) as
input data. Subsequently, the arc voltaggcan be determined (Acled al, 1990):

Ky

u (t) = r m+2 (t)

i(t) (2)

So the arc conductangé) as a function of the arc radit@) can be expressed by:

rm+2 (t)

. 3)

g(t) =

The last equation can be transformed to obtainitiverse relation, i.e. the arc radius
expressed as a function of the arc conductance:

(1) = (k902 @)

Equation (1) can be also extended to cover the alaa¢hree-phase electric arc (Gonetal,
2010).

The values of the exponentsandm are limited to O, 1 or 2 and they reflect differarorking
conditions depending on the arc furnace cycle (@zland Gomez, 1997). The most popular
coefficient values ara = 2 andm = 0 (Achaet al, 1990; Gome=zt al, 2010; Ozgun and Abur,
1999). Such coefficient set implies that one iglelmg the melting stage of the arc, which is the
operation stage corresponding to the worst comditiegarding both flicker and harmonic
generation. Other operation stages are, usuallycoosidered when the simulation is aimed at
harmonic distortion or flicker calculations.
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The closed form solution to equation (1) for thieaal casen(= 2 andm = 0) has been

derived in (Grabowski and Walczak, 2011). The qoasis: does a closed form solution exist for
the other values of andm?

2.2. Closed form solution to the arc equation

Multiplying the arc equation (1) by™*(t) gives:

K, ™™2 (1) +K,r ™ (1)

dr(t) _, .,
?_ksl ®) (5)

Using the following substitution:

- dy(t) mi3 gy A (L)
t)=r™*(t), —2=(m+4)r™3{t)—= 6
y(t) (t) it (m+4)r™=(t) ot (6)
results in a new form of the nonlinear arc equation
dy(t
Y= ay @+ ™
where:
f(t)= Mi 2(t) (8)
2
a= —M = const (9)
K,
K= n*Tm+2 (10)
m+4

Taking into account that the coefficiemtsndm can take values 0, 1 or 2, all possible cases
of the exponeri (10) and equation (7) have been put togetheahitetl.

So the arc equation for = 2 andm = 0, 1 or 2 can be brought to a linear equatiahe-
conditions of existence and uniqueness of its gwiatare fulfilled assuming that the functifgt) is
bounded. Its solution is expressed by (Zwilling&¥97):

y(t):(m+4)%e"”‘ji2(r)e/”rdr, ﬂ:(m+4)% (11)

2 2

So on the base of equation (6):
1

r(t) =y™(t) (12)

and finally the arc voltage and conductance candéermined using equations (2) and (3),
respectively.

© Emerald 2013 URL.: http://www.emeraldinsight.cooi/élll/10.1108/03321641311317220

Grabowski D., Walczak JDeterministic model of electric arc furnace — asgd form solutionCOMPEL - The
International Journal for Computation and Matheosain Electrical and Electronic Engineering, va, 80. 4, 2013,
pp. 1428-1436.



TABLE |
THE ARC FURNACE EQUATIONS

n m k dy/dt - equation (7)
0 1/2 ay’?+f(t)
0 1 35 ayt+1(t)
2 2/3 ay?P+1(t)
0 34 ay i+ (t)
1 1 4/5 ay®+1f(t)
2 56 ay’®+1(t)
0 1 ay+f(t)
2 1 1 ay+f(t)
2 1 ay+f(t)

Forn = 0 or 1 the arc equation must be solved usingratiethods because a closed form
probably does not exisP¢lyanin and Zaitsev, 20D3

2.3. Example

The arc current harmonic characteristic can beddnmany publications (Brociek and Wilanowicz,
2011; Changet al, 2008; Ghoudjehbaklou and Kargar, 2002; Sakdral, 2010). The arc current
waveformi(t) (Fig. 1) used for simulation has been basedhenekemplary arc current harmonic
characteristic with relatively low distortion levethe only nonzero harmonics are 3rd, 5th and 7th
The percent of fundamental for these harmonicsgisaketo 5%, 4.5% and 1%, respectively. Of
course, it is only a deterministic simplificatiohan actual arc furnace current. The comparison of
results obtained for different percentages of taemionics have been shown in (Grabowski and
Walczak, 2011).
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Fig. 1. Arc current waveform

Current, i(kA)
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Let us assume that the constants in equation k&) ttee following valuesk; = 3000,k, = 1
andks; =12.5 (Ozgun and Abur, 1999). Solution (11) eaaldetermination of the arc radius (12)
shown in Fig. 2, the arc voltage (2) shown in Bgthe arc conductance (3) shown in Fig. 4 and
finally the V-1 characteristic shown in Fig. 5 foe= 2 andn=0, 1, 2.
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Fig. 2. Arc radius waveform far= 2 andm= 0 (dashed line)n= 1 (solid line) andn= 2 (dotted
line)
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Fig. 3. Arc voltage waveform far= 2 andm= 0 (dashed liney;m = 1 (solid line) anan = 2 (dotted
line)
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Fig. 4. Arc conductance waveform foe= 2 andm= 0 (dashed line)n= 1 (solid line) anan= 2
(dotted line)
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Fig. 5. V-I characteristic of the arc model for 2 andm = 0 (dashed line)n= 1 (solid line) and
m= 2 (dotted line)

In order to compare the closed form solution defibg equation (11) and the numerical one
the V-I characteristics fon =2 andm= 0 obtained using both approaches have been shown

Fig. 6.
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Fig. 6. V-I characteristic of the arc model for 2 andm = 0 — the closed form solution
(black line) and the numerical solution (red line)

The numerical solution has been obtained usihgthematica software package. The
Mathematicafunction NDSolve belongs to the most advanced @g¢neumerical differential
equation solvers. It can handle a very wide rarfgerdinary differential equations. NDSolve has
several methods built in including explicit Rungett& methods. The methods are reentrant and
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hierarchical, what means that one method can oaliher. Moreover, there is a mechanism which
provides automatic step-size selection and methmddrselection (Hunt et al., 2009).

The V-1 characteristics fon =2 andm= 0 (Fig. 6) obtained on the base of the closethfor
solution defined by equation (11) is consistentardy with the numerical solution but also with the
measured characteristics reported by other aufdatsaet al, 1990; Ghoudjehbaklou and Kargar,
2002; Gomeet al, 2010; Ozgun and Abur, 1999).

2.4. Numerical solution to the arc equation

Equation (7) in the case of non-integer valuek ¢dee Table 1) can be solved numerically
using one of the engineering software packages $é&ction contains a proposition of a method
which also leads to such solution.

The discrete equivalent of equation (7) for sangpperiodT is given by:

ylnl = y[n=1+Ta (y[n]) +Tf[n] (13)
It can be written down as:
y[n = Ta (y[n])* =W[n,n-1] (14)
whereW[n, n-1] is known and expressed by:
Yin,n-1] =y[n-1]+Tf[n] (15)

So assuming[n] =y andW¥[n, n-1] = b the following algebraic equation must be solveeach
stepn:

y-Tay* =b (16)
Moving linear terms to the left side and nonlingathe right one gives:

y—-b=£(y) (7)
where:

&(y)=Tay" (18)

Graphical illustration of solutions to equation YI@r all cases of the exponenti.e.k = 1/2
(blue curve)k = 3/5 (brown curve)k = 2/3 (black curve)k = 3/4 (green curvek = 4/5 (gray curve)
andk = 5/6 (purple curve) - see Table I, has been @ehby red dots in Fig. 7 for exemplary values
of the coefficientsT=1, a= 1 andb=1. The solutions are determined by intersectiohs
monotonic functions (18) and a linear function defl by the left side of equation (17).
Equivalently, they can be easily found as root$uotctions obtained by moving the right side of
equation (17) to the left side — see FigA8suming thab > 0 the roots are single and should be
searched within the intervdb,(c).
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Fig. 8. Solutions to equation (17) as roots of fioms for different values of the exponént

The presented method can be realized by a nonlifiRedinfinite Impulse Response) digital
filter which implements equation (14).

3. Conclusions

A differential equation describing the determirddtiehaviour of an AC electric arc has been
considered in the paper. The conditions which nhsstfulfilled in order to get a closed form
solution to this equation have been given. The @sed approach makes calculation of the arc
characteristic easier and enables in the futueively simple extension of the model in order to
reflect the arc stochastic nature. The computaticesults agree with existing numerical solutions
and measurements.
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