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A TABLEAU STRUCTURE OF DYNAMIC PROGRAMMING

Summary. Dynamio programming is a useful tool to solve
multistage decision problems. But there are still several points
worth to be Improved. One of them may bo how to oalculato those
results for numerical problems iIn a reasonable way.

In this paper we suggest a tableau structure which can be used
to treat such problems of finite type of which the state set at each
stage is either finite or infinite in number.

1. Type 1 Finite State Set

The moat practical problems of this type oan always be converted
into solving shortest path problems on weighted multi- n- stage digraphs
CU.

Suppose wO have a multi-stage digraph G. Its Vertex set has an (n+l)
partition

.,(OV>gl) »e» Qee V(n)

vhere -] | t =

lyw =t ,.i=0,1,...n.

The length of the link denoted by d(vr 1 vé‘),or araH

T s
If there is no link from Tpi_17 j we may imagine that it does
havea link with the length + » , The i-th stage oan he written as a

Bodd-matrix /also called revised matrix by T.C.Hu and mini-add matrix
by A.Shimbal/, denoted: lay STAGE(vA*“1), V~), or STAGE(Q) :
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nl K0 ® ®
} (&) )
STAGE (i) alln" ainn o ok “it.
TactD
=9 ahkcD
M
Bi-1

XT the length of a path As defined In the fora of the jrun of all lengths
on It, the length* of shortest paths from any state /vertex/ in V~ to
another In y(n) ol ~ found asi

STAGE (T)

Einoe the associative law for modi-product of modi-matrices Is valid,
there are several ways for performing the computations. The most straight
ways may be the forward prooess and the backward one. Vhen you neod to
solve a numerical problem by hand, and once you have decided to take the
forward or backward prooess, the following two tabular forms are recom-
mended, which will help you to save yourself considerable writting effort
by organising the computations in a convenient and oompaot form.

r(0)

STAGE QI STAGE Q)

2

w[ STAGE (i) STAGE (3)
"ini

<i STAGE (i) STAGE @) .
lal

n-1 1

«l] STAGE (i) - STAGE ()
1st

n

J] STAGE () ad(vP), VW)-"
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Backward prooesg tableau for computing d (v~*

STAGE (n-1) STAGE @)

n
STAGE(n-2) wf STAGE ()
+=n-1
« L J
* *

n
STAGE (I) vl STAGE @)
1=2

d (VOIFyind M 5 STAGE @
1=1

The terms within the reotangles in the tableaux are the given modi-
aatrioes and the others are intermediate and final results of the compu-

tations which you must fill in..

Example 1. Find the shortest paths and their length on the following

figure»

Solution! Write down the modi-matrioes of these stages!

BlL B2 B3 V

STAGE (A,B) = A fi* 7 6 5) , STAGE (B,0)
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D2 d3 d5

STAGE (<J,d) = , STAGE (D,E) = 3

and STACGE € ,f)

Vo define
stage(a,b). © stage(b,c) 5 stage(a,b,c) = stage(a,c),
STAGE(A,B) O STAGE(B,C) ® STAGE (c,D) =

hstage@ ,b ,c ,d) = stage@,d) ,

end bo on. We have

stage(@, b) - A

DI D2 a3 D4 P»
STAGE(AF D) = A ~ gL W 11]

Vo have nads two oonvontiona above. The first one is that the only
elements emitted are positive infinity. Second, the vertices under a
number divided by a short line are those through which the shortest path
pacsos. They are not entries of the modi-fljatrix, hence do not lake part
in the computation. \Y;

For example, on STAGe(a,c), wo can read the path from A to C2 via
or Bk is a shortest one among all /four/ possible paths from A to C2, and
tho length is 9. Again, on STAGE(a,d) , we oan read that the shortest path
from A to passes through C* which has the length As for the
shortest path from * to C(, we oan look at STAGE(a,c) end that it must
pass through vertex Bj. Similarly, wa have

STAGE(@.e) - A [jl| 12
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F

and STAGE(A,H = A [-2]j

By using the forward process tableau, we have

B1

Cl

Bt

B2

D2

« i

E2

bt

B3 B4

6 5)

d3 D4 D5

14 14 1]

«¢  «T  *7)
E3

u 18 )
b3»D4»D5 J

Bl
B2
B3

C1
C2

D1
D2

D3
d4

D5

S1
E2

E3

© Ul = T

1

)

7

6

3

4,

°2  °3 D4

1 6
5 9

E2  E3

1

3 4

3 4
7.

Certainly, the rosult la the sane as that obtained above.

Therefore the distance /shortest length/ from A to F is 13 and the

shortest patins arc found from STAGe ( ,f) , STAGS @ ,E~, STAGE yA,D"1 and

STAGS (A,C) suee=olvely« if® have
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Henoe wo faavo two shortest paths with the length 13.

2. Type 2 Infinite State Sat

Tho basio recursiverelationship forbackwardinduotion is

fk(ck) ¢ {k" "k *“K) » fk+lt*s+1)J
k=1 2, ... N [/
where on tho k-th stage, is the state variable ia the deoision

variable subject to the restrictions ®EQWN)* Tba transition funotion
from to sfctl is

Bk+1 cTk™"k» “k) * 121

Vhsn tho state set i1a /or, at least, theoretically/ not finite, we
cannot use modi-«atrio®« as computational tool, tie suggest to solve the
problems by /!'/ and /2/ on the tableau as following:

stage k il Crkri)
(Tk (v “k)
uk+tl E —
ok(“ke “K) computation
fk+l Ckel™
E«k<

Surely, we also have an analogous tableau for forward induotion.
Vo shall see the role of tho tableau method playing in solving the
following numerical example.

> |

Rramplo 2. in angculture product company that sells a single produot
would like to ooneider a six aonth period inventory problem. At the
beginning of each period, k, the ooeapany reviews the inventory level,
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neei the demand requiredent in the period, d", and then deoides how
many unite to buy from its supplier for next period. The prioe of the
product changes violently from time to time, but the company has an.
accurate forecast of d» and o®, they are

Suppose the initial and final inventory levels are 2 and O respec-
tively. The capacity of the warehouse« H, is 9 units.

The objective of the company is to devise a schedule that jsini-
cizes the total buy cost subjeot to the restriction that all the demand
requirements are satisfied on timo.

Solution; wa take the inventory level at the beginning of stage k
as the state variable, and the amount to buy as the decision variable,
Uj-- According to the given conditions, wo bav®

(i) transition function; Bj+1 = sk ~ ~k + * 73/
s? a0,
(ii) constraintss djerL ~ ANH, /k/
whore H u 9.

By /3/» when k 3 6, we have u® s 0, and then Sg a dg 3 k.
By 73/, /V» wo faawo

/\+1 * N **k/\ H+/\k~sk'

But u™ must be non-negative, so wo get
“k~)» aaxCo,” + \ AN HaEdx -~ L /by

The recursive relationship for backward induction is

k() B {°kuk + Fk+1 (*lcH Y. *

Then wa can solve the numerical example on the toflowing tableau.
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Tableau
stage 5
a’
10 uc
stage 4
* 2
6 551 3
20 u
9-atK 11-3~
stage 3
» 3
(Pordrug 8
17 u,
©>5-a3)igu3"t2-83
stage 2
d2 n5
C,2~54U2c *3)
13 u2
(0f8-s2)y~ 2~ 14—a
stage 1
dj a8
{~8"-8+U|»
13 Uj
13-*, < 1?-B1
|stags O
d0 coO
5 ZHsib,)

sen b

i
[

6 06"
stage 6

110-108.
**(*)

m*, 9 S4
220-20a.

£313)

u™n 12-8

244-17»

£2(42)

«2= 14-,

273-13«

FI(*1)

ule t3"+1
442-180
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Computation

{10 Ug+o} = 1o(11l-sb),

us * 11 - a5

] 20u™N+110-10 (s"-2+UNM) =
= min ™M30+I10u™-10sj”}
= 130+10 (9-sif-10siF220-20s"
ua = 9-sn
MR {17u3+220-20 (»3-3+U3)}=

= Brin | 280—3u3-20s3J =
= 280-3 (12-s3)-20s3=244-17s3
= 12-s3

{1302+244-17 3.

s3]

tain | 329-4(14-s2
273-13«2

Uu* = 14-s2

{iSu, +273-13(*,-8+ ™)} =

tain {377+5ul-13»1i1 "
377+5 (13-s1)-1331=442-18s1

Uj = 13-s1

tain {11u,+442-18 (2+u,))

(o]
E min [408-7uo\ -

a 406 —7 S 7 =357
< af
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Tableau Computation
Answer: The rainimun o‘go optimal strategy: 7» 4, 9,
total buy cost: uo = ? 3, 0, 4, O.
357 357 and its inventory level
soquenoe:

9,5, 9% 9F 7, 4.

3. Conclusions

Xn this paper has been suggested a tableau struoturo for computations
of dynamic programming problems. It is an appendix to the theory
presented in CI]. The tableau struoture can be used to treat finite or
infinite problems.
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TABELARYCZNA STRUKTURA PROGRAMOWANIA DYNAMICZNEGO

Stroszoze nie

Artykut stanowi uzupednienie do opublikowanej wczesniej na VTKKADPP
pracy "ON JAR - METRIC PRINCIPLE** . Przedstawiono w nim tabotarycznag
forme obliczen dla problemu "najkrotszej drogi'. Ponadto wskazano moz-
liwodd wykorzystania proponowanego podejscia do rozwigzywania innych
probleméw programowania dynamicznego.
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TAEffGHAH CTPZKT7PA  JUfIAMMGECKOIO  nPOrPAMMHPQBAHHS

POsoMe

. CiaTLir /ABJissTCH npmoseHiieM k paHee onyOjnncoBaimoii Ha 7 RDHSepeimira
;ADI padoie “ On jar - metriX Principle " ﬂl3 » llpeacTaBJieHa TaoffikHaa
$opjaa pacHCTOB  |ym npoopeMH a KPaTaau,aero nyra " . lloka3aHH bo3madxhdcth

HOAB3)BaHHH rllﬁa_lorpamnoro HOflxofla u- peraeHKio APyrax npodnea "HHaVKHeoKor
HoOrpaMIVH)OBH



