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ANALYSIS OF BOND AND CRACKS IN REINFORCED 
CONCRETE

1. MODEL OF THE SECONDARY BOND ZONE

A segment of the reinforced concrete element at the stage of cracks 
development is shown in Fig. 1. It has been assumed that the transmission 
of forces from reinforcement to concrete occurs on the length of the 
secondary bond zone only. In this zone the displacement of a bar with 
respect to the duct takes place .The bond stresses that accompany this 
displacement affect concrete around the bar and produce displacement of 
the cjuct as well. For each cross-section situated in secondary bond zone 
following relation can be written:

w Cx> ■ w Cx> - w <x>, sc & c

where: w ^Cx> - local displacement of a bar with respect to a deformable
duct,

w^Cx> - local displacement of a bar with respect to undeformable 
duct,

w^Cx) - local displacement of a deformable duct with respect to its 
initial position before loading.

The resultant displacement of a bar in a deformable duct wCx> is equal 
to the sum of bar displacement with respect to the duct and of the duct 
displacement with respect to its initial position:

w(x) ■ w Cx) w (x) ■ w <x>. sc c s

Thus, the actual displacement of the bar at any chosen cross-section of a 
deformable duct equals w Cx> minus the displacement of that cross-section
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Fig.l Reinforced concrete structui'e at the stage of cracks development.

with respect to its position in an undeformable duct
Therefore, the problem of bond and cracks width can be reduced to an 

analysis of bar displacement in an undef ormable duct A test 
Compression-Pull-Out CC-POT) provides conditions approaching those ol the 
suggested model. From these tests ve obtain local bond stress as a function 
of local displacement of the bar in its duct and then the bond stress as a 
function of coordinate x.

Assuming that the normal stress in the bar in the boundary cross-section 
between the primary and secondary bond zones is small, a formula enabling 
to determine the normal stress in the bar in the secondary bond zone can be
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Flg.2 Equilibrium conditions of a bar in secondary bond zone.

obtained from equilibrium condition of projections of forces on the bar
axis CFig. 2>:

u
aCx> «   P t Cx>dx , Cl>

F J dSi
where: u and F are the circumference and cross-sectional area of the bar, si

t ,Cx>~bond stress, d
Displacement of any cross-section denoted x̂  of the bar with respect of 

its initial position equals therefore:

u X‘
  J J TdCx>dx Jdx. C2>

In the case of 1̂ , where 1̂  is the anchorage length of the bar Ci.e.
total length of secondary bond zone, corresponding to a„T~ stress in
steel at the crack cross-section!), relation C2> represents w^- displacement 
of the bar with respect to the crack plane:

« I1 U v p
vv C c  > *  —     f  I f  T<x>dx jdx. C3>
r sr E F Jc ! J JS Si

2. BOND STRESS AS A FUNCTION OF GEOMETRICAL CO-ORDINATE

In order to determine the t relation, where x is the distance of a
given cross-section from the boundary between primary and secondary zones, 
we divide the secondary bond zone into n portions. At extremal point of 
these segments the local displacement of the bar in its duct are denoted
respectively:

0, w , w , w ,  ..  w ,tr 2 s* r*
and at these points the corresponding bond stresses apear:

Td.n‘
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We assume that the values of the above stresses are equal to mean bond 
stresses obtained from the tests C-POT at respective points. The relation 
r .Cx> is therefore represented by a polygon. In these conditions the taska
to find out the relation consists on the determination of

,..,x̂  - the geometrical coordinates of points, at which the
bond stresses attain values t , r and the respective

d A  dAt f d,n ^
displacements - w4,w2,....,v̂. If the mesurements are carried out on
suitably short elements <Compresion-Pull-Out tests), that assumption is 
correct.

For isolated fragments of the polygon generalized equations of
bond stresses can be written:

T + T d,l d.O
TdCX> " T d.o+ ------X -----  f°r ° S  X 5  V

T Cx> ■ T . ♦ Ct - T > -------  for X < X < X ,d d.1 d,2 d,l X - X 1 2

t .Cx> ■ t ♦ Ct - t ) ------  for x < x < xd d,r> d.rvt-1 d,r> X - X n rvt-il n

Substituting the right-hand sides of equation C4) into right-hand sides 
of equation C2> and writing on its left-hand side suitable compo n e n t s  of 
displacements generated at particular segments of secondary bond zone, we 
obtain the following equations:

E F o s si

X1 r T d, i~ T d.o 1

S S <Tio+-----------x >dxO L X J

X - Xu . 2 r r 1 T
w -  w «   [ 4 J t + Or - )-------  dxl dx, C5)
2 1 E F x 1 J L 44 d'2 d'* x - x -I Js a i l  2 1

* A A
* r r n i  iw - w a  f J r i TJ + t T J - T J 1   dx I dx.TV*-1 n _ j I j I d„n d,n+i d, n X - X JE F x v a. n + l n J -/a s 1 n

Solving the set of equations C5> we can find the coordinates: x , x ,...xi 2 r
of points, at which stresses r ,t appear.d,l d,2 d.n

3. DETAILED FORM OF THE RELATION T Cxi AND RELATIONS DERIVEDd

The suggested method of approaching the problem can be applied to all sorts 
of reinforcing bars. In this paper the subject has been limited to
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establishing the relations for ribbed steel bars.
The values of bar slipplngs as functions of bond stresses obtained from 

C-POT tests (see Tabte 1> have been estimated on the basis of the 
researches published In 11,2,31. The data given in Table 1 are applicable 
to concretes of compressive strength in range between 20 and 40 MPa.

Table 1. Local bond stresses and corresponding lftrai sllppings, calculated
data in 11,2,31.

Trf(x} CMPal 0.0334 0.1360 0.2270 0.3860

w [mm] 0 0.01 0.10 1 .00

In the considered case the set of equations (5} includes 3 equations. 
Results of calculations carried out, are shown in Table 2.

Table 2. Geometrical co-ordinates of the bond stresses.

r (x> CMPald x Cmml

TJ - 0.84d . O
T - 3 . 40d , l
t ■ 5.68 d , 2
r ■ 9.65 d , S

X e 00 _
x ■ 2 . 5V1 _
x ■ 60V 4>2xa« 146V <p

A graph plotted on the basis of data from Table 2 is presented in Fig. 3. 
It represents the situation at which the maximum bond forces develop and 
this graph is referred to as a "complete graph". On this graph geometrical 
coordinate x of the maximum length of bar anchorage zone is 1 ■146Vtf>,3 vmox
here <p is the bar diameter. The complete graph presents a polygon which in 
Flg.3 has been substituted by a curve described by the following formula:

0.794 o.<s
t Cx>« — ----  x CMPal (6)
d v o

where: x-dimentionless coefficient that has to be assumed equal to the 
distance (in mi 11 meters} between the cross-sectto»* considered and 
the end of primary bond zone,
0-dimenslonless coefficient equal to the diameter of a bar (in 
ml 11 meters>
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Fig.3 Bond stresses - Complete diagram t^Cx>: 
a) as a polygon, b> as an approximate curve.

Prom the relation <<S>, all relations concerning the secondary bond zone 
can be obtained. Thus, substituting relation <6> into equation <1> we 
obtain a formula enabling calculation of stresses ©■ Cx> in reinforcement at 
any cross-section of the anchorage zone, situated at distance from the 
end of the primary bond zone:

1 . <5
X l.

o  I * 1.985 ------  £MPa3, C?)
SIX. 1 . 5

* *

In a particular case for calculation of stress in reinforcement at the
crack cross-section, we obtain:

i. <s
1V

a  m 1.985   CMPal, C8>
sr 1 . 5

4>

where: 1 -length of bar anchorage zone.
Now, transforming the relation <8> we present the anchorage length of a

bar 1 as a  function of stresses a in reinforcement at the crack v sr
cross-section:
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O .O Z S  O.OD7S

1̂ = 0.651 4> Cmm3. <9>

The relation for evaluation of bar displacement at any point of secondary 
bond zone may be obtained from equation <3):

0.763
w  I K ------- X2' c [rami.
K  M 1'5 1

C

Substituting x » 1̂  we obtain the bar displacement with respect to the 
plane of a crack:

0 . 2499 1 . «525 O .C373

w *   o <p c , <10>r _  cr

where: c is a coefficient, equal O. «523
MPa

The mean deformation of reinforcement on the length of secondary bond
zone may be determined by dividing the displacement w^ of the bar with
respect to the crack by the length 1 of the anchorage zone, where w is
obtained from CIO) and 1 - from CP):

V

W  Crr a r
c «   ts 0.3839   . <«)e.ro j E

v s

4. LIMIT CRACKS SPAGINGS

The limit local spacing of cracks may be determined
We obtain:
- for the elements subjected to axial tension:

m  fct.ro O. <523 O. P38
s * 0.651 C -------- ) <t ,r b

- for the rectangular elements in bending:

m  fCt.ro O. <523 O. 03B
s B Û.251 C  ) $ , C13)r V

where: m, f̂  ^-local tensile strength of concrete Cat the crack) expressed 
as a product of m  and the mean strength C f^ ),
m  -numerical coefficient
fj -reinforcement, ¿j«A /A , Chere A is the area of reinforcement and
A -total area of concrete).c

When m«i, relations C12) and C13> allow to evaluate s -mean limit cracksr
spacing.

from the equation C9).

<12 )
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The general formula Is:
w » 2 £ s , <14)r s,m r

where: c - mean strain of reinforcement calculated from relation <11),s,m
- local limit crack spacing.

After suitable substitutions we obtain relations for calculation ol 
local cracks widths:
- in elements subjected to axial tension:

O. 62 5 O. £>38
<m f ) <pC t , tn

w » 0.500- 1 . <52 5 _
» E

- in rectangular elements in bending:

O. <52 5 O. £>38
Cm f ) <pc t , m

w «= 0.042— bd'

calculated as in uncracked element,

In a case of mal relations <15) and <16) enable to calculate mean width 
of cracks w r , tn

6. WIDTH OF THE EXTREME CRACKS

The extreme cracks can attain wider opening than the intermediate cracks. 
This phenomenon is due to the lack of possibilities of enforcing the crack 
development in the space beyond the extreme crack. Thus, after the extreme 
crack has developed, further increase of loading causes in the zone of 
anchorage of the bar a considerably growth of bond stresses; anchorage zone 
length increases and large displacement appear <Fig.4.>. This can occur in 
the elements subjected to axial tension and in these cross-sections of 
element of a frame which are adjacent to the frame Joints. The equation to 
asses the width of the extreme crack in the elements in axial tension takes 
the following form:

a,b O. <525-,
+ < --- ) . <17>

R Jr

In the average load condltios, the value of apparent stresses is a m
<5—6)f and the width of the extreme cracks can be twice as large as thatct,m °
of the Intermediate ones.



Extreme Intermediate

Normal Stresses in Steel

Bond Stresses

Fig.4 Comparison of conditions accompanying the developement of outermost
and Intermediate cracks.

7. COMPARISON OF THEORETICAL ESTIMATION CONCERNING MEAN WIDTH 
OF CRACKS WITH EXPERIMENTAL RESULTS

For the above purpose the results of tests carried out in the Institute of 
Building Technology in Warsaw on 49 rectangular beams has been used. Each 
experimental result is a mean value of approximately 10 crack width
measurement, which were under observation in the span of pure flexion
action in each beam. In the test the variable parameters were: the
percentage of reinforcement, bar diameters and apparent edge stress 
6M/bhz.

Statistical analysis of the foregoing data have proved that the mean 
ratio of theoretical estimation to experimental results CFig.5.> equals 
1.04 and the value of correlation coefficient is equal to 0.8. This shows 
a very close agreement between the mean theoretical estimation and 
experimental results.

The comparative analysis proves that the mean cracks width evaluated on 
basis of the method suggested by author confirmed the mean cracks width
calculated on basis of CEB formula 151.
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Fig.5 Regression line* - comparison of theoretical results concerning me«vi 
vidth of crack with experimental ones.

8. RELATION OF MAXIMUM CRACK WIDTH TO MEAN CRACK WIDTH

From the relations C15> and C16> it is evident that with the condition of 
the same reinforcement the crack width dispertion is due to the variation 
in the local tensile strength of concrete, expressed numerically by 
coefficient m.

When the tensile stress in the bottom edge varies along the element 
length, the analysis of crack width should be carried out in the most 
stressed cross-section. In this case probable value of the tensil strength 
of concrete is the mean one, Cthus m*l)

In the elements uniformly stressed however, m  can attain much greater 
values. Values of m  which have to be applied in the in the calculations may 
be assessed then in the following manner:
1 -A distribution of local tensile strength values has to be fixed.Let it 
be e.g. an normal distribution, represented by normalised function p(u).

2.An allowable width of crack opening has to be assumed Cw > arid theper
number of cracks Cn> of that opening in a structure, at the stage of
working loading must be evaluated.

3.It is assumed that in the cross-section correspond i ng to the last crack, 
the concrete tensile strength equals m  f , and that there existc t , tn
only one such a cross-section in the whole element ,thus:

U R 1
f *>(u)du m 1 - — - . C1 8)J „ n

-  00

4.After calculation of the integral from the above formula the value of 
of variable u^may be found out from the tables of normal distr i but ions
factors. Next, the value of a coefficient m  may be calculated from the
the formula:

m  ■ 1 + ur 6, <19>
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where 6 is a mean standard deviation.
Therefore» the maximum tensile strength in the concrete is a function of 

the number of cracks. The greater that number, the higher strength should 
be assumed in crack analyses.

9. DESIGN OF REINFORCEMENT FROM THE CRITERIUM OF LIMIT 
WIDTH OF CRACKS

The amount of reinforcement for a given limit width of crack , can be 
determined from relations <15>, <16> and C17>, which after modification 
take the following form:

b O . <515 O. 3S5 0.577
0.653 C   > < m  f > <p , C20>_ ct,tr.E w.

0.142 <
O . <515 

> C m  f
O. 335 O
> 4 C21>

E w,

cr crb j- b O. <S25-j -O.
fj * 0.425 i -----  1 + < ------   > j \

'-Ew «- m f  J-'
Cm f > C22>

E w, t m  fa I vm  cl ,f

10. EXEMPLE OF ANALYSIS

Design of the reinforcement for a r.c. tie 25 m  long and subjected to axial 
tension for the limit crack width equal to w ■ 0.20 mm. Apparent stressesper
at the stage of working loading &  m 10 MPa. As reinforcement 25 m m  dia
ribbed steel bars should be used of design strength 310 MPa. Concrete ol
mean tensile strength 2 MPa. Mean standart deviation of strength of
concrete <5« 0.25.

Preliminary design is carried on with an assumption that concrete
tensile strength is 2 MPa. By applying equation C20>, we obtain:

10 O . <515 0.385 0.577
v » 0.653 C ---------- > 2 25 = 0 032 i.e.3.2%

213000x0.2

Mean ultimate spacing of cracks can be calculated from relation <12 >:

2 O. £525 0 . 033
s «* 0.651 < -----  > 25 a 177 mm.r'Tn e\ no-»

Number of cracks:
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25000
n * — --  * 141.

177

The value of the integral of function i>£u>:

UR 1
J pCuXiu = 1 - •» 0.792024
"00

From tables of normal distribution function we find:
ua« 2.41.

Hem»« the coefficient:
m  » 1 + 2.41 x 0.25 » 1.60.

~in. tensile strength of concrete at the crack: 
m  f ■ 1.60 x 2 ■ 3.2 MPa.el„wi

The final design of reinforcement should be carried on taking Into 
account that the number of Imposed cracks Is equal to 141, the highest 
probable tensile strength of concrete at a crack is equal to. 3.2 MPa. 
Therefore:

10 0.015 0 . 385 0 . 57?
V  a 0.653 C  > 3. 2 25 » 0.0383 I.e. 3.83% .

213000x0.2
Checking the stresses in the reinforcement:

10
a a  m 261 MPa < 310 MPa.
“ 0 0383

In this case the area of reinforcement is determined by the criterion of a 
limit crack width and not of a bearing capacity.

We shall calculate now the area of reinforcement required at the 
extreme crack. Considering that the number of extreme cracks is very 
small Ce.g. two cracks), and beside their position is strlcly determined, 
we assume, that the most probable value of concrete tensile strength at the 
extreme crack is the mean strength i.e. 2 MPa. Applying equation C22>,we 
obtain:

O. 3B3 0. 577 ̂ 10 |- 10 O. <S25-ĵ O. <513
Vp m 0.425 x 2 25 \213000x0. 2 + C 2 5 Jj

V P  m 0.0472 i.e. 4.7% .
The control of the crack width may be also made on the basis of the CEB 
formulae C Bulletin d'Information No 176 pp 15.1-15.4 5:

10 2
O a ------- a 210 MPa; cr a   = 42 MPa;
°m 0 0472 "  0 .0472
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25
s * 50 + 0.25 x 0.8‘
r,m 0.0472

156 mm,

212 42
C 1 - 0.3 x > ■ 0.000991,

OTn 200000 212

w « 156 x 0.000991 ■ 0.154 mm.

The characteristic crack width w fc is equal:
Tor small elements w, *1.3x0.165*0.200 m mk
for big elements w k«1.7x0.165«0J262 mm.

The conclusion can be drawn out that the proposed method yields smaller 
reinforcement than that calculated from GEB formulae.
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ANALYSIS OF BOND AND CRACKS IN  REINFORCED 

CONCRETE

S u m m ary

The results at the author's Investigations £13 concerning the model of 
cracked reinforced - concrete elements are presented. The technical bond
theorv based on experimental relation r -s, taking into account thePCompresion-Pull-Out test results has been formulated. It enables to 
determine mean crack width. It has been suggested that dispersion of test 
x*esults concerning crack width is caused by the local differences in 
tensile strength.

rJSTOM ANALIZY PRZYCZEPNOŚCI I RIS 
W ŻELBECIE

( Streszczenie )
Opracowana przez autora techniczna teoria przyczepności , 

w zakresie związków fizykalnych opiera się na zależności naprę­
żenie przyczepności—poślizg pręta w kanale, uzyskanej w trybie 
badań typu Compression-Pull-Out. Na podstawie tej teorii wyprowa­
dzono zależności pozwalające na określenie średniej szerokości 
rozwarcia rysy w stanie granicznego rozstawu rys.

Maksymalną prawdopodobną szerokość rozwarcia rysy w konstruk­
cjach równomiernie naprężonych oszacowano , wychodząc z założenia, że 
rozrzut szerokości rozwarcia rysy jest w takich konstrukcjach wyni­
kiem zróżnicowania lokalnej wytrzymałości betonu na rozciąganie,

METOfl ABAIM3A CUEOJLHffifl APMAT7PH M 
IMPUHŁJ PACKPUTM TPEffiMH B IEJIE30EETQHE 

/ PesKMe /
Pa3paóOTaHHaH aBTPpoM, TexH?raecKaH TeopEH cuenJieHUH 

a p M a T y p u  c  óeTOHOM b  o ó J iacT H  $ H 3 E ^ e c K H x  C BH sefi d a 3 E p y e T  H a 

S K cnepH M eH T ajiŁ H oił 3aBHCHM0CTE H a n p H se H E e  c u e im sH H H  -  c k o jib -  

s e H H e  CTepKHH b  K a H a n e ,  no jiyqeH H O ii H3 o im t o b  T m a  C-Pull-Out,
B CBH3H c 3Toił TeopHefi nocTpoeH MeToa pacneTa cpezmefi 

fflSrpHHH paCKpHTHH Tpeiffiffl B COCTOHHKK npejiejIBHOrC paCCTOHKHS 
TpeatHH.

O neH K a MaKCHMajiBHOii B epoH T H oit ih h ph h h  pacK pK T H H  T p e m m  

/ b  (paBH owepH O  HanpffiseHHHX K O H C T p y K u n sx / o cy u ecT B JiH eT C K  h c -  

x o f l a  H3 irp e jin o c H J iK E , *it o  b  T a w ix  ®e K O K C T pyK naax p a a ó p o c H  

HEpHHH paCKpHTHH TpeiUHH HBJIHK3TCH pe3yJIB T aT O M  H H ^ e p e H U H p O -  

BaHEH mscthoM npoHHOCTH óeioHa na pacTOT.eHHe.


