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d i f f e r e n t  f r o m  c o m m o n ly  k n o w n  ma t r i x  o f  iner t ia .  T h e  ap l i c a t i o n  o f  t he  n e w  
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G e n e r a l  m o t i o n  o f  a r i g id  so l i d  is a s u p e r p o s i t i o n  o f  t r a n s l a t i o n  a nd  ro t a t i o n .  

E a c h  o f  t h e  c o m p o n e n t  m o t i o n s  ha s  t h r e e  d eg re e s  o f  f r e e d o m .  T h e  k in e m a t i c s  

o f  r o t a t i o n  n o n - d e f o r m a b l e  e l e m e n t s  is c h a r a c t e r i z e d  by  a v e c t o r  o f  a n g u l a r  

ve loc i t y .  S u ch  d e s c r i p t i o n  d e t e r m i n e s  t h e  p a r t i c u l a r  m e a s u re s  o f  r o t a t i o na l  

i n e r t i a  o f  a r i g id  b o d y  in t h e  f o r m  o f  t h e  we l l  k n o w  m a t r i x  o f  iner t ia .

T h e  m o t i o n  o f  a n o n - d e f o r m a b l e  b o d y  can  a l so be  d e s c r i b e d  w i t h o u t  u s ing  

a n g u l a r  ve lo c i t y  e . g . ,  by  d e t e r m i n i n g  t h e  m o t i on  o f  t h r e e  c h a r a c t e r i s t i c  p o in t s  

o f  so l i d  w h ic h  a r e  n o t  ly ing  on  o n e  s t r a i gh t  l ine.  U n f o r t u n a t e l y ,  t he s e  

c h a r a c t e r i s t i c s  a r e  no t  i n d e p e n d e n t  as t hey  sh o u l d  ful fi l l  t h e  e q u a t i o n s  o f  

c o n s t r a in t s ,  t a k i n g  in to  c o n s i d e r a t i o n  t h e  c o n s t a n t  d i s t a nc e  o f  t h e s e  po in t s  

d u r i n g  t h e  m o t io n .  I n t r o d u c t i o n  t h e  C a r t e s i a n  sy s t e m  o f  c o - o r d i n a t e s  

a s s o c i a t e d  w i t h  t h e  s e l ec t e d  ch a ra c t e r i s t i c  po in t s  ( a n d  t h u s  r i g id ly  t i ed  w i t h  t h e  

w h o l e  so l i d ) ,  in a n a t u r a l  and  l og i ca l  w a y  l e ad s  t o  t h e  d e f i n i t i o n  o f  o t h e r  

m e a s u r e s  o f  r o t a t i o n a l  iner t ia .  T h e s e  m e a s u re s ,  t h o u g h  s im i l a r  t o  t h e  t r a d i t i o n a l  

m a t r i x  o f  i n e r t i a  a r e  e s s en t i a l l y  d i f f e r e n t  f r o m  it, a nd  ce r t a i n  r e l a t i o n s  are ,  

t h a n k s  t o  t h e m ,  m u c h  s imp l i f i ed .

T h e  r e l a t i o n s  b e t w e e n  C a r t e s i a n  c o - o r d i n a t e s  in i ne r t i a l  s y s t e m ,  a nd  in a 

s y s t e m  r i g id ly  c o n n e c t e d  w i th  t he  m o v i n g  so l i d ,  a r e  as f o l l ow s :

x j = uJ + Z A i.kx k ’ j ’ k =  ! ’ 2 , 3 -k=l

w h e r e :

xj -  j - t h  c o - o r d i n a t e  o f  p o in t  in i ne r t i a l  sy s tem;

xj. -  k - t h  c o - o r d i n a t e  o f  t h e  s a m e  p o in t  in a sy s t em r i g id ly  c o n n e c t e d  

w i t h  t h e  m o v i n g

Uj - j - t h  c o - o r d i n a t e  o f  o r i g in  o f  t h e  m ob i l e  c o - o r d i n a t e  sy s t e m

Aj,k - j - t h  c o m p o n e n t  ( in a iner t ia l  sy s t em ) o f  t h e  k - t h  v e r s o r  o f  t h e  

m o b i l e  sy s t em.

S in c e  t h e  v e r s o r s  in b o th  c o - o r d i n a t e  sy s t em s  f o r m  o r t h o g o n a l  sys t ems ,  

t h e  m a t r i x  [Aj,k] ful f i l l s  t h e  r e l a t i o n sh ip s .
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(2 )

w h e r e :  i ,k  = 1 ,2 ,3 ;

8i,k - K r o n e c k e r  de l t a .

T h e  f a c t  o f  m o t i o n  o f  a  r i g id  sol id  m e a n s  he r e  t h a t  t he  c o m p o n e n t  o f  the 

v e c t o r  [Uj] and  m a t r i x  [Aj,k] - are  t he  fu n c t i o n s  o f  t ime .  T h e  f i r s t  descr ibe 

t r a n s l a t i o n  and  a r e  i n d e p e n d e n t ,  and  t h e  l a t te r ,  r o t a t i o n  ( i n d e p e n d e n t  a r e  only 

t h r e e  o f  t h e  n ine  e l e m e n t s  o f  t h e  ma t r i x  o f  r o t a t i on  as t h e  r e l a t i o ns h ip s  (2)  give 

s i x i n d e p e n d e n t  e q u a t i o n s  ).

T h e  v e l o c i t y  f i eld  ex p r e s s e d  by c o - o r d i n a t e  in t h e  mob i l e  sys t em wil l  be 

o b t a i n e d  d i f f e r e n t i a t i n g  t h e  fo rm u l a  (1) :

w h e r e :  Vj - j - t h  v e lo c i t y  c o m p o n e n t  in a c o n s t a n t  sy s tem.

T h e  s a m e  f i e l d  e x p r e s s e d  by c o - o r d i n a t e s  o f  i ne r t i a l  sy s t em has  t h e  form 

( r e l a t i o n  i nv e r se  t o  ( 1 )  pu t  in to  (3 )  ):

F r o m  eq u a l i t y  ( 2 )  it r e su l t s  t ha t  t he  ma t r i x  cojj - is an t i sym me t r i c .

T h i s  p e rm i t s  t h e  i n t r o d u c t i o n  o f  t he  v e c to r  o f  a n g u l a r  ve lo c i t y  wi th  the 

c o m p o n e n t s  (1) :

(4)

w h e r e :  a IA > *-J = 1>2 >3 -

(5)

w h e r e :  i , j , k  = 1 ,2 ,3 ;
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6ij,k - R i c c i ’s p e r m u t a t i o n  symbo l ;

0  - i f  at least two indices are equal;
1 - when the sequence {i, j ,k} is the even permutation

o f  the sequence 1,2,3;
-1 - in the remaining cases.

I n  all ,  t h e  ve lo c i t y  f ie ld f o r  a r i g id  sol i d  a s s u m es  t he  k n o w  f o r m  :

V : ( 6 )

A n id en t i c a l  d e p e n d e n c e  t a k e s  p l a ce  in a n o n - s t a t i o n a r y  sy s t em.

W e  a r r i v e  at  t he  m e a s u r e s  o f  i ne r t i a  w h en  d e t e r m i n in g  k in e t i c  e n e r g y  :

( 7 )

w h e r e  :

E  - k i n e t i c  en e rg y

p  - f u n c t i o n  d e s c r i b in g  t he  d i s t r i bu t i o n  o f  mas s  dens i t y  in a b o dy ;

V  - v o l u m e  o f  r i gid  sol id .

T h e  s i mp le s t  way  is t o  c a r r y  ou t  t h e  i n t e g ra t i o n  in f o r m u l a  (7 )  w h e n  t he  

v e lo c i t y  f i eld  is e x p re s se d  by t he  c o - o r d i n a t e s  o f  a n o n - s t a t i o n a r y  sy s t em 

c o n n e c t e d  w i th  t he  m o v i n g  body .  In t hi s  c a se  t h e  b o u n d a r i e s  o f  i n t e g r a t i o n  and  

t h e  f u n c t i o n  o f  mas s  de ns i t y  p  a re  t h e  ea s i es t  t o  def i ne .  I t  is a l so  c o n v e n i e n t  to  

a s s u m e  th e  b e g in n i n g  o f  t he  n o n - s t a t i o n a r y  sy s t em o f  c o - o r d i n a t e s  in t h e  c e n t r e  

o f  t h e  m a s s  as t he  i n t eg r a l s  a r e  t h e n  ze roe d :

C a l c u l a t i n g  t he  k ine t i c  e ne rg y  w i th  t h e  a b ov e  a s s u m p t i o n  w e  sha l l  ob t a in :  

1. w h e n  i n t e g ra t i o n  t h e  ve loc i t y  f i e l d  d e t e r m i n e d  by t h e  f o r m u l a  (6 )  ;

J x,pdV = 0 i =  1,2,3
V
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^ V d t i. j= I

w h e r e  :

m = J u d v  - mas s  sol id;
V

ii.j = } - x ' x ' l i d V ,  i j  = 1,2,3;
vL J

I i j  - c o m p o n e n t s  o f  t h e  ma t r i x  o f  i ne r t i a  ( t r a d i t i o n a l  m e a s u r e s  o f  

r o t a t i o n a l  iner t ia ) ;  

o '  - c o m p o n e n t s  o f  a ng u l a r  ve loc i t y  in n o n - s t a t i o n a r y  sy s t em;

3

k = l

2. w h e n  in t he  fo r m u l a  (7 )  w e  i n ser t  the r e l a t i on  (3) ;

E = - - s
i=l

3 ^d u ,Y  | ^  dA,j  d A ,kt ,

dt J  ¡.5 1 , dt dt

w h e r e  :

I ' k = J x ; x ' d V , j , k =  1,2,3;
V

I'  k - o t h e r  t h an  t he  t r a d i t i on a l  ones ,  me a su re s  o f  r o t a t i o n a l  i n e r t i a  

o f  r i gid  body .

N o t i c e a b l e  is t h e  s imi l ar i ty  be tw e en  b o th  m ea s u re s .  H e r e  a r e  

r e l a t i o n sh ip s  :

- I , k for j *  k

I;'k =  U t r [ I ik] - I ik for j = k

(8 )

( 8a )

(9)

(9a )

t he i r

(1 0 )

w h e r e  : tr[Ij k ] = ^ ,
j=i
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-Ij.k for j  *  k

tr[Ii . k ] - I j.k for j = k (U)

w h e r e :  j , k  =  1 ,2,3 .

F r o m  t h e  f o r m u l a s  ( 10 )  and  (11 )  it r e su l t s  t h a t  i f  o n e  t h e  m a t r i c e s  o f  i ne r t i a  

is d i a g o n a l ,  t h e  o t h e r  is a l so d i a g o n a l  and  t h u s  t h e y  b o th  d e f i ne  t h e  s am e  

p r i n c i p a l  axe s .

I t  c an  be  c h e c k e d  t ha t  wi th t h e  r o t a t i o n  o f  n o n - s t a t i o n a r y  sy s t em o f  c o 

o r d i n a t e s  b o t h  m e a s u r e s  o f  i ner t i a  a r e  t r a n s f o r m e d  i den t i c a l l y .  I t  is s o m e w h a t  

d i f f e r e n t  w i th  t h e  t r a n s l a t i o ns  :

I f  t h e  ax e s  o f  t h e  p r i ma ry  sy s t em ( in w h ic h  t h e  c o - o r d i n a t e s  a r e  d e n o t e d  x ' )  

a r e  c e n t r a l  axe s ,  t h e  eq u i v a l en t  o f  S t e in e r ' s  f o r m u l a  ha s  h e r e  t h e  fo r m

I t  c an  b e  s een  t ha t  i nver s ly  t o  t h e  s t a n d a r d  m a t r i x  o f  i ne r t i a ,  para l le l  

sh i f t i n g  o f  t h e  axi s  d oe s  n o t  ch a n g e  t h e  r e s p e c t i v e  c o m p o n e n t  o f  t he  de f i ned  

a b o v e  m e a s u r e s  o f  i ne r t i a ,  wh ich  is c h a n g e d ,  h o w e v e r ,  w h e n  t h e  s t a r t i n g  po in t  

o n  t h e  ax i s  is c h a n g e d .  T h e  d i ago na l  t e r m s  o f  t h e  n e w  ma t r i x  o f  i ne r t i a  c an

( 12)

( 13 )

w h e r e  : 11.§j - n o n - t r a d i t i o n a l  m e a s u r e s  o f  i n e r t i a  in a sh i f t ed  sy s tem.

W h e n  w e  m a k e  a sh i f t i ng  a long  t he  f i r s t  axis  by a s e c t i o n  a t h a t  is :

u i  = a u 2 =  u 3 = 0

w e  sha l l  ob t a in :

i =2 , 3
u (13 b )
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h e r e  be  i n t e rp r e t e d  fo r  t he  i - th  axis  as  mas s  m o m e n t s  o f  iner t i a  (m o m en t s  o f  

t h e  s e c o n d  o r d e r )  t o w a rd s  t h e  p l a n e  x* = 0.

W h e n  fo r m in g  e q u a t i o n s  o f  m o t i o n  f o r  a r i g id  sol id  it is nece s s a ry  to 

k n o w  th e  r e l a t i on  (1) .  Th i s  r e s u l t s  f r o m  th e  fac t  t h a t  in f o r m u l a  (8) ,  the 

c o m p o n e n t s  o f  t h e  ma t r i x  o f  i ne r t i a  and  o f  a n g u l a r  ve loc i t i e s  mus t  be expressed  

in t h e  s a m e  sy s t em o f  c o - o r d in a t e s .  I f  t h i s  is a ma t r i x  o f  iner t i a ,  i f  th i s  is a 

n o n - s t a t i o n a r y  sys t em,  t h en  t h e  a n g u l a r  ve loc i t i e s  m us t  be t r an spo sed .

Usua l l y ,  in t he  fo r m u l a  (1) ,  t h e  t r a n s l a t i o n  v t o r  and  t h e  e l emen t s  o f  

t h e  m a t r i x  o f  r o t a t i o n  a r e  t h e  f u n c t i o n  o f  t h e  g e n e ra l i z e d  c o -o r d in a t e s  assumed 

f o r  t h e  de sc r i p t i o n  o f  t he  m o t i o n  o f  t h e  r i g id  b o d y  and  on ly  t h r o u g h  t he m are 

d e p e n d e n t  on  t ime .

T h e  fo r m u la s  ( 4 )  a n d  (5 )  s h o w  h o w  t o  de t e r m i n e  t h e  veloci ty 

c o m p o n e n t s  in a s t a t i o ne ry  sy s t em  w h e n  t h e  ma t r i x  [A j j ]  is kno w.  T h e  inverse 

r e l a t i o n s  a r e  ne ce s s a r y  e spec i a l l y  w h e n  t h e  m o t io n  o f  a r igid b od y  is def i ned  as 

t h e  a n g u l a r  ve l oc i t i e s  a r e  i n d e p e n d e n t .

T h e  e l e m e n t s  o f  t h e  m a t r i x  o f  r o t a t i o n ,  w h e n  t h e  an gu l a r  ve loc i t i e s  are 

k n o w ,  can  be  d e t e r m i n e d  as t h e  s o lu t i o n  o f  a sy s t em o f  d i f f e r en t ia l  eq ua t i o ns  :

w h e r e :  i, j = 1,2,3.

T h e  s o lu t i o n  o f  t he  sy s t em o f  e q u a t i o n s  (14 )  wi l l  fulfi l l  t h e  r e s t r i c t i o ns  (2) 

o v e r  t h e  w h o le  ax i s  o f  t ime  i f  th i s  c o n d i t i o n  is me t  a t  the ini t ial  i ns t an t .  The 

m o t i o n  o f  a r i g id  b od y  is ful ly  d e t e r m i n e d  by t h e  m o t ion  o f  its three 

c h a r a c t e r i s t i c  p o in t s  w h i c h  a r e  no t  l y ing  o n  on e  s t r a i gh t  l ine.  Th en  t h e  solut i on 

o f  t h e  e q u a t i o n s  (1 4 )  c an be  c o n s t r u c t e d  in t he  fo l l o w in g  way  :

c o n n e c t i n g  po in t s  1 and  2 -  it  h as  sr-nse f r o m  po in t  1 t o  po in t  2; t h e  s e co nd s  is 

p e r p e n d i c u l a r  t o  t he  p l ane  o n  w h ic h  lie all  t h e  ch a r ac t e r i s t i c s  po in t s ;  t h e  thi rd 

o n e  is an o r t h o g o n a l  c o m p l e m e n t  o f  t h e  o r i e n t a t i o n  cons i s t en t  w i th  the 

o r i e n t a t i o n  o f  t h e  c o - o r d in a t e s  sy s t em ( s ee  t h e  f i gure) .

(14)

th e  f i rs t  ve r s o r  o f  n o n - s t a t i o n a r y  sy s t em lies on  t he  s t r a i g h t  line
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a .  .  C:
^■ 1,1 — f  v 0,5 A  1.2 -  ,  \ o , 5  ^-1.3 -  Z ^ J - k ^ j - i ^ M  ( 1 5 )

i—iZaM Zc?
3 j.k=I

w h e r e :

ai =  r ii2 - ri.i , bj =  ri,3 - n.i  , i ,k = 1,2,3 ;

ri,k - i - th  c o - o r d i n a t e  o f  t h e  k - t h  ch a r a c t e r i s t i c s  point ;

3

C; =  Z Ei.j.ka jl, k '
j,k=I

T o  sum u p -  t h e  a p p l i c a t i o n  o f  t he  m ea s u r e s  o f  i ne r t i a  d e f i ne d  in t h e  p a p e r  

w h e n  d e t e r m i n i n g  t h e  e q u a t i o n s  o f  m o t io n  in t he  fo rm o f  L a g r a n g e ' s  e q u a t i o n s  

o f  t h e  s e c o n d  k in d  s imp l i f i e s  t h e  d e t e r m i n a t i o n  o f  k ine t i c  e n e r g y  ( i t  is t h e n  

p os s ib l e  t o  a b a n d o n  c o m p l e t e l y  t he  n o t i on  o f  an gu l a r  ve loc i t y ) .  T h e  a l g o r i t h m  

p r e s e n t e d  he r e  i o u n d  u se  in c o m p u t e r  ana ly s i s  o f  m e c h a n i s m s  ( w h e r e  t h e  u s e r  

c o u l d  o p e r a t e  w i t h  t r a d i t i o n a l  m e a s u re s  o f  iner t i a ) .  A r e d u c t i o n  o f  t h e  

c a l c u l a t i o n  t i me  a n d  t h e  d o m a i n  o f  m e m o r y  ne ede d  was  t h e n  o b t a i n e d  ( t h r o u g h  

e l i m i n a t i o n  o f  a n g u l a r  ve loc i t i e s ) .  T he  s av ing  in b o th  ca se s ,  f o r  t h e  t e s t  

e x a m p l e s  w e r e  o f  s ev e r a l  p e r  c en t .
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T h e  w a y  t h r o u g h  w h i ch  one  a r r ives  at  ne w  m e a s u r e s  o f  i n e r t i a  is banal l y 

s i m p l e  a n d  n a t u r a l .  T h e  e l em en t s  o f  t he  new  ma t r i x  o f  i ne r t i a  a l so  have m o r e  

s y m m e t r y  t h a n  t h e  t r a d i t i on a l  measu re s .  In c e r t a i n  c a se  t h e i r  u se  o f f e r s  de fi n i t e  

b e n e f i t s  a nd  t h e  a u t h o r  has  a l r eady  met  w i th  a r e p r o a c h  t ha t  he  is using n e w  

m e a s u r e s  o f  i ne r t i a .

I t  w a s  t h i s  t h a t  b e c a m e  an i n spi r a t i on  to  w r i t e  thi s  pa pe r .

S I L E S I A N  T E C H N I C A L  U N I V E R S I T Y ,  F A C U L T Y  IN  C I V I L  

E N G I N E E R I N G ,

C H A I R  O F  T H E  T E O R E T I C A L  M E C H A N I C S .  K r z y w o u s t e g o  7, Gl iwice.  
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Streszczenie

W  p r a c y  w y p r o w a d z a  się,  w y c h o d z ą c  z p r o s ty ch  z a l e ż n o ś c i  g e o m e t ry cz n y ch ,  

p e w n e  m i a r y  b e z w ł a d n o ś c i  w  ruchu  o b r o t o w y m  r ó ż n e  o d  p o w s z e c h n i e  znan e j  

m a c i e r z y  b e z w ł a d n o ś c i .  N o w e  miary  be z w ła d n o śc i  d e f i n iu j ą  w  b ry l e  s z tywnej  

t e n  s a m  u k ł a d  os i  g ł ó w n y c h f j a k  mia ry  t r ad y cy jn e .  P o d a n o  t e ż  wzory  na  

t r a n s f o r m a c j ę  s k ł a d n i k ó w  nowe j  ma c i e r zy  b e z w ł a d n o ś c i  p r z y  ob ro t ach  i 

t r a n s l a c j a c h ,  f o r m u ł u j ą c  ana lo g on  tw ie r d ze n i a  S t e i ne r a .  P o k a z a n o  te ż ,  ż e  

w y z n a c z e n i e  e n e rg i i  k ine tyczne j  s ta je  się z n ą c z n i e  p r o s t s z e  p rzy  uży c iu  

n i e t r a d y c y j n e j  m a c i e r z y  be zw ła d no śc i  - m o ż n a  w te d y  w  o g ó l e  z r e z y g n o w a ć  z 

p o j ę c i a  p r ę d k o ś c i  k ą to w e j .

N o w e  m ia ry  b e z w ł a d n o ś c i  z a s t o so w an o  w  p r o g r a m i e  k o m p u t e r o w e j  ana l i zy  

m e c h a n i z m ó w .  U z y s k a n o  tu  k i l k u n a s t o p r o c e n to w e  o s z c z ę d n o ś c i  z a r ó w n o  cza su  

o b l i c z e ń ,  j a k  i o b s z a r u  za ję te j  pamięc i  ko m pu te r a .

P o d k r e ś l o n o  t e ż  ban a ln i e  p ro s ty  sposób  do j ś c i a  d o  k on s t ru k c j i  now e j  

m a c i e r z y  b e z w ł a d n o ś c i ,  g o d n y  p o l ecen i a  d l a  c e l ó w  d y d a k ty c z n y c h ,  j a k  i 

s y m e t r i ę  o t r z y m a n y c h  w z o ró w .


