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Summary'. In the paper, we are concerned with interval - oriented methodology to model 
uncertainties of eigenvalues of an nxn interval real matrix. We investigate methods of 
calculation for characteristic polynomials of interval matrices. Presented methodology is 
probably the simplest way to model and to approximate vibration properties o f systems with 
uncertain parameters.

UWAGI O WIELOMIANACH CHARAKTERYSTYCZNYCH MACIERZY 
PRZEDZIAŁOWYCH

Streszczenie. W pracy przedstawiono nowe pojęcia i wyniki dotyczące metodologii 
analizy zagadnień związanych z wartościami własnymi i wyznaczaniem współczynników 
wielomianu charakterystycznego macierzy rzeczywistych o współczynnikach interwałowych. 
Przedstawione ujęcie jest prawdopodobnie najprostszym sposobem aproksymacji w mode
lowaniu drgań i ich własności w systemach o parametrach niepewnych.

1. Introduction

The vibration theory for structures with deterministic parameters is very well developed 

and has a great bibliography. In recent years the vibration analysis for problems with random 

parameters has also been discussed intensively. However, in many particular cases 

probabilistic analysis is very difficult from mathematical point of view, as well as sometimes 

the necessary knowledge about probabilistic characteristic o f parameters is very poor. On the 

over hand, because o f manufacturing errors, values o f structural parameters of many materials 

are uncertain and the character o f that uncertainty is interval, i.e., unknown and bounded.
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If the structural parameters are interval the system matrices become interval matrices. 

Following, the corresponding eigenvalues and eigenvectors are o f set character. Since detailed 

calculations o f the shape of that set are very difficult, approximate methods are needed [2,4, 

10-12,19],

For engineers it is often sufficient to estimate the upper and lower bounds of the 

frequencies o f systems under considerations i.e. to find upper and inner interval 

approximation o f eigenvalue sets and eigenvectors sets respectively cf. [5],

We are interested in the analysis o f characteristic polynomial o f real interval matrix only, 

but the complex case can be handled by the method used.

Characteristic polynomials o f matrices play an important role in the analysis o f vibration 

techniques, stability and control problems etc., cf. [5,16,19],

2. Elementary Concepts of Interval Calculus

In this report, the following concepts and notations will be used. R n (R ''’'m)was reserved 

for the set o f n-dimensional vectors (nxm matrices), R the set o f reals.

Let I(R) denote the set o f all closed bounded intervals [z] = [z~,z+] on the real line R, 

where z"an d z+ denote the end points o f [z]. We call further elements o f I(R) interval 

numbers. In the similar way we introduce I(R n) - the space of interval vectors, and l( R nxlT! j

- the space o f interval matrices.

Further information on interval analysis and the detailed notion the reader can found in 

papers [1,3,10-12,16], cf. [17,18] in this journal.

3. Eigenvalues and Characteristic Polynomials of the Interval Matrix

In this paper, we are concerned with eigenvalues and eigenvectors o f an nxn interval 

matrix of the form [A]= {A: Ac -  A < A < A c + a } e l(R " ’<“).

For an interval matrix in the above form we shall consider the set o f complex eigenvalues 

A([A]):= {A, eC: Ax -  Xx = 0, A e[A ], x *  o} (1)
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historically first and undoubtedly the most popular o f the eigenvalue sets, comp.[5,12,14,19]. 

In general A([A]) is not an interval complex number.

For any quadratic matrix A e R nxn denote

D (A ,X):=det(A -X .l) = X" +p,Xn' '  + p2A."~2 + p3V ':J+..... +p„ (2)

which is obviously called the characteristic polynomial o f the matrix A.

For any interval matrix [A] e l (R “’<n) we introduce the set o f characteristic polynomials - 

which is the range o f D( A,-) treated as the function o f A:

r (d ([A ]A )}={D (A ,X ):A €[A ]}> (3)

It is naturally isomorphic to the set o f polynomial coefficients

R (D )= { (p ,,p 2,...,pn):A e[A ]} , (4)

Naturally R(D) is not an interval. Since (p i,p 2.- ,P „ )  are algebraic functions of matrix 

coefficients [9] and A e [A] varies over bounded interval, it follows that the set (1) is 

bounded, then inf(R(D([A],X})) and sup(r (D([A],X})) exist, and the hull o f the 

characteristic polynomials which we denote as

□ R(D([A],A.)):= [inf (r (D([A], A,))), suP(r (D([A], A.)))] (5)

is defined and is the tightest interval complex vector enclosing R(D([A], X )). Notice that

□ R(D([A],a.)) c  l(R nx") = I(R )®  I(R)®  I (R ) . The projection of □ R(D([A], JL)) onto 

the i-th coordinate we call DR¡.

From the definition we have for the exact eigenvalue set

A([A]) = {>. eC: D(A,X) = 0, A 6 [A]} =
/z:\

= {X eC.X* + p 1V’-1 + p 2X"-2+ p 3r - 3+......+p„ = 0 ,(p „ p 2,...,pn) eR(D([A],X))}

and for upper approximation o f eigenvalue set

A,([A]) =
(J\

= [X eC:X" + p ir - , + p 2X."-2+ p3X"-3+, +Pn = 0 ,(p „ p 2,...,pn) eÜR(D([A],X))j

From inclusion isotonicity it follows that A, ([A]) is the outer approximation o f the exact

eigenvalue set a ([A]). Naturally A, ([A]) is not an interval complex vector too, but probably 

it is the best outer approximation within characteristic polynomials with interval coefficients.
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Naturally if we take pl e P( e l(R )  and PQDRi we obtain

Aj([A]) = {x eC:X” + p,Xn-' + p2X"'2 + p3X"-3+ +pn = 0,
/ 3 , (8)

= (Pl,p 2,...,p„) eP ,® ....® Pn a  QR(D([A],X))|

and

A ([A ])c A ,([A ])c A 2([A]) (9)

Let y e  l(R") be arbitrary non-zero interval vector. Then

{(pi,p2,...,p„): D(A,X) = Xn +p,X"-' + p 2X"-2 + p 3X"'3+......+p„, A s[A]} =

= {(p,,p2,..,p „ ): A “ + p .A - ' + p2A"-2 + p3A"“3+......+PnI = 0, A e [A]} = (10)

= {(p,,p2, - , p n): A"y + pjA ,_Iy + p2A ”*2y + p3A "'3y+ ......+p„y = 0, A € [A], y * o}

Denote ck = A ky, k = 1,2,3,...,n  . Then R(ck) = {ck:c k = Aky, A e[A ]} . In the case if

y e R ,  then R (ck) is the interval, but when y e l (R ) ,  then R (ck) is only the parallelelepid, 

cf. [12].

Then eq.(10) takes the form

{(p. ,p2 pn): D(A,X) = X" + p ^ 1 + p2X -2 + p3X"'3+......+p„, A e[A]} =

= {(p,,p2,...,p„):P,cn_, + p2cn_2 + p3c„.3+ pn_,c, + pny = -c„ , ck eR ({ck}) y *  o}

Let C := [cn_,,cn_2,c 11.3, .... ,c ,,y ] ,t:=  - c 0. Thus we can determine the solution set of

P = [Pi»P2>—,Pn]T fr°m the following system o f linear equations with set-valued coefficients

Cp = t, ck eR ({ck}), te R ({ t} )  (12)

The system o f equations (12) has more complicated structure than well known systems of 

linear interval equations, since it has set-valued coefficients. Denote the solution set o f eq. 

(12) by X({C},{t}). We can show that this solution set E({C},{t}) o f is not an interval 

complex function, and need not even be convex. In general, I({C},{t})has a very 

complicated structure. Introduce C|:=Q{C} and ti:=0{t}. Further we discuss the 

approximating system o f linear interval equations

C .P i= t..  (ck), eD{ck}, t,eD {t} (13)

Notice, that from the inclusion isotonicity property it follows, that

{p} = S({C },{t})c{p ,} = l([C 1],[tI] )c D l( [c i],[tl]) = [p1] (14)
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□s({c},{t})sQ2:([c,],[t,]) (15)

We can obtain this approximation following simple property

{ck: ck = A ky, A e[A]} ç  ü[ck ] = [Ak][y], (16)

Naturally {p} ç  {p,} ç  [ p j .

For more information about polynomials with interval coefficients the reader can compare 

refs. [6-8,13,15].

4. Example

Consider the simple 2x2 interval real matrix o f the form [A] =
[2.4] [-2,-1]
[2.5] [4,5]

. It is easy

to calculate that if  y = [1,0], then

[A][y] = [[2,4], [2,5]], [A]2[y] = [[-6,14], [12,45]] (17)

Thus we obtain the approximating linear interval system o f equations

[2.4]Pl +[l,l]p2 = [-14,6],

[2.5]Pl + [0,0]p2 = [-45,-12]

The solution set o f the interval linear equation (18) takes the very regular form presented in

fig- (D-

As we noticed earlier the exact shape o f the solution set I({C},{t}) is not an interval, it 

takes the form o f parallelelepid. Compare that set with approximated one obtained by interval

analysis Qs([c,},[t,]).

5. Conclusions

This paper deals with the eigenvalue problem o f general real interval matrices. Some 

introductory definitions are given and some mathematical results are presented. A simple 

numerical example is given to illustrate complexity o f presented problems.
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Since only particular mathematical problems are solved, further work is needed to obtain 

more detailed technical results and to use the presented methods to calculate sets o f particular 

eigenvalues.
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Fig. 1. The exact(shaded) and approximated(contour) solutions set o f the interval equation 
Rys. 1. Dokladne(cieniowane) i przybliżone (liniowe) rozwiązania równania przedziałowego

0.00

REFERENCES

1. Alefeld G. & Herzberger J.: Introduction to Interval Computations. Academic Press, New 

York, 1983.

2. Asaithambi N.S., zuhe S., Moore R.E.: On Computing the Range o f  Values. Computing, 

28, 1982, p. 225-237.

3. Bauch H. & jahn K.U. & oelschlagel D. & susse H. & wiebigke V.: Interval-Mathematik. 

BSG B.G. Teubner Verlagsgeselschaft, Berlin, 1987.

4. Behnke H.: The Calculation o f Guaranted Bounds for Eigenvalues Using Complementary 

Variational Principles. Computing, 47,1991, p. 11-27.



A Note on Characteristic . 101

5. Chen S., Qiu Z., Liu Z.: A Method for Computing Eigenvalue Bounds in Structural 

Vibration Systems With Interval Parameters. Computers & Structures, 51, 3, 1994, p. 

309-313.

6. Gargantini I., Henrici P.: Circular Arithmetic and the Determination of Polynomial Zeros. 

Numer. Math., 18,1972, p. 305-320.

7. Grassmann E., Rokne J.: The Range o f Values o f a Circular Complex Polynomial ver a 

Circular Complex Interval. Computing, 23,1979, p. 139-169.

8. Klatte R., Ullrich CH.: Complex Sector Arithmetic. Computing, 24, 1980, p. 139-148.

9. Knopp K.: Funktionentheorie II: Anwendungen und Weiterfuhrung der allgemeinen 

Theorie. Berlin, Walter de Gruyter & Co., 1971.

10. Krawczyk R.: Interval Extensions and Interval Iterations. Computing, 24, 1980, p. 119- 

129.

11. Moore R.E.: Interval Analysis, Prentice Hall, Englewood Cliffs, 1966.

12. Neumaier A.: Interval Methods for Systems of Equations, Cambridge University Press, 

Cambridge, New York, Port Chester, Melbourne, Sydney, 1990.

13. Nickel K.: Arithmetic o f Complex Sets. Computing, 24,1980,97-105.

14. Rohn J.: Real Eigenvalues of an Interval Matrix with Rank One Radius. ZAMM, 70, 6, 

1990, p. 562-563.

15. Petkovic M.S.: On a Generalization of the Root Iterations for Polynomial Complex Zeros 

in Circular Interval Arithmetic. Computing, 27,1981, p. 37-55.

16. Shary S.P.: Algebraic Approach to the Interval Linear Static Identification, Tolerance, 

and Control Problems, or One More Application o f Kaucher Arithmetic. Reliable 

Computing, 2, 1,1996, p. 3-33.,

17. Skrzypczyk J.: On Existence o f Solutions of Interval Fredholm Integral Equations with 

Degenerate Kernels, this Journal

18. Skrzypczyk J.: A Note on Interval Fredholm Integral Equations, this Journal

19. Skrzypczyk J., Witek H.: Interval Eigenvalue Problems - New Concepts, Proc. of 

XXXVII Sympozjon "Modelowanie w Mechanice", Wisla luty 1998, Zeszyty Naukowe 

Katedry Mechaniki Stosowanej 6 (1998), s.323-328.

Recenzent: Prof.dr hab.inż. Tadeusz Burczyński



102 J. Skrzypczyk, H. Witek

Abstract

In the paper, we are concerned with interval - oriented methodology to model uncertainties 

of eigenvalues o f  an nxn interval real matrix [A] = {A; A c -  A < A < A c + a} where A is a 

measure o f uncertainty. We investigate methods o f calculation for characteristic polynomials 

of interval matrices. Presented methodology is probably the simplest way to model and to 

approximate vibration properties o f systems with uncertain parameters. We are interested in 

the analysis o f characteristic polynomial of real interval matrix only, but the complex case can 

be handled by the method used.

Characteristic polynomials o f matrices play an important role in the analysis o f vibration 

techniques, stability and control problems etc.


