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Summary: This paper presents two newly developed mathematical 
models representing maintainable parallel and standby redundant sy
stems with critical human error. For both the models, Laplace trans
forms of state probability equations and steady state availability 
expressions are developed for cases when system repair rates are 
non-constant. Specific plots are shown for each model to demonstrate 
the impact of critical and non-critical human errors on system 
steady state availability.

1. INTRODUCTION

Humans interact with engineering systems in many ways. Examples of man- 
machine interactions may be seen in numerous real life situations, such 
as in nuclear power plant3, computer operation room3, cockpits of aero
planes and so on. In the earlier reliability analysis, attention was given 
to equipment hardware reliability only and the human element reliability 
was neglected. This shortcoming was recognized by Williams [lj in the lata 
fifties. According to some researchers [2] about 10-15 percent of the to
tal equipment failures are directly due to human errors. Therefore, reali
stic system reliability analysis must include the reliability of the human 
element as well. Furthermore, not all human errors are critical. A critical 
human error is one that causes the breakdown of the entire system.
For example, fire due to human error in a control room where a redundant 
system is located will cause the total system failure. Similar studies per
taining to the reliability analysis of systems with human error can be 
found in reference [3-6J.

This paper presents availability analysis of two mathematical models,
i.e., models I and II, representing maintainable redundant systems with
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critical human error. Model I deals with a two-unit active parallel sy
stem. Similarly, Model XX is concerned with a two-unit cold standby sy
stem. The supplementary variable method [7] was used to develop equations 
for both the models.

2. ASSUMPTIONS

The following assjmptions are associated with both the models:
(i) Failures are statistically independent; (il) both units are identi
cal; (iii) critical human error rates are constant; (iv) unit failure 
rate due to hardware failures/non-critical human errors in constant;
(v) repair rate of a single unit is constant; (vi) a repaired unit is as 
good as 'new'; (vii) failed system repair rates are non-constant;
(viii) switchover mechanism is perfect for the standby system (applicable 
to Model II only); (ix) at time t ■ 0, the system is put into operation 
(i.e., in the case of Model I both units start operating simultaneously, 
whereas in the case of Model II one unit starts operating and the other 
unit is kept as a cold standby).

3. ANALYSIS

This section presents steady state availability analysis of Models I 
and II.

Model I
This model represents a two-unit active parallel system (i.e. both 

unite operating simultaneously). The system can fail only when both units 
are non-operative. In addition, it can fail either due to hardware 
failures/non-critical human erros of due to critical human errors.
A single failed unit is repaired and put back to operation. The state 
space diagram of the model is shown in Figure 1. The following symbols 
are associated with the model: i is the ith state of the system; i » 0
(both units operating normally), i - 1 (one unit failed due to hardware 
failures/non-critical human errors, other unit operating); i • 2 (both 
units failed due to hardware failures/non-critical human errors); i » 3
(systems failure due to critical human errors).

P^t) is the probability that the system is in state i at time t,
for i » 0,1,2,3. Pj(x.t) is the probability that at time t the failed 
systems is in state j and has an elapsed repair time of x, for J »2,3. 
<x(x) and g(x) denote repair rate and probability density function of 
repair times, respectively, when the system is in state 2 and has an 
elapsed repair time of x. |4(x) and h(x) denote repair rate and pro
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bability density function of repair times, respectively, when the system 
is in state 3 and has an elapsed repair time of x. s is the Laplace 
transform variable. is the constant failure rate of a unit due to hard
ware failurea/non-critical human errors. 9»x(» 29.) is the constant transi
tion rate from state 0 to state 1. fx is the constant repair rate from
state 1 to state 0. 9- is the constant critical human error rate

ci
from state 1 to state 3, for i ■ 0,1.

The following are the system of differential equations and boundary 
conditions associated with Model I:

At time t ■ 0, Pq (0 ) ■ 1 and PjfO) « P2(x,0) » Pj(x,0) ■ 0.
By eolvlng the above differential equations with the aid of Laplace trans
forms we get

(1 )
0

dPx(t)
♦ (* + 3 ^  +ix)Pl(t) - V o f O (2 )

(3)

(4)

P2(0,t) - fcPx(t) (5)

P3(0.t) - * PQ(t) P (t) (6)

where

0 0
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- oC(x)dx - /  ̂ (x)dx
g(x) = oC(x) e 0 and h(x) = |%-(x) e 0

pi(s’ = Po (s) (8>*0,

P2(s> - - 0 -v \ c- Vti pO (s) <9>

*l*c ■
- V s > - [*c0 ♦ r r s r -n ^ r ]  p0 <8 > ( 10 )

The Laplace transform of the instantaneous availability of the two unit 
parallel system is given by

AVp(s) = P0(s) + P1(s) (11)

The steady -state availability of the two-unit parallel system is 

AVss " lin,0|S AVp^8 |j

Special case Models; This section presents special case models of Mo
del I when the system repair time distributions are described by

fVfVO'1-1 e ^ 1 ¿1 (¿1 x)n-1 e"^2*
9(x> - — rivTyi  and h(x)   rn^TTi— *

where jx̂  and n are Erlangian parameters; n is a positive integer.
-Ui x -ilx

Special case Model 1 i For n = 1, g(x) = ̂  e and h(x) = ̂l2 e t .

The Laplace transform of the instantaneous availability of the two-unit 
parallel systems is given by

4 4
AVp( s ) - E  Eis4-i/s ^  cjs4_:i* (l3)

i=l j-1



where
A1 = * + ^  + ¿^2 = A3 = A4 . \ * \ q*[X2 . A5 = % ^ z .

Bx - 1. B2 - A1+A2 . B3 « A1A2+A3. B4 = AjAj . ^  = 1. C2 =

C3 ” C4 ” AlA4 i V A5(Al+ill )" V V ‘f¥ l +»'c t*2h1

E1 “ B1* E2 = B2+>i' E3 = b3+^1A2 , E4 = b4+J.1A3.

Thus, the steady state availability of the two-unit parallel system is:

+(x)
AV ■ lim is AV (s)[ «
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58 sr 0{8 AVp(s)) "

(14)

2 *”M-i X 2Special case Model 2 : For n = 2, g(x) “¿^x e 1 and h(x) = n ‘x e ,

The Laplace transform of the instantaneous availability of the two-unit 
parallel system si

F, S5+ (F_+H. )s4+ (F, + H- )s3+ (F. + H, )s2+ (F_ + H, te + F-. + H,.AVp(s) - -i ------3_2------4_3------L_4----6 _ 5 4 (l5)

E  Gi 8&- i8 

±■1

where

Fx = 1, F2 - a2+^.2 . F3 = a3+2p2a2+fi2 , F4 = aA* ^ 2 a3*l^a2‘

F5 *  2i i2 a 4 +fi2 a 3 '  F6 *  a 4 j*2 * H1 = V  H2  “ 2 i l (h t ( l2 ) l

H3 "  9' l Q t l +4f t i l 2 */i 2 ) «H4  “ H5  “ V i ^ 2 '  G1 “ 1 (

G2  “ a2 * a 5 ' G3 “ a 3 + a 2 a 5 + a 6 " , ' l i x'  G4 = a4 + a 3 a 5 + a 2 a 6 + a 7 " 2 V  ^ 1 * ^ 2 } •

G5 '  V 5 + a 3 a 6 t a 2 a 7 - > l [ ( l( i1l + 4 F llJ 2 ^ 2 ) t l h + \ 1̂ ] '

G6 " a4a6+a3a7_2V l i J2[^(iil+fi2 )+>'iil+:>'c1iX2j' al “ *
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a2 “ al*2f V  B3 “ ¥ i ai*/V a4 “ °5 “ *1 + \ q+2^2-

a6 - 2^ (a,!*^)-^2 . a7 - alJA2.

The steady state availability of the two unit parallel system is given by

*fx)

AV_„ - ~2~2---------------2----- :------- :- — •   <16)38

3 2  “ii l x 3  2  “Ji 2 xf i j x  e  A ¿ i| x  e  ‘
Special case Model 3 : for n « 3, g(x) ■----g-]  and h(x) ■  j-j--,

The Laplace transform of the Instantaneous availability of the two-unit 
parallel system is given by

av-(s ) - e  °ia8-i/8 E  s ® 8"3, (l7)P i«l j=l

where

bl m X **c b2 “ 3^1l+i12^' b3 * SifJll*3i*lfi2*/i2^*

b4 “ • b5 ’ ^ # 2 b3' b6 ‘

b7 " PlV-l' b8 ■ W ^ '  b9 * b10 " 4 ^ 2 '

I<1 ■ It Kg ■ bi+b2* K3 “ blb2+b3* K4 “ hlhs1'’̂ ’ K5 ” blb4+b5’ 

K6 ' blb5+b6‘ *7 " blb6+b7* K8 " blb7* L1 “ 1 - L2 " W  

4 “ b9+b2b8+b3'V* U4 * b2b9tb3b8+b4->'lflb2’;

4 “ b3b9+b4b8+b5_(8‘# b3+b10)'

l6 “ b4b9+b5b8+b6 " [ ^ V ^ l ^ c f ^  + b10ibl*%ll)]'



L? = b5bg+b6b8+b7 -[a.1(ttb5+39.il2U3+3S.c^ 1p|) + b10(3̂ ibi+^ ) ]  •

4  ‘ b6b9+b7b8 - [ ^ 1 ^ V ^ 1 +3V ^ 2) +

° 1  "  Kl *  ° 2  “ V A '  ° 3  “ K3 +9' l b2 *  ° 4  *  K4 + ^ l b3 *  ° 5  “ K5 + ^ l b4 '

°6 “ V 4 b5* °7 * W e *  °8 " W ? *

The steady state availability of the two-unit parallel system is given by

^ 2 (a'+J'l+Jlc1+̂ )
AV « —y n ■ ■  .. ■ 1 ■ w y —    ■ ■ p 2

8 lft2A 0^ +A 1+il)+3i1lH2i'l (̂ 2+A 1t1l ) (18)

Special case Model 4 t For n • 4, g(x) • j-j  and h(x)   j-j .

The Laplace transform of the instantaneous availability of the two-unit 
parallel system is given by

10 10

( s ) . £  v ^ i v 10'5- <i9>
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AVp i*i j-i

where

dl " 4(tli+ii2 )* d2 * d3 “ ^ l ^ l S V 6^ ^ ^ '

d4 ” fil+16fili12+36{iltl2+16iili12+fJ2* d5 “ ^ l f V V  d6 “

d7 ■ii5t12dl' d8 "£*1^2' d9 “ X +A 1+iA' d10 “ ^I^Cq* dll ■ d9+d10*
\

dl2“ d9dl0* d13 -^c^2' A “ 1* U2 - d9+dl* V  dld9+d2' U4 “ d2d9+d3' 

U5 " d3d9+d4* U6 " d4d9+d5* U7 " d5d9+d6* U8 " d6d9+d7* U9 “ d7d9+d8‘ 

U10 “ d8d9' V1 ■ 1‘ V2 ■ dll+dl* V3 “ dl2+dldll+d2 - *!**•

V4 “ dld12+d2dll+d3 " W  V5 “ d2d12+d3dll+d4 "»-#d2'
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V6 = d3dl2+d4dll+d5 ” ^ # d3*d13^'

V7 = d4d12+d5dll+d6 -

V8 “ d5d12+d6dll+d7 " [^ifrV4* ^ * 4^ / ^  + d13(4Pld9 ^ 1 >] '

V9 “ d6d12+d7dll+d8 “ +6¥2iil+6\ 1tlltl2 ) + d13 ( ̂ l  V 4f*l}] *

V10 “ d7d12+d8dll “ [ ^ V 4* ^ * 4* ¿*5*2 > + d13(4itld9+iil)]'
1 C1

Y1 ” Ul* Y2 “ U2 * V  Y3 “ U3+®'idi • Y4 - U4+*'ld2 ’ Y5 “ U5+ftld3'

Y6 “ d6+^id4* Y7 ” U7+9'id5’ Y8 = U8+^ld6' Y9 “ U9+^id7' Y10 “ U10+>'ld8,

Similarly the steady state availability of the two-unit parallel system 
is given by:

¿l4u4&+*1+S,c +¿1)
AV s* ■ . 'jT ■■ ■ ■ ■ ^ y     1 y -■■■ "" 1 — — — - (20)

88 + )

For all these special case models, the system instantaneous availability 
expressions in time domain can be obtained by inverting the Laplace trans
form expressions given in equations (13), (15), (17) and (19).

With the aid of equations (14), (16), (18) and (20), the following 
general formjula for the two-unit parallel system steady state availability 
is developed:

AV
88 itl(12^"+>'l+*'c, * nf1iiA2~1)'c0^ * ft'c1+i1̂  +

(21)

where n is any positive integer.
The plots of the above equation are shown in Figures 2, 3 and 4. In 

Figures 2 and 3, plots show the impact of critical human errer rates S-c
and & , respectivrly, on the parallel system steady state availability

cl
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for different values of the Erlangian parameter n. Similarly, the plots 
of F.igure 4 show the effect of unit failure rate % on system steady state 
availability.

Model II
This model represents a two identical unit cold standby system. At 

time t » 0, one unit starts operating and the other one is on standby.
The failure rate of the standby unit is zero. The operating unit can fail 
due to hardware failure/non-critical human error. As soon as teh opera
ting unit fails, the standby unit is switched into operation. The failed 
unit is repaired back to its normal operational mode. The occurrence of 
critical human error can cause the total sy3tem-fallure. The failed sy
stem is repaired back to normal state. The state space diagram of the 
model is shown in Figure 5.

The notations used to develop the availability analysis of this modal 
are defined as follows: j is the jth state of the system; 3 = 0  (one
unit is operating, other unit is kept as a cold standby), j = 1 (one unit
failed due to hardware failures/non-critical human errors, other unit 
operating), j = 2 (both units failed due to hardware failures/non-criti
cal human errors), j = 3 (system failure due to critical human error).
Rest of the symbols are the same as in Model I.

By setting 9^ • 1 in equations (l) through (21) yield results per
taining to state probability equations, instantaneous availability and 
steady state availability of the two-unit cold standby system.
I

When the system repair time distributions are Erlangian with

fVPix)n-1 8 ‘Ulprobability density functions g(x) ■ ----=— rn,vvi  and
[i (ft x)""1 e7 2 *

h(x) ■ ----(n-l')'l ..... * ttle 9eneral formula for the system steady state
availability is

(jllH2)n( 2 *¡1)
A V  s . ........... .. ..... ..... .J*. , — - ■ ■ ■ - , ,
88 (l«1ti2)n(2>-+*'Ci+p) + ,Y1l(Jl2-1>,c0^'+>'c1','iî +n^l!X2^n~1>k̂ ii2+5“c1iJLl^

(22 )

The plots of equation (22) are shown in Figures 6, 7 and 8.
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4. CONCLUSION

This paper presents two mathematical models to perform the availabili
ty analysis of two-unit parallel and standby redundant systems with cri
tical human errors. For both the models instantaneous and steady state 
availability expressions are developed. For each model, a general system 
steady state availability formula is developed when the system repair time 
distributions are Erlangian. Specific plots are shown for both the models 
to demonstrate the impact of critical human errors on system steady state 
availability. Finally, it is contended that these pracitcally inclined 
models will be useful to reliability, maintainability and human factors 
engineers.
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MOOELOtYANIE DYSPOZYCYJNOŚCI W SYSTEMACH CZŁOWIEK- MASZYNA 
Z UWZGLĘDNIENIEM KRYTYCZNEGO BŁĘDU LUDZKIEGO

S t r e s z c z e n i e
Referat przedstawia dwa nowe rozwinięte matematyczne modele reprezen

tujące łatwo naprawialne równoległe i będęce w stanie pogotowia redundan
cy jne systemy, w których występuje krytyczny błęd ludzki. Dla obu modeli 
rozwinięto transformacje prawdopodobieństwa równań Laplace’a i wyrażenia 
dla ustalonego stanu dyspozycyjności dla przypadków, kiedy szybkości na
praw systemu nie są stałe. Przeanalizowano także wyrażenia chwilowej dys
pozycyjności. Dla każdego modelu przytoczono specjalne wykresy, aby za
demonstrować wpływ krytycznego i niekorzystnego błędu ludzkiego na usta
lony stan dyspozycyjności. W opracowaniu zdefiniowano krytyczny błęd ludz
ki jako taki, który przerywa cięgłość pracy całego systemu.

W podsumowaniu autor podaje, że modele ukierunkowane na praktykę będą 
użyteczne w rozważaniach niezawodności oraz wpływu remontów i czynnika 
ludzkiego na bezawaryjną pracę maszyn.

MOflSJIHPOBAHHE £HCIIETHEPH3A19iH B  CHCTEMAX HEJIOBEK -  MAGIKA 

C yKETOM KPHTHKECKOi'i OifiHEKH KEJ10BEKA

P e  3 jo u  e

B z o x z a z e  n p e z e i a B z e H U  £ B e  n o - H O B o i i y  p e n e H K K e  l i a x e n a i H H e c K H e  M o z e z a ,  pe- 
n p e 3 e H T K p y io a i n e  z e r n o  n o n p a s H M u e  n a p a z z e z t H H e ,  H a x o z f f i S H e c a  b  c o c i o h b h h  t o t c b -  

e o c i h  KouneHcaiiHOHHHe CHCTeku c KpniKJiecKoK oEHÓKoa yezoBeKa. Aza o6ezx m o -  

z e z e B  ó h iz H  p a 3 B S p H y i H  T p a H C $ o p M a i jK H  n p a B z c n o z o ó H a  y p a B H e K i i a  J l a n z a c a  u  B E p a -  

z e H z a  z z a  y c i a H O B z e H H o r o  c o c i o a n n a  z a c n e T a n p e s a m i H  b  C A y n a a x ,  K o r z ą  c r . o -  

p o c T Ł  E a z a z K H  H e  H B z a e T c a  n o c T o a H H o a .  n p o B e z e H  T a y j t e  a a a z H 3  B t ip a z e H H H  lireo- 
B e H H o a  z a o n e x a e p H 3 a Ę H H . A z a  K a a c z o B  n o z e z n  u p a z c x e H H  c n e u H a z t H t i e  Z H a r p a m m  

c  u e z B B  z e M O H C i p a n ji H  B Z E a H H a  K p H i H a e c K o a  k  H e ó z a r o n p K a i H o a  o e h S k h  a e z c B e x a  

H a  y c x a H O B z e H H o e  c o c x o a H H e  Z H c n e i y e p H s a n z H .  3 a  K p a i H H e c x y i o  o m K Ó ic y  n e z o B e i c a  

b  p a ó o i e  n p H H H M a e i c a  x a ,  x o x o p a a  H a p y n a e i  H e n p e p t i B H o c i B  p a C o i H  u e z o a  c k c -  

xeiiH.
B 3axzioaeHHH a3TopŁi z ez a io x  b u b o z ,  h x o  n p ezcxasxeH H iaiH  ao z ez a u H  m o x h o  p y -  

K O B o z c iB O B a iŁ ca  Ha n p ax iH K e n p a pemeHHH n p o ó z e ii H azesH o ciH  h BzuaH iia a a z a z -  

k h  h n e z o B e a e c K o r o  (fa x x o p a  Ha 6e3aBapH 0H yD  p a ó o T y  HaBHH.


