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N A  J E D N E J  M A S Z Y N IE

S treszczen ie : R ozw ażan y  je s t problem  szeregow an ia  zadań  n a  jed n e j m aszynie  z  
term inam i go tow ości, term inam i dostarczen ia  o raz  k ryterium  m inim alizacji m aksym alnego  
term inu  zak o ń czen ia  w ykonyw ania  zadań. Z ap ro p o n o w an o  n o w y  algorytm  
ap roksym acyjny  d la teg o  problem u oparty  na techn ice  poszuk iw an ia  tabu. P rzed staw io n o  
tak że  w yniki analizy eksperym entalnej algorytm u.

T A B U  S E A R C H  A L G O R IT H M
F O R  A  C L A SS O F  S IN G L E -M A C H IN E  S C H E D U L IN G  P R O B L E M S

Su m m ary : T h e  problem  o f  scheduling jo b s  w ith release tim es and delivery tim es on 
a  single m ach ine  is considered . T h e  new  approxim ation a lgorithm  based on th e  tabu 
search  tech n iq u e  is presen ted . R esults o f  th e  experim ental analysis have also been  devised.

AJirOPHTM nOHCKA C 3AIlPEIHEHiIMM AJIfl KJIACCA 3 A /JA H

COCTABJIEHHH PACnHCAHHM HA O/fHOfil MAIHHHE

TeątOM e: B CTaTbe paccM aTpuB aeTca npoSneMa y n o psm oneH tia  3 a a a v  Ha o a h o h  
MautHHe co  cpoxaM H roTOBHOHOCTH, BpeMeHaMM nocTaBKH h KpnTepne.M 
oKOHbHaitHB Bcex 3aAaq. TlpeflCTaBneH HOBbiii annpoKCHMaitHOHUbifl anropHTM , 
ocHOBaH Ha M eToae noncica  c 3anpeuteHHMH. IIpHBeAeHbi TOBte pe3yjibTaTbi 
BKcnepriM eHTajibHoro aH ajitn a .

1. T h e  problem

T h e  considered  prob lem  can be briefly described as follow s. A  se t o f jo b s N = { l ,2 , . . . ,n }  

should  be p rocessed  on a single m achine. T h e  m achine can p rocess at m o st o n e  jo b  at a  tim e 

and  p reem ption  is n o t a llow ed. E ach  jo b  j  has a re lease  tim e r j , a  p rocessing  tim e pj > 0 , and a  

delivery  tim e qj. T h e  jo b  m ust begin  processing  on  th e  m achine som etim e afte r its release 

tim e, and its delivery  beg ins im m ediately after p rocessing  has been  com pleted . All jo b s  m ay  be
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sim ultaneously  delivered. T h e  objective is to  find a  sequence  o f  jo b s  w hich  m inim izes the 

tim e by w hich all jo b s  are  delivered (d eno ta tion  l |r j  ,q j|C m ax).

T h e  stated problem  has been kno w n  in the  literatu re  fo r years as:

(i) that w ith  release tim es, due  da tes instead  o f  delivery tim es and m axim um  lateness 

criterion  ( l |r j |L max>) [10],

(ii) w ith n o n-bo ttleneck  m achines instead o f  release tim es and delivery tim es, [13], D u e  to 

th e  fo rw ard -backw ard  sym m etry, th e  m odel (ii) has been studied  m o re  frequently  than  

others.

T h e  problem  1 |rj ,q j|C m ax has received considerab le  a tten tio n  in past tw en ty  years and 

has been em ployed am o n g  o thers in scheduling  jo b s  the  on  critical m ach ine  ([13 ]), in 

approxim ation  a lgorithm s fo r the jo b -sh o p  problem  ([1]), as a  lo w er b o u n d  fo r th e  flow -shop  

and jo b -sh o p  prob lem s ([3],[5 ]).

2. B ackground  and  defin ition s

L et 7t be a  perm utation  on  N . D en o te  by 7t(i) the  e lem ent o f  N  w hich  is in position  i 

o f  7t. T h e  perm utation  7t defines a  jo b  p rocessing  o rd e r on  th e  m achine. T h e  tim e by w hich all 

jo b s  are  delivered is given by Cniax(7c)=max1<i<j<n(rJtQ + X ^ ,  Pji(k )+  q jt(j>

A  perm utation  7t* w hich  m inim izes C m ax(7t) o ver all p e rm utations on  N  is optim al and  let 

C *= C m ax(7t). E ach  pair o f  in tegers (i,j), l< i< j<n is called a path  in n. T h e  path  u = (a ,b ) w hich 

m axim izes th e  right hand o f  fo rm ulae on  C m ax(7t) is called a critical pa th  in n. T h e  sequence  

B=(7t(a), 7 t(a+ l),...,7 t(b)) is called a  b lock  in n. B lo ck  B  contains b-a+1 jobs.

3. S o lu tio n  m e th o d s

It has been show n in [14] th a t th e  prob lem  is N P -h ard  in th e  s tro n g  sense , how ever, 

there  exist polynom ial a lgorithm s fo r special cases [13], E num erative  m eth o d s fo r so lv ing the  

prob lem  have  been studied  in [2 ],[1 6 ],[4 ],[9 ], R esults o f  co m p u te r tests po in ted  ou t Cartier's 

a lgorithm  [4] as the  m ost prom ising  approach , especially fo r prob lem s o f  large  size. A lthough 

these a lgorithm s have  been  tested on  benchm arks up  to  500 [6] and  1000 [4] jo b s , their 

practical application  ow n som e lim itations. A lready som e au th o rs  rep o rted  th e  p h en o m en o n  o f  

explosion  o f  calculations observed  in C arlier’s a lgorithm  used  in A dam s' [1] sh ifted -bo ttleneck  

m ethod.

A pproxim ation  algorithm s have been studied  in [23], [22] and [11], S ch rag e  p ro p o sed  

[23] an a lgorithm  (S ) w hich em ploys th e  fo llow ing rule: w h en ev er th e  m ach ine  is free  and 

one  o r  m ore  jo b s  a re  available fo r processing , schedule  an available jo b  w ith largest delivery
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tim e. In [15] it has been proved  that algorithm  S generates schedules n o t longer than 2 tim es 

the  length  o f  the  optim al schedule (2 -approxim ation algorithm ). An im plem entation  o f  

a lgorithm  S w hich runs in O (n logn) tim e is provided in [4], M odifying the algorithm  S, Potts 

has ob tained  a 3 /2-approxim ation  algorithm  (P) w hich runs in 0 ( n 2logn) tim e [23], Hall and 

Shm oys have p roposed  a  m odified version (H S) o f  Potts' a lgorithm  w hich is a  4/3- 

approx im ation  algorithm  and also runs in 0 ( n 2 logn) tim e [11], T his is the  best approxim ation  

algorithm  yet know n. V ery recently a quick 3 /2 -approxim ation  algorithm  (H ) w hich runs in 

O (n logn) tim e has been proposed  in [18],

A pproxim ation  algorithm s, beside conventional application, act also as auxiliary 

algorithm s. F o r  exam ple Carlier’s enum erative algorithm  generates at every no d e  o f  the  search  

tree  a com plete  so lu tion  using the  algorithm  S. T he solution is applied to  u p p e r bound  

m odification  and tree  genera tion  (b ranching rule). R eplacing S by o th er approxim ation  

algorithm s in o rd e r to  g e t bette r upper bound  could  imply fastest convergence  to  th e  optim al 

solution.

4. T abu search

T abu search (T S ) is a m etaheuristic  designed fo r finding near-optim al so lu tions o f  

com binatorial optim ization  problem s [7],[9], It belongs to  the  class o f  so-called  im proving 

m ethods and is com posed  o f  several specific elem ents called the m ove, ne ighborhood , 

search ing  strategy, tabu list, aspiration function, stopping  rule. T he m ove is a  function w hich 

transform s a solution into an o th er solution. T he neighborhood  o f  a  given solu tion  is a  subset o f  

so lu tions g enera ted  front this so lu tion  using m oves. T S start from  an initial solution. A t each 

step  the  ne ighborhood  o f  a  given solution is searched  th rough  in o rd er to  find a  neighbor, 

usually  th e  best in the  ne ighborhood . N ext, the  m ove w hich has conducted  to  the  found 

ne ig h b o r is perfo rm ed  and the  obtained new  solution is set as the  prim al fo r the  n ex t step. In 

o rd er to avoid cycling and becom e trapp ing  in a  local optim um  th ere  exists a circular tabu 

list w hich  determ ines w hich m oves are forbidden. H o w ev er w e can perform  a forbidden 

m ove if  the  aspiration function  evaluates its as profitable.

4.1 . M oves and neighborhood

T h e  ne ighborhood  o f  7t is genera ted  by a se t o f  m oves. A m ong  m any types o f  m oves 

considered  in the  literatu re  the  follow ing th ree  have been applied com m only: (i) exchange 

jo b s  p laced a t the  a-th  and the  b-th  position (w e call it E -m ove), (ii) rem o v e  th e  jo b  p laced at 

the  a- th position  and pu t it a t b -position  (I-m ove). R esults ob tained  fo r prob lem s w ith C m ax 

criterion  [2 4 ],[19 ],[20 ] show ed th a t I-m oves a re  be tte r than  E -m oves from  both  efficiency
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and effectiveness o f  T S point o f  view. T h ere fo re  only this type o f  m oves will be  consider 

fu rther on.

L et v= (a,b ) be  a pa ir o f  positions a ,b e { l , . . . ,n ) ,  a* b  in th e  perm utation  7t. W e define the 

new  perm utation  7tv obtained from  71 by rem oving  th e  jo b  rc(a) from  the  position  a  and 

inserting  it in position b as follow s: 7tv= (7T (l),...,7 t(a-l),7 t(a+ l),...,7 t(b ),7 i(a),7 t(b+ l),.. .,tt(n )) 

if  a<b and 7tv= (7 t(l), ...,7 t(b -l) ,7 t(a ),7 t(b + l),...,7 t(a -l),jt(a+ l),...,7 t(n )) i f  a>b. E ach  p a ir v= (a,b ) 

defines a  m ove from  n and  let U  be a set o f  such pairs. T h e  n e ig h b o rh o o d  o f  a  p e rm utation  jt 

g enera ted  by a m ove  se t U will be  d eno ted  by N(U ,7t) =  {n  :v e U } . T h e  ne ig h b o rh o o d  

gen era ted  by th e  m ove se t V = { (a ,b ) :b e { a - l ,a } ,a ,b e { l,2 ,. . .n } }  is o n e  o f  th e  b iggest [25], 

N ote , that fo r a,b  such  that | a-b | =  1 tw o  m oves v= (a,b ) and v ^ b . a )  yield th e  sam e 

perm utations n w=n̂ > (w e  call these  m oves equivalent). So, in o rd e r to avoid  redundancy , V 

contains exactly  o n e  from  each pair o f  equ ivalen t m oves. N(V ,7t) has (n -1 )2 neighbors and 

satisfies so-called  connectiv ity  property : fo r any 7 t ° e n  exists a  finite seq u en ce  7i°,7t1,...,7tr 

such  th a t Jtr is an optim al p rocessing  o rd e r and 7ti+1eN (V ,7 i‘), i= 0 ,., .,r - l .

A m ong  few  d raw backs o f  N(V ,7t), th e  to o  h igh com puta tional com plex ity  o f  a  single 

n e ig hborhood  search ing  seem s to  be dom inant. T h is d raw back  can be  e lim inated  using  tw o  

approaches: (1) evaluate  neighbors by lo w er bounds and do  n o t calcu late  m akespans (it is 

assum ed that th e  com putational com plexity  o f  a  low er bound  is essentially  less than  that o f  

n takespan) [24], (2 ) reduce  th e  n e ig hborhood  size  and calcu la te  the  m akespan  fo r each 

n e ighbor [19 ],[20 ], E m ploying  the  second  ap p ro ach  w e  p ro p o se  so m e red u ced  ne ig h b o rh o o d s 

based on so  called block o f  jo b s  p roperties [9],

C onsider subsets W (7t),W (7t),W (7t)cV , w hich d epend  on  7t and  u= (a ,b ), and are  

defined as follow s: W (7t)={(i,j): i j e { l , . . . , a - l } } ,  W (7t)={(i,j): i , j e { a + l, . . . ,b - l} } ,  

W (7 i)= {(ij): i j e { b + l , . . . , n ) }. T h e  ne ig h b o rh o o d  N (W (7 t)u W (7 t)u W (n ),7 t)  con tains 

m a x [0 ,a - l} 2 +  m ax {0 ,b -a-l }2 + m ax {0 ,n -b }2 perm utations ob ta ined  by I-m oves lim ited to 

positions l , . . . ,a - l ,  positions a + l , . . . ,b - l  w ith in  b lock  B (th e  internal p a rt o f  th e  block), 

and positions b + l, .. . ,n  . B y [9] th e  fo llow ing p ro perty  holds.

P roperty  1. F o r any perm utation  P e N Q V ^ jc jW iT tju W iT tj.T t)  w e have

Cmax(P) -  C m a x ( 7 t ) .  □

In o th er w ords, m oves from  V \(W (K )u W (7 t)u W (n ))  a re  "m ore  in teresting" th an  th o se  from  

W (n )u W (7 t)u W  (71), tak ing  in to  acco u n t only th e  im m ediate  im provem en ts p o in t o f  view .

C onsider a n o th e r ne ig h b o rh o o d  g enera ted  by th e  m ove se t Z (7 t)c V \(W (7 t)u W (jt)u W  (tt)) 

defined as follow s: Z (7t)=Z '(7t)uZ"(7t), w here  Z '(7 t)= {(aj): a<j<b} and Z "(tt)= {(j,b ): a<j<b}. 

T h e  n e ighborhood  N(Z(7t),7t) con ta ins 2 (b -a - l )+ l  perm utations ob tained  by so m e selected  I- 

m oves. M o re  precisely, each  jo b  7t(j), j= a + l , . . . ,b - l ,  is inserted  on ly  in tw o  positions a  and b in



7t(so m e  exceptions occur fo r jo b s  7t(a ) and 7c(b)). By [9] the  follow ing property  can be 

proved.

P ro p e r ty  2.

(a) F o r any perm utation  |3 e N (Z '( 7t) ,7t)  such that w e have C m ax(P ) £  C m ax(ji),

(b) F o r  any perm utation  P e N (Z " ( 7t) ,n )  such that have  C m ax( P ) iC m ax(7t). □

N ote , that only a  part o f  the ne ighborhood  N (Z (7t) ,7t)  is really interesting.

N o w  consider the neighborhood  generated  by the  m ove set X (7t ) c Z ( 7t)  defined as 
follow s: X (n )= X '(7t ) u X " ( 7t), w here  X’(x)={(a ,j): a<j<b, r ^ Q  < rn (a)} and X "(7t)~ {(j,b ): a<j<b, 

q n 0  <  q ^ b ) ) -  T h e  ne ighborhood  N (X (n ),7t)  contains a t m ost 2 (b -a - l)+ l  perm utations from 

N (Z (7t ) ,7t), excluding these satisfying P roperty  2.

T h e  nex t (fou rth ) neighborhood  is generated  by the m ove set Y (7t ) c X ( 7t), | Y(n)  | =2, 
defined as follow s: Y (7t)= Y '(7t ) u Y " ( 7t), w here Y '(7t)={(a ,k ): r ^ k )  = m ina<j£b r 7t(j)} and 

Y "(tt)={(k ,b): q n (k )= m ' na<j<b f in Q )-  T he ne ighborhood  N (Y (n ),7t)  con ta ins tw o 

perm utations selected am ong these from  N (X (7t) ,7t).

N o w  w e will give the  detailed characteristics (redundancy, relations to o thers, size, 

connectiv ity) o f  the  p roposed  neighborhoods.

P r o p e r ty  3. F o r any perm utation  n e J l  w e  have

N (Y (7t ,s ) ,7t)  c  N (X (jt,e ),7t)  c  N (Z (7c,s),7t)  c  N (V \(W (7c ) ^ W ( j i ) ^ W ( 7t)) ,7t)  c  N (V ,7t). (J

P r o p e r ty  4. T h e  ne ighborhood  N (Z (7t ,e ) ,n )  satisfies connectiv ity  property . □

T h e  p ro o f  o f  P roperty  4 can  be done  by analogy to  that constructed  fo r neighborhood  NB o f  

D ell'A m ico and T rubian  [6 ], N o te  that th e  connectiv ity  p ro p erty  is desired  bu t is no t 

obligatory . T h ere  are know n m ethods based on  ne ighborhoods w ithout connectiv ity  w hich 

num erically  behave excellent [19].

4 .2 . T a b u  list

T h e  tabu list is a m echanism  o f  preventing cycling during  the  search . A m ong  variety  o f  

a ttribu tes sto red  in tabu list ([ 7 ]) w e  select, upon previous investigations [2 0 ], a  pair o f  jo b s 

as th e  m ost prom ising.

L et T = ( T i  T m axt) be th e  tabu list o f  a  fixed length m axt, w here  T j= (g ,h ) is a  pa ir o f

job s. T h e  tabu list is initiated by zero  elem ents Tj = (0 ,0 ), j= l,. .. ,m a x t. L et v=<a,b) be  a  m ove  

pe rfo rm ed  from  7t. This m ove receives status tabu and will be add to  T  (d eno ta tion  TS>v) in the

N o w e algorvtm v aproksvm acvine ...________________________________________  26 3
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follow ing w ay. w e  shift to the  left list se tting  T j:= T j+  j , j= l , . . . ,m a x t- l  and add at th e  end 

T m ax t:=(7t(a),7t(a+1)) a< b anc  ̂ T m ax t:= (7 t(a-l),7 t(a)) o therw ise. W e assum e th a t a  m ove 

v= (a ,b ) from  the perm utation  P can n o t be perform ed (has sta tus tabu) if: (i) a<b and a t least 

o n e  pa ir (P (j),P (a)), j= a + l , . . . ,b  is in T , (ii) a>b and a t least o n e  pa ir (P (a ),P (j)), j=  b ,.. . ,a - l  is 

in T.

4.3. S earch in g  stra tegy  and asp iration  function

Sim ilarly as in [19] m oves a re  classified into th ree  categories: unfo rb idden  (U F), 

fo rb idden  bu t p rofitable (FP), fo rb idden and nonpro fitab le  (FN ). A  forb idden  m o v e  v  from  7t is 

p rofitable i f  leads to the  m akespan less than  th e  value A (C m ax(7iv)), w h ere  A  is so  called 

aspiration  function , [7], A m ong  m any types o f  aspirations w e ch o o se  th e  basic form  defined in 
cu rren t iteration  t by the  function  A (x)=  m in i< i< tC rnax(jt1), w h ere  n 1 is th e  perm u ta tio n  w hich

gen era tes the  n e ig hborhood  in the  i-th iteration  o f  the  a lgorithm , i= l,2 ,.. ., t .  T h e  m ove to  be 

p erform ed  is selected  am ong  U F- and FP- m oves.

B eside  conventional search ing  strategy, w e em ploy also a  specific stra tegy  (called 

SFU ), fixed up o n  experim ental investigations, and based on  th e  step -w ise  selection  o f  m oves 

from  th e  m ove se t X(7t). A t th e  first the  m ove se t Y (jt) is tested , w h e th er it con ta ins an U F- 
m ove. I f  so then  w e se lec t th e  m ove  v’e Y ( it)  such th a t C m ax(7iv>)=minv 6 Y (jl )C m ax (7tv).

T his can be d o n e  in O (n) tim e. I f  Y (k ) do  no t con ta in  any U F -m oves th en  w e  ch eck  th e  m ove 

set X(7t)\Y(7t) and select the  first U F-m ove. T his also can be  d one  in O (n ) tim e. I f  n one  

U F -m ove has been selected  (very  ra re  situation) then th e  m ove  se t X (ti) is scan n in g  fo r 

possible existence FP -m oves, am ong  w hich  th e  best (w ith  m inim al C m ax(7tv)) is chosen . I f  all 

m oves in X (n ) a re  F N  w e  add to tabu  the  zero  e lem ent (0 ,0 ), until a  U F -m ove can be  chosen.

5. E xperim enta l analysis

T h e  experim ental analysis o f  th e  a lgorithm  T S w ith re la tion  to  FIS w ere  carried  out. 

T est instances w ere  gen era ted  n the  w ay  described by C arlier [4], F o r each  n = 5 0 ,1 0 0 ,1 5 0 „ . 

..,1000  and F = 1 6 ,17,18 ,...,25  a sam ple  o f  20  instances w ere  obtained ; values rj,P j,qj w ere  

chosen  w ith uniform  distribution betw een  1 and r j ^ ^ P f p a ^ q , ^ ^ ,  respectively. W e set 

Pm ax= 50, rm ax=clm ax= n F- T hus, 400 0  instances w ere  tested. T h e  instances w ith  F=  18,19,20 

w ere  rep o rted  by C arlier as the  hard est one. A t th e  beginning, som e tests w e re  p e rfo rm ed  in 

o rd e r to  se lect the  best configuration  o f  the  tabu search  m ethod . Finally, A lgorithm  T S  w ere  

run  w ith  m axt=8, m axiter= n/2  (th e  lim it o f  th e  total num ber o f  iterations), n e ig h b o rh o o d  N (Z ( 

7t),7t), aspiration  function  A, search ing  stra tegy  SFU , tĉ  as th e  sta rting  so lu tion . F o r  all tested  

instances (1 0 0 % ) T S  prov ides th e  best resu lt (CTS<C^£>), w hereas on ly  fo r 0 .2%  o f  cases
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provides strictly  bette r result (C T S <C H S ). N o te  that in the  tested configuration  TS has 0 ( n 2), 

w hereas H S has original 0 ( n 2logn) com putational com plexity. It m eans that fo r instances with 

n = 5 0 ,...,1 0 0 0  T S  runs 5... 10 tim es faster than  H S. T he real speed up  is h igher due  to the 

special techn ique  o f  im plem entation. A lgorithm  TS essentially im proves k $ in 96 .5%  o f  

cases.
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R ecenzent: P ro f.d r  hab .inż. Jan  W ęglarz

W płynęło  do R edakcji do  30 .0 4 .1 9 9 4  r.

Streszczen ie

R ozw ażany  jes t p roblem  szeregow an ia  zadań na jednej m aszynie  z  term inam i 

g o tow ośc i, term inam i dosta rczen ia  o raz  kryterium  m inim alizacji m aksym alnego  term inu  

zak o ń czen ia  w ykonyw ania  zadań. Z ap ro p o n o w an o  now y algory tm  aproksym acy jny  d la  teg o  

prob lem u o p arty  na  technice  poszuk iw an ia  tabu. O pisano  szczeg ó ło w o  p o d staw o w e  e lem enty  

m etody: ruch, sąsiedztw o, listę tabu, funkcję aspiracji. P o k azan o  także  p ew n e  w łasności 

zap ro p o n o w an y ch  sąsiedztw . W  w yniku zastosow an ia  z red u k o w an eg o  sąsied ztw a  o p a rte g o  na 

pojęciu  ścieżki krytycznej i tzw . elim inacyjnych w łasnościach  bloku zad ań  zap ro p o n o w a n y  

algory tm  d z ia ła  zn aczn ie  szybciej od innych a lgo ry tm ów  sto sow anych  do  tej p o ry  do 

ro zw iązyw an ia  p o staw io n eg o  problem u. P rzedstaw iono  tak że  w yniki analizy  eksperym entalnej 

a lo ry tm u na p rzyk ładach  losow ych do  1,000 zadań.


