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S C H E D U L I N G  O F  F L E X I B L E  F L O W  L I N E S  A N D  W O R K  C E N T R E S

S u m m a r y .  T h e  p a p e r  d eals w ith  a  flow lin e  p ro d u c tio n /s e rv ic e  sy s te m . I t  con sis ts  
o f  th e  se q u e n ce  o f p ro cess in g  c en tre s , each  c en te r  has a  n u m b e r  of id e n tic a l p a ra lle l 
m ac h in es , a n d  th e re  a re  in te rm e d ia te  b u ffers b e tw een  c en te rs . A n  im p ro v e m e n t 
a p p ro x im a tio n  a lg o rith m  for th e  p ro b lem  o f find ing  th e  sch ed u le  w ith  m in im u m  
m a k e sp a n  is p re sen te d .

S Z E R E G O W A N I E  E L A S T Y C Z N Y C H  L I N I I  P R Z E P Ł Y W O W Y C H  
I  G N I A Z D  P R O D U K C Y J N Y C H

S t r e s z c z e n i e .  W p ra cy  rozw ażany  je s t  sy s te m  p ro d u k c y jn y /o b s łu g i z linię, 
p rzep ly w o w ę . L in ia  t a  sk ła d a  się z c ięgu  cen tró w  o b ró b c zy c h , p rz y  czy m  każd e  
c e n tru m  p o s ia d a  p e w n ę  liczbę id en ty czn y ch  m aszy n , a  ta k ż e  b u fo ry  o o g ran iczo n e j 
p o jem n o śc i p o śred n iczęce  w p rzek azy w an iu  zleceń p o m ięd zy  c e n tra m i. D la  teg o  
p ro b le m u , z k ry te r iu m  m in im alizac ji m ak sy m a ln eg o  te rm in u  zak o ń c ze n ia  z a d a ń , 
p ro p o n o w a n y  je s t  pew ien  a lg o ry tm  pop raw .

1 . I n t r o d u c t i o n

T h e  p a p e r  d ea ls  chiefly  w ith  a  p ro b le m  { F P )  de riv ed  fro m  a  h y b rid  c o m b in a tio n  of 

tw o  c lass ic  sc h e d u lin g  p ro b lem s, n am e ly  th e  flow shop  a n d  p a ra lle l shop , a n d  d e sc rib e d  

b riefly  as follow s. T h e re  is a  s e t  o f p a r ts  a n d  a  se t  o f p ro cess in g  c en te rs  each  of w h ich  has 

a  s e t  o f p a ra lle l id en tica l m ach in es. A p a r t  is a sso c ia ted  w ith  a  seq u en ce  o f  o p e ra tio n s  

p ro cessed  a t  successive  cen te rs , an d  a ll p a r ts  flow th ro u g h  c en te rs  in  th e  sa m e  o rd e r. A t a  

c e n te r ,  a  p a r t  can  b e  p ro cessed  on  an y  m ach in e . M oreover th e re  a re  buffers w i th  l im ite d  

c a p a c ity  t h a t  m e d ia te  in  tra n s fe r r in g  p a r ts  be tw een  m a c h in e s /c e n te rs . W e w a n t to  find a  

sc h e d u le  t h a t  m in im izes th e  m ak e sp a n , one  of th e  m o st frequen tly ’ u sed  c r ite r io n .

A rc h ite c tu re  o f a u to m a te d  m a n u fa c tu r in g  sy s te m s u su a lly  docs n o t allow  to  fo rm  

in te rn a l  q u e u es  o f p a r ts  ( t ra n s p o r te d  on p a lle ts  o r in c o n ta in e rs ) , o r  l im its  th e  len g th  of 

th e s e  q u e u es  d u e  to  buffer  size. W ith  re sp ec t to  F P ,  th e  follow ing p ro b lem s (w ith  an
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in c re a s in g  d e sc rip tio n  c o m p lex ity )  can b e  considered : (U ) sy s tem  h as  buffers w ith  in fin ite  

c a p a c ity  o r f in ite  how ever la rg e  enough , (W ) sy s te m  w orks w ith o u t buffers , (B ) sy s te m  

w orks w ith  buffers o f fin ite  cap ac ity . B uffers can  b e  lo c a te d  in  sy s te m  B  e ith e r  b efo re  

m ac h in es  (M ) or b e fo re  c en te rs  (C ). If  th e  c ap a c ity  of a  buffer is g re a te r  th a n  o ne , we 

sh o u ld  a lso  co n sid e r th e  buffer serv ice  ru le , e .g . a rb it ra ry  o rd e r  (A ), F IF O  (F ) ,  L IF O  (L ). 

H en ce , e ach  p ro b le m  F  P  can  b e  c h ara c te rised  by  a d d itio n a l tr ip le  q |/ 3 |7  w h e re  a  re fe rs  

to  th e  sy s te m  ty p e , f) to  th e  buffer ty p e , 7  to  th e  buffer se rv ice  ru le .

F P  c re a te s  th e  b a s ic  m o d el for a  b ro a d  class o f p ro b lem s called  in  th e  l i te r a tu re  th e  

f lexible f l o w  line scheduling.  T h ese  a re  p u re  p ro b lem  F P  o r  p ro b lem s o b ta in e d  d ire c tly  

f ro m  F P  by in tro d u c in g  a  few specific  a d d itio n a l a ssu m p tio n s , e.g . som e p a r ts  can  sk ip  

o n e  o r m o re  m ach in es  d u rin g  th e  ro u te , buffers have  in fin ite  cap ac ity , th e re  is a  t r a n s p o r t  

t im e  b e tw ee n  c en te rs , e tc . A reach  rev iew  of in d u s tr ia l  a p p lic a tio n s , a m o n g  o th e rs  in  

c h em ica l b ra n c h e s , p o ly m e r an d  p e tro leu m  in d u s try , c o m p u te r  sy s te m s , te le c o m m u n ic a ­

tio n  n e tw o rk s , F M S , sp a c esh ip  processing , e tc ., one can find in [4].

A lth o u g h  F P  h av e  q u ite  s im p le  fo rm u la tio n , i t  is tro u b le so m e  from  th e  a lg o r ith m ic  

p o in t  of v iew . I ts  A / 3-h a rd  ness e ssen tia lly  re s tr ic ts  th e  se t o f a p p ro ac h es  w hich  can  b e  

a p p lie d  to  so lve  th e  p ro b lem . F rom  th e  l i te ra tu re  one  can  find  e x a c t a lg o rith m s  b a se d  on 

th e  b ra n c h -a n d -b o u n d  ( B & B )  [8 ] a n d  m ix ed -in teg er p ro g ram m in g  ( M I P ) ,  as well as a  

v a r ie ty  o f a p p ro x im a tio n  m e th o d s , sec th e  rev iew  in  [4]. Som e of th e se  p ro c ed u re s  h av e  

b e en  d esig n ed  for sp ec ia l cases, e.g . for th e  sy s te m s th a t  h av e  on ly  tw o c e n te rs , th e  ones 

w h e re  o n ly  o n e  o f th e  cen te rs  has p a ra lle l m ach in es, e tc .; see th e  n ew es t p a p e r  in  th is  a re a  

[1]. A lg o rith m s  for F P  have  been  also  considered  in [11, 15]. R esea rch  o u tco m e s  show  

t h a t  B & .B  a lg o r ith m s  b e co m e  useless for m ore  th a n  10 p a r ts . S im ila rly , th e  size  o f M I P  

m o d e ls  is  im p ra c tic a lly  larg e  even  for a  sm all n u m b e r  of p a r ts  an d  c e n te rs . T h e re fo re , 

m o re  a t te n tio n  has b een  p a id  re ce n tly  to  th e  ap p ro x im a tio n  m e th o d s . C u rre n tly , o n ly  a  

few  cons truc t ive  a lg o rith m s  ap p lic ab le  to  F P  a re  know n , ['2, 4, 1 1 , 15]. S u rp ris in g ly , u p  to  

now  th e re  is no  im prov ing  a lg o r ith m , a lth o u g h  m an y  recen t p a p e rs  h a v e  reco m m e n d e d  th e  

loca l sea rc h  a p p ro ac h  as th e  m o st p ro m is in g  for very  h a rd  o p tim iz a tio n  p ro b le m s [3, 14],
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2 . i / |  o |o s y s t e m

T h e  sy s te m  h as  m  m ach in es  lo ca ted  in c m ac h in e  c en te rs , a n d  le t  Ad =  { 1 , . . . ,  m )  b e  

th e  se t o f m a c h in e s , C =  { l , . . . , c }  b e  th e  se t o f c en ters . T h e  c e n te r  I £  C  h a s  m i  >  1 

id e n tic a l p a ra lle l  m ac h in es , an d  le t  Ad; =  { k / - f l , . . . ,  fc ,-fm /} C  Ad b e  th e  s e t  o f  m ac h in es  

in  th is  c e n te r , w h ere  ki — £ )i= l m ,\ T h e  se t o f e p a r ts  (e le m e n ts , c u s to m e r  o rd e rs )  

£  =  { 1 ,2 , . . . , e }  h a v e  to  be  p rocessed  in  th is  sy s te m . E ach  p a r t  k  £  £  c o rre sp o n d s  to  a 

s e t  o f  Ok o p e ra t io n s  Ok  =  {f* +  1 , +  Ok) p rocessed  in t h a t  o rd e r, w h e re  Ik — E ? = i  °i%

a n d  le t  O  — UJU, Ok — {1, - - -, o} be  th e  se t of all o p e ra tio n s  th a t  h av e  to  b e  p ro cessed . 

O p e ra t io n  j  c o rre sp o n d s  to  th e  p rocessing  o f p a r t  ey 1 a t  c e n te r  cy d u r in g  a n  u n in te r ru p te d  

p ro c ess in g  t im e  py >  0 and  can  be  p e rfo rm ed  on any  m ach in e  from  A dCj. E ach  m ac h in e  

can  e x e c u te  a t  m o s t one p a r t  a t  a  tim e , each p a r t  c an  b e  p ro cessed  on  a t  m o s t one 

m a c h in e  a t  a  l im e , a n d  each  p a r t  k  flows th ro u g h  th e  sy s te m  so  th a t  cy_, <  cy for 

j  — 1 ,2  £  Ok.  A feasible  schedule  is defined by a  coup le  o f v ec to rs  (S , P ) ,  S  — ( S i , . . .  , S 0), 

P  =  ( P ] , . . . , P 0), such  th a t  above c o n s tra in ts  a re  sa tis fied , w here  o p e ra t io n  j  is s ta r te d  

on  m ac h in e  Pj  £  A d Cj a t  t im e  S j  >  0.

T o  p ro v id e  a  fo rm a l m a th e m a tic a l  m odel o f th e  p ro b lem  we in tro d u c e  so m e  n o tio n s . 

L e t £ /  =  { / €  C? : cj  =  1} be  th e  se t  o f o p e ra tio n s  th a t  h a v e  to  b e  p ro cessed  a t  a  c e n te r  

I €  C. B a tc h  is a  su b se t of o p e ra tio n s  p rocessed  on a  s e p a ra te  m ac h in e  a t  a  c e n te r ,  how ever, 

d u e  to  m a c h in e  id e n tity , i t  is n o t assig n ed  to  an y  p a r tic u la r  m ac h in e . T o d e te rm in e  

m a c h in e  w o rk lo ad , each  se t C\ has to  be  p a r ti t io n e d  in to  m / b a tc h e s  N ,  C Ci, i  £  A d/, 

a n d  le t  n,- =  |A/)|, i  €  M \ ,  I £  C. T h e  batch processing order  is p re sc rib ed  by  a p e rm u ta t io n  

o f o p e ra t io n s  it; =  (tv;(1 ) , . . . ,  n ;(n ,) )  £  P (A 'i)  from  a b a tc h  A ;, w h e re  it,• ( A-) d e n o te s  th e  

c le m en t o f Afi w hich  is in p o sitio n  k  in  it;, a n d  V ( M i)  is th e  se t o f all p e rm u ta t io n s  on  

th e  se t  TV;. T h e  overall  processing order  is defined b y  m - tu p le  it =  ( i t ] , . . . ,  irm). All such  

p ro cess in g  o rd e rs  c re a te  th e  se t i l  =  {it =  ( i t , , . . . ,  itm) : (it, €  V ( A ri), i  £  A d ), ((A/;, i €  

A d/) is a  p a r t i t io n  o f th e  se t £ / ,  I £  C)}.

N e x t, le t  u s  co n sid e r re la tio n s  b e tw een  it a n d  a  feasib le  sch ed u le . A ssu m e  t h a t  it is 

g iv en . F o r each  j  £  O  we define  sequential  p re d ec esso r/su c ce sso r ¿y, s ,  a n d  technological  

p re d e c e s so r /su c c e sso r  t j , i j  as follows: =  it ; ( j  — 1 ) for j  =  2 , . . . , n ;  a n d  & ,,(,) - o

(n u ll) ;  Srid) =  n ; ( i  +  1 ) for j  =  l , . . . , n , -  — 1 and  s„ .(n() =  o; t j  =  j  — 1 if  j  > 1  and

'ey =  k for any j  € Ok-
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C j-i =  ey, a n d  fy =  o o th erw ise ; iy =  j  +  1 if  j  < o a n d  eJ+J =  ey, a n d  iy — o o th e rw ise .

F o r th is  t v ,  s ta r t in g  tim e s  Sy a n d  co m p le tio n  tim es  Cy o f o p e ra tio n s  hav e  to  sa tis fy  th e

fo llow ing  c le a r  c o n s tra in ts

G ,  <  Sy, j  e  O; Lj i  o , ( 1 )

C *  <  Sy, j  €  0 ;  sy ±  0 , ( 2 )

Cy =  5 y + W , j e O .  (3)

T h e s e  c o n s tra in ts  lead  to  an  obv ious recu rsiv e  fo rm u lae  o n  s ta r t in g  tim e s

Sy =  max{S<^ +  pLj, S£j +  pLj) (4)

w h e re  S 0 =  0 =  p 0, w hich  allow  u s to  find th e m  in a  tim e  0 ( o ) .  A p p ro p r ia te  c o m p le tio n  

t im e s  can  b e  fo u n d  by  u sin g  (3). T h e  m ak e sp a n  value a sso c ia ted  w ith  iv w ill b e  d e n o te d  

b y  Cm ax(^)i a n d  th u s  0 m&x(w) — m axygo tA ■

To d e te rm in e  th e  feasib le  schedu le  fro m  th e  g iven  it 6  IT, we h a v e  to  assign  b a tc h e s  

A/;, i  6  A 4/, to  m ac h in es  i £  M i  a t  c e n te r  /, I £  C2. S ince m ac h in es  a t  a  c e n te r  a re  

id e n tic a l,  th e  a s s ig n m en t can  be  done in any  way. T h ere fo re , a  feasib le  sc h e d u le  ( S , P ) 

o n e  can  o b ta in  in th e  follow ing m an n e r: se t Py =  i for j  £  A 'i, a n d  find  Sy b y  u s in g  (4 ). It 

is c le a r  t h a t  an y  tv re p re se n ts  n ? = i(m <)' feasib le  sch ed u les  w ith  th e  sa m e  m a k e sp a n  v a lu e  

a n d  v a rio u s a s s ig n m e n ts  o f b a tc h es  to  m ach in es. F ina lly , we can  s ta te  o u r  p ro b le m  as 

t h a t  o f  f in d in g  tv 6  TI w hich  m in im izes C m « ( T t ) .

T h e  a n a ly s is  is b a se d  on an  a u x ilia ry  g ra p h  m o d el a sso c ia ted  w ith  a  fixed  it €  II. 

T h e  g ra p h  C7(tv) =  ( 0 ,  A "  U A ( it) )  has a se t o f nodes 0  an d  a  s e t  o f  a rc s  A "  U -4(ic), 

w h e re  A "  =  U y e o - .i^ o iU y -i)}  an d  A (n )  =  U yeo;ij?!o { ( iy ,i ) } ' A rcs fro m  •4* p ro ceed  

fro m  c o n s tra in ts  (1 ), (3) a n d  re p re se n t th e  ro u te  of p a r ts  th ro u g h  th e  c en te rs ; an  a rc  

£  A ’ h a s  w eigh t . A rcs fro m  A { v )  p roceed  from  c o n s tra in ts  (2 ) , (3) a n d  re p re se n t 

th e  p ro c ess in g  o rd e r  in  b a tc h es ; each  such  a rc  h a s  w eigh t zero . E ach  n o d e  j  £  O  re p re se n ts  

th e  o p e ra t io n  j ,  e v e n t " s ta r t in g ” Sy of th is  o p e ra tio n , a n d  h a s  w eigh t py. S ta r t in g  t im e  Sy 

e q u a l th e  le n g th  o f th e  lo n g est p a th  to  n o d e  j  (w ith o u t py) in  5 (tv), w h e reas  c o m p le tio n  

t im e  Cj eq u al th e  len g th  of th e  lo n g est p a th  to  no d e  j  ( in c lu d in g  py) in  th is  g ra p h . T h e  

m a k e sp a n  C mUx(iv) eq u a ls  th e  len g th  o f th e  longest p a th  (c ritic a l p a th )  in  £/(iv).

2Batch allow us to reduce tire number of considered feasible schedules.



S ch e d u lin g  o f flex ib le  flow lin es an d  w ork cen tres l i a

L et u s  co n sid e r a  c r it ic a l  p a th  in S ( t )  in te rp re te d  as a  seq u en ce  o f n o d es (o p e ra tio n s )  

U  =  ( « i , . . . ,  « „ ) ,  Uj 6  O .  W e define block B ab as a  m ax im al su b seq u en ce  of successive  o p ­

e ra t io n s  ( u 0, . . . ,  u j)  from  U  such  th a t  P U<1 =  . . .  =  P„4. W e also  d e n o te  U  =  { u j , . . . ,  t i„ } ,  

B ab =  { n 0) ■ ■ ■ , u&), a n d  for any  j  g  O  w e define Xj so  th a t  itp , { x j )  =  j .

T h e  p ro p o se d  so lu tio n  a lg o rith m  is b a se d  on ta b u  sea rch  a p p ro ac h , w h ich  is  a  m o d e rn , 

u se fu l te c h n iq u e  fo r c o n s tru c tin g  ap p ro x im a tio n  a lg o rith m s  of va rio u s h a rd  o p tim iz a tio n  

p ro b le m s , [3]. T h e  b as ic  id ea  of th is  ap p ro ach  a p p lied  to  o u r p ro b lem  co n sis ts  in  s ta r tin g  

fro m  a n  in it ia l  so lu tio n  (fa th e r)  an d  sea rch in g  th ro u g h  i ts  d e sc e n d a n ts  ( th e  se t o f  so lu tio n s  

ca lled  n e ig h b o rh o o d  g e n e ra te d  in a  specific  way fro m  fa th e r)  fo r a  so lu tio n  w ith  th e  low est 

m a k e sp a n . T h e n  th e  sea rch  re p e a ts  from  th e  th e  b e s t one, as a  new  fa th e r  so lu tio n , a n d  th e  

p ro cess  is c o n tin u e d . T h e  fa th e r ’s n e ig h b o rh o o d  is g e n e ra te d  by m oves; a  m ove ch an g es th e  

p o s it io n s  o f  a  n u m b e r  o f  e le m en ts  in fa th e r  so lu tio n . In o rd e r  to  avo id  cyclin g , b e co m in g  

tr a p p e d  to  a  local o p tim u m , a n d  m ore  genera l to  gu id e  th e  search  to  ’’good re g io n s” o f th e  

so lu tio n  sp a c e , a  m e m o ry  of th e  sea rch  h is to ry  is in tro d u c e d . A m o n g  m an y  classes o f th is  

m e m o ry , w e re fer on ly  to  th e  ta b u  list w hich reco rd ed , fo r a  chosen  sp a n  o f t im e , se lec ted  

a t t r ib u te s  o f  su b seq u e n tly  v is ite d  so lu tio n s a n d /o r  p e rfo rm ed  m oves, t r e a te d  th e m  as a  

fo rm  of p ro h ib itio n  fo r th e  fu tu re  m oves.

B ased  on co n clu sio n s from  [5, 6 ], we co n sid er on ly  so ca lled  in se r t io n  m oves .  In  o u r 

case  th is  ty p e  o f m oves is a sso c ia ted  w ith  it a n d  can  b e  defined  by  a  t r ip le  (j , i , y ) , su ch  

t h a t  o p e ra t io n  j  is rem o v ed  from  b a tc h  A/p, a n d  th en  in se rte d  in A/) in  p o sitio n  y  in 

th e  p e rm u ta t io n  tt; (y b ecom es new  p o sitio n  of j  in it,) . C learly , i t  h a s  to  b e  i E M cj, 

1 V <  ri,- +  1 if  i jb P j ,  1 <  y  <  n; if t' =  Pj.

T h e  n e ig h b o rh o o d  o f it con sists  o f o rd e rs  it„ g e n e ra te d  by  m oves v  from  a  g iven  se t. By 

u s in g  n a tu ra l ,  s im p le  a p p ro ac h  o n e  can  p ro p o se  th e  in se r t io n  neighborhood  {tt„ : t> 6  V (ir)}  

g e n e ra te d  by  th e  m ove se t

V(*) =  u  U  v * ( * ) ,  (5)
j £ 0  Mr,

w h e re  VJ t(ir) =  (JyLV { (j> b l/)}  ' f * 7s Pi  a,ltl Vy,-(it) =  U y L i^ - i^ y jd r j- iO '.b J / )}  if * =  Py  

T h e  c o n d itio n  Xj — 1 ^  y ^  x j  is ad d ed  to  p re v en t re d u n d a n c y  o f m oves 3 . T h e  se t  V j;(ir) 

c o n ta in s  m o v es su ch  t h a t  o p e ra tio n  j  is d e le ted  from  th e  p e r m u ta t io n  irp, a n d  in se r te d  in 

a ll p o ss ib le  p o s itio n s  in  th e  p e rm u ta t io n  -jt,-. O ne  can  v e rify  th a t  th e  n u m b e r  o f m oves in

3Moves are redundant if provide the same solutions.
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V (it)  eq u a ls  a p p ro x im a te ly  oe.

F in a l q u a li ty  o f th e  ta b u  sea rch  a lg o rith m  d ep en d s  a m o n g  o th e rs  on  th e  c o m p u ta tio n a l  

c o m p le x ity  o f  th e  s in g le  n e ig h b o rh o o d  sea rch  a n d  on th e  n e ig h b o rh o o d  size. O u r  p rev io u s  

re sea rc h  show  th a t  su ch  th e  a lg o rith m  beh av es m uch  b e t te r  if  w e e v a lu a te  d e sc e n d a n ts  

d ire c tly  b y  th e  c r ite r io n  va lue , [5, 6 , 7], T h e re fo re  V (n ) sh o u ld  be  g iv en  up a s  ex p en s iv e ly  

tim e -c o n su m in g , a n d  w e p ro p o se  n e x t a  red u ced  n e ig h b o rh o o d .

T h e  m a in  id e a  o f th e  re d u c tio n  con sists  in e lim in a tin g  so m e m oves fro m  V ( n )  fo r w hich  

i t  is kno w n  a  p rio ri (w ith o u t c o m p u tin g  th e  m ak esp an ) t h a t  th e y  w ill n o t im m e d ia te ly  

im p ro v e  C ,na,(Tt). B y  em p lo y in g  c e rta in  g ra p h  p ro p e rty  ” if th e re  e x is ts  in a  p a th

c o n ta in in g  all nodes fro m  U ,  w h e re  U  is found  for S (n ) ,  w e h av e  C nl!lx(iT„) >  C max(ir)” w e 

p ro p o se  th e  follow ing red u ced  se t of m oves

W ( i t )  =  u  U  ( 6 )
icu

w h e re  W j;( ir )  C  V j,(n )  a re  de fin ed  on ly  for j  G B at, C U  in th e  fo llow ing  m a n n e r .  If 

a =  b, w e p u t  W ; l (it)  =  0. If i yf Pj  a n d  a ^  b th en  TV,,• (vr) =  V ,i(n ). In  th e  re m a in  

c ases, i.e . if  i = Pj an d  a b, we se t: kV,;(ir) =  V ,,(ir) \  X j [ x Ua +  — 1) if  j  €

B„b \  {wa ,W(.}, w h e re  X j ( k , t )  =  \ j[=k{[j> P j ,y )} ' ,  Wj-,(ir) =  V,-,(tv) \ X j ( l , X j )  if  j  =  u„; 

W ,,( ir )  =  \  X j  ( x j  , m ) if  j  =  ut,. A  stro n g est re d u c tio n  is p o ss ib le  for i =  P j  a n d

a  gL b: if  a  =  1 a n d  j  yt u&, we can  se t  W j,(n )  =  V j,(n ) \  X j ( l ,  x Ub — 1); by  s y m m e try  if 

b =  w  a n d  j  ^  u a , we can  se t =  V ,,(ir) \  X j ( x u,  +  l , n , ) .

A ro u g h  a n a ly s is  o f n e ig h b o rh o o d  sizes show s c lear a d v a n ta g e  s in ce  |V (n ) | /  |VV(it)| ~  

o / w  an d  w  <  o. A ssu m in g  un ifo rm  d is tr ib u tio n  of m ach in es  o v er c en te rs  a n d  u n ifo rm  

d is t r ib u t io n  o f p a r ts  over b a tc h e s , we have  o / w  ~  m . T h e  p ro p o sed  n e ig h b o rh o o d  p o s­

sesses a lso  a  co n n ec tiv i ty  p ro p er ty  w hich  p ro v id es fo r ta b u  sea rch  p o ss ib ility  o f fin d in g  

o p tim a l  so lu tio n , how ever w ith o u t  a ssu ra n ce  t h a t  i t  will b e  d isco v ered , [7]. T h e  sk ip p e d  

p a r t  o f th e  n e ig h b o rh o o d  is " less in te re s tin g ” due  to  P ro p e r ty  1 .

P r o p e r t y  1 . For a n y  processing order  Tt„, v  €  V ( n ) \W ( n ) ,  we have  (7max(ir„) >  (7max(ir).

3 . VPI o |o a n d  B \ M \ P  s y s t e m s

T h e  p ro d u c tio n  sy s tem  h as  m a th e m a tic a l m odel from  S ec tio n  2 w ith  an  a d d itio n a l 

c o n s tra in ts  t h a t  each  b u ffer Q ,  to  th e  m ac h in e  i has cap acity ' <?, >  0 , e .g . c an  s to re  a t
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m o st <?; p a r ts  a t  a  t im e . I t  m ea n s  th a t  each p a r t  co m p le ted  on som e m ac h in e  a n d  d ire c te d  

to  a  m a c h in e  i  can  b e  s to re d  in th e  buffer <5 ; if  it is no t fu lfilled , o th e rw ise  re m a in s  on  

th e  p r im a l m ac h in e  (b locks th is  m ach in e) u n til i t  can  be  tra n s fe rre d  to  a  b u ffe r . D u e  to  

b u ffer se rv ice  ru le , jo b s  p a ss  th ro u g h  th e  buffer Qi  in  th e  o rd e r g iv en  b y  irt\

F ir s t ,  w e co n sid e r re la tio n s  b e tw een  a  p ro cess in g  o rd e r it 6  II  a n d  a  feasib le  sch ed u le  

(5 ,  P ) .  L e t C j d e n o te  th e  t im e  of re leas in g  th e  m ach in e  Py a f te r  c o m p le tin g  o p e ra t io n

j . F o r a  g iv en  it a p p ro p ria te  feasib le  sch ed u le  hav e  to  sa tis fy  c o n s tra in ts  (1 ) , (3) a n d

a d d itio n a lly

Cj <  cj, j  e  o , (7)

C'lt <  Sj, j  € O; sj +  o. (8)

T o  se t  b u ffe rin g  c o n s tra in ts  le t us co n sid er ev en ts  a sso c ia ted  w ith  o p e ra tio n  j  — i t,(x )  for 

so m e  1 <  x  <  n,-, i =  Pj, such  th a t  t j  yf o. T h e re  a re  tw o d isjo in  cases.

( a )  I f  th e  b u ffer Q j  co n ta in s  a t  m o s t q, — 1 (q, >  1 ) p a r ts  a sso c ia ted  w ith  re ce n tly  

p e rfo rm e d  o p e ra tio n s  i t ,(x  — <7, +  1 ) , . . . ,  n ,(x  — 1 ), th e n  p a r t  e (j =  ey can  b e  p a sse d  to  th e  

b u ffe r  Qj  im m e d ia te ly  a f te r  co m p le tio n  of o p e ra tio n  t j ,  i.e . C'x> =  C \  . I t  m ea n s  t h a t  all 

p a r ts  a sso c ia ted  w ith  o p e ra tio n s  ir,( 1 ) , . . . ,  Hi(x — qi) m u s t b e  tak en  fro m  b u ffer Q,- b e fo re  

t im e  m o m e n t C j , th e re fo re , s in ce  S ^ ( v) <  we h av e

^  C,^ , X — 5i "b 1 , . . ■ , UI■ (ff)

( b )  I f  th e  b u ffer Q , c o n ta in s  ex ac tly  17, (<7,- >  0) p a r ts  a sso c ia ted  w ith  re c e n tly  p e rfo rm e d  

o p e ra t io n s  ir ,(x  — </,•),.. . , i t ; ( x  — 1 ), th e n  p a r t  ey will b e  passed  to  th e  b u ffer Qi  a f te r  

c o m p le tio n  o f o p e ra tio n  t j  in a  t im e  m o m e n t w h en  a  successive  p a r t  from  Q ,  w ill b e  ta k e n  

for p ro cess in g , i.e.

Cj. =  m i l l s ’,  i(r_ , (x_i )} =  S „(x - ,,)  (10)

C learly , (10) can  b e  re p la ce d  by m o re  genera l c o n s tra in t (9 ). T o e lim in a te  v a r ia b le s  C j 

f ro m  c o n s tra in ts  ( 7 ) - ( 9 ), w e in tro d u c e  n o tio n  of b-se.quent.ial p re d ec esso r/su c ce sso r  ry , ry 

o f  o p e ra t io n  j  defined  as follows: r „ i(j) =  ir,(y — 17,)  for j  =  17, + 1 , . . .  ,n ,-, an d  L*i(j) =  o for 

j  =  1 r,,(y ) =  n » ( i+ ? i)  for j  =  1 , . . .  , « ¡ - 9 ,-, and  7 Il(j) =  o for j  =  n . + g . + l , . . .  , n {.

C o n se q u e n tly , (9) can  b e  w r it te n  as S ij <  . N e x t, from  (8 ) w e h av e  C j <  Ssj if sy yt 0 .

T h is  allow  us to  e lim in a te  C j a n d  to  exp ress c o n s tra in t (9) as follows

s Zi < s % (11)
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w h ich  h o ld s  for j  G O  such  th a t  r_j qb o, t j  o, s^  o. F in a lly  w e o b ta in  a  recu rsiv e  

fo rm u la e  o n  s ta r t in g  tim es

w h e re  r^  =  o , a 0 =  o, S a =  0 =  pa. S im ila rly  as (4) all Sy can  b e  c a lc u la te d  in  0 ( 6 )  t im e .

A n  a p p ro p r ia te  a u x ilia ry  g ra p h  m o d el can b e  fo rm u la ted  as follow s f?(it) =  (O t A * U 

•4 (h ) U ./4.'(it)), w here  0 ,  A '  a n d  A (ir) a re  defined  in  S ec tio n  2. T h e  se t o f  a rcs  - ^ ( i t )  =  

U j'eO ;r>5to ;ij 7! o ; j , ^ o { ( l l j i \ )} re p re se n t bu ffering  c o n s tra in ts  ( 1 1 ); an  a rc  ( t y ,? ^ )  6  -4 '( t0  

h a s  w e ig h t m in u s  pr .. N o tio n s 5y, Cy, an d  have  th e  sa m e  in te rp re ta t io n  as in

S ec tio n  2.

B y  a n a ly s in g  C?(ir) one  can  d e te c t p o ss ib ility  o f cycle  ex is ten ce . N o te , th is  h as n o t  be  

p o ss ib le  in sy s te m  C /|o |o . C learly , in su ch  case  no feasib le  sch ed u le  ( S , P )  can  b e  o b ta in e d . 

H en ce , w e w ill co n sid e r fu r th e r  on on ly  feasible overall processing  orders  it G n F C  n ,  i.e. 

o rd e rs  w i th o u t  a  cycle  in  a p p ro p ria te  g ra p h  Q(A).

T h u s , fo r a  g iven  re G n F , th e  feasib le schedu le  (5 , P ) can  b e  fo u n d  in  th e  s a m e  m a n n e r  

as in  S ec tio n  2 , h o w ever using  (12) in s te a d  of (4) for c a lcu la tin g  S .

L et us define  th e  c r it ic a l  p a th  U  an d  b locks B at, in 5 ( ir )  th e  sam e  w ay  as in S ec tio n

2. U n fo r tu n a te ly , P ro p e r ty  1, fu n d a m e n ta l for th e  use  o f m ove se t W (rr ) ,  is n o t  t r u e  in 

th is  case . T h e re fo re , eq u ally  th e  b lock  n o tio n  a n d  re d u ce d  s e t o f m oves a re  use less. To 

re s to re  all ad v an tag e o u s  p ro p e rtie s  we have  to  in tro d u c e  so m e  new  n o tio n s . T h e  extended  

cri t ical  sequence U" — (u \ , . . . ,  i t" ) is a  seq u en ce  o b ta in e d  fro m  U  b y  in se r tin g  b e tw ee n  any  

su ccess iv e  o p e ra tio n s  u*,_i a n d  u* such  t h a t  (u fc _ i,u t)  G »4* (it) a n  a d d itio n a l e le m en t s Uk. 

N o te , U '  n eed  n o t b e a n y  p a th  in Q(n ) . N ex t, we define an  extended block ZJ’ j, as a  m ax im a l 

su b se q u e n c e  o f successive  o p e ra tio n s  (u * , . . . , « J ) from  U ’ such  t h a t  Pu- =  . . .  =  Pu-.  For 

co n v en ien ce  o f n o ta t io n s  we se t U ‘ — { t t j , . . . ,  t<*}, =  ( u " , . . .  ,u j} .  For each  e x te n d e d

b lo ck  B*b, an  anti-block B b is defined  as B b =  () (e m p ty )  if b =  z  o r  (u ?> u M-i) ^  A  , a n d  

B b =  ( j u  ■ ■ ■, i , .+ i )  such  th a t  j , =  u ‘b, j k+, =  sy* fo r k  =  1 , i =  Pj , ,  o th e rw ise . By 

th e  d e f in itio n  of >l'(iv) such  seq u en ce  a lw ays e x is ts  an d  =  fy ,. D e n o te  by  B b th e  se t 

o f e le m e n ts  fro m  th e  se q u e n ce  B b , and  le t U°  =  U o ^ c w  $?• W e p ro p o se  th e  fo llow ing  se t 

o f  m oves fo r ta b u  sea rc h  m e th o d

S j  =  m a x ^  +  pt_., S , .  +  p , } , Sr  ) ( 12)

W ( * ) =  U  U  W y , ( r r ) (13)
j e u ’U t '  .'em .



S e ts  VVji(ir) C V j,(it) a re  defined  d e p en d in g  on e x te n d e d  b locks a n d  an ti-b lo ck s , o n ly  for 

j  G B ‘bU tS b C  U '  (JU°.  If j  G B ’k such th a t  B b =  0 we d efine  VVj¡(it) in  e x a c tly  th e  sam e  

w ay as W ji( ir ) ,  see S ec tio n  2, how ever w ith  re sp ec t to  e x te n d e d  b lock  B ‘b. I f  j  G B ^ U B g ,  

B b ^  0, a n d  i yt P j , we se t VVj,(it) =  ^ ¡ ( n ) .  In re m a in  cases, i.e. if i =  Pj,  a /  6 , B b yf 0 

w e se t: VV,;(ir) =  if  j  =  u j;  VVj,(it) =  VJ,( ir ) \A '; ( x u. + 1 ,  i uj - 1 )  if J G

ri j i i -K)  =  V ji(ir) \  X j ( x ul +  1, -  1) if  j  G B b° \  K , r „ ; }; W ^ tc )  =  V ^ r r )  \  * , ( 1 ,  X j )  if

j  =  u ”; VV j.O) =  V ;,(it)  \  X j ( x j , n ; )  if  j  =  f uj.

P r o p e r t y  2 . For a n y  processing order  it„ , v G V (x ) \  VV(u), we have e ither  ir„ I I F  or  

C m h x { ^ v )  c i  f 'm a x ( l ' ) -

T h u s , so lu tio n  m e th o d  fro m  Section  2 is ap p licab le  to  th ese  sy s te m s  as w ell.

4 .  C o m m e n t s  a n d  c o n c lu s io n s

T h e  p ro p o se d  a p p ro ac h  can be  e x te n d ed  to  m o re  g en era l cases w h ich  cover m o s t o f  th e  

p ra c t ic a l  a p p lic a tio n s  in  flex ib le  flow lines sch ed u lin g  p ro b lem s and a lso  in sc h e d u lin g  p a r ts  

in  a  flex ib le  cell p ro d u c tio n  (w ork  cen te rs ) . O n e  can  n o te  th a t  th e  fo llow ing  c o n s tra in ts  

can  b e  m o d e lle d  w ith o u t e sse n tia l co m p lica tio n  o f th e  m odel: th e re  is a  jo b  t r a n s p o r t  

t im e  b e tw ee n  c e n te rs , jo b s  a re  a rriv ed  in various tim e  m o m e n ts , m ac h in es  a re  av a ilab le  

a f te r  i ts  re a d y  t im e , jo b s  m u s t b e  fin ished b e fo re  th e  given d u e  d a te ,  jo b s  m u s t b e  fin ished  

ju s t  in t im e , m ac h in es  a re  non u n ifo rm , e tc .

T h e  re m a in  c o m p o n e n ts  of th e  p ro p o sed  a lg o rith m  (n o t d iscu ssed  h e re )  a re  p re sen te d  

in  d e ta il in  [7] a n d  h av e  b een  se lec ted  a m o n g  m an y  a lte rn a t iv e  c o n s tru c tio n s  th a t  w ere  

te s te d  a n d  e x a m in e d  in a  few recen t p ap ers , [5, 6 , 7). E x ce lle n t c o m p u ta tio n a l  re su lts  

o b ta in e d  fo r all p ro b lem s from  c ited  p a p e rs  can  b e  o b ta in e d  also  in  a ll c o n sid e red  cases.

F u r th e r  re se a rc h  sh o u ld  be  lead  to  e x am in e  th e  rem a in  ty p es  o f b u ffers m e n tio n e d  in 

S e c tio n  1. P r im a l re su lts  of an a ly sis  of th e  sy s tem  B |C |o  show  useless o f m o d e ls  b a sed  

on  b a tc h  p ro c ess in g  o rd e rs . In s tead  of th em  th e  m o d e ls  b a sed  on cen ter  processing  o rd e r  

sh o u ld  b e  used  w ith  q u ite  a n o th e r  defin ition  o f m oves.

S ch e d u lin g  o f  flex ib le  flow lines a n d  w ork cen tres______________________________________
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A b s t r a c t

T h e  p a p e r  d ea ls  w ith  a  fu n d a m e n ta l p ro b lem  considered  in  flex ib le  flow l in e  sch ed u lin g . 
A  n u m b e r  o f p a r ts  sh o u ld  b e  p e rfo rm e d  in a  seq u en ce  o f p ro cess in g  c e n te rs , w h e re  e ach  
c e n te r  h a s  a  n u m b e r  o f  id e n tic a l p a ra lle l m ach in es, a n d  th e re  a re  in te rm e d ia te  buffers 
b e tw e e n  c e n te rs . A n im p ro v e m en t a p p ro x im a tio n  a lg o rith m  for th is  p ro b le m  o f fin d in g  
th e  sc h e d u le  w ith  m in im u m  nrak esp an  is p re sen te d . T h is  a lg o rith m  is b a se d  on ta b u  
s e a rc h  a p p ro ac h  w ith  re d u ce d  n e ig h b o rh o o d  w hich  em p lo y s th e  n o tio n s  o f a  c r itic a l p a th  
a n d  b lo ck s  o f  o p e ra tio n s .


