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Abstract

Purpose — Electric arc furnaces are very often modellethgi€ombined models which cover separately
deterministic and stochastic phenomena taking platke furnace. The deterministic part is exprddsg
nonlinear differential equations. A closed form tbe solution to one of the most popular nonlinear
differential equations used for the AC electric anodelling does not exist for some values of the
parameters. The paper goal was to convert elemttifurnace equation for these parameters to tadrgtic
polynomial form which significantly simplifies sdion.

Design/methodology/approach — The solution has been obtained in the time donbg a sequence of
transformations of the original nonlinear equatidrich lead to a system of quadratic equationsywfuch a
periodic solution can be found easily using harradrglance method (HBM).

Findings — Quadratic polynomial form of electric arc fureagonlinear equation in the case for which the
solution to the nonlinear differential equationctédsing electric arc cannot be obtained in a cldeech.
Resear ch limitations/implications — The complete model of the arc requires extensfdhe deterministic
solution obtained for the quadratic polynomial fansing stochastic or chaotic component.

Practical implications — The obtained results simplify determination lbé tarc voltage or radius time
waveforms if a closed form solution does not existe arc model can be used to evaluate the impacto
furnaces on power quality during the planning stafjenew plants. The proposed approach facilitates
calculation of the arc characteristic.

Originality/value — In order to avoid problems occurring when adangmber of harmonics is required or
the system contains strong nonlinearities, a tmansition of the original equation has been proposed
Nonlinearities present in the equation have beanstormed into purely quadratic polynomial ternts. |
facilitates application of the classical HBM antbals to follow periodic solutions of the arc eqoatwhen

its parameters are varied. It also enables bettgenstanding of the phenomenon described by thatiequ
and makes easier the extension of the arc modetdar to cover the time-varying character of the ar
waveforms.

Keywords — electric arc furnace, nonlinear differential agons, quadratic polynomial form, nonlinear
loads

Paper type — Research paper

1. Introduction

Understanding properties of solutions of differahéiquations describing physical phenomena
is fundamental for modern engineering. A differahéiquation describing the AC electric arc is just
one of the examples. Electric arc furnaces are aomyrused for melting metals in steel industry.
Unfortunately, nonlinear characteristic of the fanmace and its stochastic behavior are the cause o
voltage flicker and waveform distortions in powgstems (Manchur and Erven 1992; Ahatsl .,
2010; Gomez et al., 2010).

The stochastic nature of processes which take piabe furnace makes the development of a
realistic arc model a challenging task. Howevenekable model is required to estimate the
degradation of the power quality caused by thdwarace and to take some actions which enable to
overcome the mentioned above negative effects.

During melting the arc extinguishes and starts ragiaia random way. In spite of the arc
stochastic nature, its analysis usually startsgudeterministic characteristic and the time-varying
nature is taken into account in the second ste. ithade with the aid of chaotic, stochastic or
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modulated components which are added to the detetici solution (Ozgun and Abur, 1999;
Golkar and Meschi, 2008; Alvest al., 2010; Gomez et al., 2010).

This paper is a continuation of other works (Graskivand Walczak, 2011; Grabowski and
Walczak, 2013) in which a closed form solution aem®f the most popular deterministic nonlinear
differential equations used for the arc modelingi{@ et al., 1990) has been developed for some arc
parameters. It seems that a closed form solutiontfe other arc parameters does not exists
(Zwillinger, 1997). However, in this case periodolutions can be found by combining the
harmonic balance method (HBM) and a continuatiorthot (Cochelina and Vergez, 2009). A
transformation of the nonlinearities present in ég@ation into purely quadratic polynomial terms
has been proposed in the paper. It makes the datdrom of periodic solutions easier.

The future task consists in considering some paenm®f the arc as stochastic variables to
obtain a realistic arc model. This task will be &ure easier to accomplish if the closed form
solutions or periodic solutions are analyzed irgta&ausing the numerical approach.

2. Arc furnace model

Deterministic and stochastic components can be rebdein voltage-current (V-I) arc
characteristics. The share of both componentsriispen the phase of the melting process (Gomez
et al., 2010).

Modeling of the deterministic V-l characteristicncbe made with the help of nonlinear
differential equations (Gomez et al., 2010; Ozgad Abur, 1999; Acha et al., 1990), piece-wise
linear approximations (Golkar and Meschi, 2008)xedi approximations using exponential and
linear functions (Golkar and Meschi, 2008), appnmexiions using shifted and amplified step
function (Wang Yongning et al., 2004). The papdiofes the first mentioned above approach. The
following nonlinear differential equation descrigia single-phase electric arc can be derived from
the power balance equation (Acha et al., 1990):

ar(t) _ ks
dt r m+2 (t)

K, " (£) + KT (1) i%(t), (1)

where:
r(t) — the arc radius,
i(t) — the arc current,
ki — the proportionality constaniss 1, 2, 3,
n, m— the arc parameters=0, 1,2m=0, 1, 2.

The current waveforni(t) is treated as an input data when analyzing tbephenomenon.
Equation (1) can be also used to get the charattedf a three-phase electric arc (Gomez et al.,
2010).

The general arc equation (1) is a first-order madr differential equation. Unfortunately,
there are no general analytical methods which aliowgolve any nonlinear differential equation,
even of the first-order. The general arc equatixpressed by (1) is nor separable neither exact, so
there is no simple way to find its solution in asgd form (Zwillinger, 1997).

Application of a substitution given in (GrabowskidaWalczak, 2013) allows to convert (1)
into the following first-order differential equatio

%wykam(t), @)

where:
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fy =M DKs 2y @3
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__(Mm+4k  n+rm+2

- K, k= m+4 @)

Forn=2 andm=0, 1 or 2 the coefficierkis equal to 1 and the linear first-order differaht
equation is obtained. A closed form solution offsequation is well known (Zwillinger, 1997). On
the base of this solution the arc radi@® and subsequently the arc voltag# and conductance
g(t) can be determined (Acha et al., 1990):

1

F(t) = y™4(t), (5)
kg .

U0 =3 o it), (6)
_r™2(p)

1) = ) 7
g(t) k3 ©

Forn=0 andm=0, 1, 2 the coefficierk is equal to 1/2, 3/5 and 2/3. For 1 andm=0, 1
or 2 it is equal to 3/4, 4/5 and 5/6. In both caske HBM may be applied to obtain a periodic
solution with fundamental angular frequen@y, which is equal to the angular frequency of the
exciting term, i.e. the curremft). This approach consists in decomposingyiftginto a truncated
Fourier series:

H H
y(t) = Yo + D Ven| codhoogt) + 3|, | sin(hoogt) (8)
h=1 h=1

and substitution of the series into (2). The restiltsystem of algebraic equations enables to
determine the amplitudes of all the harmonics, Yg.Ych and Ys,, for h=1,...,H, and thus the
periodic solutiory(t) expressed by (8).

3. Examplel

Let us find the solution of (2) for=2,m= 1 and the arc current wavefor(t) based on the
exemplary arc current harmonic characteristic kahito the 2 and 3 higher harmonics — Fig. 1
(the number of harmonics is consistent with the ased later for the HBM). The percent of
fundamental for these harmonics is equal to 8% #4d(Gomez et al., 2010), respectively. The
fundamental frequency is 50 Hz and its amplitudek&O It must be stressed that it is only
a simplification of an actual arc current chardster which is very often used if the analysis is
restricted to the deterministic case.
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Fig. 1. Exemplary deterministic component of the@ncent waveform
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Fig. 3. Arc voltage waveform for= 2 andn=1
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Let us assume that the constants in equation k&) ttae following valuesk; = 3000,k, = 1
andksz = 12.5 (Ozgun and Abur, 1999). The solution ofd@ables determination of the arc radius
(5) shown in Fig. 2, the arc voltage (6) shown ig. B, the arc conductance (7) shown in Fig. 4 and
finally the V-1 characteristic shown in Fig. 5.

The V-I characteristics obtained on the base ottbged form solution fon =2 andm=0, 1
or 2 are consistent with the numerical solutiond #re measured characteristics (Gomez et al.,
2010; Ozgun and Abur, 1999; Acha et al., 1990).

4. Quadratic Polynomial Form

The application of the HBM becomes straightforwdira monlinear equation is transformed to
a quadratic form (Cochelina and Vergez, 2009):

m(z) =c(t) +1(2) +a(z,2), 9)

where:
m(0}, I(D1— linear vector operators,
q(CDY— a quadratic vector operator,
c(t) — a forcing and constant term vector.
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The system of equations (9) can include differér{tize dot stands for the derivative with
respect to time) and algebraic equations. The vectmntains the original unknown variableas
well as variables introduced to obtain the quadifatim.

The quadratic polynomial form of (2) for all thelwes of k has been determined and
presented below.

If k=1/2 (i.,e.n=0,m=0), then:

y =f(t)+aw+ O
ol (10)
0=0+y-w
- —_—
m(z) ct) (2 a(z2)
wherez = [yw]".
If k=3/5 (i.en=0,m=1), then:
y =f(t)+aw+ O
0=0+v- y°
0=0+x- w (11)
0=0+p- x°
0=0+0+w-pw
- e e el —
m(z) c(t) I(2) q(z,z)
wherez=[yvxpw]".
If k=2/3 (i.,en=0,m=2), then:
y =f(t)+aw+ O
0=0+x- w (12)
0=0 +0 +y*—wx
- B i e p—
m ct) 12 a(z.2)
wherez = [y xw]".
If k=3/4 (i.,en=1m=0), then:
y =f()+taw+ O
0=0 +v - y?
13
0=0+x- w (13
0=0 +0 +wy-x°
- —_— N -
m(z) c(t) I(2) q(z,z)

wherez = [yvxw]".
If k=4/5 (i.,en=1m=1), then:
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y =f(t)+aw+ O
0=0+v- y°
0=0+x- w (14)
0=0+p- X
0=10 +0+vi-pw
mTZ) ?(,JJ T(S q(z,z)
wherez=[yvxpw]".
If k=5/6 (i.,en=1m=2), then:
y =f({t)+taw+ O
0=0+v - y?
0=0+s- V
15
0=0+x- w (15)
0=0+p- X
0=0+0+ys—xp
(z

—_ e
I2)  a(z.2)

3

wherez=[yvsxpw]'.

The results of application of the HBM to (9) obtinfor the nonlinear differential equation

describing the arc phenomenon have been preseal@d.b

5. Periodic Solution of the Arc Equation

The HBM can be applied to all equations in the gatcl polynomial form obtained in the
previous chapter. However, the following considerst have been limited to an exemplary case for

whichk = 1/2. For the other cases similar analysis cacabeed out.
If k=1/2, then the arc is described by (10) whichlmamvritten in a matrix form:

o7 o V] oo

In this case the vector operators (see (9)) diratkas follows:

|(z):Az:B g}{vﬂ (17)
|1 0lly
m(z)—l“z—{0 OMW] (18)
_| f@®)
c—{ 0 } (19)
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q(z,2) = Pl (= Z)} , (20)
d,(z,2)
where:
T _ 0 Oy
0(z,2)=2'0,z=[y w]{O O}M, (21)
0 0
d,(2.2)=2'0,2=[y w]{O _Jm (22)

The forcing ternt (t), which is included in the vectar as well as the unknown variables can
be expressed with the help of the Fourier series:

ft)=F, + i F.n coghayt) + i Fen sin(hwqt), (23)
h=1 h=1
H H
Z()=Zo + > Z, codhoogt) + Y Z ., sin(hwgt), (24)
h=1 h=1
where:
_y®
z(t) = {W(t)} : (25)
_ Yo _ Yc,h _ Ys,h
ZO _|:Wo:|’ ZC,h _|:WC’h:|' ZS,h _|:Ws’h:|' (26)

In order to find a periodic solution of the arc atjan the Fourier coefficients (26) have to be
determined. So a new vector of unknown variablesb&aintroduced:

YO
WO
F 2, ] Ye1
SO W
cl Ys,1 7
o= 2| w | (27)
ZC,H Y
YS,H
_Ws,H
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Application of the Fourier series representatiothef forcing term and the unknown auxiliary
functions allows to convert the quadratic form d@fined for the unknown vectarinto a new one
defined for the unknown vectat:

WM (U)=C+L (U)+Q(u,u), (28)

where:
M (D} L (DI— linear vector operators,
Q(LDI— a quadratic vector operator,
C — a forcing and constant term vector.

The system of equations expressed by (28) implesitbetharmonic balance method.
The operatord andM are defined on the base of the operaktdds’) andm (18), the vectorC is
derived from the vectar:

aW,
i} ) Y,
(2] |
|§zcyl% le
Zs, ¢
Lo el | ] (29)
I(ZS,Z) ?l
zo)| | S0
)| |
0
SR 0
Y
m(zs,l) Sl
m(ch _y
| o2m(zs,) | i |, (30)
MO omiz,) |7 O
Hm(ZS,H) H(Y)S'H
__Hm(zc,H)_ “HY
c,H
. 0 .
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_10_

Col | R, (31)

In order to define the operatQ it is convenient to express (21) andg, (22) by means of
the Fourier series:

01(2.2) = Q1) = Quo + Y (Quen COLN00t)+ Qs sin(hcagt) (32)
h=1

02(2,2) =0, (t) =Qp + i (ch,h coghuyt) + Q25 Sin(hwot)) (33)
h=1

Finally, the operato® is given by:

Qi 0
QZO QZO
Qa1 0
Qa1 Qa1
Qusz 0 ’ (34)
Q(U,U) = Q25,1 = Q2s,1
QucH 0
QZC,H QZC,H
Qs 1 0
| Qoshi | | Qs |
where:
o 18, 13
Q0 =W _Ezwc,h _Ezws,h ) (35)
h=1 h=1
2h-3 H
Qo on1 = ~2WoW, opq — z 0. (W 2h-1-) —Ws jWe 2p1- )_ _ Z(\Nc,jwc,j—2h+1 +Ws,st,j—2h+1)’
b ey

(36)
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2h-2 H

Qocon = ~2WNoW, op — Z(\Nc,jWC,Zh—j = Wi jWs 2h- | )_ ' Z(\Nc,jwc,j—Zh +Ws,st,j—2h)_%W2,h +%Ws?h’
= it
(37)
h-1 H
Qasp = ~2NWs _Z;(\Nc,jws,h—j +Ws We h- )_ 'Zh:l(wc,j—hws,j =W j-nWe, ) (39)
j= j=hs+
h#1 h#H

The vector (34) has been obtained assuming thd&dbger series (32) and (33) are truncated
and include only théd harmonics. Substituting (29), (30), (31) and (B#d (28) and solving it
allows to determine the periodic solutig) of the arc equation (2) fdr= 1/2.

6. Examplell

Let us assume that the arc current harmonic vagewell as the constants in (1) take the
same values as in Example I. Solving (28) enabtesng others determination of the harmonics for
the unknown functiory(t) (see (27)), which allows to calculate the amdius and voltage on the
base of (5) and (6), respectively. As in the prasiohapter, the caselof 1/2 (i.e.n = 0 andm = 0)
has been considered in the example. The systemuattiens defined by (28) after canceling any
harmonics higher than the assumed maximum indlex3 has been solved. The harmonic content
of the periodic solutioy(t) has been presented in Tab. | (for solutions fé&dnto #4 the RMS value
of the first harmonic has been used as the referealtie, for solution #5 it has been the RMS value
of the second harmonic, because the first onetipresent in the spectrum).

TABLE |
HBM RESULTS- HARMONIC PERCENTAGE
Harmonic
Solution h=1 h=2 h=3
Ycu Ysa Yco Ys2 Yca Ysa
#1 48.6% 87.4% 26.4% 20.7% 53.9% 2.6%
#2 55.6% 83.1% 80.6% 45.3% 52.9% 10.69
#3 59.4% 80.4% 29.8% 2.1% 19.4% 6.9%
#4 62.1% 78.4% 43.7% 5.9% 18.6% 8.8%
#5 0.0% 0.0% 0.0% 100% 0.0% 0.0%

If the analysis is limited to harmonics of ordeoBless, then there are five real solutions
which have been found using the HBM. The more dispussion of results will be possible after
finishing a dedicated software program which emaffileding periodic solutions fdt [J[0.5;1] and
for varying parameteu.

7. Conclusions

The nonlinear differential equation used to mode¢ telectric arc furnace has been
transformed to the quadratic polynomial form. Sitlee nonlinearities are quadratic, the HBM can
be easily applied to the transformed equation, eviém a large number of harmonics. In order to
follow periodic solutions of the arc equation whenparameters are varied a continuation method
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can be applied in the next step. The computatioesililts obtained so far agree with existing
numerical solutions and measurements.
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