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D IS T R IC T  H E A T IN G  N E T W O R K  T O P O L O G Y  A N D  C A P A C IT Y  E X ­
P A N S IO N  P L A N N IN G  M O D E L 1

S u m m a ry . T he paper presents a  mixed integer program m ing form ulation for 
the m ulti-period d istric t heating  capacity expansion problem . A num ber of valid 
inequalities are introduced to  strengthen  the formulation.

M O D E L  M A T E M A T Y C Z N Y  Z A D A N IA  P L A N O W A N IA  R O Z W O J U  
M IE J S K I E J  S IE C I  C IE P Ł O W N I C Z E J

S tre s z c z e n ie .  W  pracy przedstawiono model program owania liniowego mieszane­
go d la  zadania planowania rozwoju miejskiej sieci ciepłowniczej. W yznaczono do­
datkowe nierówności zastępcze, odcinające rozw iązania potencjalnie nieoptym alne.

1. Introduction

M ultiperiod expansion of d istric t heating  facilities is im portan t for accom odating grow­

ing dem and for h ea t supplies in u rban  areas. T he driving force on the dem and side might 

be increasing num ber of inhab itan ts in cities and the ir requirem ents for cheaper energy 

supplies, w hereas on th e  supplier side, technology innovations reducing th e  costs of pro­

viding and m ain ta in ing  central heating  services as well as reducing the environm ental 

emissions. A m ultiperiod network topology and capacity  expansion policy a ttem p ts  to 

optimize the tradeoffs between investing in network expansion versus th e  revenue pro­

ducing opportun ities and reduction in system  m aintenance costs, and in particular, costs 

of environm ental losses due to  pollutions associated w ith production  and conversion of 

energy ([3]). A m ixed integer program m ing form ulation proposed in th is paper for the  n e t­

work capacity  expansion problem  is intended to  be applied for com puter aided expansion 

planning of Cracow d istric t heating  system.

!This work was partially supported by a  CEEC/NIS research grant of FNRS, Switzerland
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2. Problem  description

Let F  be th e  given forest-like graph over which the d istric t heating  network expan­

sion problem  is defined. T he nodes of this network represent the  existing and potential 

heat sources and  destinations and its edges correspond to  existing and po ten tia l pipeline 

sections. T he num ber of nodes and their locations are known in advance.

In the  system  there are two types of sources: central therm al sta tions and local therm al 

stations. A central therm al sta tion  supplies a  num ber of destination nodes. Each central 

sta tion  is associated w ith a  tree rooted a t the central sta tion , where th e  o ther nodes are 

destinations. On th e  o ther hand, the  local therm al stations are associated w ith  a subset 

of isolated nodes in g raph P. An isolated node represents either a  pair of th e  local source 

and destination  supplied by this source or a  po ten tia l destination  node.

Given a  planning horizon and the  projected dem and for therm al energy consum ption at 

each destination  node over the horizon, the problem objective is to  find a d is tric t heating 

network expansion schedule which satisfies the dem and and minimizes the  present worth 

of the to ta l investm ent, operating and m aintenance cost incurred during the  planning 

horizon.

T he investm ent costs include cost of installing new local therm al sta tions and new 

pipeline sections of the network, cost of elim inating old local therm al sta tions and  cost of 

capacity expansion of new local therm al sta tions and the existing sections of pipeline.

T he m aintenance cost of local therm al sta tions includes also fines paid for the  envi­

ronm ental emissions. T he la tte r  cost can be decreased by extending the  d istric t heating 

network to  elim inate th e  existing old local therm al sta tions an d /o r by m odernizing the 

existing therm al stations.

T he network p lanner needs to  decide:

-  from which central source to  supply each destination node in the  network;

-  where and  when to  locate new local sources, and w ith w hat capacity;

-  where and when to  install new edges (pipeline sections) of the network, and w ith  w hat 

capacity;

-  which new local source to  expand, when and by how much;

-  which edges of the network to  expand, when and by how much;

-  which initially  existing old local source to  elim inate from the  system , and  when;

-  in a  more general model, which existing old local source to  m odernize (e.g., change from 

coal or coke to  gas or fuel oil), and when.
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2.1. N o ta tio n  and assum ptions

T he n o ta tio n  used to  describe the problem formally is presented below where all costs 

coefficients are the  present values of the associated costs discounted a t an appropriate 

rate.

Let us note th a t  the  network expansion costs vary by edge (depending on the length, 

diam eter, and location of pipeline section) and has bo th  a  fixed and variable com ponent. 

Similarly, local therm al s ta tion  location costs also have location dependent fixed and 

variable com ponents.

Sets

E  -  the set of all (existing and potential) edges (k , I) in the d istrict heating network F.

/= { 1  m} -  the index set of central source nodes representing central therm al stations.

J = { l , . . . , n }  -  the index set of all (existing and potential) destination nodes,

j  = yw  ijvd') U d (p).
J (c* -  the subset of existing destination nodes connected to  central sources

d (l) -  the  subset of isolated nodes representing pairs of existing destinations with local

sources.

-  the subset of potential new destination nodes to be connected to  central or new 

local sources.

Pij -  the unique path in the tree connecting source node i and destination node j .

SDk[ -  the set of all ordered node pairs (f, j )  (source i,destination j )  whose connecting

p ath  Pij  contains edge (k, i).

T = { l , . . . , h }  -  the set of time periods in the planning horizon. Period t refers to unit period from

tim e t to (t +  1).
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Param eters

bn ~ the capacity of centra! thermal station i in period t.

4 C) -  the variable operating and maintenance cost of the heat distribution network con­

nected to central station t per unit of therm al energy supplied by i in period t.

This cost represents the unit price of therm al energy bought from source t in pe­

riod t  and the expenses associated with distribution of therm al energy from i to 

its destinations.

c<‘> -  the  variable operating and maintenance cost per unit of utilized capacity of local

therm al station j  in period t.  This cost represents the operating and maintenance 

expenses of therm al generator modules as well as a  fine paid for the environmental 

emissions.

d j t  -  the projected demand of destination node j  in period t.

Cjt -  the investment cost of augmenting a unit capacity for the new local therm al station

j  6 J (p) in period t.

fkl t  ~ the  investment cost of augmenting a unit capacity for the existing edge (k, I) in

period t.

<7jP) -  the fixed cost of installing a new local therm al station a t destination node j  6

in period t. This cost represents land acquisition and infrastructure investments 

a t node j .

gÿt -  the fixed cost of eliminating from the system an old local therm al station a t des­

tination node j  6 J W in period t and connecting this node to the network.

hfcn -  the  fixed cost of installing a  pipeline section on edge (k , I) in period t. This cost is

incurred when putting  a new pipeline section as well as each tim e the edge capacity 

is expanded.

t j  -  the  first period with a positive demand at node j ,  t j  =  argm in{i : d j t  > 0}.

Ciij -  the unit heat loss for path  Pa-

A ssum ptions

A l :  The num ber and locations of all existing and potential destination  nodes and  edges 

of th e  hea t d istribu tion  network are known in advance.

A 2: The dem and of all destination  nodes m ust be satisfied over the entire planning hori­

zon.

A 3: Each destination  node can be supplied only from one source, central or local.

A 4: Each po ten tia l destination  node can be either connected to  the netw ork as a  new 

leaf node or suplied from a new local source located a t th is node.
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A5: For each destination  node to  be connected to  the network there exists only one 

po ten tia l edge to  be installed for connecting th is node w ith the  network.

A6: An isolated node representing a  pair of destination and its local source operates 

independently on the  o ther nodes in the network.

A7: If a  new local source has been located a t  some poten tia l destination  node during 

the p lanning horizon, th is source cannot be elim inated from the system  during the 

entire horizon.

A8: Each isolated destination  node initially supplied from its local source can be con­

nected to  the  network via some new edge while the  old local source is elim inated 

from the  system .

A9: Once connected to  some central source, a  destination  node cannot be disconnected 

from th a t  source during the entire planning horizon.

A10: No new local source and edge capacity  contractions can take place during the  plan­

ning horizon, whereas the capacities of the exisiting local sources are no t expanded.

A l l :  Considering the tim e value of money and the technological innovations, the unit 

investm ent costs eJt, and fkit are assum ed to  be decreasing over tim e.

3. N etw ork expansion  planning m odel

The model proposed in th is section minimizes the to ta l cost of installing new or elimi­

nating old local sources, installing new capacities in new local sources and expanding the 

topology and capacity  of th e  d istric t heating network to  m eet the  projected  dem and over 

a planning horizon (for sim ilar models used in telecom m unications, see [1, 2])

The following decision variables are introduced to  model the  d istric t heating  network 

topology and  capacity  expansion planning problem:
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Continuous Variables

The local source capacity variable:

Ujt >  0 -  the capacity  of local source j  in period t.

It is assum ed th a t  new local source capacities are nondecreasing over tim e, 

i.e., u jt < Ujt+u j  e  J M .

The edge capacity variable:

v kit >  0 -  the capacity  of edge (k yl) in period t.

I t is assum ed th a t  edge capacities are nondecreasing over tim e, 

i.e., v kU < Vkit+i, {k , l)  6  E.

D iscrete Variables

The assignment variable:

Xijt =  1, if a  central (i 6  I )  or a  local (i =  j )  source node supplies 

destination  node j  G J  in period t\ otherwise x y t =  0.

Let us note th a t  Xjjt — 1, j  €  denotes th a t a new local source is

located a t  destination  node j  in period t. By definition, the following relations hold:

%ijt — Zijt+ii f 6 / ,  Xjjt 'L Xjjt+it j  G J^p\  %jjt ^  Zjjt+li j  £

i.e., there is no disconnection of a  destination  node from a  central source or 

a new local source, whereas the initially existing local source can be elim inated 

from the  system .

The edge installation variable:

Vkit =  1, if a  pipeline section has been installed on edge {k, I) by period t; 

otherw ise ykit =  0.

By definition, the relation j/jyt <  ykit+1> {k,l)  G E  holds 

The edge capacity expansion variable:

Zkit — 1, if th e  capacity  of edge (fc, I) is augm ented during period i; 

otherw ise Zku =  0.

T he network topology and capacity expansion planning problem  has the  following ba­

sic mixed integer program m ing formulation.
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O bjective function

min E E E + Qij)djtXijt + E E  c<j t djtxjjt
te T ie i je J  teTjeJ

+ E E af t { xnt  -  x» t - i )  +  E E 9j t (xj j t - i - X j j t )
te T jç jw  teTjejd)

+ E E e j t ( v - j t  — U j t - l )  + E E ( f k l t ( V k l t  — V k l t - l )  +  h k u i v k l t  ~ U k l t - l  + x k l t ) )  ( 1 )
t e T j g j ( p )  t ç T ( k , l ) Z E

The objective function (1) minimizes th e  sum  of all costs of investm ent in the new 

local therm al sta tions and  the existing and new pipeline sections as well as operating  and 

m aintenance costs of th e  entire d istric t heating  system.

C onstraints

Assignment constraints:

E x *j1 xi i t ~  1
i e i

x i j t  ^  x i j t — 1 

x j j t  — x j j t —l 

x j j t  ~  x j j t —It

j e J w \ j J (p), t e T ,  t > t j  

i e  I, j e  JW U J<p\  t e  T  

j  e  J (p), t e T  

j  e  J ®  t e  T

(2)

0 )

(4)

(5)

C onstrain ts (2) ensure th a t  each destination  node j  6 J ^  U J (p* can be assigned to  

exactly one cen tral (i e  I)  or local (exisiting j  e  J (,) or new j  € J (p)) source node in 

each period t > t j .  Relations (3) and (4) s ta te  th a t  there is no disconnection of a desti­

nation node from  a  central source or a  new local source, whereas (2) and (5) specify th a t 

initially exisiting local source can be elim inated from the  system  and  the  corresponding 

destination node j  e  J 1'1'1 connected to  some central source.

Contiguity constraints:

x ijt < x i.kijtû i €  I ,  j  e  J, t e T  (6)

where fcy is th e  destination  node, the im m ediate predecessor of node j  on p a th  PtJ.
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If central source i supplies destination node j  in period t, then node j ’s im m ediate 

predecessor Ay on the  connecting path  Py m ust also be supplied from source i  in period t.

Source capacity constraints:

53(1  +  < bit\ i e  I ,  t e T  (7)
jeJ

djtXjjt < uj t \ j  & J, t e T  (8)

Ujt j  2  t S T  (9)

C onstrain ts (7) and  (8) ensure th a t the  to ta l heat consumed from central and local 

sources in each period t m ust no t exceed these sources capacity in th is period. Relations 

(9) indicates th a t no new local source capacity contractions can take place.

Network capacity constraints:

5 3  djtHjt <  vHt\ (A, 0  €  E ,  t e T  (10)

T he left hand  side of the network capacity constraints (10) expresses th e  to ta l flow on 

edge (A, I) in term s of the destination-to-source assignments th a t use th is edge. T he edge 

capacity  m ust satisfy th is flow.

Edge capacity expansion-forcing constraints:

Vkit — Vkit-i <  MkiZktt, (A,1) 6  E, t Ç .T  (11)

Zki* <  Vkit, (A, I) €  E , s , t  €  T, s > t  (12)

Vkit Vkit-i\ (A, 0  £  E, t €  T  (13)

where the  edge capacity  bound  Mki is given as the m axim um  to ta l dem and of all destina­

tion nodes j  whose p a th  Py connecting j  w ith a central source i contains the edge (A, I). 

T h a t is Mki is the m axim um  to ta l dem and of all nodes (including node I) in the  subtree 

rooted a t I: M ki =  m ax£gT{ i : j: (iy)esDk| dJt}.

C onstrain ts (11) imply th a t a  fixed charge is associated w ith a  network positive ca­

pacity  expansion. R elations (12) s ta te  th a t if there is no pipeline section installed on edge 

(A, I) by period t, th en  no capacity  expansion can take place on th a t edge by period t. 

R elations (13) ensure th a t  there is no edge capacity contraction.
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Edge installation-forcing constraints:

Vku < MkiVkiu (fc, I) £  E, t e T  

Vkit >  y ut - 1 > (̂ > 0  € E,  t e T

(14)

(15)

C onstra in ts (14) s ta te  th a t a  positive edge capacity in period t implies th e  installation 

of a pipeline section by period t , if it was not installed a t th e  beginning (ykto =  0). The 

new edge (k, I) capacity  bound is given as the m axim um  dem and of the  newly con­

nected destina tion  node I and  all its potential successors. Relation (15) s ta te  th a t there 

is no disconnection of the installed edge.

Integrality/nonnegativity constraints:

Xijt, Vkit, zklt =  0 or 1; i 6  I  \J J W i f  J (p), j  €  J, (k , l ) 6  E , t e T  (16)

Let us note th a t nonzero initial values of variables represent the beginning topology 

and capacity  of th e  d istric t heating  network. For example, given nonzero values of Xijo 

represent th e  beginning assignm ents of destinations to  sources (central or local), and 

nonzero values of ykio -  th e  beginning topology of the network. Nonzero values of Ujo are 

initial p roduction  capacities of the  existing local sources, and nonzero values of vuo are 

initial capacities of the existing pipeline sections of the network.

3.1. M odel enhancem ents

The m ixed integer program m ing model proposed can be streng thened  in a  num ber 

of ways. T hey  include the  addition  of valid inequalities to  the  base model, reduction  of 

coefficients (e.g., Aijy) or th e  incorporation of redundan t cu t constrain ts. For example, 

it is possible to  generate valid inequalities by relating different types of variables directly 

such as th e  assignm ent variables to  edge installation variables or the  edge installation  

variables to  edge capacity  expansion variables.

T he following valid inequalities can be incorporated into the model.

Edge installation-forcing edge capacity expansion inequalities

Ujt, l^klt ^  0, j  e  J, (fc, i) e  E,  t e T (17)

yk,t -  yu t-i < zut', ( * ,  l ) e E , l e  J (!) [ j  J w , t e  T (18)
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Inequalities (18) ensure th a t installing a new edge in period t goes together with 

expanding th is edge capacity  (from the initial zero capacity) in th is period.

Local source location or edge installation inequalities:

xut, + Vkit, =  1, (fc,I) €  E ,  l e  J (p) (19)

For each isolated destination  node I w ith the first positive dem and in period f; either 

a local source is located a t I or a  new edge (k, I) is installed by period t[ connecting I w ith 

some central source i ((i , l ) € S D kl) via node k.

Assignment-forcing edge installation inequalities

xat < 2/kiti (i, I) 6 SDu, (*, l )€E,le j {l) U t e T (20)
Inequalities (20) ensure th a t connecting a new destination node I to  the  network in 

period t requires the  corresponding new edge (k, I) to  be installed by th is  period.

4. C onclusion

T he network topology and capacity expansion planning model can be further extended 

to  include, for exam ple alternative connections of destination nodes to  different central 

sources in different periods or possibility of m odernization the  existing local sources in­

stead of their com plete elim ination. T he com putational results for Cracow d is tric t heating 

system  obtained using the  A M PLPL U S/C PL E X  software package are very prom ising and 

prove practical value of the  m odelling approach proposed.
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Recenzent: P rof.dr hab.inż. Józef Grabowski

Abstract

W  pracy przedstaw iono model m atem atyczny zadania planow ania rozbudowy i 

modernizacji miejskiej sieci ciepłowniczej. Zadanie polega na wyznaczeniu harm ono­

gramu rozbudowy i m odernizacji sieci rurociągów oraz instalacji nowych i m oderniza­

cji istniejących lokalnych źródeł energii cieplnej, k tóry zapewni zaspokojenie zapotrze­

bowania n a  energię cieplną w rozważanym okresie przy m inim alnych łącznych kosztach 

inwestycji i eksploatacji system u. Problem  sformułowano jako w ieloetapowe zadanie pro­

gramowania liniowego, mieszanego. Analiza specjalnej s tru k tu ry  zadania doprowadziła do 

wyznaczenia dodatkow ych nierówności zastępczych (cięć), których wprowadzenie do mo­

delu bazowego um ożliwia wzmocnienie wyjściowego sformułowania poprzez redukcję ob­

szaru rozw iązań dopuszczalnych bez eliminacji całkowitoliczbowego rozw iązania optym al­

nego. M odel przeznaczony jest do w spom agania planowania rozbudowy krakowskiej sieci 

ciepłowniczej z uwzględnieniem ograniczeń dopuszczalnego poziomu szkodliwych emisji 

gazów i pyłów. W stępne wyniki eksperym entów obliczeniowych przeprowadzonych przy 

użyciu pak ietu  A M PL P L U S /C PL E X , przedstawione na konferencji A D PP11, wskazują 

na możliwość zastosow ania opracowanego m odelu w praktyce.


