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SOME PROPERTIES OF ATTAINABLE SETS FOR SYSTEMS WITH
DELAYS

Summary. This article contains some definitions and basic theorems concerning the
relative controllability with constrained controls for linear, stationary, finite dimensional
dynamical systems with delays in control. The influence of perturbations of control
constraints in stationary systems with delays and with integral control constraints on the form
of attainable set and controllability of the system is also studied in the paper.

PEWNE WEASNOSCI ZBIOROW OSIAGALNYCH DLA UKLADOW Z
OPOZNIENIAMI

Streszczenie. Niniejszy artykut zawiera definicje oraz podstawowe twierdzenia dotyczace
wzglednej sterowalno$ci przy ograniczeniach na sterowanie linowych, stacjonarnych,
skonczenie-wymiarowych uktadéw dynamicznych ze statymi, wielokrotnymi op6znieniami w
sterowaniu. W pracy bada sie ponadto wplyw zaktoceh ograniczen sterowania w uktadach
stacjonarnych z op6znieniami i z ograniczeniami catkowymi na sterowanie na posta¢ zbioru
osiggalnego oraz sterowalnos$¢ uktadu.

1. Introduction

Controllability of dynamical systems and, as a consequence, a form of attainable set is
one of the basic problems in control theory. The type and values of controls are elements
which essentialy influence system’s controllability and the form of attainable set. Occuring in
practice constraints of control may substantially restrict the attainable set. Certain advantages,
partially reducing ,losses” resulted from constraints of control, may be achieved by

introducing the delays in control in dynamical system without delays. Thanks to properly
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selected delays one can not only ,,improve” controllability but also it is possible to obtain the
controllability of the system which without delays is not controllable at all. [8]

It is also known that in practice frequently occure perturbations of dynamical system’s
parameters. In some cases, small changes in dynamical system inconsiderably influence
system’s characteristics like, for example, controllability or the form of attainable set. Then
they can be ignored and in mathematical model ,the precise” values of parameters can be
assumed. Unfortunatelly, it happens also that small changes of parameters cause huge
qualitative and numerical changes in the system.

Perturbations of control constraints in stationary systems with delays and with integral
constraints of control influence the form of attainable set and controllability of the system is
studied in this paper. Moreover, some theorems which constitute the criteria of controllability
with constrained controls of stationary dynamical systems with delays in control will be
formulated.

We shall consider linear, stationary, finite dimensional dynamical systems with constant,

multiple delays in control described by following ordinary differential equation:
M
x(t) = Ax(t)+ ]i_%biu(t-hj), >0, (1)
where
x(t) € R" - the instantaneous state vector,
ueL2 (f0,co), R -the control,
A- (n x n) -dimensional matrix with elements a* e R, kj = 1,2,...,n,
Bj (i = 0,1,2,..., M) - (n x m)-dimensional matrices with elements bij e R,
k=12, ..n,j=12 m,
hjeR, i=0,1,2,..,M - constant delays in control satisfying the following inequalities:

0—ho<h, <..<ht<..<hM <hM

2. Definitions

Let L[ O, tj, Rm) denote the set of square integrable functions defined in the time interval
[ 0, t] with values in the set R”. Any control u eL2[ O, t,], Rrd is said to be admissible

control for dynamical system (1). For a given initial conditions z(0)={x(0),u0}eR" *
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LA[ -hM 0], R*“), where u0= u(s) for se[0-hM 0] and admissible control ueL J([ O, t,], Rm),
for every t>0 there exists a unique, absolutely continous solution x( t, z(0),u) of differential

equation (1). This solution has the form [5]:

< M
x(t ,z(0), u) = eAx(0) + Je™r B, u(T-hj) dt, (2)
0 i*0

The set of initial conditions z(0) is called the initial complete state of the system (1).
Definition 1. The attainable set K([ 0, t,], z(0)) for the dynamical system (1) at time t,>0 is

given by the following formula:

0 0
uelL3[0t] R}
With absence of control constraints the attainable set is always a linear subspace of the
space Rn.
Definition 2. [5] The dynamical system (1) is said to be relatively controllable in [0, t,] if.
for any initial complete state z(0) eR" x L[ -hM 0], Rn) and any vector x, eR", there exists a
control u sLA[ O, t,], Rm) such that the corresponding trajectory x(t,z(0), u) of the dynamical
system (1) satisfies the following condition:
x(t,,z(0),u) = xl.
The relative controllability can be also defined based on the attainable domain notion.
Definition 3. [5] The dynamical system (1) is said to be relatively controllable in [ O, t,], if
the equality:
K([0,],z(0)) =R"
is satisfied.
The Definitions 2 and 3 are equivalent.
Next, constraints imposed on controls will be considered. This type of constraints occurs
in practical problems connected with optimal control industrial processes very often.
Let ScR™ and Uc R™ be arbitrary, nonempty sets. Based on the definition of relative
controllability of dynamical systems with delays in control (Definition 2) and the definition
of controllability of dynamical systems without delays with constrained controls [5] we can

define global controllability of stationary system with delays (1) with constrained controls.
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Definition 4. Dynamical system (1) is said to be globally relatively U-controllable in
[ 0, t] to the set S if it is relatively U-controllable to the set S for every initial complete state
z(0)eR"xLA[-hM 0], V).

In the case when S= Rn we say about global relative U-controllability in time interval

[0, t,]. While,when S={0}we say about global relative null U-controllability in [0, t,].

3. Controllability results

We shall formulate basic theorems concerning controllability with constrained controls
for stationary dynamical systems with delays in control of the form (1).

Lemma 1. Dynamical system (1) without constraints is globally relatively controllable in
f0,t] ifand only if

rank [BO1B ,|... | Bk, | ABO1AB,| ... | ABK | .. |A™IBO1A-'B,| .. |A"'Bk] =n,
where ksN we select so as 0 <k <M and t,- hk= 0.

Proof: Lemma 1 follows from Theorems 1.4.1 and 4.6.4 presented in [5]. Based on
Theorem 4.6.4 dynamical system (1) without constraints is globally relatively controllable in
[0, tt] if and only if dynamical system without delays and constraints described by following
equation:

x(t) = A x(t) +Bw(t), te[0, t]
where
B=[B0|B,|..|Bm], te[O0,t]], w€R«m+"”
is controllable. Next, from Theorem 1.4.1 follows that the above dynamical system without
delays and constraints is controllable if and only if
rank [ B|AB |A2B |... |A"B ]=n. ]
Theorem 1. Dynamical system (1) is globally relatively null U-controllable in [0, t,] if and
only if all the following conditions are satisfied simultaneously:
(1) there existsa w = [w0 w,, ..., wk,] such that Bw= 0, where B= [ BO1B,| ... | Bk ],
w:ie U,i=0,1,..., k-1, keN are selected so as 0 <k < M and tr hk= 0,
(2) the convex hull CH(U) ofthe set U has a nonempty interior in the space Rm
(3) rank [BO1B ,|... | Bk, | ABO1AB,|... | ABK, | .. | A'BO1A-'BJ ... | A"-'Bk,] = n,
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(4) there is no real eigenvector veR"™ of AT satisfying vIBw< 0, i =0, 1, ..., k-1, for all
w,e U,
(5) no eigenvalue of A has a positive real part.

Proof: Theorem 1 follows from Theorem 1.9.1 presented in [5] and from Lemma 1. m

Let K([O, t,], z(0), U) denotes the set attainable in time t,>0 for controls with constrained
values, i.e. u(t) eU, te[0, t,], given by the following formula:

' M

K([O, t,], z(0), U) = {x(t,,z(0),u) eR": x(t,,z(0),u) = eA x(0) + Je" r £ ~ u(T-h)dr,

0 i=0
uelL[0,t]U)}.

Corollary 1. Suppose that the set U is a cone with vertex at zero and nonempty interior in
the space Rm Then the attainable set K([0, t,], z(0), U) is equal to R" if and only if the
conditions (3) and (4) of Theorem 1 are satisfied.

P roo f: It follows directly from Corollary 1.9.4 presented in [5], ]

Theorem 2. Assume that the set U is a cone with vertex at zero and nonempty interior in
the space Rm If dynamical system (1) is globally relatively null U-controllable in [0,t,] then
dynamical system (1) is globally relatively U-controllable in [0,t,].

Proof: Letx(t,z(0),u) = P(z(0)) + Qfti (u), where u(t) eU and

P: R”x L[ -hM 0], Rrd) -> R"
Q..:LZ[0, t], U)-> R"

are linear and bounded operators. Moreover, the range of the operator Q, is equal to the
attainable set in the time t,, K([O, t,], z(0), U), and the range of the operator P is the whole
space Rn. From assumption about global relative null U-controllability in [0, t,] follows that
X(t,,2(0),u)=0 for any initial complete state z(0). Hence the range of the operator Q, is the

whole space Rn. Therefore, for any x R” and any initial complete state z(0) there exists an

admissible control u such that:
x-P(z(0)) = Qtf(u),
what is equivalent to the global relative U-controllability in [0, t,]. ]
Remark 1. Since the operator Qu is the linear one, from the assumption about global

relative null U-controllability follows that Uc: Rmcannot be bounded.
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4. Examples

In a further passage we assume that admissible controls u eL 2] 0O, t,], Rr") are constrained
by the integral condition of the form:
|

Js(x)u(x)dx eY, @
0

where Y e R" is a given closed set and S(t) is a given, nxm-dimensional matrix with elements
sk eL2A0C([ 0,00), RM.

The above integral constraint leads to modification of the attainable set notion. Then the
attainable set KydO.t,], z(0)) for the initial complete state z(0) eR"xL2Z[ -hM 0],R"™) of the
dynamical system (1) with integral constraint (4) is the set of all ends of trajectories x(t,z(0),u)

such that the admissible control u satisfies the condition (4), i.e.

*i M

Ky([ 0,t,], z(0))={ x(t,,z(0),u) €Rn: x(t,,z(0),u) = eA x(0) + jel-' X B, u(x-h,) dx, (5)
0 i-0

i
uelL2[0,t], Rm, Js(x)u(x)dx eY}.
0
The main purpose of this article is to show, based on selected examples of dynamical
systems with delays in control of the form (1), the basic properties of attainable sets with
constraint (4).
Assuming weaker integral condition, i.e. replacing the set Y by its ,*-neighbourhood™

Y©c R” s> 0 we getanew condition qualifying admissible controls u eLZ[ 0, t,], R“) of

the following form:
Il
js (Qu(x)dx e Y(c), e> 0. (6)
0
The condition (6) is interpreted as the perturbation of control constraint (4). Based on

condition (6) we get a new attainable set for the initial complete state z(0), denoted as

Ky~([ O.t], z(0)). If this set will be, for a small e, « > 0, ,near” to attainable set
corresponding with condition (4), then we can say that the control perturbation does not
influence the attainable set and, as a consequence, the controllability ( see Definition 3 ), and

omit this perturbation. However, such desired from practical point of view property appears

comparatively seldom.
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Examples mentioned below show how essentially the solutions and consequently
attainable sets of dynamical system (1) can change under perturbation control constraint of the
form (4).

Example 1. Let us consider the dynamical system described by following scalar

differential equation:

x(t) =x(t) + u(t)-u(t-]) )
defined in thefixed timeinterval [0, 1]. In this case n =landm= 1. Weassume that
admissiblecontrols u are nonnegative and satisfying the integralcondition given by
inequality:

i
étu(t)dt <0, (8)

and so S(t) =t forte[0, 1Jand Y = {yeR:y < 0}.
The unique admissible control satisfying the condition (8) is u=0. Let take e > 0 and let

consider a new integral condition qualifying selection of admissible control u in the following

form

|
Jtu(t)dt <. €)
[¢]

We treat the condition (9) as the perturbation of constraint (8).

We will prove that the set of admissible control’s values is now the set [0, co). [2]

To this end let us fix a number a & 0 and let us define for s > 0 a number ba&) by the

following formula:
b<E&>=inf({ ~,1» 6(0,1],

Let the admissible control u ~ satisfies the conditions:
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Moreover

] b'E <& I

Jture)(t)dt = J tu<E)(t)dt < b | tufe) (t)dt = [tugB(t)dt =abM) <a” <e
0 0 0 0

Since the number a we have selected freely from interval [0, co) we get:
i
Ju(t)dt e [0,»),
0

so the set of admissible control’s values is also [0, °0).

Let us analyse what effect have above facts on controllability of the system (7). With
given constraint (8) the system (7) is not controllable (KY[ O.t], z(0))=0), because, how it
has been noticed, the unique admissible control satisfying the condition (8) is u s 0. While,
with appearance of control constraint specified by condition (9) the system (7) is already
relatively controllable.

Theorem 1 gives the criterion of controllability for stationary systems of the form (1) with
constrained controls u(t)eU. In particular, Corollary 1 gives us the controllability criterion for
system (1) with positive controls. In Example 1 we got positive controls, i.e. u(t)e[0, co).
Furthermore, there are satisfied conditions (3) and (4) of Theorem 1 for system (7), and so
based on Corollary 1 this system is, with constrained controls, globally relatively null U-
controllable in [0,t,]. Finally, on the basis of Theorem 2 we conclude that the dynamical

system (7) with constraint on control of the form (9) is globally relatively U-controllable in
[0,1,1,30 K.y} 0,t[]], z(0))=Rn.

Example 2. Let us consider another constraint on control for the system (7).[2]

Assume s, : [0, 1] -» R and s2:[0, 1] -> R. Suppose that

Vo(s,(0) = f - t,52(t) = -1)

and
Vo o(si(t) =-1,s2(t) =t +1i).
t€[i,1] 2
Consider the following condition qualifying an admissible control selection
1 !
[s](tu(t)dt <0 , Js2(t)u(t)dt < 0. (10)

0 0
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We shall prove that u=0 is the unique function satisfying the above system of integral
inequalities. Suppose, on contrary to our claim, that u(t) * 0 for some t e [0, 1] and the control

u satisfies condition (10). If
1

2 1
ju(t)dt < ju(t)dt,
0 |
2
then
1 i
- js2(tu(t)dt = Ju(t)dt < Js2(t)u(t)dt,
0] o

2

and the second inequality in (10) is not satisfied. Analogously, if

1 2
Ju(t)dt < Ju(t)dt
1 o
2
then the first inequality in system (10) is not fulfilled. Finally, let
1
2 1
ju(t)dt = Ju(t)dt.
o o
2
We have now
[ | 2 2 2
- Js,(tu(t)dt = Ju(t)dt < Ju(t)dt + J(sj (t) —)u(t)dt = Js, (t)u(t)dt,
| | o] o o

what again contradicts the assumption (10).

Assume now perturbations of control constraints (10) of the following form

1 I
js,(Hu®)dt5s , js2(tu(t)dt5e, e>0. (11)
o 0

We shall prove that the set of values of admissible controls increases from the single-element

set {0} to the ray [0, 00).

Let us fix an a e [0, 00). Define a number by the formula:

Pa)=inf({~id»e (°']
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and assume an admissible control satisfying the following conditions:
a) y u«(t)=o

telO.i-Pa*)
ii \% UVE)() =-"-
(i) B)t) opa
(iii) \% U~ (t) = 0.

tel|+P&),1]

1

Then Ju”~(t)dt = a. Furthermore

i 1 1 i +Pi") 1
fs,(u<f>(t)dt = J(i-t)u[£)(t)dt+ Kk e)(t)dt- 2 k BE(t)dt= }(i-t)un(t)dt:
0 H<B H«» 5 i-p/r

<(E> Jut>(tydt =p~rf<,,,Sk<cC
fPLY
and
! k i-PLO +P

.{52(t)u’\(t)dt: J(-uiB)(t))dt+ |u,B(®)dt+ }(t-1)idE>t)dt = J(t-i)urE)Y(t)dt<
0 i_pu) i | i

2 2

¢+pli>
pw  ji4E)(t)dt = (4E)f< 8 < e,

which proves the correctness of control u”~ selection.

Finally, with perturbations of integral constraints (4) we get positive admissible controls
and analogous controllability of dynamical system (7) as in Example 1.

Examples 1 and 2 show that even small perturbations of control constraints may lead to
essential changes in the system. The system which, with given constraints, is not controllable
at all becomes controllable after the modification of control constraints. Attainable set of the
system, from the empty set increases to whole ray [0, °0).

Example 3. We consider stationary system without delays described by following
differential equation:

x(t) = x(t) + u(t) (12)
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in fixed time interval [0, t,]. We assume that U = [0, 00), i.e. we have only positive controls.

Then, by Corollary 1.9.5 presented in [5] dynamical system (12) is no null U-controllable.
Now, introduce in the above system the delay in control h=-| with negative coefficient

B, = -1. We get the system described by following differential equation:

X(t) = x(t) + u(t)-u(t-i). (13)
Based on Corollary 1, in fixed time interval [0, t,] dynamical system (13) is relatively null
U-controllable.

Example 3 shows that thanks to introduction of properly selected delays in control in
stationary system without delays, which is no U-controllable in fixed time interval, it is easy
to get its relative U-controllability in this interval. This result is the efect of an extending of
the control space dimension of the system with delays in control in comparison with

corresponding system without delays.

5. Final remarks

Occuring in practice perturbations of control constraints generate a question about their
influence on the other parameters of given dynamical system, especially on a form of the
attainable set and controllability. In some cases, perturbations cause so little changes in the
system that one can ignore them. However, in Examples 1i 2 it has been shown that there are
cases, when this influence is huge. Even small deviations of constraints may cause radical,
qualitative and numerical changes in the system. Therefore, perturbations cannot be entirely
omitted. To the problem of controllability with perturbations of constraints one can approach
dually. On the one hand, one can search such additional properties of system’s parametrs
under which occure only small changes of attainable set, and so of controllability. In this case,
the influence of perturbations can be omitted. On the other hand, one should modify the
definition of the attainable set for unperturbated model in such a way that perturbations can be

taken into account.
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Streszczenie

W artykule rozpatrujemy liniowe, stacjonarne, skonczenie wymiarowe uktady dynamiczne
z op6znieniami w sterowaniu opisane roézniczkowym réwnaniem stanu o postaci (1).
Podajemy definicje roznych rodzajow wzglednej sterowalno$ci przy ograniczeniach na

sterowanie uktadu dynamicznego (1). Formutujemy twierdzenia stanowigce kryteria badania
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wzglednej sterowalnosci przy ograniczeniach na sterowanie ukfadéw z opdznieniami. W
przedstawionych przyktadach opisujemy pewne wiasnosci zbiorow osiggalnych ukiadéw
dynamicznych z op6znieniami w sterowaniu (1) przy ograniczeniu (4). Pokazujemy, ze
zaklocenia ograniczen sterowania mogg w radykalny sposéb zmieni¢ posta¢ zbioru
osiggalnego oraz sterowalno$¢ uktadu (przyktad 1 i 2). Zauwazamy réwniez, ze pewne
korzysci moga wynikng¢ dzieki wprowadzeniu opdznien w sterowaniu w uktadzie
stacjonarnym z ograniczonymi sterowaniami bez op6znien. W przyktadzie 3 pokazujemy, ze
dzieki wiasciwie dobranym op6znieniom jesteSmy w stanie uzyska¢ wzgledng sterowalnos$é

przy dodatnich sterowaniach uktadu, ktéry bez opdznien nie byt w ogéle sterowalny.



