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DISCRETE TIME DOMAINS

Abstract. Basing on the Lagrange equations the electromechanical
linear system is described using the vector state equations. The
finished number of lumped elements is regarded. The models of diffe-
rent configurations the selected example is discussed; the digital
representation of state variables of an electric drive is used,
with the elasticity of mechanical elements of the system taken into
account. For the electromechanical systems with an a.c. induction
driving motor the dynamical model described by the vector differen-
ce equations is written and the numerical example for both determi-
nistic and stochastic systems cases is discussed.

1. INTRODUCTION

The paper deals with the mathematical models of electromechanical systems
with lumped parameters.The vector from of equations for different configurations;
of lumped parameters such as mass.electric elements and damping of the moving
system.As an illustration of a model described by linear differential equations
(in the continuous time domain) is the dynamical system with four points of mo-
ving lumped masses.As a matter of fact this is a d.c.drive(with mechanical part).

The machanical system may be described in the discrete time domain.The model
with a.c.induction motor for both deterministic and stochastic loads has been
discussed.Selected trancients for such models received from the sinulation tech-

lique are enclosed.

2. DETERMINISTIC ELECTROMECHANICAL SYSTEM DESCRIBED BY THE VECTOR
STATE EQUATIONS IN THE CONTINUOUS TIME DOMAIN

Mechanical part.
The stationary linear mechanical system is being described by the equations:
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«here: g-vector of generalized coordinates,
Q-vector of generalized forces,
and matrices K,P,D are symmetrical positive definite.

Usually this equation is being reduced to the form where the coefficients

of components of generalized accelerations equals to one,i.e.

9+ITP 9+ifP? 9~ IfI? &)

The equation (2) may be presented by following block system,with zero ini-

tial conditions,as shown in Fig.l.

Fig, 1, Mathematical blok system of the equation of mechanical moving
port

Basing on above system (Fig.l),and introducing following notation

Xj(®) - 6 (©) - displacements vector® Xj(o)
* X(t) state variables
Xjit) * 8 () - velocity vector XjCoH) vector
ut) * Q) - input,
we receive the vector state equation

Xjct)

Xj(®
X2() = -K*™P Xj(t) - KAD X2(t) + K"Vt)
In more general form this equation will be

X(E) * A X(t) + B U(D) (©)

where the state matrix:

A= and 8§ = inout matrix
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The matrices K,P,D are determined for the system with a finite number of de-
grees of freedom,with lumped parameters,i.e.massCinertia moment),elasticity,dam-
ping, 3i,ki,rl - respectively.

The series structure of mechanical part,with finite number of degrees of free-

dom is shown in Fig.2.

*| W, aw,

Fig. 2. Model of mechanical part with lumped parametersseries structure

Such a structure is being characterized by the following forms of matrices
K.P.D

<
34
diag « matrix represents the influence of inertia
of lumped masses of moving system,
Kl a1 0 0 0 0
kg Kk ke 00 0
0 -k2 k2+kj -kj G . O
p * this matrix represents the influen-
ce of elastic linear deformations,
h 0
0 O % knel kn-I_
rl “ri 0 0 o.. 0
- - U . 0
-rl ri +r2 rz o v
O r2 r2+ r3-r3 0 ) o
matrix represents the dissipation
in the system.
0
0 < O _rn1 -l

The dynamics of the system is being characterized by the oscillations about
the steady state.The state equation of the dynamical system will be written in-
troducing the new state variables ad. ~ , i.e_for the displacements™</"=9"-
e2i tp2-S2- e3, . . , Fn.x=0n_r 8n, and ior *** velociti8S M I " 82' @~
8 SPn-ren-1
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Fig. 3. The forked structure of mechanical part with lumped parameters

The forked structure for n moving lumped mass points is shown in Fig.3. In thi-

s structure n=I»s.
For this structure the matrices K,P,0 are as follows:

P11 p12 p13 pin
Ji p2l p22 0 0
J2
p= P30 p33-

1 0

s
Bnlo ) -0 Ann

Pn**+*2 + . . ks
5%2,3,. --.n

plj= -Vl for

-k~ j  for 1=2,3,...,n
and
p22 * kil

p33 = k2

And similarly the matrix D :
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«hose elements d”~ are being determined from the relations

dn *rx+r2* . _.*rs

djj = -r~j for j=2,3,..,n; dn =-ri_l for i » 2,3,..,n
and

d22~ rl

d3,= r2

Electromechanical system.

Let us discuss some driving system,as an example. The mechanical part of this

system is shown in Fig.4. is the inertia moment of lumped mass of a separately

Fig. 4. The example of a forked mechanical part of a driving system

excited d.c.motor armature.The remaining three points of moving lumped masses are
parts of driven mechanism. The symbols and 8" denote the steady-state dis

placements. Introducing the generalized variables <2= 0j- 02, ”~P23=B2" 93 ad

=8-8. the equations of system dynamics will be as follows
T24 2 4>

() =a~UV arCt)* bjuct)

M)« a3 <zt df 1)+ asin

+Vob

f24 (1)1 al8r24(t)+ alobR4(t)+ a20723(t)+ a2 1% (t)+ a2”12(t)+ a23~12Ct?
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The coefficients 3 of the above equations are some functions of system para-
meters:
R - motor armature circuit resistance,
L - motor armature circuit induction,
ketkd-_ motor constants,
\ 2 3 4° ™erti8 nwments,
k12°K23°k24" elasticity constants,

r12,r23,r24*“"damping constants, m
ICt) ,),ni0j) - instantaneous values of armature current,armature voltage and
torque resp.
Introducing the state variables:
*JEM(L) ;5 X2CH)=BICH); Xj(t)« 2(t) j k4()=F12(t); XjCti~jft) ;

X6(D)=723(1) : XT(tA24 (1) : d8(t)="24(1)

we receive the.state vector and autput equations:

i(t) * A X(D) + 8 U() * G mob(t>

V(D) = C X(D)

In this equation U(t) denotes the scalar reference,while m~"Ct) is the dis-

turbance .

3. INVESTIGATION OF THE ELECTROMECHANICAL SYSTEM IN THE DISCRETE
TIME DOMAIN

Discrete models.

The transition from the model described in continuous time domain to one in
the discrete time domain may be achieved in different way. The choice of the
method of discretisation should be made with great care,among others, it depends
on the tipe of discussed system and its properties and demanded accuracy of nu-
merical calculations.

In the engineering practice,quite reasonable results may be obtained,for li-
near systems by applying the discretisation of differential equations replaing
first and second derivatives by finite differences with chosen discretisation
tiraeCsampling time). But still better mathematical model will be received by
solving the state equations in"a continuous time domain.If the matrices of the
equations are known,as well as their eigenvalues and eigenvectors,the matrices
of discrete form of state equations may be received.This method may be applied
to the linear dynamical system,as well as to the stationary and non-stationary
ones.This problem has been developed in following publications (4,5).

The discrete mathematical models may be received by means of different inte-
gral transformations of continuous functions and equations.. In this paper,however

the differential transformation has been used. The discrete description of elec-
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trie driving system with a.c. cage rotor supplied from the current-source inver-
ter. For the simlicity reasons the dynamics of the driving system may be written
with the driven mechanism torque reduced to the motor shaft.It means,that the
model of the motor described by the equations in X-Y coordinate system,besides,
we may assume that both of stator and rotor windings coincide.

Assuming following relations wgyn(t)=W K(t) ,what means that the coordinates
X-Y rotate in synchronism with the stator current space vector; «,(t)=t»?(t)/p,
where O r(t) - angular velocity of motor rotor, co(t) - angular velocity of mag-
netic field, p - number of pairs of poles.

Besides: Tr= LrRr - time constant of rotor circuit, then the equations des-

cribing the dynamics of the electric drive are as follows:

dt “7 ~isx(t "7 Yrx(t> +°syn(OyrY(®) *
AFY(@® Lm
-fF~ W « - +PH (t~Ct)
du> (©) 3pL 3pL_ |
& “ars o VYW a0 v sx 0"
d 9¢t)
CIr(®
dt

The following state variables and components of reference vector were cho-

-Xl(t):H’\x(t) - projection of rotor flux space vector to the 0-X axis,

X (B©)=Yry(t) * projection of rotor flux space vector on the 0-Y axis,
X3(t)=CJr (t)
x4(t)= e(t)

ul(t): iSXV(t) - projection of the space vector of stator current to the
0-X axis,

u2(t)=cosyn(t)
Uj()= i"y(t) - projection of stator current space vector to 0-Y axis.

As it was mentioned previously,the case will be discussed when u3(t)=igY=0.
For C-class functions from above described continuous model the discrete model

is received by means of Taylor®"s differential,for total argument k=0,1,2, ...

109

®
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Ho HL
X.(k+1) = X, (K ) =mmmmmem O S R —— U, (k)
+DTr k+1 1 (k+hT 1
1=0
k
4 2(DX2&-D
Tl
1=0
k k
Hp
PR T —— X, (K) + \ a x 1Gi1) - u2d) x1ck-i
- foiffr ¥ T Y N XD »aded
1=0 1=0 (7)

3pl vV o1

Xj(k+l) = - — ) X,(DU, k-D)
2c+DL 0 L
r 1=0
X (KH1) = ==X, (k)
kel 3

H

(K+1)0

In these equations X1 (Kk),X2(K),X.j(K),X4(K),U1(k),U2(k) and M"Ffk) are discre-
te farms of previously discussed state variables of components of reference vecto

-r and load torque. Constant H is of time dimension.

Applying the Cauchy product properties the algebraic twists are received in

equation (7).In order to describe this model

are defined as follows:

Xk

X2

X(k) - state variable vector,

X.(K)

QY
U,

W(k) - reference vector

S/ 109)

in state space,the following vectors
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Some additional vector resulting from the approximation of algebraic twists

K

£ Xj(DXw(k-1) dIf XRj(KXRu dif XXA(K) =o

XX§(

X200 - o

XX

UXjky

UX2(k)

r U;fnx,k-1) dif URMNXRMNK) dti UX(K) M = UX(K)

where: J - number of products of pairs of variables X*(k) and X*(K) ,IT (K)

in the equations (7).respectively. In the vectoe form thé discrete model may be

described as follows:

XK

X(k+1) = ALK, H) X(K) + ANCK,H) XN(K) + BL(k,H) VU(K) + BN(K,H)UX(K)

In discussion of electromechanical systems often the problem of stochastic dis-
turbances may be encountered.Their nature and point of entering into the system
may be different. If the load torque rn”~Ct) containes two components: determi-

nistic mg(t) and stochastic one mQS(t),in the discrete model of the drive appear

discrete T-transforms.

mob(t) 1 Mobk)
WOr wk

Mos® T Mg K-

In order to discuss the behaviour of such a drive,as a dynamical system,the de
-scription of the system basing on the solutions of equations(7) will be especia-

1ly suitable.

The vector state equation in this case will be as follows:

H
XjCk+1)
(k+D)T,
H
X2 (k+1)
(k+)T,,
Xj (k+1)

X4(k+1)

np
XjCkf 0
K+l
Ho
30 9 00
k+1
+

b T() 0 0 Xe®

x4(k) 0 0

®
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H r Ho
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rig. 5- Transients of state variables of fo ked driving systeir
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Fig. 6. Transients of torque and velocity of an a.c. induction motor
stochastic load

From the structure itself of the equations (7) and (9) the simple algorythms
of numerical simulation will appear. The practice resulting from the application
of such models conform their usefulness. They deliver very convenient instrument
in the synthesis of digital control of electromechanical systems and will be very
useful in computer-aided desing of electric drives.

The briet illustration of simulation of some numerical examples are shown
diagrams,depicted in Fig 5.1t shown the transients of velocities and ascilla-
tions iIn some chosen points (2) of Fig.-4,as well as armature current (X9) of
driving motor. The digital simulation was carried out basing on the equations
(@) and (5)- Fig.6 depicts the torque and velocity transients of an a.c.induc-
tion with cage rotor,according to the equation (9).

( Above problems have been solved with the problem RPBP 02.7 )

113
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CYFROWE OBLICZENIA DYNAMICZNYCH SYSTEMOW ELEKTROMECHANICZNYCH
NA PODSTAWIE ROWNAC STANU W CIALGE3 1 DYSKRETNE3 PRZESTRZENI CZASOWEO

Streszczenie

Na podstawie roéwnania Lagrange’a opisano elektromechaniczny system li-
niowy, stosujec wektorowe roéwnania stanu. Rozwazono skoriczone liczbe ele-
mentéw skupionych. Przedyskutowano modele o réznych konfiguracjach na
wybranych przyktadach; zastosowano cyfrowe reprezentacje zmiennych stanu
napedu elektrycznego, biorec pod uwage sprezystos¢ mechanicznych elemen-
tow systemu. Dla systemu elektromechanicznego z indukcyjnym silnikiem na
pred staty opisano model dynamiczny za pomoce wektorowych réwnan réznicz-
kowych 1 przedyskutowano przyktad liczbowy dla przypadkéw systeméw de-

terministycznych i1 stochastycznych.
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UH«POBUE PACHSTH AHHAMH4BCKHX 3JIEKTPCMEXAHHHECKHX CHCTEM HA
OCHOBAHHH yPABHEHHFI COCTOHHHH B HEHPEPHBHOM H AHCKPETHCM
3PEMBHHOM HPOCIPAHCT3E

P e3s3»ue

Ha ocHOaaHHH ypaBhshh& Jlarpaaaa onnoaHO oJieKTpoMexaHHHecKy» aliHe&Ky»
OHCTeMy, npHwehxh bOktopHHO ypaBHeHHa coctohhhh. PaccuoTpeHO 3aKOHieHKoe
toaaHecTBO cosoKyiuieHHXx ojieiteirrob , Oecysyteao moacjih o pasHHMH Koaparypa-
(hhmh Ha H36paHHHx npHMepax; npHMeneHo i;H$poBHe penpe3eHiaaHH H3iieHHe»tHX
COCTOHHHH BJieKTpOnpHBOfla, I1lpHHHMaH 30 BHHMaHHS ynpyrOCTB MeXaHHHeCKHX sae-
1ieHTOB CHCTSMbl* ¢Uh SJieKTpOMexaHHHeCKO& CHCTetiH C HHAyKHHOHHHM jBHraTexeM
nocTOHHHoro lona oHKcaao flIHHaMBHecKym uczexb npn homohh bbktopkhx jH$JepeH-
iItHaJiBKHX ypaBHeHHi* h oScyx”eHO HKCJieHHuS npHMep ¢yin aeiepMHHHpoBaHHHX h
CTOXaCTHHeCKHX CHCTeM.



