
ZESZYTY NAUKOWE POLITBCHKIKI ŚLĄSKIEJ 
Seria* GÓRNICTWO z. 181

INTERNATIONAL CONFERENCE: DYNAMICS OF MINING MACHINES 
DYNAMACH ’89

Dagmara TEJSZERSKA 
Józef WOJNAROWSKI
Instytut Mechaniki i Podstaw Konstrukcji Maszyn 
Politechnika Śląska w Gliwicach

MATHEMATICAL MODEL OF TRANSVERSE VIBRATIONS OF MINE HOISTS,
COUPLED WITH LONGITUDINAL VIBRATIONS

Summary. Complex mathematical model of transverse vibrations of 
mine hoisting system is described. Coupling with longitudinal vi
brations, deformations of cage, vibrations of ropes, variations of 
stiffness of cage support (by system of elastic rollers, slide shoei; 
and guides), as well as damping, asymmetry and unbalance of load 
are taken into account. Accepted assumptions, system of differen
tial model equations (partial and ordinary), method of its solving 
and exemplary results of computer simmulation are presented.

i. INTRODUCTION
Scheme of analysed mine hoisting system Is presented on fig.1. 

System is composed of elastic lifting and balance ropes, cage 
ih.oec, rollers and shaft guides. Cage is treated as rigid 
body, having five degrees of freedom < for trancverse vibration** 
and one for longitudinal ). It may be also divided ¡into three 
parts - upper and bottom rigid heads,connected by group of 
elastic rods. All ropes ere treated individually, or one 
equivalent lifting and balance rope is introduced. .Formulated 
mathematical model of transverse vibrations takes into account 
also:

- internal viscous damping in ropes,guides and rollers
- clearances between shoes or rollers and guides *
- cooperation of rollers and slide shoes
- transmission of vibrations between two branches of balance

rope through its bottom loop
- asymmetry of guides,skip or cage
- unbalance of skip and its loading
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Fig.-1* Sotaeme of analysed hoisting system

- variations of ropes length and of stiffness of guides
- action of unscrewing moments in ropes on cage

Ae main cause of transverse vibrations are 
irregularities of shaft guides. Transverse vibrations 
forced by coupling with longitudinal vibrations - 
variations of tensions in ropes

2.MATHEMATICAL MODEL OF TRANSVERSE VIBRATIONS

treated 
e also 
through

Mathematical model of transverse vibrations of hoisting system 
consists of equations of dynamic balance of ropes and cage or 
skip.
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2.1. E q u a t i o n s  o f  d y n a m i c

M o s t  a d e q u a t e  m a t h e m a t i c a l  m o d e l  o f  t r a n s v e r e e  v i b r a t i o n s  o f  
r o p e  c a n  b e  o b t a i n e d  t r e a t i n g  r o p e  a s  p o n d e r a b l e  e l a s t i c  
beam, h a v i n g  t r a n s v e r s e  s t i f f n e s s  E l  a n d  u n i t a r y  m a s s  pA, l o a d e d  
w i t h  v a r i a b l e  s t r e n g t h  S. It c a n  b e  w r i t t e n  ass

f  1 *  r  9  . '1 9* y f  1 ♦ V ^  1 5 L _  f  S  L Z
I 1 u  T T  J <?,x I d t  J d  x  [  d  x

+• p A i r k 1 = 0

El

(1)

F o u r  b o u n d a r y  c o n d i t i o n s  f o r  e v e r y  r o p e  c o n s i s t  o f  a s s u m i n g  * 
z e r o  t r a n s v e r s e  d i s p l a c e m e n t s  n e a r  t h e  p u l l e y ,  l a c k  o f  b e n d i n g  
m o m e n t  i n  e n d s  , e q u a l i t y  o f  d i s p l a c e m e n t s  a n d  e q u i l i b r i a  o f  
f o r c e s  a n d  m o m e n t s  i n  t w o  b r a n c h e s  o f  b o t t o m  l o o p  o f  b a l a n c e  
rope, e q u a l i t y  o f  d i s p l a c e m e n t s  o f  s u s p e n s i o n  g e a r  ( c a g e )  a n d  e n d  
of r o p e ,  a s  w e l l  a s  r e l a t i o n  b e t w e e n  f o r c e  F ^  < r e g a r d e d  i n  
e q u a t i o n s  o f  d y n a m i c  b a l a n c e  o f  c a g e  ) a n d  d i s p l a c e m e n t  o f  - t h e  
e n d  o f  r o p e  ;

, 9 *y  9  y
F = El ---- -  S -----
L t 0 x3 d x ̂ x=L

< 2 )

2.2. Mathematical model of rigid cage

The scheme of rigid cage,vibrating with five degrees of
freedom - y , z , <pr w, t) - is presented on fig. 2. Optional number

s  43
of lif ting and balance ropes N , N and of slide shoes or rollersn v
N , N (acting in directons of axes y,z) is regarded. Denotingpy pzdistances between centre of gravity of cage and shoes as 
h , h , h , forces and moments of inertia as m y , m z , J 5 »px py pz * 9 ® °  ® a
J w t J 7? * strenghts in lifting and balance ropes as S , S ,

S  S  3 8  ncoefficients of unscrewing moment as K , forces iBsued byo
transverse vibrations of ropes as F̂ , forces between cage and
guides as F , and friction factor in guides as fj (fig. 2) and

p .using indexes: n for lifting, w for balance ropes and p for
rollers - the equations of dynamic balance of rigid cage can be
written as:
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N py
Z F » m y* ♦ T f  + - T fiy a m ^  py n _"J Lny v -̂ [ ^vy

Ny f  o ID z ♦ V f  + T f  -  T f ,  * oi* 8 0 pz Lnx Lvxv p= 1 nsl vbi
N N Npa py n -

V H  = J y> ♦ V  F h - T f h  ♦ T | k S > F ,ix o x o  pz py py pz 1 on n Lnxp = 1  p=l n = 1 "
N v

+ - F h 1 - y f K S ^ F  h - F h ] = JLny nz ) I ov v Lvz vy L v y  vx J

Npypz /• *v
T  « =: J *77  ̂y  F I h * //h I ♦ y  /liT  h +iy sy s pz t px pzj py pzt p = 1 p - *

N N Nn v n /* n
♦ y F  h - y  F h + y s  I h ♦ z  ♦^  Lnz nx Lvz vx *—  n I nz Ln Jn=l v = 1 - n= 1

- V S  fh * 2 - 1  = OV  1 vz Lv J
V =  1 V

M N
p y  f ■* pzpy / > p *

Z N = J p + y  F h + //h I ♦ y  */F h ♦ ̂ iz sz s py I. pz pyj pz PV
N n  n
n v n r

♦ y  F  h * y  F  h - y S  I h  ♦ y w ! ■*•Lny nx Lvy vx “  n 1 ny Ln Jn=i va  i n= 1 v
Nv

- y  s f h + y l * 0  <3>• v ! vy Lv Jv= 1
vhore // a { fj ; -¿i } for falling or lifting cago

Tensions S , S are in every time step calculated by separate
part of computer program,simulating longitudinal vibrations (not
presented here ).

Displacements of any point of cage placed on distance
h , h , h from gravity centre - can be described by five main >: y z
coordinates as :

z = z_ *¥> h «■ 7? (4)

2. 3. MatixamaHcal model of defngtaable caps.

Most of authors modelling vibrations of hoisting systems tz-43 
treata cage as rigid body. More precise model can be obtained
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regarding two rigid frames < upper and bottom heads >, connected 
by group of elastic rods. Displacements of heads < without 
elongation of rods ) are described by three degrees of freedom : 
Ay,Az,Ay/. Displacement of any point can be expressed by main 
coordinates as t

y .* * p h^ - y> h^ ♦ £/2 ( Ay - Ay/ h^)
z = z ♦ u# h . ♦ t? h ♦ T/2 ( Az ♦ Ay/ h ) (5)a y  x y

vhore : « i 1? "lj 0 } - for points on upper or bottom heod
or in the central pari of cage

Taking into account relations between displacements Ay (Az> of 
ends of rods and forces in them ( obtained from analysis of
their bending >, and using indexes g and d for upper and bottom 
heads and 1 for connecting rods - the equations of dynamic 
balance jof upper head of cage (added to system <3>) can be 
written as :

N  npgy n
V  F® ■ m (  y * Ay/2 } ' ♦ 5" F ■‘• T ’ F *vy g '• a J  py Lnyi p = i n=l

- ♦ < m - m - m ) y / 2 *  12 <EI/h ) ,Ay = 0  a g d o a I
N  N
pgz ~n

Z F® * in r Z * Az/2 1 ♦ y  F * V  F *v z g  *• c pz *-* Lnzi p = 1 n = 1

* < » - » -  i,) * 72 ♦ 12 (EX/h >,Az = 0
s  g d o x I

y ws = j r» * â/2 1 * f j - j - j i i»/2 *vx gx J  sx gx dx

N  Npgz pgy
♦ 12 f EI*R /h ), Av/ * T  F h - V  F hV. x J  l r pz py py pz

p= 1 P= 1
N _

]  = 0

( 6 )
■ ¿ [n= 1 v

K  S  F  h  - F  hon n Lnz ny Lny nz

.To o t h e r  e q u a t i o n s  o f  s y s t e m  (3) m u s t  b e  a d d e d  t e r m s  
r e p r e s e n t i n g  m o v e m e n t  o f  h e a d s :

A  E  F - =vy ( m - m ) A y  / 
9 d 2

A E  F . *vz ( m - to ) A z  / 
9 d 2

A  E  «. -vx < J - J > Ay/ gx dx / 2

A  E  M *iy < m h  - m h  ) 
g g x d dx A z / 2

^ « i s s ( m h - m .h , ) g gx d dx A y  / 2 (7 )
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3 . F O R C E S  B E T W E E N  S H O E S  A N D  G U I D E S

C a g e  c o n t a c t s  w i t h  s h a f t  g u i d e s  t h r o u g h  r o l l e r s  a n d  s l i d e  
s h o e s  < i n  m o m e n t s  o f  g r e a t e r  t r a n s v e r s e  d i s p l a c e m e n t s  ). S c h e m e  
o f  c a g e  m o v e m e n t  i s  p r e s e n t e d  o n  f i g  4.
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D e n o t i n g  b y  6  . 6  n o m i n a l  c l e a r a n c e s  b e t w e e n  r o l l e r  a n d  g u i d e
o r  s l i d e  s h o e ,  b y  d < x )  a c t u a l  i r r e g u l a r i t y  o f  g u i d e ,  b y  y  ̂
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c o e f f i c i e n t s  o f  s t i f f n e s s  o f  r o l l e r ,  s l i d e  s h o e  a n d  g u i d e  - f o r c e
F  b e t v e e n  c a g e  a n d  g u i d e  c a n  b e  d e s c r i b e d  a s  s P
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4. m e t h o d  o f  s o l v i n g  o f  m o d e l  e q u a t i o n s

4. i. Eci J a t i o w ^ « i p a s r i b A n a „ y > _ b r a t i o n _ p i  r o p e s

F a s t  v a r i a t i o n a l  m e t h o d  I s  u s e d  f o r  s o l v i n g  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  <1> d e s c r i b i n g  t r a n s v e r s e  v i b r a t i o n s  o f  
r o p e s .  P r o c e s s  o f  v i b r a t i o n  i s  a p p r o x i m a t e d  b y  m - e l e m e n t  s e r i e s :

y  ( x , t >  « £  Y i <x> *  T i i t i  <9>

F u n c t i o n s  V^< 3t) a r e  o b t a i n e d  a n a l y t i c a l l y  . a s  s o l u t i o n s  o f  
l i t t l e  s i m p l i f i e d  m o d e l  o f  f r e e  v i b r a t i o n s  o f  s y s t e m .  I g n o r i n g  
d a m p i n g  a n d  v a r i a t i o n s  o f  t e n s i o n  S  i n  r o p e s  a n d  p e r f o r m i n g
F a u r r i e r  t r a n s f o r m  - t h e  e q u a t i o n  <1> c a n  b e  v r i t t e n  a s  :

El -4— i S  i - X  * p  A wz Y = 0 ; Y (to,  x )  « S ' f y<x, t) )a x  o d  x v J< 10)
I t s  s o l u t i o n  h a s  t h e  f o r m  î

4
Y  <x> = r  C  * f  v x ) ; i = 1 - mi . *“* il ilv = i

f  (x) « s i n  < X  x) ; f (x) = c o s  (X. x> ;il il 12 V 2
X  . X X  L  -X. x

f ta<x) * e v8 / e  9 ; f i ^ ( x ) = e v

\i * /  [ 2 El }
"5“

TTT  - 2 El ' (11)

F r e q u e n c i e s  «  o f  f r e e  v i b r a t i o n s  a n d  v a l u e s  C  (C. =1) a r e  i il vi
o b t a i n e d  b y  n u m e r i c a l  s o l v i n g  o f  s y s t e m  o f  a l g e b r a i c  l i n e a r  
e q u a t i o n s ,  r e s u l t i n g  f r o m  b o u n d a r y  c o n d i t i o n s ,  l i t t l e  s i m p l i f i e d  
in c o m p a r i s o n  t o  p r e s e n t e d  i n  p a r  2 . 1  < w i t h  r e l a t i o n s  b e t w e e n
f o r c e s  a n d  d i s p l a c e m e n t s  o f  e n d  o f  r o p e  n e a r  c a g e  o b t a i n e d  f r o m  
s i m p l y f i e d  a n a l y s i s  o f  p l a n e  m o t i o n  o f  r i g i d  c a g e ,  s u p p o r t e d  b y  
e l a s t i c  s h o e s  ). E x p r e s s i o n  (9) f u l f i l l s  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n  <1) w i t h  e r r o r ,  h a v i n g  d i m e n s i o n  o f  d e r i v a t i v e  o f  
force: d  F o r c e  F ^  i n  e q u a t i o n s  o f  d y n a m i c  b a l a n c e  o f  c a g e
* 3 , 6 , 7 )  s a t i s f i e s  b o u n d a r y  c o n d i t i o n  (2) w i t h  e r r o r  A F  . O t h e rbl
b o u n d a r y  c o n d i t i o n s  a r e  f u l f i l l e d  e x a c t l y .  A c c o r d i n g  t o
p r i n c i p l e s  o f  v a r i a t i o n a l  m e t h o d  - a s  c o n d i t i o n  o f  b e s t
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approximation of equation <1> vith boundary condition (2 ) by 
series (9) - is treated zeroing of expressions s

L.
r 9 rvi ' 'J S S   * yj<x) dx * Yj<L> “ 0 (12)
o
for all j oi.monte of approximating series ( j = i - m >

Regarding effect of deed veight on tension S »

S ■» S * q x (13 )
vh.ro: 01

o 1 * q = - p A g for lifting
q = S / I for bolanco rop.;

after rather complicated mathematical operations the system of 
m * 1 ordinary differential equations, relating approximating 
functions T , force F and displacement y can be obtained :

I  la  L

J Z • { I ( V " TT-J • [£<=„

( EI< r  s.*1.xi r  < V i i - « } *««*»' ] ■*

d2r * *

* [ Z  " A f ii<x> ] } * dx * Z  c ikf ik<x>1=1 k=l

{ t  ( v  "  r r )  ’  £  ' * > • [  “  s - > 1 - ]  •U l
* X f (L)  ̂ - F = O for j * 1 - mV. f (L> \ - Fi t i I J l-

4 4

\  ■ Z  T v * Z  c iif ii(L> <14)i = 1 1 = 1
vhere l z ( 1 ; - 1 > .depending on indexes I and r
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Gf eourss - analogous system describes vibrations in direction
2. Functions of variable x are integrated analytically. Computer 
calculates coefficients of system <145 only after greater changes 
of tension or length of ropes < not in every time step - saving 
computation time >. System is solved numerically - succesive 
steps are presented below.

4. 2. Equations describing .transverse, vibrations of cage

Systems of ordinary differential equations (3,6,7,14), 
describing vibrations of cage and ropes are solved numerically, 
using fast method, based on parabolic approximation of variation 
of every dynamic variable during the time step At (with 
continuity of variable and velocity cf its changes ). Expressions 
determining values of every variable at the end of time step At 
are obtained by introducing above mentioned parabolic 
approximations into differential equations and zeroing integrals 
of these equations in range At. t, ^

At first - relation between J" F dt and ! J  y dt, main
o t o

coordinates of cage movement y',z# .... at the end of time step8 8 o o o
t ' st°*At and variables at its beginning t < ŷ , z#, . . . , T\, T\ )
is obtained from system <14>. Afterwards - differential equations
<3,6,7) are transformed, using value /F^dt and parabolic
approximations of y , 2  ,.. Obtained system of linear algebraic 

8 8
equations is solved, using Gauss method ,and values y' , 2 \ . . arec s
determined. Then velocities y' , 2' , . . , accelerations y* , z "\ . . . ,

8 # S 8 8
forces F' , F' and functions T' , Tf are calculated, p l i i

Necessity of regarding clearances between guides and shoes and
cooperation of slide shoes end rollers causes great complications 
in numerical calculations. Every change in condition of contact 
between one of rollers or shoes and guide - changes its effective 
stiffness and coefficients in equation (8). Computer calculates 
moment of time < during time step At ), when form of contact 
changes, and values of all dynamic variables in this moment < ba
sed on their parabolic approximations ). Then - next time step 
begins.
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' 5. RESULTS OF COMPUTER STIMULATION

Complex computer program,based on presented mathematical model 
was elaborated. For mine hoisting system, having determined 
structural and process parameters computer calculates
transverse dynamic displacements and accelerations of cage and 
forces in rollers and ropes. Simultaneously - separate part of 
program simmulates longitudinal vibrations, determining
longitudinal displacements and accelerations of cage and stresses 
in ropes < with regarding influence of transverse vibration on 
longitudinal through variations of frictional forces between cage 
and guides ). On fig 5. exemplary courses of transverse 
accelerations of cage and forces in rollers and are presented.
* I»-'. ~  ’ ‘1_ i i r

r* — i— i— •— *— i— «— i— i— i— i— i— *— i— i— i— i— i— >*.«•    tAl________ ___________
t r r v «a ?  »V «  f» /«M  . . . .  V <1 k  r * « t1

c;t>  i  «» I  m    « :i»  i  t i  t  r » i  c ; la  » « i n  m

Fig. 5. Exemplary results of simmulatlon of transverse accelera
tions of cage (A) and forces between cage and shaft guides (B)
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n i k ó w  i p r o w a d n i c  t o c z n y c h  i ś l i z g o w y c h  ) « a  t a k ż e  t ł u m i e n i e ,  n i e -  
wyważenie i a s y m e t r i ę  u k ł a d u .  O m ó w i o n o  p r z y j ę t e  z a ł o ż e n i a ,  p o d a n o  
p o d s t a w o w y  u k ł a d  r ó w n a ń  r ó ż n i c z k o w y c h  ( c z ą s t k o w y c h  i z w y c z a j n y c h ) ,  
p r z e d s t a w i o n o  m e t o d ę  j e g o  r o z w i ą z y w a n i a  o r a z  p r z y k ł a d o w y  r e z u l t a t  
s y m u l a c j i  n u m e r y c z n e j

M0KEJIHP03AHHE nOHEPEHHHX KOJIEEAHKł B CBH3H C IEP0,Ę0JIbHHMH 
B BAXTH0ii nOAEMHOH YCTAHOBKE

P e 3 x> u e
B  c T a T t e  n p e n c T a B n e H O  cno r n y i o  w a T e n a T H w e c K y i o  w o n e n t  n o n e p e w H M x  

ronf?(5aniiii aaxTHOft n o n t e n H o ń  jtTanoaic«. B  nooenii y H H T M s a e T c a  
n p o n o n i > x M x  k  n o n e p e M H M x  K o n ^ O a H M i i ,  n e $ o p M a u m i  K n e t i i , K o n e 6 a H H > i  
K a M a r o B ,  c n e H W  a c e c n c o c T H  o n o p w  r n e m  . H a  nposoflHMicax, a  T a K * e  
nex!i‘4«po3aHMe, acHrtrieTpH« n HepaBHoeecMe kji©th . npencTasnewo 
n p i iHHTwe n p e a n o n o x e H H a , C H C T e i t y  nu$(}5epeHUKa.nbh m x  y p a B w e m i i ł
iiononH C M a c T H M K  k o 6 w i c H O B e H H w x 5 , w e T o a  e e  p e w e H H H  u n p H M e p i i w e  
p e s y n b r a T M .  b mm h c n e H H ń  H a  3BM.


