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RELATIVE CONTROLLABILITY OF POSITIVE SYSTEMS WITH
DELAYS

Summary. This article contains some definitions and basic theorems concerning
the relative controllability of positive, linear, stationary, finite dimensional dynamical
systems with multiple delays in control. The minimum energy control problem for
these systems is also studied in the paper.

WZGLEDNA STEROWALNOSC DODATNICH UKEADOW LINIOWYCH
Z OPOZNIENIAMI

Streszczenie. Niniejszy artykut zawiera definicje oraz podstawowe twierdzenia
dotyczace wzglednej sterowalnosci dodatnich, linowych, stacjonarnych, skonczenie
-wymiarowych uktadéw dynamicznych ze statymi, wielokrotnymi opdéznieniami
w sterowaniu. W pracy bada sie rowniez zagadnienie sterowania z minimalng energig
dla wymienionych uktadow.

1. Introduction

Controllability belongs to basic properties of various type dynamical systems. One of the
kinds of dynamical systems with delays are linear systems with delays incontrol. In this paper
positive, stationaiy, linear systems with constant, lumped delays in control will be presented.
We say about positive systems, when every state variables, initial conditions, controls,
reachable states and outputs are nonnegative.

Let us consider linear, stationary, finite dimensional dynamical systems with constant,

multiple, lumped delays in control described by the following ordinary differential equation:
M
x(t) = Ax(t)+ 1Th, u(t-h|), t>0,(1)
i-0
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where

x(t) e R* is the state n-vector at the time instant t,

u e L2cc([ 0,00), R m) is the control,

A'is (n x n) -dimensional matrix with elements ay e R, kj = 1,2,...,n,

Bj (i=0,1,2,..., M) are (n x m)-dimensional matrices with elements biy € Rr,
k=12,..n, j=12,..m,

hjgR , i=0,1,2,..,M - constant delays in control satysfying the following inequalities:
0=ho<h| <..<h <..<hWwHi <hm

Let L2([ O, t ], R m) denote Hilbert’s space of square integrable functions defined in the
time interval [0, tf] with values in the set Rm. Any control u eL2([0, t],rRm) is called
admissible control for dynamical system (1). For the given initialconditions
z(0)={x(0),u0}er" * L2([ -hM, 0], r m), where u0 is the given in time interval [-hM, Q]
initial function, and admissible control ueL 2([ 0, ti], R m), for every t>0 there exists a unique,
absolutely continuous solution x(t, z(0), u) of differential equation (1). This solution has the
form [4]:

| M
x(t,z(0), u) = eAx(0) + JeA'n £ B, u(x-hi) dt, 2)

Let r* and r = denote positive orthants in spaces R and rR m, respectively.

Definition 1.[I],[2],[3] The dynamical system (1) is said to be (internally) positive system
if, for any given nonnegative initial conditions z(0) e r* * L2([ -hM, 0], r** ) and nonnegative
admissible controls u(t)er™ the solution x(t ,z(0), u) 6 r° and output y(t) er [, i.e. are

nonnegative for every t> 0.

2. Relative controllability

For dynamical systems with delays we can formulate many various definitions
of controllability, among them the most important are relative controllability and absolute

controllability. In this paper we will consider the relative controllability of positive systems.

Definition 2. The positive dynamical system (1) is said to be relative controllable in the

time interval [0,ti], if for any nonnegative, initial, complete state z(0) e rR* x L2([-hM O], R " )
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and for any nonnegative vector Xie r* there exist nonnegative admissible control

u e L]0, ti), R"") such that the corresponding trajectory x(t, z(0), u) of the dynamical

system (1) satisfies the following condition:
x(t],z(0), u) = x|.

In this section we shall formulate and prove sufficient conditions for relative
controllability of dynamical system (1).

Let us fix final time ti > 0. Without loss of the generality, for the simplicity of notation,
we may assume that there exists index k < M, such that t|-hk = 0. If such k does not exist,
then we introduce additional deiay hk with control matrix Bk = 0. Then the solution (2) of
dynamical system (1) in time t| has the following form [4],[6]

=eA x(0)+ £ jeAl-h)Biu®dx = eA x(0)+ ]T JeA>  Biuo(x) dx +

i»0 o

and
B,W =2ZeA-"""Bj,te [t-hi+, t-hi), i=0,1,... k-l. €]
i-0
Hence, q(z(0)) s rR" is a constant vector depending on initial complete state z(0) and
a dynamical system’s parameters only, and B((t) is (nxm)-dimensional matrix defined

in [0, ti].

Lemma 1. [4] Let
y(t) = Ay(t)+ B, (t)u(t), te[0,ti]
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be the linear dynamical system without delays in control. Then
x(t, z(0), u) = y(t, q(z(0)), u), te [0, t],
where x(t, z(0), u) is defined by formula (2).
Based on Lemma 1 we receive the following form of the solution of dynamical system
(1) intimet| >0
1

x(t, ,z(0), u) = x, = q(z(0)) + Je A" B,, (x)u(x)dx . 4
0

In order to investigate controllability of positive dynamical systems it is necessary to
introduce the notion of a Metzler matrix [1],[2].

The matrix A = [ay], ij = 1,2, ... ,n is called the Metzler matrix if ay > 0 for i *j. Itis
known [5], that eAe R"*", for every t > 0, if and only if A is a Metzler matrix. Moreover,
[1],[2],[3] dynamical system without delays

x(t) = Ax(t) + Bu(t), t >0,
is positive if and only if A is Metzler matrix and Be R"xm. In that case, based on Lemma 1,
we can ascertain that the dynamical system with delays of the form (1) is positive if A is a
Metzler matrix and, for every t| >0, Bti(t) e R"xm, fort e [0,t]].

A matrix with nonnegative elements is called generalised permutation matrix, shortly
GPM, if in each row and in each column only one element is positive and the remaining

entries are zero [1],[2],[3]. Let us recall that in a permutation matrix all these elements are
equal one.

Theorem 1. The positive dynamical system (1) is relatively controllable in [0,t]], fi > 0,
ifthe matrix R, ofthe form
‘q
R, = jeAC-"B,i(T)Bi'i(T)eAr,'-',dT, (5)
0
where matrix B, (t) is given by the formula (3), is GPM and [xi- q(z(0))] eR ”. Moreover,
admissible control vector u(t), which steers the positive dynamical system (1) from initial

complete state z(0) = (x(0), u0} to state X| e R" has the form:
u(t)= BA(t)eAT"-">R-"[x1-q(z(0))].te [0.t]. (6)
Proof: Firstofall, let us observe, that if Rt isa GPM than R"le R “*[1],[2], Since by

assumption, thedynamical system (1) is positive, so A is a Metzler matrix andB jgR ™m.
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Therefore, eAle R ™ for t > 0 and (t) e R™1I1 for t > 0. Moreover, we assumed that [xi-

q(z(0))] e R”. Consequently, based on formula (6) we have u(t)6 R™, fort e [0, fi].

Now, we will show that positive admissible control (6) steers positive dynamical system
(1) from initial complete state z(0) = {x(0), Uo} to the final state xi in time fi. Substituting (6)
into (4) we obtain

x(t,, z(0), u) = q(z(0)) + )eA"-"B,i(t)B,"i (x)eAT(,' - R-'[x1-q(z(0))]dx =
0

= [ }eA"-)B | (x)BM(x)e AL dX]R -, [x, -q(z(0))] =
0
=q(z(0))+ R,, RT/tx,-q(z(0))] = x,.
u
Corollary 1. Let M =1. The positive dynamical system (1) is relatively controllable in
[0,ti], t| > O, if the matrix Rtiofthe form

Ri = jeA,"20B0B je Al1~2)dx, (7

0
is GPM. Then the control vector u(t), which steers positive dynamical system (1) from initial

complete state z(0) = {x(0), u0} to final state Xi e R” has the following form
u(t)= Bj(t)eAI-2)R-,[xI-q(z(0))].t 6 [0, t.]. (8)
P ro o f: In the case when M = 1, based on the formula (3) the matrix B, (t) = e¢"ABO.

Hence our corollary follows.
|
Corollary 2. The positive dynamical system (1) is relatively controllable in [0,ti], > O,
if there occurs the following equality holds

rank £ [¢e AR -~ BJ[£eAl-"->BJ]Tdt=n.
i-0 j-° j-o

Proof: This corollary follows directly from Corollary 4.6.2 published in the monograph

(41

n
Corollary 3. Let M = 1. The positive dynamical system (1) is relatively controllable in
[0, ti], t| > O, if the following equality holds

4
rank j[eA(-',BO][eA"-,,BO]Tdt = n.
t,-h,

Proof: This corollary follows directly from Corollary 2 and the formula (3).
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Example 1. Let us consider dynamical system with delays in control (1) with

1 0O ) 2 -1 -2 '3 2
A= ,Bo B,= b 2= ,hl=1,h2=2.
0 - 1o 0 2 Pl

conditions z(0) = {0,0}.
0 .
First we calculate that eA = for t > 0 and, using the formula (3), we compute

the matrix Bti(t) forti = 1.

2e~
Bl,(t) =e'ABO=

Since A is a Metzler matrix and Bti(t) e R " m then the system is positive. Now, we shall
check if matrix R @given by formula (5) is GPM. From (5) it follows that
= rfeT 0jo 2l 0 eTV" ol =[e2-¢2 0
1 1[0 e'-'le’ 0 i2e-" 0J.0 eFY [ O i(e’-e'2)/
Thus RXis a generalised permutation matrix (GPM). Therefore, using Theorem 1 we

conclude that the system with delays in control is relatively controllable in time interval [0,
n

3. Minimum energy control

If positive dynamical system (1) is relatively controllable in [0,t]], ti > 0, then among

admissible, nonnegative controls u e L ' ([0, ti), R ), which steer this system from initial

complete state z(0) e r* * L[ -nm, 0],rR ) to final state X)e r » we shall look for optimal

control which minimizes a performance index J. Let us assume, that the performance index
has the form:

J(u)= |u T(T)Qu(T)dr, 9)
0
where Qe R™*m is a constant, symmetric, positive defined matrix [1],[2],[3].

We will formulate the theorem, which gives the formula of optimal control steering
positive dynamical system (1) from state z(0) to state Xi and minimises performance index (9)
We will give the formula of minimal value of performance index (9) corresponding with
optimal control, too. To this end let’s defined the matrix Wqg = WQ(t|, Q) by the following
formula
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WO =W 0(t,,Q)= JeA/'-',B,|(T)Q'Bi'i(T)eAT, -, MT. (10)

(o]
From Theorem 1 immediately follows that, if the dynamical system (1) is relatively
controllable in [0, ti], then the matrix (10) is nonsingular.

Theorem 2. Let the positive system (1) be relatively controllable in [0, t|], t| > 0 and let
ue L2 ([0, t]),R ") be any admissible control steering the dynamical system (1) from a

giveninitialcomplete state z(0) e R? * L2([ -lim, 0],R*“) to a given final state Xi 6 R” in

timet|. If Q'le R"™ tWq e R"*n and [xi-q(z(0))] e R", then the control us L2([ 0, tt),

R ™) given by formula

u(t) = Q-1B~(t)e AT"-"W ~[x, -q(z(0))], te [0, t,] (11)
is admissible control. The control u steers the positive dynamical system (1) from the initial
complete state z(0) £ R" * L2([ -hM, 0],R™ ) to the given final state X| e R" in time t| and
minimises performance index (9), i.e.

i i
J(u)= JuT(x)Qu(T)dt < J(u)T(T)Qu(T)dr =J(u). (12)
0 0
Moreover, the minimal value of the performance index J(u) is given by the formula:
J(u)= [x, - qz(ONITW'TX] - q(z(0))]. (13)
Proof: Taking into account the assumption that Q'le R™m , WQe R” n and
[xi-q(z(0))] e R™, by (11), we obtain positive control, so u(t) e R™ forevery t e [0,t]]. We
shall show that this admissible control steers the positive dynamical system (1) from the
initial complete state z(0) e R" * L2([ -hM 0], R “) to the given final state xi e R" in time t|
Substituting (11) into (4) we get
4
x(ti ,0, u) = Xi = q(z(0)) + |e A, BY (x)u(x)dT =
0

=q(z(0))+ (J)GA,I',) Bt|(t) Q- Bji(t)eAl"-,|W0'[x, -q(z(0))]dt =

=q(z(0))+ |e AJ.! B,,(t) Q- B:i(t)e AIK-"dTWol[xl-q(z(0))] =x,
0

Since by the assumption, the control u steers the positive dynamical system (1) from the
initial complete state z(0) e R; x L2([ -hM 0],R ") to the given final state Xi. R; in time t,

as well as the control u, we obtain
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x, = q(z(0))+ jeA-> Bt (x)u(x)dx =q(z(0)) + jeAll > B,, (x)u(x)dx,
0 0

and
h

Je A(|"1B,, (X)[u(x) -u(x)]dx =0.
0

From the last equality it follows that

jLu(x) - u(x)]TBMeaT"1 "dx WQ [x,-q(z(0))] = 0,
0

and, after substituting the equality (11) we have

JU(x)-u(x)]TQu(x)dx =0.

0
Now, it is easy to check, that
t, i, i
JW)TEQu(x)dx = JuT(x)Qu(x)dx+ jI(u)T(x)-u(x)ITQ[u(x) - u(x)Idx .
0 0 0

Since the second term of thesum on righthand side of the above equality is nonnegative, we

directly obtain that

FUT)Qux)dx < }(u)T(x)Qu'(x)dx,

0 )
and therefore we get the inequality (12).

In order to find the minimal value of the performance index (9) we substitute (11) into (9).
Then we obtain

J(u)= juT(X)Qu(x)dx = [X, -q(z(0))]TWo' JeA<'-")BtiQ-,BMeA,,,' - WxWQ[x1-q(z(0))] =
0 0
= [x1-q(z(0))]TW"'[x1-q(z(0))].
and we get the formula (13).

Example 2. The positive dynamical system with delays in control with the matrices A,
Bo, Bi, B2 and the delays hi i h2as in Example 1, and performance index (9) with the matrix
[3 01 . . L .
Q= 0 3 defined in the time interval [0, 1] are given.
In the Example 1 it was shown that this dynamical system is relatively controllable in

time interval [0, 1], We shall find optimal control for this system, which steers the system
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from zero state z(0) = {0, 0}, so q(z(0)) = 0O, to the finale state xi = and minimises the

performance index.

. 0
Since eA= ¢ and Q'1 Lo from (10) we have
0 e'm o T
0T 0 2e"H 0 0 e'Te-" 0 A»24T o
wQ= J 0 dt=j °° 2
0J° 3 2¢T 0 0 e fe
i(e2-e-2) 0
IV(e2-e-2).
We compute
X(e2-e-2)r 0
o1 Xe2-e-2
0 ft(e2-e-2r
and from the formula (11)
0o OT 0 € etr 0 H[j(e2-e"2)] 0 Tf  12e21(e2-e~2)"
u =
0 ¢ 0 [72(e2-e'2)]'1 |3 2e12(e2-e"2)’1

The admissible control O is the optimal control. The minimal value of the performance
index, in this case, is equal:

. [}(e2-e"2)]"1 0 111
J(0)=x[W-x,=[I 3 A
| 0 [tl (e2-e-2)r §2-¢?

4. Summary

In this paper, the positive stationary dynamical systems with multiple delays in control of
the form (1) have been considered. The definition of relative controllability of positive
systems with delays is given and the criterions of relative controllability in the time interval
[0, t]] for these systems have been established. Moreover, the minimum energy control
problem for the system (1) has been formulated and solved. The results obtained in this paper
are an extension for positive systems with delays in control published in [1], [2] and [3] for
the positive dynamical systems without delays in control.
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Streszczenie

W artykule rozpatrzono dodatnie, liniowe, stacjonarne, skonczenie-wymiarowe uktady
dynamiczne z op6znieniami w sterowaniu opisane rézniczkowym réwnaniem stanu postaci
(1). Podano definicje wzglednej sterowalnosci przy ograniczeniach na sterowanie uktadu
dodatniego (1). Sformutowano kryteria badania wzglednej sterowalnosci uktadéw dodatnich
z opOznieniami w sterowaniu. Ponadto, rozwigzano problem sterowalno$ci z minimalng
energia dodatnich uktadéw dynamicznych z op6znieniami opisanych réwnaniem rézniczko-
wym postaci (1). Sformutowano twierdzenie, ktére podaje wzor na sterowanie optymalne
oraz minimalng warto$¢ przyjetego wskaznika jakosci. W przedstawionych przyktadach

zilustrowano podane twierdzenia.



