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THE TRANSFORMATION OF PARTIAL DIFFERENTIAL 
EQUATIONS*

BY

H. BATEMAN 
California Institute of Technology

1. Introduction. In the early stages of the use of partia l differential equations for 
the solution of problem s of mechanics and physics the separation of variables and 
construction of simple solutions was the prim ary aim . T he introduction of the idea 
of an exact differential by  Fontaine and Euler led to the idea of associated differential 
equations such as those for the velocity potential and stream  function in hydro­
dynam ics, the ad jo in t equations of Lagrange and  Riem ann, the con tac t transform a­
tions of Legendre and Ampere, the transform ations of Euler and Laplace for the 
solution of differential equations by definite integrals and o ther transform ations too 
num erous to mention. A nother aim which led to the study  of transform ations was 
th a t  of reducing an equation to a canonical form. Laplace’s reduction of a linear par­
tial differential equation of the second order to a form in which only one partial 
derivative of the second order occurs led to the stu d y  of transform ations which pre­
serve this form and of quantities which have a property  of invariance. Conditions 
were then found th a t  an equation m ay be reducible by m eans of a specified type of 
change of variables to some particular equations which had been fully studied. T he 
conditions found by Cam pbell [l ] t  (constancy of his two invarian ts) th a t  L aplace’s 
canonical equation m ay be reducible to  the equation of Euler and Poisson, m ay be 
cited as an example.

A classification of transform ations m ay be m ade by including in group A all 
transform ations which arise from the condition or conditions th a t  a  linear differential 
form m ay be of a specified type (for example an exact differential). T ransform ations 
arising from the s tudy  of a  num ber of linear differential forms m ay be included in this 
group. Transform ations associated with the Calculus of V ariations are also included 
because the equations of Euler and Lagrange are closely associated w ith the condi­
tions for an exact differential. T he extension of Legendre’s transform ation found by 
C aratheodory [2] m ay be m entioned here. In this article a tten tion  will be devoted a l­
m ost entirely  to transform ations of group A.

T ransform ations of group B include all those which arise from the conditions th a t  
a quadratic  differentia] form m ay be of a specified type. T he transform ation of a

* Received March 2, 1943.
f Numbers in square brackets refer to the list of references at the end of the paper.
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linear differential equation to a form in which the variables are separated is thus a B- 
transform ation. T he transform ations of group B are not necessarily point transform a­
tions, for instance, if Qia, b, c) is a non-negative quadratic  form in the real variables 
a, b, c transform ations from (x , y ,  z, t, u, v, w) to (X , Y, Z, T , U, V, W )  m ay be con­
sidered in which Q{dx — udt, d y —vdt, dz — wdt) goes over into Q (d X  — Udt, d Y  — Vdt, 
d Z  — W dt) the coefficients of Q in the first case being functions of y, z, t, u, v, w  and 
in the second case functions of X ,  Y, Z, T , U, V, W. Since the equation <3 =  0 implies 
th a t  dx  = udt, d y= vd t ,  dz = wdt i t  also implies th a t  d X  = UdT, d Y  = V dT , d Z =  W dT .  
In o ther words if u, v, w  can be regarded as the com ponent velocities of a recognizable 
moving particle of fluid then U, V, W  can be regarded as com ponent velocities of a 
recognizable particle of a corresponding fluid. Such a transform ation is of in terest 
because the density  of each fluid can be defined in such a way th a t the equation of 
continuity  is invarian t under the transform ation.

Group C m ay be regarded as including all o ther transform ations and some tran s­
form ation of the o ther group which arise in the reduction of an equation to a canonical 
form.

2. Associated equations of the  types of M onge and Legendre. In his work on p ar­
tial differential equations of the second order in two variables x, y  which can be re­
garded as independent, Monge [3] used z as dependent variable, p  and q as the first 
derivatives zx, z„ respectively and r, s, t as the second derivatives z zx, zxy, z vy. As we 
shall have applications to fluid dynam ics in mind, we shall deviate slightly from the 
notation of Monge and use u, v in place of p  and q so th a t  when z is the velocity po­
ten tial u and v represent the com ponent velocities as usual. This plan also allows us 
to use the symbol p  to denote the pressure and q to denote the resu ltan t velocity.

T he equations of steady  m otion of a compressible fluid under no body forces when 
the flow is irro tational and the fluid barotropic (density a function of pressure only) 
can, as we know, be derived from a variational principle

')dxdy  =  0, u — z x, v =  s„, (1)

in which p  is a  specified function of q. For g reater generality  a t  the ou tset we shall 
suppose, however, th a t  p is a specified function of u  and v. L agrange’s partia l differ­
ential equation for this varia tional problem is then derivable from H aar's  condi­
tion [4] th a t  p vd x—pudy should be an exact differential. W hen the differentiations
are made, the equation has the form

puuf +  2 p uvs +  p vvt =  0. (2)

W hen Legendre’s transform ation is applied to this differential equation the new de­
pendent variable is

w = u x  +  vy  — z (3)

and since dz = u d x + v d y ,

du> =  xdu  +  ydv. (4)

W hen u and v can be regarded as independent this equation gives the relations

x = y = wv, (5)



and the equation for w  is

p u u ^w  2.p Ul'Wuv T  pvv^uil ~  0. (6)

W hen, however, u  and v are related so th a t  they can be regarded as functions of a 
single variable r  the equation (4) indicates th a t  w  is then also a function of r  and we 
have the equations
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w { t )  =  xu(t) +  yv(r) — s, w ' ( t )  =  x u ' ( t )  +  yv'ir), 

which furnish a solution of (2) if

PuuU,2( t ) +  2p Uvu '( t ) v ' \ t )  +  Pvx-v'-(t) =  0.

L et us now seek the conditions th a t  3 quantities

R  =  R (u , v), S  = S (u ,  v), T  — T(u, v),

(7)

(8) 

(9)

m ay be the second derivatives Z zx, Z xy, Z 21 of a single function Z (x ,  y) . T he required 
conditions R V = S X, S y = T x m ay be w ritten in the form

R,,s T  R vt — S ur +  S t.s, S„s +  S rt =  T ur +  T rs. (10)

We now seek the conditions th a t these two equations arc both  satisfied in v irtue of 
equation (2). T his will be the case when

R  v 1L‘p vr) R u wp ltv ~i~ by Su w p „ u, Sv — b IVp y, ,

Tu =  w'puu, T t = w 'p uv +  li'y S„ =  h' — w 'puv, S r =  — w 'pvv.

Equating  the different expressions for R uv, 5 UC, T uv we obtain the equations

llyi — Wyypyyy. lVVp Utly IlV ™ WyiPw >

bu 1C r p uu “  puvy b v — W i; puv Wu pvt"

The elim ination of h and h '  yields the two equations

IVuuprv 2.wurp ur T  w vvp uu — 0,

IVuUpW 2 Wyirpny “(~ Wvrpytu — 0

(11)

(12)

(13)

which show th a t w  and w '  are solutions of equation (6). T he case of chief hydrody- 
namical in terest is th a t  in which the second derivatives of w  and w '  are all zero. We 
shall, however, look first a t  a possible a lternative  case.
E quating  the different expressions for S u and S v we obtain the equations

Hence

Wpuu =  w'pur +  J  [»„' d (p r) — wld{pu)]y

w'pvv = Wpuv +  J [wud(pr) — w td(p„)].

Wv prv +  w'purv = 2w vpuv +  Wpuvr ~  Wup,.v,

2wû puv — Wv pu u +  w 'p uuv =  Wupuu +  Wpuuu,

WÛ prv +  w'Purv =  Wvpuu +  Wpuuv

(14)

(15)



These equations lead to  the relation

w'D v = wDu, where D =  p uup xv — p l v. (16)

This equation is satisfied identically when D  is constan t b u t it  m ay also be satisfied 
if w = E„, w ' = E U where D  and E  are related. An im portan t case of this second type 
occurs when D  is a  function of q only and w = v ,  w '  = u. In this case

h — — p u, h' =  — p v, R  =  vpv — p, T  =  u p u — p, S  — — u p v — — vp„, (17)

and p  is a function of q only. If p u = — up, p v =  —vp, where p is the density  of the fluid 
we have

R  =  — p — pv2, S  =  puv, T  — — p — pu2, (18)

and so Z  is a kind of stress function which satisfies the equation

R T  - S 2 = p (p  +  pu2 +  pv2) = p(p  +  pq2) =  F (R  +  D  (19)

since R - \ - T  =  — 2p —pq2. The partia l differential equation for Z  is thus of Legendre’s
type [5]

3C(R, 5, T)  =  0. (20)

In the special case in which — F (R  +  T )  = K Z — |( i?  +  7’)2 the equation reduces to  
one which occurs in Sain t V enant’s theory  of plastic bodies. This equation has been 
discussed by H encky [6], P rand tl [7] and C aratheodory [8]. Oseen [9] uses the m eth ­
od of Legendre in which the equation is first solved for R, d ifferentiated w ith respect 
to y  and so reduced to an  equation

(.K 2 -  V % y \ V XX -  Vyy) +  2 V XV Xy =  0 (21)

in which
S  = V X, T  = Vy.

I t  should be rem arked th a t  if p x — u = z x, p u = ~ v — —z y,

p +  pu2 +  pu2 =  p, 1/p  — — p, (22)

we m ay write

R  — — p  — pi'2, S  =  puv, T  =  — p — pii2, (23)

and the equations R V = S Z, S y — T x lead to the partia l differential equation for the 
stream -function  z.

In the theory of plane waves of finite am plitude equations of Legendre’s type oc­
cur in a t  least two ways one of which is discussed by  J. R. W ilton [10]. In the o ther 
way use is m ade of the equations

R  =  p, S  =  — pu, T  — p  +  pu1, (24)

where now y  denotes the tim e and x- a co-ordinate in the direction in which the waves 
are travelling. T he quantities u, v are again the derivatives of a velocity potential 
z, p is the density, p  the pressure and u  the velocity of the fluid. T he quantities R , S, T  
are the second derivatives of a stress-function Z. T he additional equations from which 
the relation between R, S  and T  m ay be derived, are

v +  h i 2 =  f'(p), P =  /(p) — pf'(p)- (25)
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T he desired relation is thus

T  -  R ~ lS 2 = / (R) -  R f '(R ) .  (26)

This equation, like th a t considered by W ilton, m ay be solved by the m ethod of 
Legendre in which the equation is differentiated w ith respect to  one of the independ­
en t variables (in this case a;) so as to reduce it to an equation of the M onge-Ampere 
type. T he transform ation to the new equation can be regarded as a special Backlund 
transform ation [ l l]  as Oseen [9] observes. If U = Z X, the new equation is

Uyy -  2{U y/ U z) U zy +  ( U l / U l ) U zz =  -  R f " { R ) U zx = c2U zz • (27)

or
I I U ZZ +  2 K U zy +  L U yy =  0,

where I l = { U 2v/Z fx) - c 2, K = - ( U y/ U z), Z =  1. T he invarian t G is

G = K -  — H L  — c~ (28)

and the condition G t^O is satisfied so long as c-^O .
In the present case
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(29)
R u = — pu /c2, R v =  — p /c2, S u = p(u2/ c 2 — 1)S„ =  pii/c2, 

r „  =  Pu( 1 -  u 2/ c 2), Tv =  -  p( 1 +  m2/c 2) .

T he two equations (10) are both equivalent to

(u 2 — c2)r +  2 us +  1 =  0, (30)

and it is readily seen th a t w  — — 1, w ' = — u, g = k <l — hl = c!-7i §.
I t  should be noticed th a t  if we solve equations (9) for u  and v in the form

u = F ( R , S ) ,  v =  G(S, T),  (31)

the equation u y = vz is satisfied on account of R y = S x, S y = T x if

Fr =  Gsi Fs — Gt . (32)

These two equations then are consequences of the single equation 3C(R, S, T)  = 0 . T he
expression of such an equation in the two forms (32) m ay be regarded as a problem  of
some in terest.

In the case when D  is a constan t and p  is a function of q only

D = p qp j q  =  P2[l ~  (?A )2]- (33)

and the flow is either entirely  subsonic (D > 0 ) or entirely  supersonic (D < 0). In 
m any cases in which p  is a function of q only, D  can have either sign and so the flow 
is partly  subsonic and partly  supersonic. I t  is then of some in terest to seek the condi­
tion satisfied by the function 3C(R, S, T ) when D > 0 . For this purpose we w rite the 
equation in the form

0 =  3C{R, S , T ) =  [(£  -  T )2 +  452]I/2 -  J { R  +  T ),  (34)

where /  is a function which is such th a t

-pf'(p) — ~  J [ ~  2/(p)]. (35)



Here p = f ( p )  —pf'(p)  is the relation between the pressure p  and density p. Now we 
find by differentiation th a t

3C„ +  X T -  2 =  -  2 -  2J ’(R  +  T) =  -  4 -  2p/"(p)//'(p) =  4(cV?2 ~  D- (36)

Hence 3C/i +  3Cj- — 2 > 0  when c2> g 2and 3C« +  3Cr — 2 < 0  when c2 < q2. In the case of the 
plastic equation J  is a constan t and so

3C« 3Cr =  0. (37)

T he corresponding flow is characterized by the relation q- = 2c- and is consequently 
supersonic.

A simple case in which D  is constan t is obtained by writing

p =  an2 +  2 cuv +  fa.’2, (38)

where a, b and c are constants. The functions iv, w '  both satisfy

bw„u +  aw vv — 2cwUv =  0, (39)

and we m ay w rite w — b V u, w ’ = a V v, where V  is a solution of this equation. If a func­
tion W  is defined by the equations

W u =  cV u -  avv, W v = b V u -  cV„  (40)

we m ay w rite h — 2bW u and it is readily found th a t we can write

i? =  2b(lV +  cV), S  =  -  2abV, T  = 2a (W  +  cV), (41)

where V  and W  are connected by the foregoing equations. In this case the relation
between R , S  and T  is sim ply

a3C =  aR -  bT  =  0. (42)

T he q u an tity  3Cb +  3Ct —2 is now sim ply — (a+Z>)/a, a constant. T here is no change in 
sign of the expression. I t  will be noticed th a t  the equations a R —b T  =  0 and

ar +  2 cs +  bt =  0 (43)

satisfy  the condition of apolarity

Ab  +  B a -  2Cc =  0, (44)

when the first equation is w ritten in the form A R - \-2 C S - \~ B T  =  0.
3. T he transform ation of the M onge-Am pere equation. If for the equation

hr +  2 ks ;'+ It -T m  +  n{rt — s2) =  0, (45)
the expression

g =  k2 — III -f- m n  (46)

is not zero and so the two system s in the m ethods of M onge and Boole are d istinct, 
the equation is transform ed by a contact transform ation
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X  =  X ( x ,  y, z, u, v), Y  =  Y (x ,  y, z, u, v), Z  -  Z{x ,  y, z, u, v), \

U =  U{x, y, z, 11 , v), V  =  V (x ,  y, z, it, v), dZ = U d X  — V dY  =  a{dz — u d x  — vdy) j
(47)

into an equation

H R  +  2K S  +  L T  +  M  +  X ( R T  -  S 2) =  0 (48)
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for which the q u an tity  G = K i - I i L - { - M N  = 0.
In a  paper published in 1904 Sophus L ic-[l2] rem arked th a t it  would be desirable 

to have a d irect proof of this theorem  and K iirschak [13] gave one based upon a 
representation of the equation in the form of a  Jacobian

d{a, b)/d{x, y) (49)

where a and b are functions of x , y , z, u, v and d /d x  = d /d x - \-u {d /d z )  -\-r{d/du)  
-\-s{d/dv), d /d y  = d / d y + v ( d / d z )  -\-s{d/du) -)rt{d/dv). W hen this representation is not 
used the proof is algebraically more difficult b u t the  analysis is w orth giving on ac­
count of the num erous relations to which it leads. Reference for this type of proof m ay 
be m ade to  a paper by  R. G arnier, S u r  la transformation des dérivées secondes dans les 
transformations de contact et les transformations ponctuelles, Bull, des Sci. M ath . (2), 
64, 13-32 (1940).

W e shall suppose th a t  dz = udx-\-vdy  and th a t consequently dZ =  UdX-\-  V d Y .  T o 
make d U  = R d X + S d Y ,  d V  =  S d X  +  T d Y  consequences of d u = r d x + s d y ,  d v = s d x  
f - td y  we shall require th a t

dU  -  R d X  -  S d Y  =  (U u -  R X U -  S Y f ) { d u  -  r d x -  sdy)

+  (U v — R X V — S Y u)(dv — sdx  — tdy),

dV -  S d X  -  T d Y  =  (Vu -  S X U -  T Y u){dn -  rd x  -  sdy )

+  (F , -  SX„ -  T Y v)(dv -  sdx  -  tdy).
W ith the no tation

(50)

Z y +  vZz, etc.,

{uv) =  U v 

(vv) = V v

R X V

s x v -

■ S Y V, 

T Y V,

r{uv) +  s{vv) +  V i -  S X i -  T Y i  =  0, 

s{vu) +  t(vv) +  F 2 — S X 2 — T Y  2=  0.

Zi — Z i +  uZz,

{uu) = Uu -  R X U -  S Y U 

{vu) =  V u -  S X u  -  T Y u  

the equations to be satisfied are 

r{uu) +  s(uv) +  U i -  R X i  -  S Y i  =  0,- 

s{uu) +  t{uv) +  Ui -  R X 2 ~  T Y i  = 0 ,

Hence
rA =  UvV x-  U 1V v+ R { X 1V v-  FiA%) + 5 ( 7 ^ ,  +  U xX v- X xU v-  F iF ,)  

+  T{ U\Yv -  IT Uv) +  (R T - S > )  {Y xX v -  ATK.), 

tA =  U2Vu -  V iU u+ R {  X UV 2 -  X 2V U) + S { X 2U u + Y u V 2 - X v U2- Y 2V u) 

+  T { Y 2Uu-  Y u Ut) +  { R T -  S*){X 2Yu -  X u Y 2) , 

s A ^ U xV u - V 1 U u + R { X u V 1 - X 1 V u ) + S { X 1 U u + Y u V 1 - X u U 1 - Y 1Vu) 

+  T {U u Y 1 - U 1Y u) +  { R T - S * ) { X 1Y u- X u Y 1), 

sA = V 2Uv-  U2V v+ R { X 2V v- X z V 2) + S { U 2X V+ Y i V , - X t U , - V t Y r) 

+  T{ U2Y v -  Y 2 U v) +  { R T —S 2) { Y 2X V -  X  2Y v) ,

A { r t - s 2) = U xV 2-  ¿72F i+ R ( F 1A 2-  F 2AT) +  T { U 2Y y-  UxY 2)

+ 5 ( U2X x-  U xX 2+ V xY 2-  V 2Y x) +  (R T - S 2)(AiK*- X 2Y x) ,

A - U uV v- U v V u + R { X vV u- X u V v) + T { U vY u - U u Y v)

+ S { Y vV u- Y u V v+ U vX u - U u X l)  +  { R T - S ' - ) { X u Y v- X vYu).

(5 1)

(52)

(53)



T he two expressions for s are equivalent on account of the relations

[.U V ] =  [X V ]  =  [YU] =  [X V ] =  0, [AT£/] =  [Y V  ] =  a (54)

which, in addition to the relations [F Z ] =  [Z X ]  =  0, \U Z ]  =crU‘[V Z ]  = a V  are sa tis­
fied because the transform ation is a  con tac t transform ation. In these relations [.A B ] 
is the Poisson bracket

[AB] = A uBx - A t . B u +  A vB 2 -  A 2B V. (55)

T he relations arc derived by Lie [12] by a clever device. In the book of Cerf [14] the 
relations are derived from the equation

<t \A B ]  =  [a i] (56)

where A ,  B  are the expressions for a(x, y , z, p, q), b(x, y , z, p, q) in the new co-ordinates 
[AT, Y, Z ,  P , Q\, while F. Engel [15] obtained them  w ith the aid of the bilinear co­
v arian t by a developm ent of a m ethod used by G. Darboux.
I t  is readily seen th a t  the equation hr~Y^ks-\-lt-\-ni-\-n(rt—s2) = 0  becomes H R + 2 K S  
+ L T + M + N ( R T - S ) = 0 ,  where

H  =  HP, +  k ( P b +  P q) +  IP a +  m P r +  n P c,

2 K  =  h (R p +  Cp) +  k(Cb +  R b +  Cq +  R q) +  l{R a +  C.)

+  m (R r +  Cr) +  n (R c +  Cc),

L  =  hA p -f- k ( A b +  A q) -j- IA a -f- tnAr T  u A c,

M  =  hQp -f- k{Qb +  Q,,) +  IQ a +  tnQr +  nQc,

A' =  hBp +  k ( B b +  B q) -T lB a T- m B r T  n B c,

where
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A a =  U UY 2 - u 2y u, A i  — U uYi - U \ Y U, A c = U2Y i -  UxIT,

A p = UyYv - UVY  x, A q = U2Y v - u q y 2, A r =  U VY U -  ETF„

Ba =  X 2Y U - x uy 2, B b = XiT« - X  PY h B c = X i Y 2 -  AT2F x,

B P =  X v Y i  - AT ,F„ Bq = X vY 2 - x 2y v, B r =  X UY V -  ATIT,

C a = X 2U U - AT U2, c b = X iU u  - X u U u Cc =  X 1 U2 - x 2u h

C p = X vUi - X i U v, C, = x vu 2 - X 2U V, Cr =  X UU V -  x vu u,

Pa =  XuVa - X 2V  u, P b = x uv l - x 1 v u, Pc =  X 2V x -  X i V 2,

P p =  ATF„ - X vV u Pq = X 2V v - X vV 2, Pr =  X vVu -  X uV v,

Qa = U2V U - UUV 2, <36 = UiV„ - UuV u Qc =  U 2V 2 -  u 2v h

Qp =  U vv  1 - U i7 „ Qq = UvV 2 - UiVv, Qr =  UuV v -  UvVu,

Ra =  Y uV 2 - y 2 i t , Rb = Y uv  1 - YiVu, Rc =  Y 2V 1 -  FxF2,

R P =  Y i V v - Y vV  i, Rq = Y 2V v - Y vV 2, Rr =  Y vV u -  Y uV v.

These equations give the relation
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' K 2- H L + M N = J ( k 2- h l + m n ) ,  if 

ï(C& +  i2|,-t-Cf! +  i?ij)2— {Pb~\~ Pq){A b~\~A q) +  (Qî> +  <25) (Bb~\~Bq) —J I 

\r(Rr+ C r)(R c+ C c) +  (QrBc+QcBr) ~  (P rA c+ P cA r) = 7 ,

1CRp+Cp) (Ra +  Ca)+ (Q p B a+ Q aBp) -  (PpSl a+ P a A p) = - / ,  

ï (R p + C p ) 2+ Q PB p - P p A  p =  0, l ( R a+ C ay + Q a B a- P „ A  „ = 0,

\ ( R r + C ry + Q rB r - P rA r = 0, KRc +  Ccy + Q cB c- P ' A c = 0,

(58)

i(-Z?p+C,p)(Cj,+i?i,+Ca+ i2 s)-f-Qp(5i,-|-3!I)+5p(Q (,-|-0a)

= P p(A b+ A q) + A p ( P b+ P q), 

■i{Ra-\-Ca)(Cb-\-Rb-\-Cq-\-Rq)-\-Qa(Bb-{-Bq)-\-Ba{Qb-\-Qq)

=  P a(A b+ A q)+ A a (P b  +  Pq), 

h(Pr +  Cr)(C6 +  i?i, +  Ca +  i?a)+ ( ) r (BbA-Bq)-\-Br (06 +  (?a)

= P r (A b+ A i)+ A r (P b  +  Pq),

K R c + C c) (Cb+ Rb+ C q+Rq ) + Q C (B b + B q )+ B c (Qb+Qq)

= P c(A b+ A q) + A c (P b+ P q),

K R P+ C p )(R r + C r )+ Q p B r + Q r B p -P p A - , -P rAp = 0,

i(RpA-C p)(RcA-Cc)ArQpBcA-QcB p —P p/lc— P cAp=Q,

%(R* +Ca) (Rr+Cr) + Q aB r+Q rBa ~ P aA t -  iV l „ =  0,

f  (i?a+ c „ )  (J?c+ C c) + ^ + < 2  A  -  P o A - P cA  .  =  0.

These relations m ay be established by using a param etric representation of the 
quantities satisfying Lie’s conditions for a con tac t transform ation, we therefore w rite

X \  — d\e -f- die', X 2 =  b\e -\~ b2e', X u — c\e T  c2e', X v = die -T d2e',

Ui =  a i f  +  a2f , U2 =  b i f  +  b2f ,  Up = c i f  +  a f ,

— Y u = a2p  -f- dip', — Y v = bzp -f- bip', Y i  = Cap -f- Cip',

— V u = az q +  diq', — V v = b3q +  b ^ ' ,  V  i = c3q +  Ciq',

where the quantities

U v =  d i f  +  d2f ,  

Y  2 =  dzp +  dip' , 

Vi  =  dzq +  diq' ,

(59)

d 1 0 2  & 3 &\

b 1 #2 4̂

Cl C2 Cl C\

d\ d% dz di

form an orthogonal m atrix and the quantities e, p, p ' ,  q, q ' are such th a t

(ciß2 —xC2ßi T  dpbi — d2b i ) ( e f  T  e'f) = {d2di — CI4C3 T  bzdi — bidz)(pq' — p'q) =  cr. (60) 

I t  is then found th a t

-  H  =  eq{ 1, 3) +  e'q(2, 3) +  eq'{\, 4) +  e'q'{2, 4),

-  L = f p (  1, 3) + f p ( 2, 3) + / / ( ! ,  4) + / y ( 2 ,  4),

2IT =  («/' -  < /)(  1, 2) +  GY -  p 'q)(3, 4), (61)

M =  /ç ( l ,  3) + A ( 1 ,  3) 4) + / Y ( 2 ,  4),

=  ep{ 1, 3) +  e'p{2, 3) +  4) +  e'ÿ '(2 , 4),



where

(1, 3) =  li(dic3 +  dibz) — l(b ifl3 -|- Cydz) -f- k(d\d3 -f- 6163 — d\d3 — C1C3)

+  n(aid3 — bi.Cz) +  m (dia3 — Cib3),

(2, 3) =  h{dzCz "I- <22̂ 3) — l(bzd3 4* c3dz) -|- k(d3d 3 4“ ¿263 — <2203 — C2C3)

4~ ti(d3d3 — bzCz) 4- m(dzdz — c3bz),

(1, 4) =  h(diCi 4- 01^4) — l(bidi 4* Cidi) 4- k(d id t — bibi — 0104 — C1C4)

4- n(d\d\  — J 1C4) 4- m(d\d\  — C\bP),
(62)

(2, 4) =  h(d3d.\ 4- 02^4) — lifizdi 4- c->di) 4- k(dzdi 4~ b3b\ — <220-4 — C2C4)

4- n(d3d* — ¿2C4) 4" m^dzdi — C2J4),

(1, 2) =  h(did3 — dzd\) 4- l(b\Cz — ¿2̂ 1) 4- k(diCz — O2C1 4- d\bz — dzbi)

4~ u(d\bz +  <22̂ 1) 4- m{c\dz — diCo),

(3, 4) =  h(bzCi — b.iCz) 4” l(d.\d3 — <23̂ 4) 4" k(c3d3 — C4O3 4" b3di — bid3)

4- n(d3Ci — dAc3) 4- m{b3di — b4O3).

I t  is readily seen th a t

M N  -  I IL  =  [(1, 3)(2, 4) -  (2, 3)(1, 4)](e’f  -  e f ) (p 'q  -  pq') (63)

and th a t, on account of the properties of an orthogonal m atrix

(e 'f  -  e / ')2 =  {p'q -  Pq'Y: (64)

T he expression for K  also simplifies considerably and the proof m ay be readily  com ­
pleted. T he q u an tity  J  as in K urschak’s analysis, is equal to a2 and so is n o t zero.

C ontact transform ations are no t the only ones in which the condition gp^O is 
invariant. In the theory of the steady  two-dimensional m otion of an inviscid elastic 
fluid the equations satisfied by  the velocity potential z and stream -function z are 
respectively

puur 4- 2p uvs 4- p w t  =  0, pxivX 4" 2p uvs -f- p vvi =  0. (65)

In this case dz = udx-{-vdy, dz = ii dx-\-v dy  = p tdx  — p udy  and so

u = p v, 5 =  — p u , g = g = p l v — p Uupw - c2(u2 - f  i>2 — c2). (66)

T hus g =  0 either when c =  0 or when q = c. T he supersonic region is characterized by 
the condition g > 0  and the subsonic region by  the condition g < 0 . T he curve for which 
c =  0 is a boundary for the flow ju s t as in the case of the P randtl-M eyer flow round a 
corner. T he transform ation under consideration is a  special Backlund transform ation 
and is included in the group of Backlund transform ations

x  = X ( x ,  y, u, v), y  =  Y (x ,  y, u, v), u  =  U(x, y, u, v), v =  V (x, y, u, v), (67)

for which the Jacobian d ( X ,  Y, U, V ) /d (x ,  y , u, v) is no t zero. These transform ations 
have been studied carefully by G oursat [16]. T he requirem ent th a t

u d x  -f- v dy

should be exact leads to  an equation of the M onge-Ampere type in which z does n o t
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occur explicitly. I t  is shown, however, th a t  the general M onge-Ampere equation of 
this type cannot be obtained in this way and a sim ilar result has been found by J. 
Clairin [ l 7 ] in his studies of more general Biicklund transform ations. Clairin has 
studied in particu lar transform ations of type
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x' = f i ( x ,  y, z, it, v, z'), y '  =  / 2(x, y, z, u, v, z'),

u ' =  f 3(x, y, z, u, v, z'), v' = / ¿ x ,  y, z, u, v, s').
(68)

Some of C lairin’s work is sum m arized in the book of F orsyth  [18] and illustrated  by 
means of examples.

A nother transform ation of type (67) which preserves the condition 0 is ob­
tained by w riting

d U  =  R d x  +  S dy ,  dV  = S d x  +  Tdy,

where R, S, T  are the functions of u  and v used in section 2. M aking use of the equa­
tions .

(■u p u +  vpv)d x  =  p udz +  vdz, (iipu +  vpv)d y  = p vdz — udz, (69)

we find th a t
(T n  -  Sv)dU  +  (Rv -  S t f id V  =  ( R T  -  S 2)dz,

(S p u +  T p v)d U  -  (R p u +  S p v)d V  = ( R T  -  S 2)dz.

Hence, if

=  u ,  y '  =  V, u '  =  dz /dU , v' = d z /d V , ii' =  dz /dU , v' =  d z /d V ,  (71) 

we have the relations

u' =  (T u  -  S v ) / ( R T  -  S 2), ' /  =  (Rv -  S u ) / ( R T  -  5 2),

u' =  (Spu +  T p l) / ( R T  -  5 2), v' =  -  (R p u +  S p t) / ( R T  -  S 2)

(70)

(72)

which, in conjunction w ith the preceding relations define two Backlund transfo rm a­
tions. T he transform ations considered in m y paper on the lift and drag functions are 
of this type [19] and are n o t generally contact transform ations as is apparen tly  im ­
plied by a sta tem en t relating to  the correspondence of the supersonic regions in the 
two associated types of flow.

In  the case in which p  is a function of q only the relations between u ' ,  v ' , u, v are

u '  =  -  u /p ,  v' =  — v/p ,  q' =  q /p  

and, if p '  -  — 1 Ip ,  p '+ p ' q ' 2= — 1 / ( P + p q 2) we have

, pPp = ------------------- >

P +  pq2

dp’/d q '  = — qp/('p +  pq2) =  — p'q',

1 — q'2/ c ' 2 =  (1 — q2/ c 2) [p /(p  +  pq2) ] 2, where c '2 =  dp'/dp '.

This transform ation m ay be com pared with th a t  obtained by means of H a a r’s
ad jo in t variation problem s [20]. In  this case

u* = p j ( p  -  Upu ~  vpv) ,  v* =  p j ( p  -  upu ~  vpv), p* =  1 / ( p  -  Upu -  vpv),



and, when p  depends only on q,

u* =  -  pu /(p  +  pq2), v* =  -  pv/(p  +  pq2),

P* =  +  I / O  +  q2), q* = 'q / ( p  +  ?2)-

Defining p* by the equation d p * =  —q*dq*, we have

p* =  (p +  pq2) /p p ,  p* +  q* 2 =  1 / p ,  

c * 2  = ptp2q*(q2 — c2) / ( p  +  pq2) 2[c2(p +  pq2) 2 +  p 2(q2 -  c2)],

c*2 _  q*2 =  _  p Y c 2/ [ c 2(p +  pq2) 2 +  p 2(q2 -  c2)].

Hence c*2 = q*2 when c2 =  0 and c*2 =  0 when q2 = c2. I t  should be noticed, however,
th a t

c*2{c* 2 -  q2) =  c2(c2 -  q2) p 2Py / ( p  +  pq2) 2 [c2(p +  pq2) 2 +  p 2(q2 ~  C2) ] 2.

This m ay be com pared with H aar’s general relation*

(p*.v.p*.v. -  p t l v')(puupvv -  plv)  =  p ^ p * -* .

T ransform ations more general than  those of Backlund have been considered by 
Gau [21] b u t so fa r no hydrodynam ical applications have been found for these so far 
as I know. M ention should be made, however, of the equiareal transform ations from 
the Eulerian to Lagrangian co-ordinates in the two-dim ensional flow of an incom pres­
sible fluid. These transform ations have been much used in m apping b u t the hydro- 
dynam ical applications are beset w ith formidable difficulties.

No m ention has been made of the use of transform ations in the theory  of surfaces, 
congruences, etc. T his is a subject which is well trea ted  in the books of D arboux [22], 
F orsy th  [ l8], G oursat [ l 6], Bianchi [23] and E isenhart [24].

4. T ransform ation of the  linear equation. In the special case in which h, k and I 
are functions of x  and y  only, n  — 0 and m  is a linear homogeneous function of u, v 
and z w ith coefficients depending only on x  and y, the M onge-Ampere equation  reduces 
to a linear equation. The behavior of this equation in transform ations of type

X  = X ( x , y ) ,  Y = Y ( x ,  y) ,  Z  =  zF(x, y) (73)

has been studied by D arboux [22], C otton [25], R ivereau [26], J. E. Cam pbell afte r 
the case F =  1 had been discussed by Laplace [27], Chini [28] and others [ l 6]. 
Campbell uses the equation in a form in which g =  1, a form to which the general equa­
tion can be reduced by  m ultiplying it  by a  suitable factor. He then shows th a t  there 
are two invarian ts I , /  and an absolute invarian t J / I  where if suffixes denote partial 
derivatives

I  = h a x T  k (a y T  bx) T  lbv T  ( lix T  k y)a  T  (k x -j- lv)b

+  Ita2.-f- 2kab +  lb2 — m x, J  — ay — bx,

2 a =  l ( h x +  k y — m u) — k ( k x +  l y — w„)>

2 b =  h ( k x +  /„ — m v) — k ( h x +  k y — m u).

* This is a consequence of the relations

= P P ' ^ P -  -  P-), ^  = P ' P K P i ^  -  P i - 0.

In the correspondence between the two hodograph planes complications arise on account of the relation 
of PuuPui Puv to these Jacobians.
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(74)
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Laplace's invarian ts are 1(1 — 7), ^ ( I+ T ) .  These are used w ith a different no tation , 
in D arboux’s Theorie des Surfaces, t.2. C am pbellshow s th a t in the case of the equa­
tion of Euler and Poisson the invarian ts I  and 7  are constant. This m ay be com pared 
w ith C otton’s result. T he harm onic equations belong to the group characterized by 
the relation 7 = 0 .  T h e  equations considered by B urgatti [29] are such th a t  7 =  0.

In m athem atical physics the simple solutions of linear equations play an im por­
ta n t  p art and the prim ary problem is th a t  of separability . Even in the case of the 
equation w ith two independent variables there are some unsolved problems. A good 
idea of the progress which has been m ade m ay be derived from D arboux’s book [22]. 
T he m ethod of Laplace provides an im p o rtan t way of reducing equations by a  cas­
cade process which is particularly  useful in the trea tm en t of equations arising in the 
theory of plane waves of finite am plitude. Reference m ay be m ade to  a paper of 
Love and P idduck [30], an article by P la trier [31 ], some papers by B echert [32] and 
to  two papers by Oseen [9] in which the transform ation and  reduction is given for 
equations occurring in the theory  of earth  pressure and in the theory  of plasticity.

In the theory  of the steady  motion of an inviscid compressible fluid the equations 
in the hodograph plane are linear. These equations are

PvvlVuU 2p uvWuc ~\~ puu^vv  — 0, pvvWHU 2puv^uv “1“ Puu'&VV b)
2 =  1115, +  VWv — W =  qivq — W, Z =  UWu +  V~d>v — w =  qwq — w.

W hen p  is a function of q only the equations u = p v, v — —p u take the form

u  =  — pv =  — q sin r, i' =  pu =  q cos r, q = pq, (76)

and the equations become

Wr, +  q(qwQ)q =  0, w TT +  q(qWq)q = 0 (q a function of q). (77)

These are consequences of simple relations between w  and w

w T +  qw^ =  0, w r — qw^ =  0. (78)

T he corresponding relations between z  and s are found to be

q %  =  qzr, q \  =  -  qzT (79)

and so the equations for z  and z are

(?7S)](22/?)Z5L +  Srr =  0, 1
(q.*/q){(q2/q ) z q h  +  ZrT =  o. j

These are equivalent to the equations obtained by M olenbroek [33] and Tschaplygin
[34] for the case in which the relation between p  and p is of the polytopic or ad iabatic  
type. T he sym m etrical forms of the equations are easy to remember.

I t  is som etimes useful to introduce o ther quan tities which satisfy  linear relations. 
T hus we m ay obtain the desired relations between z, z, w, w  by w riting

w  =  eT =  qeq, w = eT = — qeq,

z =  — eT — (q/q)eTT, z =  {q/q)e TT — eT,

where
cTt “h ^tt ~h q
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T he lite ra tu re  dealing w ith  the transform ation of linear equations in several vari­
ables is very  extensive and only a brief sum m ary can be a ttem p ted  here. B eltram i’s 
w ork on differential param eters [35] was extended by Ricci and L evi-C ivita [36], 
C otton [25], Levi-C ivita [37] and m any other writers. T he developm ent of general 
rela tiv ity , electrodynam ics and the theory  of elasticity  has made this work more or 
less known. T he work of Lam é on simple solutions of the potential equation [38] was 
m uch developed by la ter w riters and a good sum m ary of results up to 1893 is given in 
the book of Bôcher [39]. T he use of a variational principle for obtain ing the tran s­
form ation of the equation was recom m ended by  Larm or [40], V olterra and others
[41]. Since the adven t of the new quan tum  theory  the in terest in separable equations 
and separable system s has much increased. M ention m ay be m ade of the  w ork of 
Staeckel [42], E isenhart [43] and Robertson [44].

In addition to the simple solutions of partia l differential equations there are solu­
tions having the form of products in which one or more or the factors satisfies a  par­
tial differential equation instead of an ordinary  differential equation. C om paratively  
little  work has been done on this problem. In the case of Laplace’s equation V xx+  V vu 
+  F*2 =  0, the aim  is to find a solution of form [45]

V  = Z F ( X , Y ) ,  (generalized binary potential)

where F  satisfies a partia l differential equation of the second order in the variables 
X  and Y.  T he problem seems to  depend on the form ation of a relation of type

(p2 +  q2 +  r 2) (dx-  +  d y 2 +  dz2) -  (p d x  +  qdy +  rdz)2 =  a d X 2 +  I h d X d Y  +  bdY2

in which a,  b and h are functions of X  and Y  only. T here is a sim ilar relation for the 
corresponding problem in any  num ber of variables.

5. T he transform ation of L egendre’s equation. Legendre’s equation

3C(R, S, T) =  0

is unaltered in form by a Legendre contact transform ation

X '  =  U,  Y '  =  V ,  U '  =  X ,  V  =  Y \  Z '  =  U X  +  V Y - Z ,

which m akes

R '  — T / ( R T  — S 2), S '  = -  S / ( R T  -  S 2), T'  =  R / { R T  -  S 2).

In  particu lar, the equation
R ' T '  -  S '2 =  F { R '  +  T')

becomes
f R  +  T \

an equation of the same general type. Again, if a ,  b and h are constan ts the contact 
transform ation

Z '  =  U a X 2 +  2 h X Y  +  5F2) + Z ,  X '  = X ,  Y '  = Y ,

U'  =  a X  +  h Y  +  U,  V  =  h X  +  b Y  +  V

m akes R ' = a + R ,  S '  = h + S ,  T '  = b +  T  and so transform s an equation of Legendre’s
type into ano ther equation of the sam e type. E quations of the preceding type
usually go in to  Legendre equations of a slightly different type.



O ther transform ations m ay be found by first transform ing the equation to the 
M onge-Ampère form by Legendre’s device. If, for instance, the equation is

T  = F (R , S )

and we differentiate with respect to x  using then the new notation  z = U ,  R  = U x = u, 
S = U y = v, T x = S y = t,  R x = r, S x = s, the new equation is

i = F u(u, v)r +  F v(u, v)s.

Com paring this w ith the equation p uur+ 2 p uvs- \ -p vvt = 0 we find th a t

F u Puu/Pwt F v ~  2p u t ' /p w

Elim inating F  we find th a t the equation for z is no t a general equation of the type 
considered in §2 because the function p(u , v) satisfies the condition

2
dD/dv  =  0 where D — p uup vv — p uv.

An equation for which D  is constan t satisfies this condition and the equation of 
type

X ( R ,  S ,  T)  =  0

associated with it by  the analysis of section 2 m ay be regarded as a transform  of the
original equation 3C(2?, S, T)  = 0 . In the case when D  =  1, we m ay write

puu =  ea sec b, p vv =  e~a sec b, p uv =  tan b,

where a  and b are functions of u  and v which m ust be chosen so th a t

sec2 bbu =  e2 sec b(at)  +  e° sec b tan b(bv),

sec2 bbv =  — e~a sec b(au) +  e~a sec b tan b(b„).

Also, since Fu = —e2°, F v— —2ea sin v, we m ust have the additional equation

2e“ cos b(bu) — 2 eu { a l)  +  2e“ sin v(au) =  0

which is seen, however, to be a consequence of the o ther two. E lim ination of the
derivatives of a gives the equation

6 bw I e buu 2 sin bbuv — H or puubw *E pwbuu 2puvbuv — d

and it is readily seen th a t a satisfies the same equation. T he equation 19 =  1 is given 
as an example in F o rsy th ’s book, p. 220, Ex. 11.
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THE INTRINSIC THEORY OF THIN SHELLS AND PLATES* 
PART I.— GENERAL TH EO RY

B Y

WEI-ZANG CHIEN 
Department of Applied Mathematics, University of Toronto

1. Introduction. The developm ent of the theory  of th in  shells and plates by  m any 
au thors [l, 2, 3, 4] can be sum m arized under the following three main heads:

(1) All theories are based upon certain  sim plifying unproved assum ptions. For 
example: (a) the thickness remains unchanged during the deform ation, (b) the m iddle 
surface in the unstrained s ta te  deforms into the middle surface in the strained sta te ,
(c) the norm als of the unstrained middle surface deform into the norm als of the 
strained middle surface.

(2) All theories involve the use of displacement- to describe the s ta te  of deform a­
tion. This plan works well in the theory of small deflection, b u t presents considerable 
difficulty in the case of large deflection.

(3) T he various approxim ations used in the theory of th in  shells and plates are 
confusing. If  one a ttem p ts  to give a com plete picture of the theory, one m ust be able 
to  introduce a  system atic m ethod of approxim ation, which no t only clears aw ay the 
confusion of various approxim ations, b u t also leads to a  com plete classification of all 
thin shell and plate problems.

T he purpose of this paper is to give a system atic trea tm en t of the general problem  
of the th in  shell, which includes the problem of the th in  p late as a special case. T he 
work is based on the usual equations of elasticity  for a finite body, supposed to be 
homogeneous and isotropic. T he final equations of P a rt I are the three equations of 
equilibrium , (6.34), (6.35), and the three equations of com patibility, (6.43), (6.44), 
for the six unknowns, paß, qaß, which represent extension and change of cu rvatu re  of 
the middle surface. W hen these quantities are found, the stra in  and  stress th roughout 
the shell or plate can be calculated. T he displacem ent does n o t appear explicitly in 
the argum ent. Since we deal ra th e r w ith  stress, stra in  and  curvatu re (all tensors), the 
tensor notation proves much more convenient than  any  other.

In P a rt II  and I I I ,  we shall discuss the various approxim ate forms of the equations 
arising from consideration of the thinness of the shell or plate and the smallness (or 
vanishing) of its  curvature. T he stra in  is, of course, always supposed to  be small. W e 
obtain a com plete classification of all shell and plate problems. T here are found to be 
twelve types of plate problems, and thirty-five types of shell problems. T o each type, 
there corresponds a set of six equations which are simplifications of the equations 
(6.34), (6.35), (6.43), (6.44) of P a rt I, w ith  certain  term s dropped on account of 
smallness and the uncalculated residual term s om itted . T he equations obtained in ­
clude all the fam iliar equations in the field of small deflection and the few equations

* Received May 13, 1943. This paper is part of a thesis submitted in conformity with the require­
ments for the degree of doctor of philosophy in the University of Toronto, 1942.

The work was carried out under the support of a scholarship granted by the Board of Trustees of 
the Sino-British Fund.



298 W E I-Z A N G  C H IE N [V ol. I , N o . 4

already known for large deflection. T he new results for finite deflection m ay prove 
particularly  interesting.

T he au th o r is much indebted to Prof. J. L. Synge who not merely has directed this 
work b u t has actively partic ipated  in it.

2. R eduction of force system  to reference surface; macroscopic equations of 
equilibrium . We shall s ta r t  in this section b y  reviewing some main results in a previ­
ous paper [5].

All theories of thin shells and plates involve the use of a reference surface. Usually 
the middle surface is taken  w ithou t explicit distinction between the m iddle surface 
in the unstrained s ta te  and the middle surface in the strained state . In the present 
m ethodical trea tm en t we shall use a general reference surface in the m aterial in sec­
tions 2-5. In section 6 and la ter parts we shall use the surface in the strained s ta te  
formed by the particles of the middle surface in the unstrained state . To the order 
of approxim ation used there, this is indistinguishable from the m iddle surface in the 
strained sta te . (This is generally assum ed to be the case; cf. E. Reissner [4].)

The following coordinate system  will be used: a;0 a t  any point A  inside the m aterial 
of the shell or p late  is the perpendicular d istance of A  from the reference surface S0, 
and a t  A  are the values of any  Gaussian coordinates on S0 corresponding to the foot 
of the perpendicular dropped from A .  (T hroughout the paper, L atin  indices have the 
range 0, 1, 2 and Greek indices the range 1, 2; sum m ation over either of these ranges 
will be signified by the repetition of an index.) This m ay be called a  norm al space co­
ord inate  system  w ith  respect to So.

L et us denote the line elem ent in space by ds2 — gijdx'dx’, where g ; i s  the funda­
m ental tensor. F urtherm ore le t g[oj.>' be the values of g a  a t  So, then we have in usual 
tensor notation

goo — g(0]00 =  g°° =  g[0] =  1» g O a  =  g [0] 0a  =  gW =  g(0] =  0, (2 .1)

g[0]a£ =  aafi, g[0] =  a“3. det. (g[oui) =  g[o] =  det. (aa/,) = a, (2 . 2)

where aapdxad xp is the m etric on So.
We shall now consider forces in the shell or plate. L et C be a  curve on S 0 and A 0 

a  poin t on C. L et ?zf0j be the u n it vector in S 0 norm al to C a t A 0, indicating the posi­
tive side; let be an arb itra ry  u n it vector in So a t  A 0. We consider the system  of 
forces acting  across an elem ent of area standing on the elem ent dsa of C a t  A 0, and 
term inated by the surfaces of the shell or plate. We replace the forces acting on the 
elem ent by a statically  equipollent system  acting a t  ^40- This leads to the following 
invariants, which in fac t define the macroscopic tensors, T a0 (shearing stress tensor), 
T a* (m em brane stress tensor), L aii (bending m om ent tensor):

T^nwadso  =  shearing force normal to S 0 across the element ds0,
T ahiio]aA l0]t)dso =  component in the direction of Ato] of membrane stress across

the element ds0, (2.3)

Aai«[o]aA(o]0iAo — component in the direction of Afoi of the bending moment 

across the element dso.

Similarly, let dSo be an elem ent of area of S 0 a t A 0. Consider the external forces 
acting on the volume elem ent consisting the norm als to So standing  on the elem ent
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dSo and term inated  by the surfaces of the shell or plate. We replace them  by a s ta t i­
cally equipollent system  acting a t  A q. T his leads to the following invariants, which 
give the definitions of the external force and external m om ent tensors, F ‘, M a:

F°dSo =  normal component of the external force on dSo,

FaA[o]adS 0 =  component in the direction of A“0] of the external force on dS0, (2.4) 

M aA[o]adSo — component in the direction of A“0j of the external moment on d So.

T hen from purely statical considerations, we obtain the following six equations of 
statical equilibrium  ([5], p. 110):

(a) r - | . - i i s r * i  +  f  =  o,
(b) +  la tb p y T i*  +  F° =  0,

(c) IS * it +  +  M *  =  0,
(d) vio]*ßTaß — i b aßL°f> =  0.

The symbols have the following meanings:

T “V  =  T a0.* +  i  “  }
lira) a

T aß\a =  T aß,a +  {  ^ }  T tß T ax, (2.6)
lira) a (ira) a

baß =  (gaß, o).*«-0,
Viojaß =  al l2eaß, eii = e22 = 0, ei2 = — e2i = 1.

The Christoffel symbols are calculated for a ag. The quantities ( l / 2 ) b aß are the  coeffi­
cients of the second fundam ental form of 5 0; they vanish if S 0 is a plane. T he radius
of curvature R  in the direction of a un it vector jugi (counted positive when So is con­
vexen the sense of x° increasing) is given by

2 / R  =  baßß“0 (2-2)

By elim inating T a0 from (2.5) we get a set of three equations,

+  (1/2) aaPbßrijJoj a \iLrS, T +  F« +  = 0 ,  (2. 8a)

+ F °  +  a ^ A f ^ y =  0. (2.8b)

These equations, ra ther than  the equations (2.5), are fundam ental in the later theory. 
I t  should be noted th a t in the case of repeated covarian t differentiation w ith respect 
to aaß, the order of the operations cannot be changed unless the to tal cu rvature K  
of the reference surface S 0 (cf. Eq. (3.13)) is equal to zero.

T he above equations are valid for shells and plates of finite thickness. W hen we 
come to deal w ith approxim ations based on the smallness of certain quantities, we 
m ust of course consider only the m agnitudes of dimensionless quantities. I t  is 
best therefore to work w ith dimensionless quantities throughout. L et us introduce a 
standard  length L ,  a lateral dimension of the shell or p late (e.g. the d iam eter in the 
case of a circular plate). By ds we shall understand the distance between two ad jacen t
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points, divided by  L ; this dimensionless ds m ay be called the reduced distance. Sim i­
larly all coordinates x '  are supposed to be in reduced or dimensionless form. Conse­
quently  the fundam ental tensor g;y is dimensionless, and all tensor operations (such 
as raising or lowering suffixes or covariant differentiation) are dimensionless opera­
tions. We also reduce stress to dimensionless form by dividing by Y oung’s m odulus E,  
and body forces by dividing by  E / L .

All the relations w ritten  above hold equally well for reduced or dimensionless 
quantities. We shall carry through the work with these quantities; if we wish to tran s­
late conclusions into ordinary  dimensional form, we have sim ply to m ultiply by th a t 
com bination of the form L mE n which restores the required dim ensionality. Y oung’s 
modulus will no t appear explicitly in our work, since i t  is elim inated from the stress- 
s train  relations by the process of reduction.

We also note th a t a thin shell or plate is defined as one whose thickness is small in 
comparison w ith a lateral dimension L .  Custom arily, a thin shell is defined as one 
whose thickness is small com pared w ith  the radius of cu rvatu re; this is unsatisfactory  
in the lim iting case of a plate, and also in the case of a shell whose thickness is small 
in comparison with the radius of curvature bu t of the same order as the lateral d i­
mension L .

3. R epresentation of T a0, T aß, L aß, F l, M a as power series in  th e  th ickness. L et C
be a curve on the reference surface So, and 2  the surface formed by erecting norm als

to So along C. L et dso be an elem ent of C, and ¿ 2  
the strip  formed by the norm als on dso (Fig. 1). 
L et ds be the  length of the arc of intersection of ¿ 2  
and the  surface x° =  constan t, passing through any 
poin t A  in d2. L et n a be the un it vector norm al to 
d2  a t  A ,  and «[0]a the u n it vector norm al to  ¿ 2  a t  
the reference surface S 0.

H ere we note th a t  there are two d istinct classes 
of quan tities: (1) those defined only on the refer­
ence surface, such as aa&, baß, T a0, T aß, L oß, M a:,
F \  £[£,] (normal derivatives of the stress tensor 
on So); (2) those defined a t  any point in the m a­
terial of the shell, such as g.y, E a  (stress tensor), 

A,- (parallel vector field), n a. For all space tensors, the change of indices will be effected 
by  applying gif or g ij\ and for all surface tensors, the change of indices will be effected 
by app ly ingg[0],y and gf0l [defined as in (2.1), (2.2)].

By the definition (2.3), the shearing stress tensor and the m em brane stress tensor 
are calculated by the invarian t form ula:

T ^ n lo]ahoudso = I (E ain a\ ids')dx°, (3.1)
J  h

where X,- is any parallel field of un it vectors, X[0]i the same vector field a t  the reference 
surface So, and Eai p a rt of the stress tensor E'K T he symbol h under the sign of in­
tegration  indicates here (and throughout the paper) th a t  the integral runs from
x° =  — A(_) to x ° =  ~hh(+), where both  h (+) and A(_} are positive functions of x“ (for
thin shells or plates, they are assum ed to be sm all). Furtherm ore, the bending m om ent 
tensor is caculated from the invarian t form ula:



1944] I N T R I N S I C  T H E O R Y  O F  S H E L L S  A N D  P L A T E S 301

¿^»[oiaXioj/s^îo =  I (gTyTiyßE aT\ßnads)x0dx0, (3.2) 
J  h

where
7,00 — g- l / 2 ea0_ p _  cJe t _ (p„„)_

(3.3)
=  <=22 =  0, =  1.

F o r the  external force system , assum e th a t  X '  X< is 
the com ponent of the body for per un it volum e in the 
a rb itra ry  direction of X; a t  any  point in the  shell, and 
Z \+) X(+)i and Z \_ ) X(_)i the com ponents of the  given 
loads per un it are applied to  the upper and lower su r­
faces respectively. L et us consider (Fig. 2) a portion of 
the  shell or p late  obtained by draw ing norm als to  its 
reference surface over a surface elem ent d S o. T h e  por­
tions of th e  boundary  surfaces of the shell or p la te  cu t 
o u t by  these norm als are dff(+) and L et d S  be the 
corresponding elem ent draw n a t  constan t norm al dis­
tance from the reference surface So- T hen  the external force and m om ent com­
ponents are calculated from the invarian t form ulae:

Fig. 2.

(3.4)

(3.5)

F l\io]idSo =  f  (X'XidS)dx0 -j-Z (+) \ (+)idcr(+ )-}-Z l^ X ^ ida-f-),
J  h

M a\1o]dSo =  f  (r]ßa\ aX äd S )x 0dx° +  rî +)ßa'^‘(+)Zß+)h(+-ld<T(+)
J  h
— rj ̂ ß a X t ^ Z ^ - i h ^ d x  (-■),

where i)c+)a(3, t j^a ß  are the values of rjaß a t  the upper and lower surfaces of the shell 
or p late  respectively.

In  order to carry  o u t the integrations in (3.1)—(3.5), we m ust express all the quan ti­
ties in the integrands as functions of x°. These can be w ritten  as follows:

gaß Q-aß “H  baßX° “ f“  2Gaß(,X®')‘'t
g =  a { i  +  2 Hx°  +  XT(s0) 2}2,

n r n d g / a ) ^  =  n I0]«{l +  2Hx» +  K(x<>y},

(3.6)

(3.7)

(3.8)
ds o

X0 =  X[0]o, Xa =  X[0]„ +  ^5SaX[o]0 x°. (3.9)

T he first relation is well known; aap, (1 /2 )ba$, ( l /2 )c O0 are the first, second and th ird  
fundam ental tensors of the reference surface So respectively. These tensors are no t 
independent, b u t connected by six geom etrical conditions of flat space ([5], p. 112). 
T hree of these read

ca& =  ha*xba;hf)\, (3.10)

and the o ther three are the well known equations of Codazzi and Gauss,

bafi 17 bay\fl 0 ,

4:Rpaßy bpßbay bpybaß.

(3.11)

(3.12)



Here the single stroke indicates covariant differentiation w ith respect to x“ and the 
tensor aap) R pa$y is the two dimensional curvature tensor formed from the tensor aal3 
(sometimes called the  Riem ann Christoffel tensor of the  surface So, see [6 ], p. 182, 
Eq. (50)).

T he relation (3.7) can be obtained by d irect calculation from the definition of g. 
H ere K  is the to tal cu rvatu re and I I  the mean curvature of the reference surface So­
l i  R i, R 2 are the principal radii of curvature, then

1 / 1  1 \  1

ff  =  t O t/ e ) '  = (3- I3a)
therefore, in tensor notation,

8 K  =  — b*xbr\,  4 H  =  aTH r\. (3.13b)

W e also note the following relations, which are often used in la te r calculations,

(a) t av^ a T\ — aaaB,

(b) 6aTê xbT\ — a(4II aaB — baB), (3.14)

(c) e**&ctx = 2 a {(4 //2 -  K )a°B -  H b°» \.

T he proof of the geometrical relation (3.8) is long, b u t no t difficult. T he relation (3.9) 
is obvious; since A,- is a parallel vector field, we have

A»| 11 =  0 . (3.15)

Here the double stroke indicates covarian t differentiation w ith respect to  the space 
coordinates x { and the tensor gij. P u ttin g  7 =  0, i  = a , j  =  0 in (3.1'5), the relation (3.9) 
follows a t  once.

Besides all the relations (3.6)-(3.9), we also need the following geom etrical results:

d S  =  /  S  y /2 dv<-+) ^  *  / g ( + ) V /2 0 1 / g ( - ) \ 1/2

dSo \ a )  ’ d S 0 | N°l+) | \  a /  ’ d S 0 ~  | N U  | \  a )  ’

the positive root being understood. Here iV)+);, 7V(_)i are un it norm al vectors, draw n 
ou t from the upper and lower boundary surfaces respectively, and g(+), g(_) are the 
values of g on the boundary surfaces.

S ubstitu ting  (3.8), (3.9) in (3.1), we have

»[oj.Aiow j r - *  -  f  E°y(affy +  i b ByX°) " d x *J

+  H[o]0Ato]o |T a0 -  J  £ “° ( " ) 1 ~  (3.17)

B u t W[o]a and X[0]i are arb itra ry , and consequently we have for the shearing stress 
tensor

T «° =  J  dx°, (3.18)

and for the m em brane stress tensor
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T *  =  J E°y(aB +  x°) ( — 'j ' ¿ x °. (3.19)

Sim ilarly, substitu ting  (3.6)-(3.9) in (3.2), we obtain the bending m om ent tensor

L* = vYo} «,x J E°v(a; + i b ^ x ^ x ^ Y ' (3.20)

Furtherm ore, substitu ting  (3.9), (3.16) in (3.3), (3.4), we have for the external 
force system

' • - H f r - T t r e r - T f r e r

F* =  f ^ 7 (a? +  ^ b y X ° ) ( ^ Sj l2d x ° +  (a? +  §5?A(+)) ( ^ j ‘*

ZJ-)  /£c-)V /2
+  T-T7 T T  -  **?*<->) ( —  ) . (3.22)

I #»_, I V a /

and for the external m om ent system
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M « =  Tjio“ a rX |  J  * T(a7r +  *P) ( ^ )  ' x 0 dX

, ¿7+> /• x i i i . i  x, /*<+A1/2
| a™  | 2byhi+))h l+)^ — J

¿r7 7 z'(-;

I t  should be em phasized th a t the above expressions are exact, no approxim ation or 
assum ption based on the thickness of the shell or p late being involved.

Now we assum e th a t E ij and X { can be expanded in power series in x°:

E P  =  ±  - - £ i £ l)(*0)m. X ‘ = j t -  X i ml(x°)” . (3.24)
o ml  o m !

We also in troduce the abbreviations

= K 4 Ha* +  bB), C% =  K a B +  IIbB, D B = \ K b B, (3.25)

d<»> =  h\+) -  h \ - h =  *»+) +  A»_)f ¿(0 =  d> /(i) =  t< (3 . 26)

z* z*_QMi =  J_+) ftn _  T? /zn Q(0)i =  Qi
|A % |  I Ar®_j | y  V (3.27)

P<n,i = T ^ T  7*‘+>+T^TT ^  P<Wi = pi‘ (3'28)
Here H  and K  are mean and to ta l curvature, as in (3.13), and t is the thickness of
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the shell or plate, measured norm ally to 5 0. We substitu te  (3.7), (3.24) into (3.18)- 
(3.23), and carry o u t the integrations. This leads to series in t, d (2), P3), d (i), • • • 
namely,

¿ (2 )  ¿(3)

=  £ “oV +  (2//Efo0] +  £ fu ) —  +  V K E f t  +  4 H E &  +  E $ )  —

+  P (i>(F“°),
2! 3!

<P2> /<3>
r-H =  EfoV +  ( J W 5  +  E f t )  —  +  ( 2 C M  +  22?*£ffi +  E%)  —

+  R m {Ef*), ' •

( d m  / (3> 1
Aar =  v\o\ flflxjEffi —  +  2 (J?£fJi +  £ $ )  —  +  i ? ( 3 ) ( £ ^ ) | ,

¿ ( 2 )  / ( 3 )

F° =  +  (2 H X U  +  x°m ) —  +  (2£ X ?01 +  4 /JZ iu  +  * ? 2J) ~

+  P° +  2HQ(-1)0 +  K P W  +  R m (X°),
¿ ( 2 )  ¿ ( 3 )

F« =  Zfo,/ +  (B °X J0 , +  * f „ )  —  +  (2g“J^foi +  2P?X [11 +  X°l2]) —

+  P» +  £ “<2(1)* +  C“P<2)i  +  D^QWy +  R m (X°),

+  Q M  +  i | P (2)r +  CByQ ^ y  +  P?P<4)i - | .

In  these series the rem ainders are as follows:

¿( 2) {W
M a =  oi —  +  2(BBX?oi +  ^ 1 , i) —  +  R m W

S u ) ( & .) =  E ^ / P £ ^  +  2“ '"
m +  5 I (222 +  4)!

[m+3

I (222 +  4)! (m +  3)

y  1 f E $+ *  , 2 V E tf+2
m +  4 I (222 +  3) ! (m  +  2)

F (2 ) ( ^ ) = E ^ { ^ ^  +
m  +  5 {(m  +  4)!

B BE?,y7-c ' [ ” >+3

(»1 +  3)

a*E?Z+3] B SyEalZ+ 2
+  E — —  i —f» +  4 l(«»  +  3)! (222 +  2)

*„,(**)= z ^ r K+"222 +  a (

P ? £ S +2

+  E

+  E

(m +  3) ! (m  +  2)

1 ( a?£f,L,] [ B f e n

222 +  4 I (222 +  2) ! (2» +  1)

Im+21 ( ,(m+5)
(222 +  2) 

K E tf+1]
0m +  1)

i}
r(m+4)

+

CyEfZ+n DyEiZ+i] j 
(222 +  2)! (2« +  l ) ! j

C ^ f f + u  , D ' E f o
(222 +  1)1 

CBE f y

(m+6)

7-C'[m+l] , 

(•222 +  1)!

H *

F } '1

m H
,(m+4)

1 DyE[Z+1] ^ (m+6)

222 +  6  (22f +  1 ) !

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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These are accurate expressions, the sum m ations being all for m  = 0, 2, 4, • • • . T he 
rem ainders R (1).(X°), R (!)( X a), R ^ ( X ß) are obtained sim ply by replacing Ej^j w ith 
X?m] in R w ( E d0), £f„] w ith in R m {E ßa), EfJ] w ith X fm] in R , 3)( E aß) respectively.

In the ordinary  case where the body force is the force of grav ity , we can regard X i
as a parallel vector field of constan t m agnitude. T hen by (3.9), we have the following
re la tio n s:

X?m] =  0 for m  ^  1, (3.38)

A'fi) =  ~  i W h  X°[m] =  0 for m ^  2.

And consequently the tensor F'j M a in (3.32)-(3.34) can be simplified to the ( /tn), d (n)) 
polynom ial of few term s. T he m ost im portan t equations of this section, for fu tu re 
use, are (3.29)-(3.34)

4. The ten so rsT “’, L aß in  term s of the six quantities p,p, qap. We shall devote the 
present section to finding expressions for the tensors, (3.29)—(3.31), in term s of the 
six quan tities p aß and qaß. H ere p aß represents the extension of the reference sur­
face So and qaß is closely connected to  the  change of curvatu re of the  reference surface 
during the deform ation; bo th  were introduced in the paper [5] (p. 114, Eq. (44)), 
b u t will be formally defined below in (4.4).

We shall now proceed to determ ine £[£], defined in (3.24) in term s of p aß 
and qap. This is accomplished by means of (i) the equations of microscopic equilib­
rium, (ii) the stress-strain  relation, (iii) some geom etrical relations, (iv) the conditions 
on the upper and lower boundary surfaces. T he successive steps are as follow s:

(I) By means of (i), we express E[iJ,j successively for m  = 1, 2, • • • in term s of 
E[g] and Ef^, where n =  0, 1, 2, • • • , (m — 1).

(II) W ith  the  aid of (ii), (iii) and the results of step  (I), we determ ine Egjj, £[?], 
Effi, E(2], ££$, • • • successively in term s of E$], paß, qaß-

(I II)  T hen  using (iv) and the results in step  (II), we determ ine E$], in term s
of p ap, qap. T he surface force system  ( P ‘, Q‘) is supposed to be given. T hus we have
a t  once Ep,] and for all m  in term s of p aß and qaß.

(IV) S ubstitu ting  Effj from step  ( I II)  in to  (3.30), (3.31), we obtain  the  required 
expressions for T aß and L aß. T he expression for T a0 can be found either by substi­
tu tin g  Ej^] from step  ( I II)  into (3.29), or by  using the equation of macroscopic 
equilibrium  (2.5c).

The geometry of strain and the definitions of p aß and q ap. L et us introduce comoving 
coordinates [7, 8], T he sam e coordinates are a ttached  to each particle during de­
form ation, and the coordinates form a norm al system  in the strained sta te . T he funda­
m ental tensor in the strained s ta te  is ga  (satisfying (2.1), (2.2)), and in the unstrained 
s ta te  it  is glj. L e t So be the surface in the unstrained s ta te  which is carried over into 
the reference surface So in the strained s ta te  (after we reach section 6, we shall define 
So to  be the middle surface in the unstrained s ta te). T he param etric lines of x° are 
no t in general norm al to the reference surface 5 0' in the unstrained state .

T he strain  tensor ea  is defined as

e.-> =  K g  a  ~  g'id; (4.1)

this is the definition usually adopted  (cf. [7, 8, 9]). For small deform ation, the prin­
cipal p a r t of the extension of an elem ent in the direction A' is e=e,,- A* Afi

We shall throughout raise suffixes by means of gi!\ thus
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(4.5b)

g'mn =  gmignig ’u, g'Ji =  g^gU,  (4.2a)
emn — gmignie .h — gHejm. (4 . 2b)

Now we assume th a t e*,- is expansible in power series in x°, so th a t
00 J

ea  ~  2Z (4.3)
7B-o ml

L et us define

p%j =  e m u ,  Q<i ~  e[i]</> ra  ~  e[2]ij] (4.4)

obviously these tensors are sym m etric. T he six com ponents p aß, q„ß are the basic de­
pendent variables of our theory.

For small strain  p i,  m ust be small, yet qi/, Yij, etc. m ay be finite in a thin shell or 
plate. These quan tities are no t independent b u t are connected by certain  geom etrical 
relations. Since space is flat, ga  and gy are no t a rb itra ry  functions of the coordinates. 
T hey  m ust satisfy the equations

£,-i*i =  0, (4.5a)

Rijkl — 0 .

Here Rijki is the curvature tensor for g.-j,

Rijkl =  vigil, jk +  gjk.il — gik.jl — gjl.ik)
+  g mn{ [il, m \ a\ j k , n \ 0 -  [ik, m ] 0\jl, n}„}, (4.6)

while R i j u  is the corresponding curvature tensor for g'i},

Rijkl — Kgil.ik +  gjk.il — gik.jl ~  gjl.ik)
+  g 'mn\ [ i l , m } 0’ \ j k , n ] 0' -  [ i k , m ] „ ' \ j l , n ] a>). (4.7)

I t  should be noted th a t  R i j u  is the curvature tensor in space, while R paßy is the two
dimensional cu rvatu re tensor of So (cf. (3.11)). In (4.7), g 'mn by definition denotes the
cofactor of g!„n in g', divided by g'; nam ely,

1 / ,
g mn =  — 7  emr,t  grkgti, (4.8)

2 \g'

where emkt is the usual perm utation symbol, and g ' is the determ inan t of gy,

S.' =  J ]  tr,‘t mni,g'r<ngU'iP- (4.9)

I t  follows th a t

3\rimr‘v nk,grkg'ti
g mro= ------------------------ > (4.10)

• 1 jv<->sw

where

=  t ri,g - i /2; (4.11)
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this is a con travarian t tensor and satisfies the relation

r¡r, tVrik =  5*5 i — 5‘k5 {. (4.12)

T he equations (4.5a, b) form a set of twelve independent geom etrical conditions 
for gij and gÿ. We shall now regard g.yas given, and develop (4.5b) explicitly in term s 
of e.y by using (4.5a), (4.1). T he resulting expressions represent the six independent 
geom etrical conditions for e,y:

+  2 emn{ [il, m \ Q[jk, n ] g — [ik, «]„}

-  2gmn{ [il, m \ 0[jk, n ] e +  [il, m \c[ jk ,  n ] Q -  [ik, m.],[jl, n ] a -  [ik, m \ 0[jl, » ] . }

T hree of (4.13) involve only «¿y, e,-y,0 and  their derivatives w ith respect to  x a- 
W Ten x° =  0, these three conditions become the equations of com patib ility  of the 
twelve quantities p a  and giy; a detailed form ulation of these equations will be given 
in section 5.

T he o ther th ree of (4.13). involve no t only e,y, e,y,0 and their derivatives w ith re­
spect to  x a, b u t also e0(3,oo- In  fact, by  these equations, we express eaj3,oo in term s of e,y, 
e.-y.o and their derivatives w ith respect to  x a. W hen x° =  0, these equations give us the 
expression of r ap in term s of p iy, g,y and their derivatives w ith respect to  x a. P u ttin g  
i = a , j  =  0, &=/3, 1 = 0 and x° =  0 in (4.13), and solving for r a$, we obtain

( e i l . j ' i  €j k , i l  Cik. j l  Cj i . ik)

(4.13)

T his is ^polynom ial in e,y, w ith linear term s explicitly stated . T he other term s pro­
ceed w ith increasing degree in e,-y, and have the following exact expressions:

4><yH — 2 e\(entjk +  fiyt.ii — Cik.u — eyi,«)

+  4g""1! [il, m ] e[jk, n \ ,  -  [f£, »]„}

- f  4(e’“er — emne2) { [r7, ?»]„[/£, «]„ — [fÆ, m \ a[jl, n}„] 

+  4 (gmne‘, -  emn) { [t7, »»]„[/£, » ] ,  +  [t7, w ]„[;'¿, w].

— [i¿ , w],[;7, «]„ — [ik, (4.13a)

— ~  2(e¡eí — e’íej¡)(eü,yi +  ßyt.u — ea,;i — eye it)

3VStl ’r)UVW&8u6tv6pw(<&il,jk~\~&jk,il

— 8(gmneJ -  emn) { [t7, m ] .[ jk ,  n ]. -  [ik, «]„}

— 4vmr’vntperte»P{ [U , m ]0[ jk ,  n ] a — [ ik , m \ ,[ j l ,  n ]„

+  [H< m ] Q[jk, n \ e — [ik, t n \ s [jl, «]„}, (4.13b) 

(4.13c) 

(4.13d) 

( 4 .13e)

4*iikl ~sV 1 f'xu6tv&pw(.('il,ik “b eyi.il e.i.yi ey/.ü),

[ij, k ] t  =  h i g i k . i  +  g j k . i  -  g i j . k ) ,  

[ij, ^]u ~  è(eü,y fi- Cjk.í e,y.i).
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faß =  £[2]a/3 =  ?a0|/5 +  ?(30|a ~  p00\aß +  j(^a^ß +  bßdl)q\T -j- 5 ^aJS?00

— %bßbZp\T +  %(bßdXa +  blaß — bßd% — b \a } )p x o |x

— qwqaß — qlqßr +  o m aß(p2, pq), (4.14)

where O ^ a ß  is a residual term , to be explained below.
T o find e[3]„0, we have to differentiate eaß.oo w ith respect to x 0, and p u t x° = 0 in 

the resulting equations. By (4.14), this gives e^jaß in term s of pi/, qij, r ,0 and their 
derivatives w ith respect to  x a. T o  find the o ther C[mj «/3, we m erely repeat the process 
over and over again. T hus we can express e[m]aß in term s of pij, g,y, e[n]io and their de­
rivatives w ith respect to  x a, where n < m .

A ctually, to obtain  the principal parts of the final equations, we only require 
explicit calculation for m  — 2, as in (4.14).

All the above results are of a purely geom etrical nature.
T he symbol 0 ^ ) { p 2, pq) in (4.14) represents the term s which are n o t explicitly 

calculated. T he quantities in parentheses indicate order of m agnitude of. these term s 
for small p and q, which denote the m agnitudes of the tensors pij, qij respectively. 
If p, £ approach zero sim ultaneously and independently , these term s converge to zero 
a t  least as fast as pq  or p 2. Symbolically, we m ay w rite

Oaß(p2, pq) = Oaß(p2) +  Oaß(pq)- (4.14a)

T he label “(2 )” is to distinguish this O-symbol from la ter symbols of the same type. 
T he indices attached  to 0 (2) are the  tensorial indices of every term s involved. We 
assum e th roughout th a t  differentiation w ith respect to the coordinates x a does no t 
change the  order of m agnitude; i.e., p aß, paß.y are of the  same order. On the o ther 
hand , we never m ake any  assum ption regarding the  effect of differentiation w ith  re­
spect to  x°.

This O-symbol notation  will be used extensively th roughout the paper. T he n o ta ­
tions used inside the parentheses of O-symbols are given in the following ta b le :

Tensors baß baß eaß ea jgiO 77xi oj Pa Paß Paß pa P‘ 2«

Symbols for magnitudes b b e i Ê £0 P P P P P

Tensors Qaß Q.aß Q‘ Q1“ K , XU

Symbols for magnitudes Q 2 Q Q X X

The expressions of in  terms of  £[“] and  (ra =  0, 1, • • • , (m  — 1)).
We s ta r t  the process outlined in the beginning of this section by writing down the 

microscopic equations of equilibrium  under the body force X {:

£*'„* + =  0, (4.15)

the double stroke indicating covarian t differentiation using g.y. P u ttin g  in tu rn  i  =  0 
and  i  = a, we get th ree equations which m ay be w ritten  as

£ 00,o =  kxX.O£rX -  k T̂ xx.o-E00 -  £ '° | r  -  (4. 16)

•E“°,o =  -  h rXSr\,oEa0 — gaTgx\ ,oE X0 -  E aT\T -  X a, (4.17)



where g under the stroke indicates covariant differentiation using gae,

£ '° i ,  =  E l0 .* 4 - / ^ 1  £ xo,
(Xx) c
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(4.18)

£ ' “ | ,  =  £ ” lX +  j , r l £ x“ + | Q:} £ Xr. (4.19)
a (Xir) a (Xx; o

This operation should be clearly distinguished from th a t indicated in (2.6). P u ttin g  
x° =  0 in (4.16), (4.17), we get

£??, =  -  X?01 -  -Efonx +  iirx S fii ~  2H E f tu  (4.19a)

E “ii =  -  ^Tfo] -  E t f Ur -  b“E[°] ~  2//£foV ( 4 .19b)

These are the expressions of £[?] in term s of E[JJj and £{$, the body forces being sup­
posed given. To find £[£], we have to differentiate (4.16), (4.17) with respect to x°
over and over again, and p u t x° =  0 in each of the resulting equations. We shall only
w rite the expressions of £[“] explicitly:

£[2] =  — -T[i] +  2 H X \ q\ +  Xfoiir +  £[o]|tx +  2^»-x£fiX] — ar\KE\o]

+  (8 / /2 -  2 K ) E \ l  +  £^oj|ir +  4 ( / / £ p ,x ,  (4.20a)

£[?] =  -  X fn  +  (b° +  2 H a “) X * 0] -  a ? E $ ux +  (b* +  2//a?)£[0x,ix

-  K 4H a l  +  b°) ,x£(oi +  (10Hb% +  8£ 2a? -  8£ a ? )£ [00]. (4 .20b)

This com pletes S tep (I).
Stress-strain relations and expressions fo r  E\*m\, ££f] in  terms o f p ap, qa0, £[oj- 
We shall accept, as the stress-strain  relation for an isotropic body, the equation

Eii =-------------------- T T  I ' S ' V '  +  (1 -  ^ g ’ 1 }«« +  0 (Vi(e2) , (4.21)(1 +  (Tj (1 — 2cr)

where a  is Poisson’s ratio , and E'> is of course the reduced stress (see section 2); there­
fore Y oung’s modulus does n o t appear. For small s tra in  problems, t  is small, and 
the term s in 0 {' ( t 2) are negligible in com parison w ith the term s linear in e'> in (4.21); 
in th a t  case, (4.21) becomes the usual linear stress-strain  relation for an isotropic 
body (in rectangular C artesians, see [ l] ,  p. 102, Eq. (18)). Any modification, such as
replacem ent of g i! by g ' i{, leads to no real change, because the difference is taken
care of by the O-symbol.

From  (4.21), we have

E °° =  — 777------T T  i ^ Xr̂  +  (! -  ' M  +  0 ^ ) ,  (4.22)(1 +  cr) (1 — 2aj

A“3 =  , *  —  [vg^eoo +  k aV x +  (1 -  2 a ) g " g ^ ] e , x }  +  O # ® 2), (4.23)
(1 +  cr)(l — 2<r)

£ a0 =  77-^— -  gaTexo +  0 (a3°)(22). ' (4.24)
(1 +  <j)



I t  is evident from (4.21) th a t  all the stress com ponents are small, of a t  least as high 
an order as the largest strain  com ponents. T he elim ination of e0i from the last three 
equations gives

E°f> =  r 3£ 00 +  — —  {<rgâ  +  (1 -  <r ) r Vx} E 2, Ee). (4.25)
1 — cr 1 — a2

W hen #° =  0, the equation (4.25) becomes

£[01 =  «“3£?Si +  A ?fX> xX +  O ft (;p \  E l  % p ) ,
1 — cr (4 . ¿0 )

where the abbreviation means

4ff)rX = ---------  {(raa%’rX +  (1 — o■)aaxax,3}. (4.27)
1 — cr2

E quation  (4.26) is the required expression for Efoj.
T he substitu tion  of £f03 from (4.26) into (4.19a, b) gives

2(1 -  2cr)
E?u =  -  X°l0] -  £[o°jit -  H E \ l x +  \A \X ? b iyp ^

(1 — <r)

+  O Z ( b p \ b E 0p , b E 20), . (4.28)

E?i] =  -  Xfoj ~  KE\o°, -  2 H E $  —  a“T£[o°iix -  !X
1 — cr

+  0 % ( p \  p % ,  E l) .  (4.29)

Here X f0] are supposed to be given. These are the required expressions of E “].
Now, differentiating (4.25) w ith respect to a:0 and p u ttin g  ac° =  0 in the resulting 

equations, we obtain  in consequence of (4.26), (4.28)

« a n & n ( 2(1 — 2<r) ) .
£[?) = ~    «“xY[oi -    a“3£fo°, „  -    \ b°f> +   - i  Ha<* f £?8,

1 — a 1 — cr 1 — cr v ( 1 — cr) )

+   ( ip  -  a P A # p -  a M > A § A b u p ry
1 2 ( 1  —  o ')  )

+  A “f)TX?xx +  Of3), (4.30)

where

0 $  =  0 ? l(b p \  bpEo, b E l  pq, qE 0, p X ,  X E 0). (4.31)

Equation (4.30) is the required expression of E^j.
T he substitu tion  of £[$, E ^  from (4.26), (4.30) into (4.20a, b) gives the required 

expressions for E $ j:
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2(1 -  2cr)
£ [ “] =  —  r -  BX*m  -  X°m  +  X f 0]lr

(1 -  a)

2(1 -  2<r) ,
+  — -------—  {2(2 -  3a) H 2 -  (1 -  a ) K \ E \ l

(1 -  <r)2

<r 2(2 — 3cr)
+     ^ X£?§]|xX +  - y    77£[o°] |t  +  (¿X£fo°,)|X +  A W r P r y ^

1 — cr (1 — cr;
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— M1 -  <r2 (

4cr(2 — 3a) )
(4 -  3a)IIb*x - f  — ----------  I P a ^  -  (3 -  a)K axX } p ^

1 — a )

+  T T 1- 17 +  (1 -  o)6xX}?tX +  .0&. (4.32)
2(1 -  a )

E $  =  (i?  +  2H a 1 )X \n  -  X fq +  a“xX?0]|r
1 — cr

+    a“x£  ¡o°l I +    ba*E [°o0] IT
1 — a 1 — a

a „ 2 a
-----
— a 

2a(2 -  3a)
+  —  - 1- a” (££[o0i)|T +  (107/5? +  8Wa% -  8K a ar) E ^  -  A ^ r\ rMl

(1 — a)2

1 ( 1 — a
_|----------------- 9  |} aal  -j  ¿ a X  l s a lT

1 — cr2 ( 2

2<x2
■ H  ¡I a°saTX +  3(1 -  a)H  |{a“xa5x> p x\  

i  — a )

1 ( 2tr( 1 -  2<r)
_)------------ J a(2baSarX +  \b*xaai) -] —  HaaSaTx

1 — «r2 ( (1 1  <r)

+  (1 -  a)(2 baTaix +  a ^ b ix +  2 IIa°*aix) I  + 0 $ .  (4.33)

Here

0°<8°) =  0 \ l ( p \  pEo, El, bpq, bqE0, bpX , b X E 0), (4.34)

0(9°) -  O^Abp-, bp% , b E l  pq, q% , PX, XEo).  (4.35)

To find ££!], we have to determ ine p io, g,o and then ro0 in term s of p ag, qap, E$y. 
E lim inating e0o from (4.22), (4.24) and solving the resulting expression for e„0, we 
obtain  ^

eao =  (1 +  a)gaßEoß +  0 {io;a(e2, eE, E 2). (4.36)

when a;° =  0, this becomes

pao =  (1 +  a)aa^E \o] + O (io)a(^2, pEo, E l) .  (4.37)

We now differentiate (4.36) w ith respect to  x°  and p u t ac° =  0. In  consequence of (4.26), 
(4.28), (4.29), this gives



qao =  {(1 — <r)X[o]a +  o\E[S]|a +  2(1 — a )H a „ ^ E ^  } — - arXp T\ \ a
l — o- 1 — a

^  ~  ~  ~  (4-38)
— aXr/>ari\ +  0(U)ao(p~, pEo, E 0, pq, qE0, p X ,  XEo).

Similarly, from (4.22), the values of e0o and e0o,o on x° =  0 are, by (4.28), (4.29) 

poo — —-r— — r £ “o i ------------------ arXpr\ +  O(i2)oo(i2, pEo, El), (4.39)
(1 — cr) l  — o
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(1 +  o-)(l — 2cr) C „ „ 2(1 — 2o-> 1 cr
qoo =  -  - 1 X °01 +  Efoiix +  —  I I E ^  f -    a ^ q T,

(1 — cr) ( 1 — cr ) 1 — <r

I
+  ------------  {4<r(l — 2<r)HaTX +  (1 — cr)^}/»,* +  0(i3)oo, (4.40)

2(1 -  a)
where

0(i3)oo =  0 (i3)oo(5/>2, bpEo, bEl, pq, qEo, p X ,  X E 0). (4.41)

Substitu ting  pio, g,o from (4.37)-(4.40) into (4.41), we obtain

r a9 =  r $  (?) +  ri2p (p) +  r $  (X )  +  (£„) +  r$  (?2) +  0 (w) (4.42)

where the abbreviations represent

(4.42a)>"$(?) =  — ( f a “} +  bßdl -    aXrbaß)  ?x*.
2 \  1  — a /

faß ip) =  — ( a TXala} +  aTXaJai  +    a^a^a^j py r |xs

+     Hbaßa*x +  baßbx* -  2(1 -  a )b % r\ p x „  (4.42b)
4(1 -  a) ( (1 -  a) )

r„3ß \ X )  =      {2(1 — o’) (X  jo] a iß +  X [0]^|a) +  (1 — 2o)5aiX?oi}, (4.42c)
2(1 -  cr)

:& (£ o )  -  -  n b aßE T o \
1 — cr (1 — <r) ;

1 +  cr (
— 2(1 -f- a)(aaxdß +  aßraxa)(HE[o{)\\ -  4 +  braaß\

-  bßxal -  ba\a$ +  (1-^ —  5a0axTl  £[o°i |x, (4 .42d)
1 — <r )

riV(q2) =   ayraxaj — axarSa j |  ?xj?7x> (4.42e)

0  (14) aß —  0 ( 1 4 ) .  ß{p\ p%, E l, pq, qEo, PX, XEo, ?X ). (4.42f)

I t  will be noted th a t ri'^g) is linear in the g’s, r%(p) is linear in the p ’s, and so on.
We now differentiate (4.25) w ith respect to x°  twice, and p u t a:0 =  0 in the resulting

equation. In consequence of (4.28), (4.32), (4.42), this gives



E $  =  £ $ •* (? )  +  E [l\aß(p) +  E[i\°ß(X )  +  E ^ ß(Eo) T ' E ^ V )  +  0 $ > , (4.43)

where

0(&> =  O & i p l  p E 0, E l ,  pq, qE0, p X ,  XEo, q X ) \  (4.43a)

the o ther abbreviations are

E ^ \ aß(q) =    {aaa“brX +  5cr5“aaxX +  3(1 -  <r)(baraßx +  lAxa ° ')}q Xr, (4.43b)
2(1 -  cr2)

E\V]aß(p) = ---------------{a(aaXaßsar'> +  aaßaPaTX)
1 — er2

+  (1 -  cr)(a“^ s  +  aaSa ^ ) a TX\ p Ty\\s

1 ( 4er2 cr(7 -  9er)
H------------ <-aaaßbrXH -------------a ^ a ^ H - --------------------aaßK a rt

1 — er2 l  1 — er (1 — er)

er(7 -  12<r) (1 -  4<r)
H------------------- TIarybaß-H----------------baßbry — J(1 — <j)baTbß'1

(1 -  er) 4

+  6(1 -  <r)77(a“x5^ +  baraßr) -  (1 -  er)12Xa“xa ^ | p Ty, (4.43c)

E [t]“3(X) =  - 2 —  {§(6<r -  1)5"3X?0) -  aa-#X«w  -  aa°ßXJoUy}
1 — (J

-  a°rei0'1'(X[o]x|7 +  X[oi7|x), (4.43d)

E ^ ^ E o )  =     {(18er2 -  14er +  \)Hb°ß
1 — er2

-  4er(l -  2er)772a<* +  2cr(4 -  5er)

-  — { a aTa ßy +  a a aßa T y }  £ ° o i  | x 7 +  2( a ^ a ?  +  a ^ a ^ i H E ^ ] )  \y  
1 — <r

+  a ^ E j S i  i x +  — - 1 - -- { (6er -  1)5“* -  4aHa°ß) Ef,,0, , ,
l  — o- 2(1 — a)

+  |  {a°*bß +  aßTb° -  aßyb°r -  } £ $  |x, (4 .43e)

E ^ V )  =  A ?f;x a^a la l  -  a \a l  a ^ j  qyiqu . (4 .43f)

E quation (4.43) is the required expression of E ^ .
By sim ilar steps, we can express all the o ther E[*°) and E $  in term s of p aß, qaß 

and E[o]. However, for the purpose of the first approxim ation in the equations of 
equilibrium , the knowledge of the required expressions of £$], Efy, E^j is sufficient. 
This com pletes S tep (II) .

Conditions of the boundary surfaces, and the expressions of  E^j i n  terms of p aß 
and qaß. We have now succeeded in expressing E|„] in term s of p aß, qaß, Ej î- O ur next 
task  is to express in term s of p aß, qaß by  applying the following six surface con­
ditions :
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N  {+)j;-E{+) =  Z\+) for cr° =  -f- 7q+), (4.44a)

N i - )kE*i> = Z U  for cfi =  -  (4.44b)

T he u n it norm al vectors N {+)i, iV(_).-, draw n ou t from the shell or plate, are d e ter­
mined as functions of x a by the equations

X(+)0 =  — A7(+)o/i(+),0, N  (_)c =  (—>.<«, (4.45a)

X (+)0 =  (1 -  N (+)aN am )V\  i7H 0  =  ( l - i V H „fff_))1/!, (4.45b)

the positive roots being understood. Z (+)i, Z ^ ) i  are tensor com ponents of the given 
loads per u n it area applied to  the upper and lower surfaces.

M aking use of (4.45a, b), we find th a t (4.44a, b) take the form

E l l ,  -  £& *<+>., =  £(-> +  £?!>*(-).« =  -  T ~ J  ■ (4.46)
I 1 (+) I ' <—) >

Substitu ting  (3.24) into (4.46), and adding the resulting  expressions, we obtain  in ' 
consequence of (3.26), (3.28)

2 1 § d  +  j  E°[2]i(2) +  ■ • •
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-  [E[oV.x +  ~  EfiV.(? +  ~  + • • • ] =  Q>, (4.47a)

1
2E"o°] +  E?iV +  —  E “iV(s) +  ' • '

-  oV.r +  ~  E t i ^ +  ^  E & d W  + • • • ]  =  (4.47b)

Substitu ting  from the results of S tep (II) into (4.47a, b), we obtain  a se t of three 
equations in term s of nine quantities p ag, E^j. Solving these equations for £$], 
we have

£•«, =  iqo +  ~ ~ 2a\  HQ°d +  K < 3 ^ )g -  — a^(Q?x/®)„
2(1 — <7; 8(1 — a)

1 —— 2 <y
{(2 -  3cr)2//2 -  (1 -  a ) K \Q H ^  -  § {( ix+  2 H af)Q H ™} „

4(1 -  cr)2

i { ( # Q ') i -  -  +  U ? 0 ] i

+  _  2 (1 ~  y  77X°0] | l (2) -  i (X [01i(2))|x

2aTIaTX +  (1 -  a)b*x ) p ^ d  -  \ A \ ^ { p ly ^ ) \ r
2(1 -  cr2)

1 ( 4cr(2 -  3cr) )
+  —  — < (4 -  3o)IIb*x +  —  IPa*x -  (3 -  cr)Ka*x } p TA m

4(1 -  cr2) 1. (1 — <r) )

1

8 ( 1  -  cr2)
{4#crczxX +  (1 -  cr)6xX}?TXi® +  0 (°?g), (4.48a)



£[o°) =  I Qa +  - 7 7 ^ — 7 “aT(Q°d),r +  1(5? +  2IIa°)Q 'd  
4(1 -  cr)
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aax(Q|x^(2)) | x    \ ( b ° y  +  —  —  / / a “'1')  QV2> I
8(1 - c r )  8(1 — er) W  (1 — cr) ) V J , 7

+  \ X am d -  —  -  a“x(X?01/<2>) |x
4(1 -  cr)

+  -   {(4/7 aaX +  ¿“x)|xQ° -  (5aX +  2UaaX)Q° \} /(2>
16(1 — cr)

+  l(577ix +  4 //2a “ -  4Xax“)Q ¥ 2) +  l{ X |i ,  -  (5? +  277a?)X|01 j¿<2) 

+  U ? v \ q ^ l m )\ß +  i4 ? i 'x*(£x«d)|x +  K477a? +  b“) ^ A f t xpyit™

cr 2<r2
 (baßaTX -f- \ a aßbTX) -----------------IIaaßaTX
- a  (1 -  er)2

i —  j
+  er) I4(1

_ | _  ppargp. _J_ aar£SX)] , > }

-  K b% +  211 af] A *i) p \s\ytm  +  0*17). (4.48b)

Here Oq6)> 0(?7) stand  as usual for term s n o t explicitly calculated. I t  is possible to 
exhibit their orders of m agnitude as in (4.43a), for example, b u t the expressions are 
very  long and will therefore be om itted  here; the full expressions m ay be found in the 
au th o r’s P h .D . Thesis, “T he intrinsic theory  of elastic shells and p la tes” (U niversity 
of T oronto  L ibrary). T he im portan t fact abou t these residual term s is th a t, in the 
case of small strain , they  are small com pared w ith the term s shown explicitly.

T he substitu tion  of from (4.48a, b) into (4.26), (4.28), (4.29), (4.30), (4.32), 
(4.33), (4.43) etc., gives the expressions for in term s of p ai3 and qaß. This com­
pletes S tep (I II) .

Expressions of T a0, T aß, L aß in  terms of p aß, qaß. If we su bstitu te  the expressions 
of E°m\ from the results of S tep (I II)  into (3.30), (3.31), we im m ediately obtain the 
set of eight quantities T aß and L aß in term s of the six quantities p aß and  qaß\ the quan­
tities X[m], Q‘ are supposed to be given. Therefore for the m em brane stress tensor 
T aß and the bending m om ent tensor L aß, we have

T°ß =  A f ö xp rXt -  B aßf xqTxtim +  E (f , xX?,x/(3> +  § X $ xX? x x |f

-  A t r ^ q r y q u t ™  +  ~  - ^ - a ° ßA \ i y { p s y ^ ) u t
1 — cr

+  Crf,lXPxx«(2) -  (aß>A $ r  +  a«xA ^ y) P r y ^  +  C% rXp^t™

+  TT“ — r  “aßQ°t +  £ u ) f t 0} +  {X } +  T &  {Q } +  0??8„ (4.49)
2(1 — cr)

L aß =  r t l a r y l U a ^ p x i d ™  +  B ^ p ^ l ™  +  - j i f t xV * (3)}

+  — 7   ~  VyA  \ a ay{ZQ>dV +  H (P tm -  A X %,/W -  2Q V 3))
12(1 — er) V 1 — a

-  + 0 ? f „ ,  (4.50)



where O(io) s tand  for the residual term s. T he o ther abbreviations are

A  =      [ a a ^a rX +  (1 -  a)aaTolx \ ,
5 1 -  <r2 1 ’ (4.51a)

1 / ^2
A  “I ' 1** = ---------------< <raafiaTia tX +  (1 — a)aaTa^ayX  - ------aâ aryaix

6(1 — <r2) I 1 — O’2

raSraix | =  I  j / l “?xV x  -  f (4.51b)
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aa°

=  7 7 -------  ~  {4cr77axX +  (1 -  <r)&'*}**, (4. 51c)
8(1 -  cr)(l -  cr2)

B m X =      {cr(8//aai3arX -  a^5xX -  35“̂ axX)
12(1 -  cr2) '

+  (1 -  cr)(&HaaTaPx -  3 5 °V X -  P xa" ) }, (4.51d)

B a{f ; x = ------ ------- {cr(4//a^arX — 3 a“̂ 6xX — axX5ni)
4(1 — cr2)

+  (1 — cr)(4//a“xaiX — 2baTaPx — anx5flx) }, (4.51e)

1

6(1 -  cr2)
£ “xXi =  ——  -------1 4<r -  77aaxaxs +  (1 -  cr)4HaaXarS — cr(aX55ax +  5x8a“r)

— cr2) (.1 — cr

-  2 (1 -  cr) (5“xax! +  |a oX5xS) j  , (4.51 f)

. . cr ( 4cr(2 — 3cr)
C ? f ;x = ------------- < (4 -  3cr)//5xX +  — ------------ 772axX

( ) 4(1 -  cr2) V  (1 -  cr)

-  (3 -  cr)XaxX|  a“7  (4 . 51g)

1 ( 1 — 2cr
C ?f;x = -------------T  2(1 -  cr)//(aax53X +  5axa,sx) ------------5“<>&xX

6(1 -  cr2) I  4
4cr2 cr(l — 4cr)

-  f  (1 -  cr)5ax^ x H IP a a»arX -  a IIa ^ b rX +  —---------  775^axX
1 — cr 1 — cr

cr(l — 3cr) )
-  8(1 -  <r)Kaarae x  X a “0axM  , (4 . 51h)

1 — cr )

» , > cr ( 2(1 -  2cr) „ ) 1 cr
T°& =  7 7 -------7  a<*  1 x h -------:--------- B X °W f tt™ -  -  ---------a^X ?0,d(2>4(1 — cr) f 1 — cr ) 2 1  — cr

{M l -  4<r)6“iJX [ 0] +  4crFa^X?oi +  <ra<*Y?n}/ » , (4 . 51i)
6(1 -  cr)

T f n { x ]  =  -  * a^(X Io]/(2))|x/ -  —
4(1 — a) 0(1 — cr)

— ^a“ra^x(X[o]T|\ +  X[o]x|r^<3). • (4.51 j)



=  ~  7 77' - ~7 a°$ 1 W  +  2 U a Z ) W >  } „ f  -  /  **QJrd<*>ö (l — cr) 4(1 — a)

-  i{aß*(HQ°)I, +  a ° * { i m u ) t ^  +  —   - a ^ d ) lTt
4(1 -  cr)

aaß(QTH)  IrUm  H   aa»HQr]TUm
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4 (1 - 0-) 4(1 -  cr) 2

— i  aaX 
24 1
- I 2o-

+  —  { a aH ßr +  aPxbar — baXaPr — bßxaaT H —  aaßb tX
24 t 1 — cr

4cr — 1 12c )
H------------ab'b°ß --------------I la aßaXr >(?*|xiC3). (4 .51k)

1 — cr 1 — cr j

Furtherm ore, by solving (2.5c), we have

F“° .=  ^oVxaCLfx +  M s), (4.52)

in which L aß is given by (4.50) and M s by (3.34).
Equations (4.49), (4.50) express T aß and L aß in term s of p als and qaß. W hen L aß 

is known, T a<> is calculated from (4.52). T his completes the last step  of the procedure 
outlined a t  the beginning of this section.

I t  should be noted th a t p ap and qaß correspond respectively to the extension and 
change of curvature of the reference surface So ; X[m) is the norm al derivatives of the 
?wth order on .So of the body force, supposed to be given. If the form of the reference 
surface So is given (in the strained s ta te ), the following quantities are known: a aß, 
(1 /2 )baß, (1 /2 )caß are the first, second and th ird  fundam ental tensors, H  the mean 
curvatu re and K  the to tal curvature. Furtherm ore, if we know the positions of the 
boundary surfaces of the shell in the strained s ta te  and also thé surface loads on the 
boundary surfaces, then the quantities / <m), d (m), Q(m)i, P (m)* can be determ ined by 
using (3.26)-(3.28).

5. Equations of equilibrium  and  com patibility in term s of the  six unknow ns p aß
and qaß. H aving now expressed the macroscopic stress tensors in term s of p aß and  qaß 
we shall su b stitu te  these expressions into the macroscopic equations of equilibrium , 
(2.8a, b). In consequence of (3.32)—(3.34), this gives the following three equations 
in term s of the six unknowns p aß and a aß :

~  h b „ A \ i ; xp ^ t  +  +  hbpyB W xq^tt™

“  +  ib pyA p(l ' ßuqTßqMtm -  l A W X y q ^ d W

-  \ b „ B W xp A iV> +  — - a " b pyA \ Ü \ p m ^ ) ^ t
2(1 -  <j )

~  +  a ^ A ^ ) p Ti|x,*<3>

-  +  \ A \ i ; x{ p ^ d <*>)|„ +  (2Jfô'xÿ,x/w) ipt +  P°

 —  HQ>t +  2 H Q ™  +  K P ™  +  /(u{<2r } +  /(2 ){P r } +  /? 3){^°}
1 — cr

+ /?«{*'} =0(*o), (5-1)



(#x*0 l-  +  { S '»  W ®  -  J B S f V * « ® }  I- “

+  ),x +  ( W ’W ® ) , ,  +  ( C ^ r p r y l ^ ) y

-  a ^ A W K p t y ^ ^ h ,  ~  ( ^ ä ) T +1  — cr

+  (C 'S T W ® ) ,p -  f d ^ ^ d ® ) . ,  +  P “

H   (<20/)|xßar +  Z l lb y P ™  +  X(/76? -  K a y) P Wy +  /(“){(>}
2 ( 1  -  cr)

+  7?2){X°} +  7?3){X '} = 0  (21). (5.2)

T he symbols 4(f),rX, A <̂)ryXS, given by (4.51a, b), are functions of a aß; -B($rX, B°${x, 
B(£*x, 5°5)rX, given by (4.51c, d, e, f), are linear functions of baß-, and C $ rX, C(^tX, 
given by (4.51g, h), are quadratic  functions of baß. The o ther abbreviations in (5.1),
(5.2) are listed as follows:

Ja>{QT} =  ■ -- -  •-//{(& ( +  2Hal)QH<*>} „ /  -  _ . / ■ ■—  H Q 'd {lt 
4(1 — a) 2(1 — a)

+ 777^  3 i  (Q#) lx -  —-—I//Oixl «® ~  ̂ a (̂Qix/(3)) i,x
2(l — o-) ( 1 — a- )
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1 ( cr 4cr — 1
 4  HbXr -  2 H 2a>x --------------K a Xx Qx i x*(3)

6 (1 — cr 1 — cr

2(1 -  cr) [ 1 -  cr ) 6(1 -  cr)

r}ö x |x i

+  \b l  (HQ*) | , / «  +  {Q™  +  (Ka* +  nb t)Q ™ } i x, (5.3a)

. ^ (2){P T} =  {-K4E a l  +  6xT)P ® x +  föx'XP«»} ix, (5 .3b )

d ^  cr
7̂ 3) ¡X»} =  +  (277X?0, +  x°w ) —  -  — --------a * '(X ? 0]*®)lxx

2 3 ( 1  — cr)

+ ------------- { (4772 +  6crK)X°[0] +  2 ( 1 -  cr)nX°[i] +  X ? , , } / ®
6(1 -  cr)

cr ( „ 2(1 -  2cr) ' ) ,
-  —    H  ̂  X?i, -  - V -    3 X ° W \  ^  - (5-3c)

2(1 — cr) t 1 — cr )

7(4, {X '} =  i{ X -[V w }lx +  I  [ W k  +  ÖJ)X[bji® +  X 'i,/®  } |x

+  77(X f0]/!2))|x/ +  — — ^  77Xfo,|xii3) +  i 4 'xX [01x|xi<®, (5 .3d )
2 (1 — cr) 3 ( 1  — cr)

7 <»{Ör } =  ” X ^ j [ ( 5 x  +  2 P flx')Q ¥ » ] |x /  +  2QTd \Tt
8(1 — cr) t

-  2[((2I7 7 ) ,x - - ^ - 7 7 Q ] x ] « ® }
1 -  cr ) |fl

-  |{  [ai r (Q“77) ,x +  a-(Qi77),x]/®} „



1 (F 2cr
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+  24
aaXbBr +  aßxbaI — baXaßT — bBXaax-\-----------aaßbXx

1 — er

4(7 -  1 12er
-1------------baßaX x -------------- Haaßax

1 — er 1 — er

+  (2H a i  +  b °)Q ™  +  (Kb% +  2W b “ -  2KHa%)Q™, (5.4a)

7<2> {Z° J =  T r T — V a<* { [ Z'1] “   —  HX°A U(2>}4(1 — er) IL 1 — er J ; |
er

{ [K l -  4<r)baßX°[a] +  4<rHaaßX\o] +  era^Xfu ] i® },
6(1 — er)

-  7 7 7 ” K g t . i * " ) i »  (5.4b)6(1 — er)

7?3>{Xx } =  X[o\t +  |X fi]d (2) -  i(277a; +  b i ) X Tw d™ +

■ a°ß { (Xfoii®),,/} „ -  —   |a“KAlo,,x*(3)) \ f
4(1 - e r )  ‘ .........................  6(1 - e r )

+  E b% X ?m 1». -  | a " V ^ ( X [ o l T | x  +  X I 0 ] x | x ) i ( 3 ) }  ^

+  \{2Ha% +  6?)X ru i® . (5.4c)

Equations (5.1), (5.2) are the three equations of equilibrium  in term s of the six un­
knowns paß and qaß. All the o ther quan tities are supposed to be given.

T he basic unknowns are the six quantities p aß and qaß. To find them , we have to 
solve the three equations of equilibrium  (5.1), (5.2), together w ith the three equations 
of com patibility , funished by the geom etrical conditions.

We shall now convert (4.13) into a form in which p aß and qaß are the only un ­
knowns. L et us p u t in tu rn  i  = 0 , j  — a, k —ß, I = y ,  and i  — p , j  = a, k = ß ,  1 = y  in (4.13), 
and then p u t rc° =  0; we thus obtain three equations in p a  and g,y.' We now su b stitu te  
(4.37)-(4.40) for 7>0o, p ao, ?oo, qao, and (4.48a, b) for this gives three equations in 
paß and qaß. Two of these, afte r being m ultiplied by  j7$  and simplified by using (3.13),
(3.14), can be w ritten  as follows:

yjo] "I 2qay\ß -  0,l>rbaßpTp\y T  bß (pa*\y T  Pyr\a pay | x)
( 1 — er

T 1 -  2<r J V
+  (1 +  cr) ĵ <3(3|a7 — GaßKQy +  " ) t>afQ\y |  =  0 (22)„. (5.5a)

T he th ird  equation, after being m ultiplied by rfoflfo], becomes

2(1 -  3cr)
l y m v m  ppß\ ay -  v m v m q p a q a y  H   axXK p lX +  (bxX -  4 H a xX) q TX

1 — cr

2 ( 1  +  c r ) ( 1  -  2 c r)
+  ^  Q0K  -  (1 +  c)(bxX -  47/axX)<2x|x =  0 (M). (5.5b)

1 — cr
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Equations (5.5a, b) contain the three equations of com patib ility  in p af> and q«p; these 
are to be associated w ith the three equations of equilibrium  (5.1), (5.2) for the solu­
tion of plate and shell problems.

6. The equations of equilibrium and compatibility referred to the middle surface 
in the unstrained state. T he quantities aag, ba», which occur in (5.1), (5.2), (5.5a, b ), 
refer to the strained state . B u t it  is usual in elasticity  to regard the unstrained s ta te  
as given, ra th e r than  the strained sta te , and from this point of view o a/3, ba& are un ­
known. We should use, instead of them , the fundam ental tensors of th a t  surface S 0' 
in the unstrained sta te , which passes over into the reference surface So in the strained  
s ta te . So far So has been quite general. Now we shall follow the usual m ethod by 
choosing So so th a t So' is the middle surface of the shell or p late in the unstrained 
sta te . T his m eans th a t  So is n o t accurately the m iddle surface in the strained  sta te .

F or the m etric in the unstrained sta te , we have by (4.1)

Sii ~  S 'i 2e,,; (6-1)

and so, if we define

=  (.£ii) ip—0t bij =  (g>/.o) «̂sOt (6.2)

we have

®o|) — daß — 2paß, O-aO ~  ~  2pa0i A00 — 1 — 2/>00>

b a ß  b a ß  2  ( J a ß i  b a  0 —-  2 Ç a 0 »  b o o  “2 Q 0 0 i

(6.3)

where pij  and are defined as in (4.4). a„ß is the fundam ental tensor of So' ; we re­
gard it as given. We m ay substitu te  in the proceding theory

O-aß =  CLaß +  2 paß- (6-4)

T he tensor b ^  does no t represent the curvature of the m iddle surface S 0' in the n a tu ­
ral s ta te ; since in general £ ¿ ¡^ 0  on S 0' ,  the param etric lines of x° cuts So' obliquely. 
L et us introduce the norm al coordinates x* based on So', choosing x “ =  x a on So', and
x° norm al to S 0' . T he m etric corresponding to  the  coordinates x : satisfies

¿00 =  li ¿oo =  0. (b-5)

L et us pu t
/  ^éaß\

&aß =  (¿ai) 0) baß ( ~  “  1 • (6-6)
\  dx° /x »-0

Now gij  and gy are m etrics corresponding to the coordinate system s x ‘ and x * re­
spectively, for the description of the geom etry of the unstrained  s ta te . Hence the 
tensor ¿¡¡- determ ines gy, and vice versa.

I t  should be noted th a t the quantities ( l / 2 ) b aß are the coefficients of the second 
fundam ental form of So' ; they  vanish if So' is a plane. T he radius of cu rvatu re R  in 
the direction of a  u n it vector (R  counted positive when So' is convex in the sense
of x° increasing) is^given by



We proceed to find in particu lar the quantities (6.6). In  the first place, since
x a = x a on So', we have

&aß daßt daß &-aß “h 2 p aß' (6.8)

We now follow a stra ig h t line norm al to  S o , s ta rting  a t  the po int x“. Since it  is a
geodesic, we have (cf. 6, p. 301)

d 2x '  ( i  ) d x ’ d x k
 b < . > ------------ = 0 ,  (6.9)
(dx0) 2 Ij k )  g> dx” dx°

and so we can develop x l as power series in x°. For x° =  0, we have

d x '  gi' i0
x a =  x“, x° =  0,  = -------> (6.10)d x 0 (g/00)l/2

where gni  is the conjugate of gy. T he last follows from the fact th a t  the line is n o r­
mal to S o , and so

d x ’ d x ’ d x '
g'ai  =  0, g’i i  =  1. (6.11)

dx° dx° dx”

On carrying o u t the developm ent in power series, and using the transform ation

dxm d x n
é i j = g m n — -— > (6.12)

dx' d x ’

we obtain  afte r a  little  calculation

baß -  2qaß =  b'aß =  baß{ä’W) W +  d ’a0.ß +  d'ßo.a +  2 [aß, y]a’ä'^/ä '™  . (6.13)

where ä / ‘í =  f , ‘, for x° =  0. The Christoffel symbol is calculated for a'aß. By (4.10) and
(6.3), we have

äm  =  1 +  2p0o +  0 ^ > ( f ) ,  5,te =  2 P*> +  O0(i , ( f f ) .  (6.14)

T hus (6.13) becomes

baß — 2q'aß =  b'aß =  b aß — baßpoo — 2p0a\ß ~  2poß\a +  O(26)oß(^2), (6.15)
a  a

where a  under the stroke indicates the covarian t differentiation w ith respect to  x“ 
and a aß.

L et us define p aß, Qaß so th a t

2 Q — baß baßj 2p aß 2 paß daß S-aß} (fi* 16)

then  the extension and change of cu rvatu re of th e  middle surface So along the direc­
tion of a  un it vector yf0] are given by

P«sy“oivfo]i Qaßyfoiym- (6.17)

From  (6.15), (6.16), we have in consequence of (4.37), (4.39), (4.48a, b) and (6.8)
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a ( l  +  tr)(l — 2 a)
2qaß =  2q aß ----------- a rXb aßP*\ H     b aßQ° +  (1 +  <r)Qa\ß

1 — er 2 (1  — er) a

+  (1 +  <r)Qß\a +  O(27)«0, (6.18)
a

btxß — 2 q aß -j- baß} daß 2Paß “f" &aß, Paß Paß• (6. 19)

T he symbol 0 ^ )aß represents the residual term s w ith the  order of m agnitude shown 
sym bolically by

0  (27)aß == 0(27)a ß ( p \  § P , & , p d ,  bp t™ , qt™ , QH, bQ°tm , bQd, Qt<*\ qQd,

bX°d , X d ,  X t V \  q X ° d ) . (6.20)

L et us now denote the thickness of the shell or plate in the na tu ra l s ta te  by  2h .  
T hen by (6.10), (4.10), (6.1), we have
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r  *(+> dx° r  *<+> r 00 00 , 2, , 0
h = J 0 7 ^ T 7 7  =  J 0 ^ ~ e .)]<** - (6 . 2 la)

h = f °  — =  f  ° [1 -  e0° +  O(208)(e2) ] d / .  (6.21b)

By (4.3), these become
00 2 2 2

h  ~  b(+) — p A(+) +  0 (29)(i A(+), (6.22a)
00 2 2 2

A =  Ä(_) -  p  A<_, +  0(30)(^  *(-), qp lh -i) .  (6.22b)

Substitu ting  (4.37)-(4.40) for pm, g<0, (4.48a, b) for £$] and (6.18), (6.19) for qaß, paß, 
daß, baß in to  (6.22a, b), we have two equations for the determ ination of /i(+) and /z(_). 
W e now solve these equations for h l+) and  /q_). In  deciding w h a t term s to  re ta in  ex­
plicitly, we note th a t, for a th in  or p late undergoing small stra in , the quantities h ,  
7z(+), A(_), Paß, <2*. X[m] a re small. W e obtain

ff (1 +  o-)(l — 2cr)
A(+, =  h ----------- a ^ p r x h  +    — — —  Q°h +  0 (31„ (6 .23a)

1 — u 2(1 — o')

c (1 +  <r)(l — 2 o)
A<-> =  A ----------- a rXp rxA +  -  ------— ^<2°A +  0 <M,. (6.23b)

1 — o' 2(1 — c)

T he O-symbols represent the  residual term s w ith orders of m agnitude shown sym boli­
cally by

p-’-h, Q'2h ,  pQ h, p h \  Q h \  X h \  q h \  (6.24)

Hence from (6.23a, b), we have im m ediately, in the notation of (3.26),

+  ff)(l ~

2(1 -  <r)

(  n<r 7z(l +  o-)(l — 2 c) \
/<») =  2 1  a * p A  +  —    <2° )  +  0(33), (6 .25a)

V 1 -  o- 2(1 -  o') /

d<»> =  0  (34), (6.25b)
where

0(33) =  0<33)(p2A", Q2h n, pQh», Q h n+1, XA"+\ p h n+ \ q h n+1), (6.26a)

0 (34> =  O m ) ( X h n+ \ Q h ’‘+ \  q h n+\ p h n+l). (6.26b)



Similarly, substitu ting  (6.23a, b) into (3.27), (3.28), we get

P <n><=  p 'a " +  0<36), (6.27a)

<2<n)< =  ß V  +  0 (36), (6.27b)
where

0 ;35) =  OJ35)( P p h n, 'PQhn, P X h » + \ P q h n+1), (6 .28a)

0{», =  0-36,(QpA", Q2h \  Q X h n+1, Q qhn^ l) , (6 .28b)

where P ‘ and Q' defined by (3.28), represent the sum and difference of the com ponents 
of the surface loads w ith respect to the surface S 0 in the strained  sta te .

W ith (6.18), (6.19), (6.25), (6.27) established, the expression for T aß, L aß, T a0 in 
(4.49), (4.50), (4.52) will now be reduced to forms involving p aß, q aß instead of p aß, 
qaß. T he results are as follow s:

(i) The membrane stress tensor T aß,

T°f> =  2A â p r x h  +  A $ ; yUb xsq r yh* -  A ^ ; yUq Tyq xih 3 +  - - - - -  +  0 $ , .  (6.29)
1 — cr

(ii) The bending moment tensor L aß,

L *  =  n $ a X7{ U a T q ™  +  2 A ^ ^ b x ip P«}h*

+  _ 1  n$  j a ° -  4X°[0] -  2Q \)  -  bayQ*\h3 +  0$> . (6.30)
6(1 <T) \ \1  O' a /  J

(iii) Th-e shearing stress tensor T a0,

Pa0 =  2 { A \ t ) tpy b n P ^  +  - ¿ ¿ [ i f W 3} I r +  Qah
a

+  \ { 4 H P a +  aaTb*yP',) h 2 +  (aTyP a +  aaTP y) q Tyh-

<j  (V (  4a „ 2<r \
+  —    \  a“T   HQ* -  4*?0, +    a ^ q u Q 0

6(1 — <r) (L \1  — o’ 1 ~  <r /

-  b » < ?  -  2 q aTQ° h * |  i ,  +  J { ( 4 H a %  +  b “) X \ 0) +  X \ « } * *

+  f  ( a ^ q ^ a ?  +  a - g ,x )Z )0]A3 +  Of,0,,. (6.31)

T he residual term s in (6.29)-(6.31) are

O t 8) =  0 “38)(Ap2A3, Q2h \  p Q h \  X Q h \  q p h \  X p h \ Q q h \  b p h \  q h \

bQ>h\ Qh5, X h s), (6.32a)

0 $ )  =  0 & ,(p 2A, Q2h ,  Q ph, p h \  Q*h\ b Q h \  q Q h \  X h \  b q p h \  q * p h \  g h 5), (6 .32b)

0?3°9, =  O?3°9)(0pA, QQh, Q X h \  Q q h \  b P p h \  q P p h \  h P Q h \  qP Q h 2, p q h \

b P q h 3, P q 2h 3, b P h \  b p h \  q h \  b 3Q*h\ tf-Qh3, X h 3). (6.32c)
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T he abbreviations are as follows:

A “i)TX = ---------  {aaaßarX +  (1 — a)aalaßx}, (6.33a)
1 — <r2

A ° v 7U =  ^  ~  !} * iXA“» 7 +  & t A w 7> (6.33b)3(1 -  a)

A $ r U = -W xA ° ? r  -  - - - - -  a TTA(f)ix -  -  Ą a ^ A f f i 7 , (6 . 33c)
2(1 -  cr)

d  ̂ X5p7 =  i \ ~ : ~ a (Y r  -  2a '5A?1? 3' -  a 'M < f 7 +  a»i4fóPT j , (6 . 33d)

«toj =  (a)_I/2t',s, a — det. (aOJ3), e11 =  e22 =  0, (6.33e)
e12 =  _  e2l =  1,

H = \ a ' xb ^ ,  (6.33f)

where H  is the mean curvature of the middle surface So in the unstrained s ta te . All 
these quan tities  are determ ined by  the  geom etry of the  m iddle surface (in the un ­
strained  sta te) of the  shell or plate.

W ith  (6.18), (6.19), (6.25), (6.27) established, (5.1), (5.2) can be reduced by direct 
substitu tion  to the form involving p aß and q aß instead of p aß and qaß. T hus we have 
the following three equations of equilibrium in  terms of p aß and q aß:

— A ^ b . y P r x h  — 2A f i ) Xq pyp T\h  +  f  A 1#** (q* \h3) |p7
a

-  l A a r Ub pyb n q r J i 3 +  A ^ r Uq Taq n b pyh 3 +  A ^ uU q ruq xiq pyh 3

2(1 -  2<r)
+  P° +  2X°m h  +  {QIh ) \ r +   HQ*h

a  1 —  cr

1 - 2 ( 7
+    q  x\aTXQ°h =  O(40), (6 . 34)

1 — (7

2A (f;x(p rxA),p +  A X r X\ b u q * yh 3) „  +  \ A } ^  a ^ b ry{ q ^ h 3) l?
a  a  a

-  ApJj””>'äX ( q ryqssh3) \p +  ^aaTq TyA j ^ l (qksh3) lß -f    aaß(Q°h)lß
a  a  1  —  (7  a

+  P “ +  2 X “0]A +  (2 H a t  +  K ) Q 'h

+  (a ^ q r x a f  +  2 a ^ q ri)Qsh  =  0?41>, (6.35)

where

O?40) =  0°m (Qph, QQh, Q X h 2, Q q h 2, b P h 2, q P h 2, b 2P °h2, q 2P °h 2, q b P ° h 2,

b p h 3, bQ°h3, qQ°h3, Qh3, X h 3, q p h 3, q h 5), (6.36a)

0 on, =  0 ?4i,(p 2A, @ h ,Q p h ,  b*Ph2, bqPA 2, q 2PA2, p h 3,Q h 3, X h 3, q p h 3, q h 3). (6.36b)
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T he abbreviations Aft?*, A[3™™, are given by (6.33a, b, c), while A $ is
given by

.. 1 ((9a — 4)tr
A \2) = --------------- < a P7a x“a xi -  (2 -  7a)a5rax“a PT

6(1 — a 2) ( 1 — a
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+  9(1 — <r)a"5a r'’aV)' +  (11a -  2)ax“a x',a {T'j . (6.37)

All these tensors are determ ined by the geom etry of the unstrained state.
If we were to substitu te  (6.18), (6.19), (6.25), (6.27) into (5.5a, b), we would im ­

m ediately obtain  three equations of com patibility for p ap, q ap, w ith certain  term s no t 
explicitly calculated. However it is wiser to adop t an entirely  different m ethod, for 
the required equations of com patibility  can be obtained in an exact form by a purely 
geom etrical m ethod.

We first introduce the equations of Codazzi and Gauss for the reference surface 
So in the strained sta te ,

^ap\y bay\fi ~~ 0, (6.38a)

Rpafly =  ¿(.bpfibay bpybfja"), (6.38b)

and the corresponding equations for the middle surface S i  in the unstrained s ta te ,

b ap\y — ba7ii9 =  0, (6.39a)
a  a

Rpafiy =  \{bpfibay — bpybzv). (6.39b)

Here we recall th a t

baflly baP,y & ^[uiy, p]g^/3t  p]o^a]r, (6.40a)

¿o/3| t  =  ¿ 0/3,7 — a Tf[ay, p]abpT — a^f/Sy, p]abax, (6.40b)
a

Rpctfiy ^(^P7,o/9 T  da(3,py @pfi,ay ̂ ay,pff)

+  axX{ [py, x]„[a/3, X]» — [p/3, 7r]a[ay, X]a}, (6.40c)

RpaPy 2 ^py,aP T  a ap,p7 &pf3,ay &ay,p(l)

+  a xX{ [py, 7r]a[a/S, X]a — [p/3, 7r]a[<ry, X]a). (6.40d)

F urtherm ore by definition, we have

a“" =  5£rXe“saxj, a =  -¿erV {axaar«, (6.41a)

a™ =  ^erXe"saxj, a =  |e xXc“5axjaTW, (6.41b)

ay — 6y =  ie^e^axsapy,  a* — 5 ' =  ^ c ^ a x ja ,^ ,  (6.41c)

where 5* is the K ronecker delta. Substitu tion  of axj from (6.19) into (6.41a, c) gives, 
w ith (6.41b)

o ~  =  — (277[o]J?“oW j +  a™), (6.42a)
a

— =  1 +  27/[o]7;Joi!PxiPr7 +  2p Txax5, (6.42b)



326 W E I-Z A N G  C H I E N [Vol. I , N o . 4

Sy — —  {äy -f- 2p \ yaXr +  2?7['oXi’?io]Pxiap7 -j- 4?7i'o]J7',[o]Px5pi>7}, (6.42c)
a

where njjj] is given as in (6.33f).
We now m ultiply (6.38a), (6.38b) respectively by ( a /a )ng}, (a/a)nf0]n^[, and sub­

stitu te  a aß, baß from (6.19) into the resulting equations. This gives, in consequence 
of (6.42a, b, c) and (6.39a, b), the following three equations in p aß and q aß\

2«f[ol<3rc,yS|T(l +  2i]1o]Vio] p™pxa +  2a™p*f)
a

— nft](2qßr +  bßx)(a™ - f  2nioX n“o]Px5)(Pc,«|7 +  P 7W|<> — P«tI«) =  0. (6.43)

(1 +  211(0] "roiPxiPxy +  2aTTp T7) {2n'’[ojn^o]Ppii|a(3
a

+  n fä n %  q p„ q aß +  2a°*paßK  -  (4H a *  -  b “*)qaß)

”1" *l[0] ̂ [0] (3TW “f“ 2nf0] [0] jP X i )  ( p * p  [ y  “I“ P y v \ p  P y p  I *) ( P a o i  |/S “f“ P ß <a\a P a ß \ u ) 0» (6 . 44)
a  a  a  a  a  a

E quations (6.43), (6.44) are the three equations of compatibility fo r  p aß and q a$\ these 
are to  be associated w ith the three equations of equilibrium, (6.34), (6.35) for the solu­
tions of p late or shell problems. We note th a t  K  is the to tal cu rvature of the middle 
surface S /  in the unstrained sta te , and satisfies

K  =  l ( a zyb Tya u b \ S — b ^ b * / ) .  (6.45)

Conclusion. E quations (6.34), (6.35), (6.43), (6.44) are the  final forms of six
differential equations in the six unknowns p aß and q aß. H ere p aß and q aß, as indicated 
in (6.17), represent the extension and change of cu rvatu re  of 5o', the middle surface 
in the unstrained sta te . W ith p aß and q aß known, the macroscopic tensors T aß, T a0, 
L aß can be calculated from (6.29)-(6.31).

W e recall th a t  the tensors a aß and (1 /2 ) b aß are respectively the first and second 
fundam ental tensors of the middle surface So in the unstrained sta te ; H  and K  are 
the mean and to ta l curvature of S 0' as in (6.33e), (6.45); <r is Poisson’s ra tio ; 2h  is 
the thickness of the shell or p late in the unstrained s ta te ; P* and Q‘ represent the sum 
and difference of the surface forces on the upper and lower surfaces of the shell or 
p late in the strained s ta te  as in (5.28); are the norm al derivatives of the body 
force on the reference surface So in the strained  s ta te  as in (3.24). All these quan tities 
m ay be regard as given. T he covariant differentiations are calculated for a aß and x “.

W e also no te th a t  the six equations (6.34), (6.35), (6.43), (6.44) are exact, in the 
sense th a t no term s have been om itted , b u t of course the residual term s, represented 
by  O-symbols, have no t been calculated explicitly. However, it  will be shown in P arts  
II and I I I  th a t  in all cases of small thickness and small strain , the residual term s are
small com pared w ith those shown explicitly, and it is legitim ate to neglect them  in a
first approxim ation.

(To be continued)
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ELECTROMAGNETIC WAVES IN A BENT PIPE OF 
RECTANGULAR CROSS SECTION*

B Y

KARLEM RIESS 
Tulane University

T he analysis of electrom agnetic wave propagation in a ben t pipe of rectangular 
cross section, (x  = R , x  = R + a ,  y  =  0, y  =  b ), is based on the Maxwell field equations, 
expressed in cylindrical coordinates (r, 6, y )  (Fig. 1). As in the  case of the s tra igh t
p ipe,1 the tim e varia tion  is given by the exponential ei"‘, where to is the  angular fre­
quency. T he angular varia tion  is given by  where 2  is the  propagation constan t 
for the ben t portion. T he equations m ay be w ritten

-  2 E v -  rdEe/d y  +  rjup .H r =  0, 

d E r/d y  — d E v/d r  -f- jw p lle  — 0 ,

rdEe/d r +  E$ +  2  E r +  rjw pHy = 0,

— 2 I I  v — rd llo /dy  — rjoieEr — 0 ,

d H r/d y  -  dH y/dr -  jw eEe =  0 , ^

rd lle /d r  -f- l ie  T  2//r — rjoieEy =  0 , 

rd H r/d r +  H r -  X H e +  r d E j d y  =  0 ,

rd E r/d r  +  E r — 2 Eg -f- r d E v/d y  = 0.

In (1) He, H t, H v, Ee , E r and E v are the com ponents of m agnetic and electric field,
e is the electric inductive capacity, and the m agnetic inductive capacity. T he elec­
trical conductivity , a, and charge density , p, are assum ed to be zero.

T he field com ponents H r, H y, E r and E v m ay be expressed in term s of He and Ee  by 
various com binations of the equations (1). These give

I lr iG H )  = -  2 rdH e/dr -  2 H , -  r 2ju>tdEe/d y , (2a)

I Iy (G r ’) =  — U rd lle/dy  -f- rjueEe  +  r-jaeedEg/dr, (2b)

E r(GH) =  -  2 rdEe/d r -  2 E e +  r 2ju p d H e/d y , (2c)

E y(Gr2) =  — 2 rdEe/dy  — rjoeplle — r 2jw pdH e/dr, (2d)
where

(Gr2) =  2 2 +  r W p t .

Using the last two of Eqs. (1) and Eqs. (2), I l „  H v, E r and E v m ay be elim inated 
and equations in He and Ee  readily obtained.

3 f  1 d ir lle )  “I d2Ile  rjoie dEe dG~l L  _|_ Hg +  Q -l  ------  + -± ------------------- =  0) (3a)
dr LGr dr J  d y 2 2  dy dr

* Received June 29, 1943. The paper constitutes part of a thesis submitted in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy at Brown University, May, 1943. The author 
wishes to thank Professor L. Brillouin of Brown University for his many helpful suggestions.

1 This case has been discussed by Lord Rayleigh, Phil. Mag. 43, 125-132 (1897); Brillouin, Rev. G6n. 
de l’filec. 40, 227-239 (1936); Schelkunoff, Proc. Inst. Radio Eng. 25, 1457-1492 (1937); Chu and Barrow,
Proc, Inst. Radio Eng. 26, 1520-1555 (1938); Slater, Microwave transmission, McGraw-Hill, 1942, 
pp. 124-150.
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_ôTJ _  d{rEe) 

dr LGr dr J
+  E e +  G- 1

d2Ee rjoip dHe dG

dr
0. (3b)
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d y 2 2  dy
T he boundary  conditions for this case are

y  — 0, y  =  b. Ee =  0, E r =  0.

' r =  R, r =  R  +  a. Ee — 0, E y =  0.

A more useful form m ay be obtained from (2d):

y  — 0, y  =  b. Ee =  0, £ r =  0.

r — R , r — R  - f  a. Ee =  0, d(rHe)/dr =  0

By considering Ee and He as functions of y  and r, these conditions establish the 
dependence of Ee on sin k vy, and He on cos k yy, where ky = mr/b, n  being an integer. 
By substitu ting

E e(r , y ) =  E e(r) sin k vy, I I e(r, y) =  H e(r) cos kyy, 

in (3) and simplifying, equations in Ee and He as functions of r alone are obtained.

(4)

(5)

d2H e dHe
+  A{r) —  +  B(r)IIe  +  eC (r)£6 =  0,

dr2

d2Ee
+  A{r)

dr

dEe
+  B{r)Ee +  pC (r)H e =  0,

dr2 dr
where the coefficients A (r ) ,  B (r)  and  C(r) have the values

222

(6a)

(6b)

1 222 1
A  (r) = -----1------ = ------ 1-----

r Grz r r( 2 2 +  r2w2pt)

B(r)  =  G -  k2y

C(r)
2j  k.jwX

1 222 

r2 Gr4 
2jkyW2<

1
+  w2pe k l  +

222

r2(22 +  r W p t) (7)

Gr2 (22 +  rW pe)
Equations (6a) and (6b) show th a t  Ee 

and He are no t independent in the ben t 
pipe. Furtherm ore, Ee and He do no t 
vanish in this case, hence the m ethods 
of solution used for the stra ig h t pipe 
fail. Ee and He are n o t expressible in 
term s of Bessel functions. One possible 

. z  m ethod of solution of these equations, 
nam ely to  substitu te

=  { p y 2He +  ( t ) ll2Ee, 

fa  =  ( p y i 2He -  (()ll2E 0,

and thus to  obtain  separated  equations 
in <£i and 02, is incorrect because the 
boundary  conditions (4) are no t satis­
fied.

E quations (6a) and (6b) have been



solved com pletely by a m ethod of approxim ation, using the theory  of the 
Schrödinger equation w ith  perturbations. Only the  zero order and first order term s 
are considered. T his does not affect the generality  of the solution, because in 
practice th e  radius of cu rvatu re  of the  pipe, R ,  m ay be chosen very  large com pared to  
the constan ts of the equations and to  the dimension a of the  pipe.

T o  rewrite (6a) and (6b) in the fam iliar Schrödinger form, l e t . '

{rI-h)/R =  ß,

r = R  +  s = R (  1 +  s /R ) ,  0 < s <  a, (8)

7 =  2 /Ä .
T hus

d2ß /d s 2 +  f i ( s )d ß /d s  +  g(s)ß +  h(s)eEe =  0, (9a)

d2Ee/ds2 +  f 2(s)dEe/d s  +  g(s)Ee +  h(s)pHe =  0. (9b)

T he coefficients, to the first approxim ation in i?-1, are given by

M s )  = R ~ K -  1 +  2y2I K 2) ,  M s )  = 1^ ( 1  +  2y 2/ K 2),

g(s) =  K 2 -  k \  -  2y2s / R  =  k l  -  2y 2s /R ,  

h(s) =  2 jk uw y / R K 2,
where

K* = y 2 +  coVe =  kl  +  k l

C ontinuing the approxim ation, Eg and ß  m ay be w ritten  as

Ee =  (Ee) 0 +  R M E e ) i  +. ■■■,  ß =  ßo +  R ~ 'ß i  ' + ■ ■ ' ,  (10)

and the perturbation  of the angular coefficient for each case as

k l = k ]  +  R - h  i for Ee, k \  =  k] +  R ^ I n  for ß. (11)

By substitu ting  (10) and (11) in (9), the  zero order and first order approxim ations 
m ay be w ritten  separately. For Ee these are

 ̂ +  t i(Ee) o =  0, (12a)
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ds2

d2(E e)x [ d(Ee) „ 

ds2 ds
[1 +  272/ÜT2] +  (Ee) ik 2.

2j  k vyo)u (Ho) o ,
+  ei(Ee) „ -  2y2s(Ee) 0 +  —  =  0. (12b)

R K 2

T he zero order equation (12a) has the sam e form as the equation for the s tra ig h t 
pipe, w ith the solution

(Ee)o =  E m,n sin k,s, (13)

where m  and n  are integers.
Sim ilar equations m ay be w ritten  for (3, giving



Eq. (12b) may be rewritten as 

dKEe)i
 —  +  ti(Ee) i =  -  ei( £ s) 0 +  2y2s(Ee) 0

ds2
- ( H . w r ) j W i - i^ W l .  ( , »

ÖJ A 2

This is the general form of the Schrödinger equation with perturbations, where the 
usual perturbation factor X is equal to 1/i?.

By using the orthogonality condition for the Schrödinger theory, the value of ei 
may be readily determined:

/*  a  / »  a

( — Cl +  2y2s ) E l , n sin2 kssds — I (1 +  2y 2/  K 2) k ,E 2m,n cos k,s sin kasds 
J 0 j  0

/» a

2 jk ywpyK~2H m,nEm,n cos k,s sin k.sds = 0 .
n
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Therefore
c\ — y 2a-

By using this value and (13), the first approximation (15) may be solved for (Ee)i. 
The solution, satisfying the boundary conditions, is given by

(Ee) i =  E m,n cos £,j[(7 2j)(ff — j)(2^s)_I]

+  E m,n sin k,s [ ( i ) ( 2 $ - >  j T2 -  1 +  J

— H m,n sin k ,s [ ( jk vswpy)(EjjE,)~1]. (16a)

In like manner, from the ¡3 approximation equations,

hi =  y 2a.

Since ei =  /ii, there is no change in the angle variable during the perturbations. The 
solution of the (3 equation, satisfying the boundary conditions, and corresponding to 
(16a) is

0i =  E m,n cos ¿^[(/¿„SioeyX^Ar2)-1] — E m,n sin kgs[(jkyWty)(k]K2) - 1]

+  Hm.n cos fe ,i[(i/2 ) ( l  — 2y2/ K 2 +  y 2/  k\)]

+  H m,n sin /fe,s[(2^)-1( — y 2as -  1 +  y2j2 +  2y2/ K 2 -  y 2/ k 2)}. (16b)

The complete solutions of (6 a) and (6 b), including both the zero order and first 
order approximations, may be written as

Ee =  {E m,n sin £as [ l  +  cii] +  E m,n cos k .s [.?(« — s)c2]

— H m,n sin £3j[/ic3s]} {sin kvye iut~™}, (17a) 

He — {Hm,n cos ¿„s[l +  Cii] — H m,n sin fe.i[i(a — s)c2 — c4]

— E m,n sin k,s[tCe/k,] +  E m,n cos £3r[ec3s]} {cos kyye’a‘-™ },  (17b)
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where
y  1 I y l  y l

C\ —    f C<i =  -------- ;
2 R&; 2 R  R K 2 2 R k ,

 ̂  ̂ -  7 2 1 7 2

Cs “  2M 2' C4 ~~ 2 .8 #  2 .8 #  i? # 2#  ’

By using (2 ) and the approximations (8 ) and (10), the components H „  H v, E r 
and E v are seen to become

— K 2H r =  {H m,n sin # * [ -  y k . { \  +  cis -  s / R  +  2y 2s/R K *)

+  c2(2 s — a)y  — juneczkys]

+  H m,n cos k.s [ 7  {ci +  R - 1 — c2s(a  — i ) # }  +  yk,Ci\

+  E m,n sin k,s\jo3tkv( 1 -f- Ci5 +  2y2s / R K 2) — k,czyes}

+  E m,n cos k,s[jwekys(a — s)c2]}cos k vye’ul~ se, (18a)

K H ly  =  [ E m,n sin kss \ jw t{c i  — k,s{a — s)c2 +  i?-1 } — (c3# 7 «)(#)~ l ]
+  E m,n cos k ,s \ ju tk ,{ \  +  Cis +  2 y2s / R K 2) — ju t(2 s  — a)c2 +  ¿¡,c37 « ]

— H m,n sin k,s[j^ntcz  +  y k y { s (a  — s)c2 — c4}]

+  cos # s [  — jo>neksc3s +  7 # ( 1  +  Cis — s / R  +  2 y2s / R K 2) ]}

•sin ¿„ye’"'-2*, (18b)
—  K 2E r = { £ m . n sin k,s [ y { Ci — c2s(a —  s )k , +  8 - 1 }  —  {kyCZju>tit){k,)~l]

+  E m,n cos k,s [7 ^ , ( 1  +  Cis — s / R  +  2 y 2s / R K 2) jw ^ekvczs — c2y(2s  — a)]

— H m,n sin # s [c 37 ai +  jw iikv{s(a — s)c2 — c4}]

+  H m,n cos kss\jtoixky(\ +  cis +  2 y2s / R K 2) — ¿,c37 /js]}

•sin kyye’ut~29 (18c)

— K 2E y =  sin # s [ 7 &„(l +  cii — s / R  +  2 y2s / R K 2) — c3k,jufits]

+  E m,n cos k ,s [ykvs{a — s)c2]

+  H m,n sin kBs [ — ju / ik B( l  +  CiS +  2 y2 s / R K 2) +  jo)nc2(2s — a) — k yc3syfi]

+  H m,n cos kBs \ ju n { c i  — kBs(a  — s)c2 +  8 -1 } +  j u n k e t ] }

•cos kvye iut~z$. (18d)

The solutions for the field components (18) satisfy the Maxwell field equations (1) 
within the approximation conditions imposed on the solution of the problem.

For the special cases of H m,n and E m,n when one of the integers m  or n  is zero, 
the components may be obtained from (18). For m  — 0 and 11 not equal to zero:

Eg — Ho,n[juiJ.ykys(a — jJ/jRjSTiiJsin k vyeJ"! e,

He =  H 0,n[l -  s / R  -  y 2as2/ 2 R  +  7 ^ /3 2 ? ]cos k vy e i,J,l~z\

K l H r =  -  s)R ~ l ( ^ e k l / K m  +  7 2)]cos ¿„ye'“'-29,

K l H y  =  H 0,«[kvy R - ' ( -  t ^ i u a / K l  +  R -  y 2as2/ 2  +  7 V /3 )]sin  k y y e '^ ~ - \

- K l E r =  Ho,n[ j ^ k y R - l {y2a / K l  +  R  -  s -  y 2as2/ 2  +  7 V /3 )]sin  k vyeiu‘- se,

Ey  ~  0,



where

K l  =  o =  kl  +  y*a/R.

For m  not equal to zero, n =  0:

Ee — 0 ,

He = \ H m,o cos A,i[l +  Cis] — H m,0 sin — s)c2s — c4])cos k vye ’u‘~se,

— K l H T =  | IIm,o sin kss[ciy(2s — a) — 7 ^ , ( 1  +  ci-s — s / R  - f  2y2s /R K l ) }

+  I I m,o cos ¿Ss[7 {ci +  — Cis(a — i)^,} +  ¿sc47 ]}cos k vy e lul~~e,

H v =  0, E t =  0,

— K lE y  = { H m,0 sin ¿ ,s[— jo>nk,(l +  Cii +  2y^s /R K l)  +  j w ix c ^ s  — a)]

+  I I m,o cos k ,s[ jun{ci — k,s(a — j)c2 +  i?-1} +  /ay“T&»]cos k vye ’“‘~xe, 

where the ch c2, c3) c4 are calculated for n  vanishing, and

K l  =  (AT2)„„o =  k2, +  y*a/R-

It should be noted that both the E 0,n and E m ,0 are missing.
A consideration of the continued propagation of E  and I i  waves from a straight 

pipe into a bent pipe yields some interesting results. A pure or H m,n wave in the 
straight pipe will be reflected, partially, at the junction with the bent pipe. After 
reflection the amplitudes are proportional to a / R ,  and intensities to a 2/ R 2, hence, for 
the first approximation, the reflected portion may be neglected. Thus a pure E m,n or a 
pure H m,n wave in the straight pipe may be traced into the bent pipe, where it will 
become a mixed E  and H  wave.

For a mixed E  and H  wave in the straight portion, the intensities are proportional 
to a / R  and must be considered. A mixed E  and H  wave in the straight pipe, because 
of the reflected portion at the junction, sets up an undetermined condition within the 
pipe, not predictable from the results of this paper.

If the propagation constant is measured along the center line, a /2 ,  of the bent 
pipe, there is no change in its value from that of the straight pipe.

1944] E L E C T R O M A G N E T IC  W A V E S  I N  A  B E N T  P I P E  333



334

AN APPLICATION OF ORTHOGONAL MOMENTS TO 
PROBLEMS IN STATICALLY INDETERMINATE 

STRUCTURES*
BY

W. M. KINCAID a n d  V. MORKOVIN 
Brown University

1. Numerous methods have been devised for determining moment profiles1 in 
statically indeterminate structures. M ost of these can be classified as either approxi­
mate or exact. The approximate methods are usually simple to apply, but when em­
ploying them it is necessary to specify numerical values for the dimensions and stiff­
nesses (or their ratios) of the structure involved. The exact methods consist in solving 
systems of linear equations obtained by setting up relations between generalized dis­
placements or by the equivalent means of using Castigliano’s Principle. As the degree 
of indeterminacy of the structure increases, the solution of the equations becomes 
more laborious. Most of the methods aim at reducing such labor by a suitable choice 
of unknowns. This paper is an attem pt in that direction.

2 . Consider a structure whose degree of statical indeterminacy is N .  Denote by 
M  the true moment profile in the structure under a given load, and by M 0 the moment 
profile under the same load when the structure has been made statically determinate 
by removing N  constraints (the so-called basic structure). The effect of the removed 
constraints may be replaced by the combined effect of N  unknown generalized forces 
(couples and forces) X i, X 2, ■ ■ • , Xjy. The generalized displacements of the loaded 
structure at the points of application and in the directions of X it X 2, • • ■ , X n ,  are 
assumed to be known and will be denoted by Si, S2, • • ■ , 8#. (If X,- is a couple, 5,- is 
a rotation; if X,- is an ordinary force, 8 ,- is an ordinary displacement.) Let M i  be the 
moment profile obtained when the force corresponding to X ,=  1, X ^ O  for j ^ i ,  acts
on the (unloaded) basic structure. Then the moment profile X.-M,- represents the effect
of the fth constraint. Superposing the moment profiles due to the load and the con­
straints yields the true moment profile M:

N
M  = Mo +  E  X tM t. (1)

i—i

The unknown quantities X; in (1) are to be determined by means of Castigliano’s 
Principle.

Disregarding as usual the contributions of shearing stresses and axial forces, we 
get for the total strain energy U  the following expression:

V  =  j f  M 2dx', (2 )

* Received July 1, 1943.
1 By the moment profile of a structure under a given load we understand the magnitude of the 

bending moment as a function of position; the graph of this function is commonly called the bending
moment diagram.
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where d x '  = d x / E I ,  E  is Young’s modulus, I  is the moment of inertia of any cross- 
section about the neutral axis, and the integraf is taken over the entire structure. 
Castigliano’s Principle states that

dU
—  =  Si ( i =  1, 2, • • • , AO,
o A {

or, by virtue of ( 1 ) and (2 ),
N r

M o M d x ' +  E X ,  M iM jd x '  =  5,- ( ¿ = 1 , 2 , - - - ,  N ).  (3)
J - t  J

It will be observed that (1) and (3) are still valid if each AT,- represents a set of 
generalized forces (rather than a single force) acting simultaneously at different 
points. (See for instance Fig. 2d.) In such a case, each §,- would be made up of the 
generalized displacements corresponding to the given set of generalized forces.

Previous attacks upon the problem have essentially consisted in choosing the 
points of application and lines of action of the unknown forces X i  so as to make the 
system of equations (3) as simple as possible. Thus the moment profiles M i  were 
completely determined. We propose to reverse this procedure by specifying the mo­
ment profiles M i  first. Let us choose these profiles so that

/ M iM jd x '  =  0 (i, j  =  1, 2, • ■ • , N ; i j ) .  (4)

Then each of the equations (3) will contain only one unknown, and we get at once

5,- — fM o M id x '
X i  =

fM * d x '
( i  =  1, 2, - - • , AO. (5)

The true moment profile M  may now be obtained by substituting these values X,- 
into ( 1 ).

It will be recognized that equations (4) require that the moment profiles M i  form 
an orthogonal system over the structure. Such a system can 
always be constructed by the standard orthogonalization 
process from the original set of moment profiles (or any simi­
lar set of linearly independent moment profiles) . 2 Therefore, 
the system of orthogonalized moment profiles and-the corre­
sponding generalized forces which appear in (5) will consist 
of linear combinations of the original sets of M i  and X i ,  re­
spectively. In most practical applications, the exact form of 
these relations, as well as the physical interpretation of the 
generalized forces X i ,  is immaterial; only the orthogonalized 
moment profiles M i  are needed. The simple example that 
follows will illustrate the notions introduced in the preceding 
discussion.

3. Let us consider the triply indeterminate bent ABCD (Fig. 1), which has un­
dergone a vertical displacement d  and a rotation 6 at D (as a result of a settlement of

2 A discussion of orthogonal systems, explaining this process, will be found in R. Courant and D. 
Hilbert, Methoden der Matliemalischen Physik (Berlin, 1931), vol. 1, p. 40, or in E. T. Whittaker and 
G. N. Watson, A Course of Modern Analysis (Cambridge, 1927), p. 224.

F i g . 1
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(2b)

i i fT T w

(2c)

2/ l V \

U d )

2/ l 2/l

the foundation). The member 
AB is subjected to a uniform 
horizontal pressure p.  The stiff- 
nesses.E/of the members AB and 
CD are assumed to be equal. In 
this and succeeding examples, 
the positive direction will be 
taken as downward in vertical 
members and toward the right 
in horizontal members.

The solution will be carried 
out as follows: ( 1 ) the construc­
tion of an orthogonal system will 
be shown, and (2 ) this system  
will be used to obtain the desired 
moment profiles.

Figures 2a, 2b, and 2c show 
three self-equilibrating systems 
of generalized forces and the 
corresponding moment profiles; 
it is obvious that any set of re­
actions (in equilibrium) can be 
built up by superposing these 
three in the right proportions.

We note that the moment 
profiles M u  and M u  are sym ­
metric with respect to a vertical 
axis through the midpoint of BC 
and would be orthogonal to any 
antisymmetric profile. Therefore 
we replace M u  by M u  (Fig. 2d). 
It remains to replace M u  by a 

linear combination of M u  and M u ,  say a M u - \ - 0 M u ,  that will be orthogonal to Mu-  
The orthogonality condition reads

0  = a J  M u M u ,d x '  +  0  J  M n d x '  = .a (V  +  h') +  0(1' +  2k'), (6 )

where I' —1 / E I bc, h 1 — h / E I AB- Eq. (6 ) will be satisfied if a  =  x + 2  and j3= — ( k + 1 ),
where K = l ' / h ' .  The resulting moment profile M u  is shown in 
Fig. 2 e. The moment profiles M u , M u ,  and M u  form an orthogonal 
system over the structure. From the manner in which this system  
was derived, we see that it is independent of the loading and the
choice of a basic structure. This is true not only with respect to
this particular structure but in general.

We choose a convenient basic structure and find the moment 
profile Mo due to the load (see Fig. 3). Eq. (1) now takes the 
form

Fig. 2

F ig. 3. M  =  Mo +  X , bM 2b +  X zdM id  +  X u M u (7)



1944] O R T H O G O N A L  M O M E N T S  I N  I N D E T E R M I N A T E  S T R U C T U R E S  337

Clearly, the quantities X  may best be interpreted as mere coefficients by which the 
generalized forces in Figs. 2b, 2d, and 2e must be multiplied in order to yield, upon 
superposition, the correct reactions at the supports. 3 As for the interpretation of 
5», &2d, and S2e, we recall that these quantities are equal to the partial derivatives, 
with respect to the corresponding quantities X ,  of the work done by the reactions. 
For instance,

d
d  ~  -------------

d X 2d

r ,  s 2 X id  “1 2 dI {x2d-  x 2b + (K + I)x2e} 8  j - d \  = e -  —

Similarly S u — — 0 and 52(. =  ( k +  1)0.
Next, we evaluate the following important quantities:

J M lbdx '  =  h'(K + 2 ), J  M iddx '  =  §*'(*■+ 6 ),

J  m I j x '  =  J A ' O t  +  2 ) ( 2 k  +  1 ) ;  ( 8 )

J  M 0M n dx ' =  J M 0M 2ddx' =  -  \ p W h ' , J M 0M iedx' = —  p k W Q n  +  2 ). (9)

Thus the equations (5) specialize to

- 6 9  +  phVi' v  6 6 -  1 2 d / l  +  p h 2h'
X ib  — -----------------------------J X 2d — ------------------------------------------- J

6 Ii '(k T" 2 ) 2  hr(k T  6 )

24(k +  1)0 -  (3k +  2)ph*h'
A 2 e — ' (10)

8  +  2 )  ( 2 k  + 1 )

To complete the solution we have only to substitute (10) into (7) and tabulate the 
values of M  at A, B, C, and D.

4. In the present method, the problem of solving the systeffi (3) is replaced by 
that of constructing a set of orthogonal moment profiles. Once such a set is known for 
a given structure, the solution M  corresponding to any loading is obtained merely 
by evaluating the right-hand member of (5) and substituting 
into ( l ) . 4 This is an advantage of the present method over others 
in which the complete system (3) has to be solved anew every 
time the load is altered. Thus, for important structures, it may­
be worthwhile to construct an orthogonal set, even in cases 
where the orthogonalization itself is fairly complicated.

Fortunately, the rather lengthy standard orthogonalization 
process (see footnote 2 ) seldom needs to be used in its entirety, 
as the preceding example indicates. Shortcuts involving the use fig  4 .
of symmetry, antisymmetry, and other characteristics of the

3 In most problems displacements at the constraints are zero. In such cases it is altogether un­
necessary to visualize what particular generalized forces generate the orthogonal moment profiles because 
that physical notion is needed only for evaluating the S,-’s.

1 The integrals jM*dx' which appear in the denominator of (5) are also independent of the loading 
and therefore can be computed once for all.



338 W . M . K I N C A I D  A N D  V . M O R K O V IN [Vol. I ,  N o . 4

structure arc usually available. For instance, in the case of the triply indeterminate 
frame in Fig. 4 (with Iab  = Ic d  and Ib c  = Iad),  we obtain the M i ’s  immediately from 
symmetry considerations (Fig. 5).

Tpr>^

a
I

F ig . 5.

The evaluation of integrals fM o M id x '  in (5) presents few difficulties, because 
the moments M i  always vary linearly over any member and Mo can be made to vanish 
over all but a few members by a suitable choice of the basic structure. Furthermore, 
there exist tables of such integrals for the common forms of moment profiles (trape­
zoidal, parabolic, etc . ) . 5

Similarly, the remaining operations can be systematized so that even a person 
with little mathematical training can perform them. This is particularly true when 
numerical values of the stiffnesses E l  are known; then substituting (5) into (1) re­
duces to taking scalar products on a computing machine.

5. We conclude with an example illustrating an efficient arrangement of the work.
Consider the four-legged bent shown in Fig. 6 ; assume that I ab  = I cd — I ef  — I gh 

and I bc = I cf = I fg, and denote by k the ratio l ' / h '  = I I ab / I iI bc, as before.

B F

D H

n ,

-At

F ig . 6. F ig . 7.

Since the structure is statically indeterminate of the ninth degree, we obtain nine 
orthogonal moment profiles My, M i,  ■ ■ • , Mo, whose values at different points of the 
structure are given-in the first ten columns of Table I. (We understand by M i(C B )  
the value of M i  at the end of C of the member BC, and give a similar meaning to 
M i{ A B ) ,  M i(B C ) ,  etc.) It will be observed that M i, M i, M 3, M 7, M s, and Mo are 
essentially reproductions of the moment profiles M n ,  M u ,  and M u  found for the 
two-legged bent in section 3. Considerations of symmetry are helpful in constructing 
M 4, Mo, and M 6. The integrals ¡ M \ d x '  are now computed by means of the tables 
referred to in footnote 5, and are given in the eleventh column of our table.

The parts of the table so far discussed can be used to find the moment profile due 
to any loading of the bent. Suppose the member BC is subjected to a set of vertical

5 See, e.g., H. F. B. Muller-Breslau, Die Craphische Statik der Baukonslruktionen (Leipzig, 1925), 
vol. 2, part 2, p. 56.



loads and moments. By selecting the basic structure as indicated in Fig. 7, we confine 
the moment profile Mo  to BC.

Defining

Pi =  — I M 0xdx, P r =  — f  Mn{l — x)dx,
12 *7 BC I2 J  BC

we see at once that

J  M oM idx '  =  l ' [P rMi{BC)  +  PiM i{C B)}  (7 =  1 , 2 , - - -  ,9 ) .  (11)

The values X i  (twelfth column) are now obtained by dividing the negatives of the 
right members of (11) by the corresponding values in the eleventh column.

To find the value of the true moment profile at (say) A, we multiply each term 
ilfi(AB) (first column) by the corresponding X i  and add the results, and similarly 
for other points. It would ordinarily not be necessary to carry out the algebraic 
simplification of these sums, but this has been done for the sake of compactness:

M (A B )  =  —  { ( 4 k 3 -  1 7 0 k 2 -  4 1 4 k  -  225) P r -  2 ( k  +  1 ) ( 1 0 k 2 -  6 k -  3 )P ;} ,
S T

M (B C )  =  —  { -  ( 6 4 k 3 +  6 2 8 k 2 +  1 1 8 8 k  +  5 8 5 ) P r  +  2 ( k  +  1 ) ( 1 6 k 2 +  1 0 2 k  +  5 1 ) P , } ,  
S  T

M{CB)  =  —  { 2 k ( 1 6 k 3 +  1 1 8 k 2 +  1 5 3 k  +  5 1 ) P r —  4 ( k +  1 ) ( 1 6 k 3 +  1 4 1 k 2 +  1 9 5 k  +  7 2 ) P ; }  i 
S T

M(DC) =  —  { ( 2 0 k 3 +  9 6 k 2 +  2 3 3 k  +  1 3 5 ) P r +  2 ( -  2 k 3 +  5 1 k 2 +  9 1 k  +  3 9 ) P , } ,
S  T

M(CF)  =  —  { k ( 1 4 0 k 2 +  4 1 2 k  +  237)Pr -  2 ( 8 6 k 3 +  3 5 5 k 2 +  4 1 1 k  +  144)Pj},
S T

M{FC) = ----  { -  k ( 1 2 4 k 2 +  2 4 8 k  +  93)Pr +  2 ( 7 0 k 3 +  1 7 9 k 2 +  1 4 4 k  +  36)P /},
S  T

M (E F ) =  —  { k ( 3 6 k 3 +  2 6 0 k 2 +  377k +  135)P r -  2 k ( 1 8 k 3 +  1 2 5 k 2 +  1 7 6 k  +  69)P i}t 
•S T

M(GF) =  —  { -  k ( 1 0 8 k 2 +  2 0 8 k  +  1 3 5 ) P r  +  2 k ( 5 4 k 2 +  7 3 k  +  2 1 ) P , } ,
S  T

M{FG) =  —  { 2 k ( 5 4 k 2 +  7 3 k  +  21)Pr +  2 ( -  5 4 k 3 -  3 8 k 2 +  5 1 k  +  3 6 )P ,{ ,
S  T

M {IIG) =  —  { k ( 3 6 k 3 +  1 9 8 k 2 +  2 8 4 k  +  1 3 5 ) P r  -  2 k ( 1 8 k 3 +  9 0 k 2 +  1 0 4 k  +  3 3 ) P , } .
S T ,

The arrangement given here is especially adapted to the use of computing ma­
chines in case numerical values of k and the other quantities appearing are known.6

6 After the manuscript of this paper had been completed, our attention was drawn to a work along 
similar lines by S. Miiller (S. Miiller, Zur Berechnung mehrfach statisch unbestimmter Tragwerke, Zentral­
blatt der Bauverw. 1907, p. 23). Müller introduces a “system of forces XT’ instead of single forces, and 
reduces the system of equations to the diagonal form. However, his point of view and emphasis are quite 
different from ours, and his procedure is more lengthy than that presented here.
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T a b l e  I

M i(AB) Mi(BC) M{(CB) A/» (DC) Mi(CF) Mi(FC) . Mi(EF) Mi(FG) Mi(GF) Mi(HG) jM 2idx' - X i

Mi «+1 1 1 - (« + D — — — — — — V(k+2)(2k+1)/3 3*(Pr + P i)/(* + 2 )(2 * + l)
Mi - 1 1 1 1 — — — — — . — h'(K+ 2) «(A r+P l)/(<+2;
M i - 1 1 - 1 - 1 — — — — — — A'(k+ 6)/3 3 * (P ,-P i)/(« + 6 )
M i - k(3k+7) - 1 1 k 13k+12 - k(k-S ) X X k(k—5) 13k+12 — 11k k(3k+7) h’ic\R [ - l lK P r +(13K+12)P2]/XR
Mi -« (3 k+7) - 1 1 k 13k +  12 —k(k—5) X -X —k(k—5) -(1 3 k+12) • 4*11« - k(3k+7) h 'A S /3 3 [ - l lK P r +(13K+12)Pi]A*S
M i 2k*+8k+5 6k +5 ~2(3k+2) 2k*+9k+5 2k+1 2k+1 - ( 2 kj + 9 k+5) -2 (3 k+2) 6k+5 - ( 2 k*+8k+5) h'RT /3 3k [(6k +S)Pr —2(3k + 2  )P i\/R T
M i — — — — — — k+1 1 1 - ( k+1) * '(*+  2)(2«+ l)/3 0
M i — — — — — — - 1 1 1 1 h 'U + l) 0
M i — — — — — . 1 - 1 1 1 i'(«  +  6)/3 0

P = 4 k ’ + 3 1 « + 2 0 , r  =  4*’ + 1 0 * + 5 ,  M i ( F E )  =  3 / ;  (PC ) - M i ( P G ) ,  =  -A i,-(J3C)
5 = 4 « ! + 4 1 « + 3 6 ,  A = 2(2«  +  l) ( * + 6 )  M j ( C D )  = M i ( C B )  — M i ( C F ) ,  M i ( G H )  - M i ( C F )
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A STRAIN ENERGY DERIVATION OF THE TORSIONAL- 
FLEXURAL BUCKLING LOADS OF STRAIGHT COLUMNS 

OF THIN-WALLED OPEN SECTIONS*
BY

N. J. HOFF 
Polytechnic Institute of Brooklyn

In the thin-walled open section columns of modern aluminum alloy aircraft tor­
sional buckling and combinations of torsional and flexural buckling are of consider­
able importance. The critical loads corresponding to these types of instability have 
been calculated by Wagner,1 Kappus,2 Lundquist and Fligg,3 and Goodier4 through 
integrating the differential equations of the problem. In the present paper the tor­
sional-flexural buckling loads are determined with the aid of the Rayleigh-Ritz- 
Timoshenko method. This procedure obviates the derivation and integration of the 
differential equations as well as the geometric.considerations connected with what 
Goodier termed “Wagner’s hypothesis.” •

The equilibrium of a straight bar of a length L and a cross-sectional area A, loaded 
axially with a compressive force of a magnitude aA distributed uniformly over the 
end section, can be investigated by assuming that each section of the bar undergoes 
a virtual displacement. The end sections of the bar are assumed to be restrained in a 
manner which precludes translations as well as rotations about any axis perpendicular 
to the end section, but which permits rotations about axes in the plane of the end 
section and warping of the end section. Barring displacements that would change 
the shape of the cross section (such displacements lead to plate- or shell-buckling), 
the most general virtual displacement pattern of the bar can be represented by the 
following infinite series:

(la) 

(lb) 

(lc)

* Received July 24, 1943.
1 Wagner, Herbert, Verdrehung und Knickung von offenen Profilen, 25th Anniversary Volume of the 

Technische Hochschule, Danzig, 1929, p. 329.
 Torsion and buckling of open sections, N.A.C.A. Tech. Mem., No. 807, 1936.
5 Kappus, Robert, Drillknicken zentrisch gedrückter Stäbe mit offenem Profil im elastischen Bereich, 

Luftfahrtforschung, 14, 44 (1937).
--------Twisting failure of centrally loaded open-section columns in the elastic range, N.A.C.A. Tech.

Mem., No. 851, 1938.
3 Lundquist, E. E., and Fligg, C. M., A theory for primary failure of straight centrally loaded columns, 

N.A.C.A. Report No. 582, 1937.
4 Goodier, J. N., The buckling of compressed bars by torsion and flexure, Cornell University Engineering 

Experiment Station, Bulletin'No. 27, December, 1941.
--------Torsional and flexural buckling of bars of thin-walled open section under compressive and bending

loads, Transactions A.S.M.E., 64, A-103 (1942).

u = T .  an sin (tnrz/L),
n= 1 

oo
v = ^ 2  bn sin (tnrz/L),

n- 1

00

ß =  2  cn sin (nirz/L).
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In these equations u  is the virtual translation in the x-direction of a section of the 
bar at a distance z from the bottom section, v that in the y-direction, and /3 the virtual 
rotation of the section about its shear center. The x- and y-axes are parallel to the 
principal axes of inertia, and pass through the shear center of each section. The dis­
placements of a section are shown in Fig. 1.

F ig. 1.

The increment 617 of the strain energy because of the virtual displacements is

/» L  /» L

(dhi/dz'Ydz  +  \ E I z I {d h /d z2Ydz  
0 J  0

+  hGC f  (dp/dzy-dz +  \E T  f  (d2P/dz2) 2dz. (2)
J  0 J  o

In Eq. (2) E I X and E I V stand for the bending rigidities of the bar when the bending 
moment vector is parallel to the ic-axis and the y-axis, respectively, and GC  is the 
torsional rigidity calculated from the Saint-Venant theory of uniform torsion. The 
fourth term is due to the direct stress caused by non-uniform warping, and T is the 
warping constant defined in the theory of non-uniform torsion of thin-walled open 
sections. This theory is discussed in the previously mentioned references and in a 
paper written by the author. 6 Eq. (2 ) follows from the theory of non-uniform torsion 
of thin-walled open sections and from the Bernoulli-Euler theory of bending, if the 
strain energy due to shear associated with bending and that associated with non- 
uniform warping are neglected.

6 Hoff, N .  J., Stresses in space-curved rings reinforcing the edges of cut-outs in monocoque fuselages, 
Journal Roy. Aeron. Soc., 47, 64 (1943).



Because of the orthogonal properties of the trigonometric functions the integrals
indicated in Eq. (2) can be easily calculated:

oo oo
5 U =  (t*EIv/4L3) E  n'al +  (vAEIx/AD) X  n*b2n

n=l n= 1

+  (r'Er/4Z,3) ±  n'cl +  (tt-GC/4-L) E  »«cj. (3)
n=l n=l

The decrease — 8 V of the potential of the external forces is equal to the work SW 
done by them during the virtual displacements. The work dbW done by the infini­
tesimal force adA is equal to the force times the shortening of the distance between
the end points of the fiber upon which it is acting. The shortening ALX,V of the dis­
tance between the end points of the fiber passing through a point x, y can be calculated 
from the equation

ALX,V =  2 f  [(dux,v/ds)- +  (dvXitl/dz)2]dz. (4)
J  o

It may be seen from Fig. 1 that for small displacements

Mx.v =  u — y[3, (5a)

v x.v =  » +  XP- (5b)

Upon substitution of the expressions of equations (1) and (5) into Eq. (4), integration 
yields

r oo oo oo
AL x,y =  (x*/4L) { E  n2al +  E  n'bl  -  2 y ^ t S a ncn

\ 71=1 71= 1 71=1
OO 00 00 \

+  2* E  n2bncn +  x2E  »*4 +  y2 E  .
n=al 7l*=l 74=1 /

The sum 5 IF of the work done by all the infinitesimal forces ad A is
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(6 )

dW = f  aALXfVdA, (7)
J  A

where the integral is extended over the total cross-sectional area. With 
JAa d A = P ,  the total compressive force,
JAydA = y o A ,  the static moment of the section with respect to the x-axis 

passing through the shear center,
JAxdA =XoA, the static moment of the section with respect to the y-axis 

passing through the shear center, 
fA(x2+ y 2)dA = JAPdA =  /„, the polar moment of inertia of the section with respect 

to the shear center, and 
P2 = h / A  

equation (7) can be written as



According to the principle of virtual displacements the bar is in equilibrium in 
its original straight-line form if the change of the total potential 5(17+ V) — 8JJ— 8 W  
is zero for any virtual displacement provided that first order small terms alone are 
considered. Since both 8 U  (Eq. (3)) and 8 W  (Eq. (8 )) contain only second order
terms in the o„, bn, c„, the original straight-line form is a configuration of equilibrium.
This equilibrium is stable only if the total potential increases, that is 8 ( U + V )  is 
positive, for any virtual displacement. With the notation

N  =  tv2E I J L \  . (9a)

Q =  t ' E I x/ L \  (9b)

R  = -k2E T / L \  (9c)

the increment of the total potential can be written in the form

8{U +  V) =  (tt2P / 4 £ ) E  «*{ [ n \ N / P )  -  l ]a 2 +  [ n \Q /P )  -  l ]5 2
n = 1

+  [ n \ R / P )  +  (GC/P) -  P2] d  +  2y0ancn -  2x 0bncn\ .  (10)

With the notation

A n = n 2( N /P )  -  1, Bn = n \ Q / P )  -  1,

Cn =  n \ R / P )  +  (GC/P) -  p2, (1 1 )

En ^0, Gn y0.
Xn  =  A nal  +  Bnbl +  C nd  +  2  FnbnCn +  2 Gncnan (12)

the infinite sum on the right hand side can be written as X X  The necessary and 
sufficient conditions for its positive definite character are that all X n for »  =  1 , 2 , * * * 
must be positive definite. Necessary and sufficient conditions for this are

An >  0 , B n >  0 , AnBnCn -  A nE \ ~  BG\ >  0  (13)
or,

n 2( N / P  -  1) >  0, (14)

n 2(Q /P ) -  1 >  0, (15)

P2[ n \ N / P )  -  1 ] W ( Q /P )  -  1 ] [ ( T /P )  -  1]

-  x l [ n \ N / P )  -  1] -  y l [ n \ Q / P )  -  l ]  >  0. (16)

Since inequalities (14)-(16) are necessary as well as sufficient conditions of stability,
the bar may buckle if any one of them is not satisfied. Neutral equilibrium prevails, 
therefore, if any one of the following “buckling conditions” is fulfilled:

n \ N / P )  - 1  =  0, (17)

nK Q /P )  - 1  =  0 , (18)
P2[ n \ N / P )  -  1 }[n2(Q /P) -  1 ] [ (T /P )  -  1]

-  x l [ n \ N / P )  -  1] -  yl[n*(Q/P) -  l ]  =  0. (19)

It is easy to prove that the original straight-line form of the bar corresponds to 
stable equilibrium if the compressive force P  is sufficiently small, since by decreasing

344 N . J .  H O F F  [V ol. I , N o . 4



1944] T O R S IO N A L -F L E X U R A L  B U C K L IN G  O F  O P E N  S E C T IO N S 345

P  the first three terms on the right Hand side of Eq. (12) can be made positive and 
large as compared to the last two terms. In the investigation of the stability of the 
bar under increasing values of P  it is to be noted that if any of the inequalities (14)- 
(16) is satisfied for n = k, it is also satisfied for ?i = k+p,  where k and p are arbitrary 
positive integers. Consequently the bar is stable if, and only if, inequalities (14)—(16) 
are satisfied when n =  1. The smallest critical load can be calculated from Eqs. (17)- 
(19) if 1 is substituted for n. This load alone is of practical importance unless geo­
metric constraints (for instance rigid end fixation or additional supports between the 
ends of the bar) prevent displacement corresponding to the first terms of the Fourier 
series in Eqs. ( la ) - ( lc ) .  In such a case the smallest value of n that is compatible 
with the restraints must be used in Eqs. (17)—(19) for the calculation of the buckling 
load, for instance w =  2 when the ends of the bar are prevented from rotating and 
warping.

Eqs. (17)—(19) permit a discussion of the various types of buckling of bars of 
different cross section. With an asymmetric section xo^O and y 0^ 0 . In this case 
with increasing P  a value is reached at which Eq. (19) is fulfilled while the left sides 
of Eqs. (17) and (18) are still greater than zero. The buckling load P  can be calculated 
from Eq. (19) which is a cubic in (1 /P).  The deflection pattern is flexural-torsional 
since it contains the non-vanishing coefficients a„, b„, and cn simultaneously.

If the section has one plane of symmetry, one of the coordinates of the centroid, 
say xo, vanishes. Then Eq. (19) reduces to

[nKQ/P) -  1]{p2[» W -P )  -  1 }[{T/P) — l ]  — yi} =  o. (20)

Consequently two distinct types of buckling are possible. One is purely flexural and 
symmetric. It corresponds to a buckling load which is the solution of Eq. (18). The 
other is flexural-torsional since it simultaneously contains displacement components 
corresponding to the non-vanishing coefficients an and c„; it is antisymmetric; its 
buckling load P  is the (smaller) root of the quadratic in (1 /P ) that can be obtained 
by dividing Eq. (20) by [«2(<3/P) — 1]. The smaller of the two distinct buckling loads 
is of practical importance. The buckling load according to Eq. (17) is always greater 
than the smaller root of the quadratic.

Finally, if the section is doubly symmetric or point symmetric, x0=yo =  0. Then 
Eq. (19) reduces to

(T/P)  - 1  =  0. (21)

Buckling is either purely flexural or purely torsional. Of practical importance is the 
smallest of the solutions for P  of the three Eqs. (17), (18), and (21).
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—NOTES—

USE OF SINE TRANSFORM FOR NON-SIMPLY 
SUPPORTED BEAMS*

B y  A. G. STRANDHAGEN ( Carnegie Institute of Technology)

The problem of non-simply supported beams is approached by various mathemati­
cal procedures. In certain applications several of the common methods are long and 
tedious. By employing the sine transform a certain ease can be claimed for most cases. 

The definition of the sine transform of a function y (x )  in the interval ( 0 ,1) is

5[y(.-r)] =  f  y (x ) sin (m rx / l )d x  =  v(n). ( 0  <  x  < I; n =  1 , 2 , • • • ) ( 1)
J  o

Recalling that the expression of a function y (x )  in a Fourier sine series is
CO

y(x)  =  X) bn sin m rx/l ,  (2 )
n » I

where

bn = {2/1) j  y{x) sin (n irx/l)dx,  ( 0  <  x  <  I; n =  1, 2 , • ■ • ) (3)
J  o

it becomes evident that the connection between the sine transform and the coeffi­
cients of the Fourier sine series is

■Sb-(s)] =  m ) b , ,  (4)

Forms given by Eq. (2) and Eq. (3) are altered for the sake of convenience as follows:
00

y{x)  =  ( 2 / / ) ^ f ( » )  sin (m rx /l) ,  (5)
n-» I

where

v(n) =  ■S,[y(a;)] =  I y(x)  sin (m rx/l)dx .  (6)
J  o

For example, consider the sine transform of (d2y / d x 2) in the interval (0, I) ; by 
definition

S [ d 2y / d x 2\ =  f  (d2y / d x 2) sin (m rx /l)dx .  (n =  1, 2, • • • )
J  o

Integrating formally by parts gives

S [ d 2y / d x 2} = -  ~  [ ( -  1 )"y(l)  -  y (0) ] -  (n = 1, 2, ■ ■ ■ ) (7)

Likewise the sine transform of (d ^ /d x * )  in (0, I) is:

* Received August 9, 1943.
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1IX
S[d*y/dx«] =  - — [ ( -  1)ny"(l) -  y"(0)]

i

+ »(«). (» =  1 , 2 , • • • ) (8 )

where v{n) in (7) and (8) is defined by Eq. (1).
Consider a beam fixed at a; =  0 with axial loads P. The intensity of transverse 

loading is q(x), Fig. 1. The differential equation and boundary conditions are as 
follows:

1. d*y/dx4 +  k2{d2y/dx2) =  q(x)/EI, (0 < x < I)
2. y{0) =  y(l) =  0,

3. y"(l) =  0, y'{0) =  0,
where

q(x) =  0 when 0 <  x < b,
= 6{x) when b <  x <  c,
=  0 when c < x < I,

and c >  b. Let k2 =  P /E l ,  and primes 
indicate differentiation with re­
spect to x. Let 5[y(.x)] =t)(w). 
Transforming d ^ /d x *  and d -y /d x 2 
and q(x) and substituting y(0) 
= y ( l ) = y " ( l )  =  0, there results

p

■<------ —  c --------- -

„ pr r i . . , , T
\ O A"  
-*------------1?-----------------
y

F ig . 1.

(«7r/f)y"(0) +  (mr/t)4v(n) — k2(mr/l)h'(n) =  (1/El) f  0(x) sin (inrx/l)dx.
d b

Solving for v(n), where a 2 = (k l / ir )2,

v{n) =  -  (//ir)y'(O ) - ---- — +     f  6{x) sin (mrx/l)dx.
n\n2 — a2) ttaEI n \n 2 — a2) J b

Since y (x )  =  (2//)X)„“_,f(w) sin m rx /l ,  then

y(x) =  -  (2/2/  r 3)y"(0) E  —— -------— sin (mrx/l)

(9)

,i n(n2 — a2)
02 sin (mrx/l) f*c 

+  2(l3/ ir iE I )  E   — I d(x') sin (> i T x ' / l ) d x (» ^  a)
„„i n2(n2 — a2) J b„_i n2(n2

The remaining boundary condition y'(0) = 0  gives the following:

/ ' ( o )  E  , 2 1 =  ~  E  ~ t t ~ — ¡ 7  f  ^  sin (n7rx' / l')d x '-
n _ i  (w2 —  a2) irEI n (n 2 — a 2) J b 

Since E >T -il/(w2 —a2) == ( l / 2 a 2) ( l  —rra cot 7ra), then y ,7(0) becomes 

( laH /irE I)  -  1

(1 0 )

(1 1 )

y"(0 ) =
(1 — ?ra cot 7ra) n _ i  n(n2 — a2) J ¡,

r  0(x/) sin (mrx'/l)dx'. (n ^  a) (12) 
J b



Further simplifications are possible in Eq. (12). Interchanging formally the integral 
and summation sign and summing, the following is obtained for/y"(0 ):

( I /E l )  r c (sin k(l — x) I — .a')
y  (0) =  ——    0 ( * ) 2  r  ------------ \ d x ,

(1 — ira C0 t7ra) J  b I sin II I )
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where
“ sin (mrx/l)  ir (sin k(l -  x) I -  x)

E  ~~j~n n = T l i -------F— ;------------ —  ?• = * ( * ) .  (13)
„ _ i  n ( m  — a 1) 2a1 (. sin kl I )

Thus by substitution of (13) in (10),

4a2/ 3 4>(x) r c
y(*) =  -  -T 7 7  77-------  ■ 7  e(x')4>(x')dx>

ir*EI (1 — ira cot ira) J  &

2 13 ” sin (mrx/l)  r c
+  —rrr E  -rr~ .-------~  I 0 ( 0  sin (m rx '/ l )dx ' .  (n 7* a, 0  <  x  <  I) (14)

it E l  „_i m ( m  — a-) J  b

Knowing the variation of 9(x) it is a matter of integration to obtain the required re­
sults. Now suppose that P  = 0, i.e., the beam is under no axial loads, and subject to 
the same boundary conditions. Thus k = a  =  0 in equations (9), (10), and (11) and then

y " (  0 ) =  —¡ 7 7  ¿ " i f  0CO sin (n*x '/ î j ’d x ' .
IT E l  „ _ l  11 J  b

61 ^  1

b

Again interchanging formally the integral and summation sign,

y"(0 ) =  — Î—  f  CB(x’) x ' ( x '  -  l )(x ' -  21)dx',
2 P E I J  b

where

E  ( I /» 3) sin (m rx/l)  =  — { 2(x /l)  — 3 ( x / l ) 2 +  ( x / l ) 3} . ( 0  <  x / l  <  2 .)
n~l 1 2

The equation for the elastic line becomes

y(x)  =  -  — —  [2(x / l )  -  3 ( x / l ) 2 +  ( x / l ) 3] f C0(x ') (x '  -  l ) (x '  -  21)d x '
12jh i  J  b

2P “ sin (mrx/l)  r c
H----------- E ----------------- I 0 ( 0  sin (n r x ' / l )d x ' .  (0 < x  <  I)

ir*EI  „ _ i  il* J  b

To be sure, further summation in finite terms is possible, but this will lead to y (x )  
being defined in distinct intervals in (0 , 1), as in the solution furnished by the classical 
methods of differential equations; unquestionably, this is a disadvantage in engineer­
ing computations. The above results, however, remain in the desired form, with one 
function y (x )  in (0 , I) regardless of the discontinuities of transverse loading.

In like manner other boundary conditions may be imposed, and other beam prob­
lems, such as beams on elastic foundations, can be solved.
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THE TREATMENT OF DISCONTINUITIES IN BEAM 
DEFLECTION PROBLEMS*

By C. L. BROWN (Purdue University)

The multitude of methods of determining the deflections of beams all stem from 
the fundamental differential equation

d2y  

d x 2

M

E l
0 )

where the abscissa x  is measured along the axis of the beam, and y  denotes the deflec­
tion, M  the bending moment, and E l  the bending stiffness. The most obvious method 
of determining- y  is direct integration of (1). However, in most cases the right hand 
side of (1 ) is but sectionally analytical. A differential equation of the form (1) is then 
written for each section of the beam. When these equations are integrated, two con­
stants of integration appear for each section. The evaluation of these constants of 
integration, though elementary, is extremely cumbersome.

It is possible to avoid this sectionalizing treatment through the use of Heaviside’s 
unit step function, well known from operational calculus. This function is defined as 
follows:

S a(x)

It can readily be seen that

E J I ,
- {

0 for a; < a,

1 for X > a.

Ha if a > b,

H b if a < b.

(2 )

( 3 )

Furthermore, if u(x)  and v(x) are analytic, the continuous solution of

is given by

d y
— =  u(x) H av(x  
d x

a)

f Zu ( £ ) d ( + f f * f  v ( m  + C,
J  0 d 0

( 4 )

where C denotes a constant of inte­
gration.

The use of, the unit step function 
in the analysis of beams with concen­
trated loads is best shown by an ex­
ample. The bending moment of the 
beam in Fig. 1 can be written as

d2y
E l —  = M  =  -  M i +  R lX

d x 2
H aP { x  -  a).

m 2

* Received Aug. 26, 1943.
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Integrating according to (4) and taking account of the fact that slope and deflection 
vanish for x =  0 , we find

and

E l  — =  -  M ix  +  -  %HaP ( x  -  a)2
dx

E l y  =  -  \ M , x 2 +  i R lX* -  \ H aP ( x  -  a )3.

Both slope and deflection are zero at x  = \. Thus, from (5) and (6 )

-  M xl +  %Ihl2 -  i P b 2 =  0 , -  \M-JP +  \E xE  -  \ P b 3 =  0 .

Solving for M \  and R u

M x  =  Pab2/ l 2, R i  =  Pb2(3a +  b ) / l3.

The deflection is then given by

Pab2 Pb2(Za-\r b) P ( x  — a)3
E l y  = ----- —  x 2  —— ■ x z — H a

(5)

(6 )

2 12 6P

h ¡2- I,/ 2

p p
o o

In order to illustrate the use of the unit 
step function in the analysis of beams with sec- 
tionally constant moment of inertia, we con­
sider the beam shown in Fig. 2. The reciprocal 
of the bending stiffness can be written as

1

Fig. 2.

E E  E h  

and the bending moment as

[1 +  H a

Thus,

or, considering (3)

P x
M  =  P H b( x  -  b).

2

d2y  r H
E h  =  [1 +  H a\ — - -  P H b(x  -  b) 

d x 2 L 2 J

d-y P x  P
E h  — =  h — [Ha(x  -  a) +  a l l a\ -  P I I b{x -  b) -  P H a(x  -  b), (7)

d x 2 2  2

in which the second term on the right hand side has been written in this particular 
form in order to facilitate the application of (4). Integrating (7) we obtain

E h y  =
P x 3 (x  — a )3

12 2 

-  P H b

6

(x  — b)3

+  a l b
(x  -  a)2

]

(x  -  b y  
P H  a ---------------b C ix  +  Ci. (8)
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The deflection is zero at x  = 0 and x  = l. The application of these conditions to (8 ) 
yields

P
Ci = --------- (6 b3 -  3a2b +  a3), C2 =  0.

1 2  b

If, in addition to concentrated loads, the beam carries loads which are uniformly 
distributed over certain sections, the treatment is similar.

A VARIATIONAL PRINCIPLE FOR A STATE OF COMBINED 
PLASTIC STRESS*

By G. H. HANDELMANf (Brown University)

In a recent paper1 M. A. Sadowsky has stated a heuristic principle of maximum 
plastic resistance which he has applied to several states of combined plastic stress. 
The principle states that “among all statically possible stress distributions (satisfying 
all three equations of equilibrium, the condition of plasticity, and boundary condi­
tions), the actual stress distribution in plastic flow requires a maximum value of the 
external effort necessary to maintain the flow.” W. Prager, in a contribution to the 
discussion of this paper2, has shown that the principle can be so interpreted as to lead 
to the correct differential equation for a beam under combined torsion and tension. 
This note is concerned with an accurate statem ent of the principle together with a 
proof of its validity for the case of a beam in a perfectly plastic state under combined 
torsion and bending by couples, the cross-section of the beam having an axis of sym ­
metry. Specifically, we shall prove the following variational principle for such a sys­
tem.

Among all statically possible stress distributions in a beam under a given torque 
(satisfying the equations of equilibrium, the condition of plasticity, and boundary 
conditions), the actual stress distribution when plastic flow occurs is the one for which 
the bending moment is stationary.

Let us choose the coordinate axes in the following fashion, y  lies along the axis of 
symmetry of the cross-section, z passes through the center of gravity of the cross- 
section and is parallel to the generators of the cylindrical beam, and x  is perpendicular 
to y  and z. We assume that the strain velocities, vz, vy, v„ are given by the same ex­
pressions as in the case of an incompressible elastic material; i.e.,

v x =  — wyz +  \  dxy,

vu = wxz — |  0(x2 — y- — 2 z2),

vz = ccw(x,y) — Oyz.

* Received Sept. 9, 1943.
f This note was prepared at the suggestion of Professor W. Prager while the author was a participant 

in the Program of Advanced Instruction and Research in Mechanics at Brown University and was pre­
sented to the American Mathematical Society on Sept. 12, 1943 under the title of On a principle of M. A. 
Sadowsky.

1 M. A. Sadowsky, Journal of Applied Mechanics 10, A-65 (1943).
5 Journal of Applied Mechanics 10, A-238 (1943).



a) and 6 are constants (« =  angle of twist per unit length per unit time) and w(x, y ) is 
an unknown function. The components of the strain velocity tensor, which are
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etc., will then be

x I dv j\

2  \ d y

exx  ̂ y, ¿vy  ̂ y, 9y,

0 ,
w /  dw \  co /3 ®  \

‘ " ‘ 7 V 1 7 + T

The components of the stress tensor will be denoted by <rXI, axu, etc. The material 
is assumed to be incompressible and perfectly plastic. The stress-strain relations can 
therefore be written in the form

(o ' x x  Vy)  '  (^VV & z z ) ' ( j J z z  “  G x x )  « <7 x y  G y z '  &ZX ^  ̂^

( f i j  ¿ w )  ■ { i y y  ^ z )  • (^zz  £ x  x') • £ x y  £ y z  • € z  x>

In addition the following yield condition must be fulfilled:

(< rII —  I Tyy ) 2 +  (<T„„ — <7z z Y  +  ( <7Zz ~  <7IX)S +  6 (cr|v +  f f y  +  CTL) =  6k2, (2)

where k  is a given constant. Eq. (1) will be satisfied if the stress tensor has the form

/  dw \
O’ xx =  Cyy == & xy =  0, <7 xz — /J.U3 ( y  ) ,

\  dx  /
/  dw  \

<7yz =  (  h * ), Czz = — 39/xy, (3)
\ d y  /

H = n (x ,  y)  being an unknown function of x  and y. The equations of equilibrium for 
such a stress system  reduce to

dffxz ^ d c r y z  _  ^
dy

Consequently we may introduce a stress function ku{x, y)  such that

du du
(X xz --  k J (7yz   k ' (4)

dy dx

Since the surface of the beam is not stressed, u  =  const, on the surface. For con­
venience, this constant may be taken as zero. Combining Eq. (4) and the yield con­
dition, Eq. (2), we have

<7zz =  ¿ V 3 (l — u \  — III)112, 

where u x = d u /d x ,  u v — d u /d y .  Therefore the function ¡x must be given by



By means of Eq. (3) and Eq. (4), we can compute d w /d x  and d w /d y  in terms of the 
stress function u. This will yield

dw k dw  — k
 =  u v +  y, ---- = ------- u x — x.
d x  up. dy up

Taking cross derivatives and subtracting one finds
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d /  1 \  d /  1 \  2u
 (   u v ) H----- (   Ml ) H--- - — 0
d y \ p  )  d x \ p  J  k

which becomes by virtue of Eq. (5)

d d 2 co
— [>'«*( 1 -  u \  -  ul)-'<2} +  —  [yuv{ 1 -  u l  -  =  0 . (6 )
d x  dy  dy/ó

We shall now determine the Euler equation for the variational principle stated 
previously. The bending moment and torque are given by

Bending Moment =  J ’ J '  aZIy d xd y  = ky /3  J J '  y(  1 — u \  — u \ ) m dxdy,

Torque =  2k J '  J '  udxdy.

The domain of integration is the cross section of the beam. We note that the sym ­
metry assumption has been used in writing the bending moment in the form above. 
According to the usual procedure, let us form the function

<p(u, u x, u v) =  y(  1 — u \  — u \) in  +  X̂ , (7)

where X is an unknown constant. The Euler equation can then be written as

9 • —  ! +  , dy

Substituting for <p from Eq. (7), one finds

d /  dtp \  d /  dip \  dip

3 x \ d u x)  d y \ d u v)  du

d d
' -  \ y u x( 1 -  u l  -  +  -  [yuv( 1 -  «* -  « i)"1/2] +  X =  0 . (8 )

d x  dy

The unknown constant X is determined by the fact that the torque is prescribed. On 
the other hand, w and d can not be given arbitrarily but must be found from exactly 
the same condition. Consequently Eq. (8 ) is the same as Eq. (6 ), which proves the 
variational principle.
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By S. A. SCHELKUNOFF (Bell Telephone Laboratories)

The following remarks are made apropos to Brillouin’s recent discussion1 of math­
ematical difficulties involved in the retarded potential method of solving the antenna 
problem. The approximations involved in the actual solution of the final integral 
equation may be a source of far greater errors than the approximations in the equa­
tion itself (such as 7A and 7B of Brillouin’s paper). Fig. 1 shows the first maximum

O N  T H E  A N T E N N A  P R O B L E M *

2100

X 1800

400 4 50 500 550 600 650 700 750 800
K» IN OHMS

F i g .  1. The first maximum input resistance of center fed cylindrical antennas in free space as a func­
tion of the average characteristic impedance: (1) is Halkn's approximation to the solution of the integral 
equation for infinitely thin cylindrical shells, (2) is Schelkunoff’s approximation to the solution of Max­
well’s equations for solid cylinders, (3) is Schelkunoff's approximation to the solution of Maxwell’s equa­
tions for infinitely thin cylindrical shells, (4) is Gray’s recent approximation to the solution of the integral 
equation for infinitely thin cylindrical shells. K a = l20 (log 2//a — l) =6012 — 120  ohms, where I is the 
length of each half of the antenna, 12 is the parameter in Brillouin's paper. The range of K a in the figure 
corresponds to 38<f/o<1080 and 8 .6 6  < 12 <15.33.

3000

* Received Nov. 20, 1943.
1 Leon Brillouin, The Antenna Problem, Quarterly of Applied Mathematics, 1, 201 (1943).
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resistance of center fed cylindrical antennas in free space. Curves (1), (3) and (4) 
refer to infinitely thin cylindrical shells (for which the antenna current vanishes at 
the ends); (1) is Hallen’s approximate solution of the integral equation, (3) is 
Schelkunoff’s approximate solution of M axwell’s equations, 2 and (4) is Gray’s recent 
approximation to the solution of the integral equation . 3 The difference between (1) 
and (4) is due solely to the difference in the methods of successive approximations. 
L. V. King’s approximation to the integral equation gives i?m„I ,i =  4000 for K a =  420; 
this is considerably higher than even Hallen’s approximation. Curve (2) was calcu­
lated by the same method as (3) but for solid cylinders. The “end” or “cap” capaci­
tance was estimated as explained elsewhere;4 this estimated capacitance is probably 
higher than the actual capacitance and in that region where (2) and (3) diverge the 
true curve is likely to be somewhat lower. In the case of hemispherical ends, curve (2) 
is raised still further. In all these curves it is assumed that there is no excessive 
localized capacitance in the vicinity of the input terminals; the effect of such capaci­
tance is to lower these curves. Incidentally it means that one should never assume a 
“point generator” except when the input terminals are tapered to mere points.

’ S. A. Schelkunoff, Electromagnetic Waves, D. Van Nostrand Co., New York, 1943, Chapter 11.
3 Marion C. Gray, A modification of Hall in’s solution of the antenna problem, Journal of Applied 

Physics, 15, No. 1, Jan. 1944.
4 Reference 2, page 465.
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