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LIFTING-LINE THEORY FOR A WING IN NON-UNIFORM FLOW*

BY

T H E O D O R E  VON K Ä R M Ä N  a n d  H SU E -SH E N  T SIE N  
California Institute of Technology

1. Introduction. P ran d tl’s theory of the  lifting line gave the answer to most of the 
questions in the aerodynam ic design of airplane wings. T hus the three-dim ensional 
wing theory  became a standard  tool of airplane designers. One restriction involved 
in the conventional wing theory  is the uniform ity of the undisturbed flow in which 
the wing is placed. Now there are m any im portan t cases which do not satisfy this 
condition. For instance, in the case of a wing spanning an open je t wind tunnel, the 
velocity of the air stream  has a m axim um  a t  the center of the je t and drops to  zero 
outside of the je t. A nother example is the problem of the influence of the propeller 
slip-stream  on the characteristics of the wing. H ere the higher velocity of the propeller 
slip-stream  m akes the application of the P randtl.w ing theory  difficult. Such cases led 
several au thors to investigate the problem of a wing in non-uniform  flow. Some in­
vestigators found a satisfactory  solution of the problem for the case of “stepwise” 
velocity d istribution. In  this case the flow in regions of uniform  velocity can be deter­
mined by using P ran d tl’s concepts w ith additional continuity  conditions a t  the bound­
aries between such regions. On the o ther hand, the problem  of a  continuously varying 
velocity field seems to need an appropriate  trea tm en t. K. B ausch1 has tried to modify 
the P rand tl theory for the case of small inhom ogeneity in the air stream ; however, 
besides the restriction of slight deviation from uniform flow, his m ethod encounters a 
fu rth e r difficulty in estim ating the error introduced by the approxim ations. T he 
seriousness of this difficulty becomes evident when one tries to  com pare the results of 
Bausch w ith  th a t of F. V andrey.2 V andrcy considers the problem w ith variable 
velocity as the lim iting case of a wing in a stepwise velocity field, and his result seems 
to differ from th a t  of Bausch. R ecently R. P. Isaacs3 has investigated the sam e prob­
lem, b u t the au thors have not yet had the opportunity  to study  his work.

I t  seems to  the au thors th a t  a general and more satisfactory  solution for the flow 
of a  wing in a  non-uniform  stream  can be obtained by studying the three-dim ensional 
problem  anew in this generalized case, introducing the modifications of P ran d tl’s 
fundam ental concepts. T he first fundam ental concept is the  following: the span of

* Received September 27, 1944.
} K . Bausch, Auflriebsverteilung und daraus abgeleitete Grössen fü r  Tragflügel in  schwach inhomogenen 

Strömungen, Luftfahrtforschung, 16, 129-134 (1939).
3 F . Vandrey, Beitrag zur Theorie des Tragflügels in  schwach inhomogener Parallelströmung, Zeit­

schrift f. angew. M ath. u. M ech. 20 , 148-152 (1940).
3 R. P. Isaacs, A irfoil theory for flows of variable velocity, abstract in Bulletin of the American 

M athematical Society, 50, 186 (1944).
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the wing is sufficiently large com pared w ith the chord so th a t  the variation  of the 
velocities in the spanwise direction is small when com pared w ith the variation of the 
velocities in a plane norm al to  the span; then the flow a t  each sectional plane per­
pendicular to the span can be considered as a two-dimensional flow around an airfoil. 
T he only additional feature for the flow in this sectional plane is the modification of 
the geom etrical angle of a ttack , as defined by the undisturbed flow, on account of the 
so-called induced velocity. T he second fundam ental concept of P randtl is the replace­
m ent of the wing by a lifting line having the sam e distribution of lifting forces along

th e  span as the  wing. T his concept, 
w ith th e  additional assum ption th a t 
th e  d isturbance caused by the  lifting 
line is small, i.e., th a t  th e  wing is 
lightly loaded, m akes th e  calculation 
of th e  induced velocity relatively sim ­
ple. In this paper the  au thors will 
s tudy  the  flow around a lightly loaded 
lifting line placed in a parallel stream  
whose velocity is perpendicular to  the  
span (Fig. 1) and is assum ed to  vary  
in both directions norm al to  th e  flow. 
Due to the  ra th e r com plicated char­
acter of the  flow, th e  usual concept of 
the  picturesque system  of trailing  
vortices encountered in P ra n d tl’s 
wing theory  is no t very  useful here. 
A m ethod, which is m athem atically  

F ig . 1. Lifting line in a non-uniform flow. m ore convenient, has to  be adopted.
T his m ethod has already been used 

by the  senior au th o r4 in explaining the  sim ilarity  between P ra n d tl’s wing theory  and 
the  theo ry  of planning surfaces. A fter the  general theory  is form ulated, th e  problem  
of m inim um  induced drag will be considered. F inally  a general expression for calculat­
ing th e  induced drag  of a wing in a stream  of varying velocity will be presented.

Of course, the com plete solution of the problem of a wing in a  non-uniform stream  
requires a knowledge of the “section characteristic” or the two-dimensional properties 
of the airfoil sections of the wing. If the velocity of the main stream  is varying only 
in the direction of the span, the required section characteristics are those of an airfoil 
in a two-dimensional uniform flow, and are common knowledge in applied aerodynam ­
ics. However, if the velocity of the m ain stream  is also varying in a direction perpen­
dicular to the span and to  the velocity itself, the  required section characteristics are 
those of an airfoil in a two-dimensional non-uniform flow. Such flow problems have not 
yet been studied extensively.5

2. G eneral theory  of a lifting line. L et the x-axis be parallel to  the direction of 
the main flow, the y-axis coincide w ith the lifting line and the z-axis be norm al to  the

4 Th. von K drintn , Neue Darstellung der Tragflügeltheorie, Zeitschrift f. angew. M ath. u. Mech. IS, 
56-61 (1935).

5 H . S. Tsien, Symmetrical Joukowsky airfoils in  shear flow, Quart. Appl. M ath. 1, 130-148 (19431.



lifting line (Fig. 1). If p  is the pressure, p the density, and »i, v2, v3 the com ponents of 
the velocity, the dynam ical equations for the steady  m otion of an inviscid, incom pres­
sible fluid w ithout external forces are
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dv\ dvi
+

3»! 1 dp
(1)» i---- +  »2---- »3----  = — — —  i

dx dy dz P dx

dv2 dv3
+

dv3 1 dp
(2)Vi---- +  »2—“ v3---- - - — — — i

dx dy dz P dy

dv3 dv3 dv3 1 dp
(3)» l-r— +  »2---- + v3-----  = ------ — .

dx dy dz P dz

T he equation of continuity  is

dvi dv2 dv3
 1---------1--------=  0. (4)
dx dy dz

Equations (1) to  (4) constitu te a system  of four sim ultaneous equations for the four 
unknowns i»i, »2, v3 and p.

For the particular problem of a lightly loaded lifting line, the velocity com ponents 
can be expressed in the following forms:

» i = i /  + «, (5); »2 =  v, (6); »3 =  w. (7)

H ere u, v, w are the velocity com ponents due to the presence of the lifting line and U 
is the main stream  velocity assum ed to be a function of y  and z b u t independent of 
Since the lifting line is assum ed to be lightly loaded, u, v and w are small com pared 
w ith the main velocity U. By substitu ting  Eqs. (5) to  (7) into the dynam ical equa­
tions and neglecting higher order term s, a set of linear equations for u, v and w is 
obtained. Thus

dU dU dU  1 dp
U  H v  b w   = -------------------------------------------- (8)

dx dy dz p dx

dv 1 dp dw 1 dp
U — =  (9); U  =    • (10)

dx p dy dx p dz

T hen the equation of continuity  becomes

du dv dw
- +  — +  —- =  °- (11) 
dx dy dz

If Eqs. (8), (9) and (10) are differentiated w ith respect to x, y  and z respectively and 
the results added, the sum can be simplified by using Eq. (11) and can, finally, be 
w ritten  in the form

1 d2p d. (  1 d p \  3 / 1  d p \
 - + - (  - )  +  — (  - ) = 0 .  (12)
U2 dx2 d y \ U 2 d y )  d z \ U 2 dz)

This is now an equation for the  pressure p  only and can be used conveniently as the 
sta rtin g  point of the solution. If the pressure of the undisturbed main flow is chosen
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as the reference pressure and set equal to  zero, one of the boundary conditions to  be 
satisfied by p  is

—» oo. (13)p =  0, for | a: | or

T he condition a t  the lifting line, or y-axis, is th a t the lifting force is represented by a 
suction force on the “upper surface” of the lifting line and a pressure force of equal 
m agnitude on the “lower surface” (Fig. 2). Hence the pressure p  m ust satisfy the 
following expressions

PRESSURE OU LOWER 
SURFACE "~

s u c r m o u  upper^
SURFACE

J  pdx  =  — \ l(y),  for z = +  0,

and

T
t in

J" pdx = \l(y),  for z =  — 0,

(14)

(15)

t i n

i

where l(y) is the lift per un it length of the
lifting line a t  th e  po in t y. Furtherm ore, on 
account of th e  sym m etry  of th e  flow,

I x\  >  e. (16)p =  0 for z =  0,
f

T o solve Eq. (12) together w ith the  
boundary  conditions given by Eqs. (13) to  
(16), th e  Fourier integral theorem  can be 
used to  build up th e  solution of th e  problem  
from the  elem entary solutions of Eq. (12)

F ig . 2. Representation of lift as pressure forces t h e  form
acting on the tw o “surfaces” of the lifting line. z  c o s  \ x

T he equation to  be satisfied by P  is

^ A ( A s/ \ + !
d y \ U 2 dy )

To determ ine P  uniquely, it  is convenient to impose the following conditions

A (A
dz \  U-

” ) - v r -  o.
2 dz )

P  — 0, for I y I —> CO , I 2 I 

P = — \l{y) for z =  +  0, 

P — hKy) f°r z = — 0. 

T he required solution for p  can then be w ritten  as

1

TT -J 0
1 f  °°p — —  I cos \x P (y ,  z, \ )d \ .  
it J  a

(17)

(18)

(19)
(2 0 )

(2 1 )

By substitu ting  Eq. (21) into Eqs. (9) and (10), the “induced velocities” v and w 
are obtained;

1 1 r 00 sin \ x  d
v(x, y, z) =  »(0, y, z )  — — I — -—  —  P(y, z, X) d \  (22)

pU it J 0 X dy
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1 1 sinX i 3
w(x, y, z) = w{0, y, z )  — — I   P(y,  z, \ )d \ .  (23)

pU t  J  o X dz

Because the integrals are odd functions of x, the following relations hold for velocities 
far ahead of the lifting line and far behind the lifting line:

£[»(— CO, y ,  z) -f- p(oo, y ,  z)] = n(0, y, z), | [ w ( -  CO, y ,  z) +  w( oo, y ,  z)] =  w( 0, y, z).

However, it is evident th a t  the induced velocities far ahead of the lifting lines m ust 
be zero. Hence

®(0, y, z) =  co i y, z), (24); w(0, y, z) =  %w(co, y, z). (25)

T he induced velocities v and w a t  the lifting line are then one-half of those far down­
stream . T his is in accordance w ith the usual wing theory  based upon the concept of 
trailing  vortices.

One m eets an app aren t difficulty if the x  com ponent of the induced velocity is cal­
culated; integration  of Eq. (8) w ith respect to  x  furnishes the x-com ponent of the 
induced velocity:

1 1 dU r z 1 dU r *
u  =  p --------------- I vdx —  I wdx. (26)

PU U dy J_«, U dz J _

Since p  tends to  zero, v and w tend to  finite quantities as x  tends to infinity, and u  in­
creases indefinitely as x tends to infinity. T his is in contradiction to the assum ption 
of small disturbances introduced a t  the beginning of the present investigation. H ow ­
ever, it is believed th a t this difficulty does not prevent the application of the theory  to 
practical cases, since the apparen t large value of the u com ponent is due to  the dis­
tortion  of the variable main stream  by the induced cross flow and the infinite value 
for x —>a> is due to the linearization of the differential equations. Some fu rther re­
m arks on this point are given in Section 4.

3. Conditions far dow nstream . For the application of the lifting-line theory  to the 
wing problem, the q u an tity  of prim ary in terest is the z com ponent of the induced 
velocity a t  the lifting line. T he simple relations given by Eqs. (24) and (25) suggest 
a possible simplification of the calculation by considering conditions far dow nstream , 
or the “Trefftz p lane” according to  the term inology of the conventional wing theory. 
T o abbreviate the notation, we let

(27)
zo =  r(0, y, z), w0 =  w(0, y ,z ) ,  4

»i =  a(co, y, z), w i = w ( » , y , z ) .  I

Then, according to (24) and (25), i>o =  i»i, Wo — iuii. Therefore, Eqs. (22) and (23) give

1 1 r M sin Xx 5
Vi —  lim — I ---------------P(y,  z, X)dX,

pJJ x t  J  o X dypJJ t  J  o X dy

1 2 r x sin Xx d
» i =  lim — I ------------   P(y, z, \ )d \ .

pU x~*<° t  J  o X dz

L et us consider P(y,  z, X) as a regular function of X; then



P(y, z,X) = P (y ,z ,  o) +  x |~ ^ - l
L oX Jx=o

By using the variable ¿=Xx, the expressions for Vi and w i can be rew ritten,
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»1

Wi

1 2 r M sin t d T t (d P  \  "I
=  l i m—  I  P(y, z, 0) H ( ----- ) + • • •  I dt,

pU *-»» iv J  a t dy  L x \  5X /x=o J
1 2 r M sin / d T t (d P  \  I

= ----- — lim — I -------------P(y, z, 0) H ( -------- ) +  • • • \dt.
pU x—*oo tt J  o t dz L x \  dX-/x«o J

A t the lim it, only the first term s of the integrands are significant, and furtherm ore

2 r x s in /

7T J  0
- if/. =  1.

t
Hence

Si =  — — P(y, z, 0), (28); ah =  — — P(y, z, 0). (29)
p i/ pU dz

E quations (28) and (29) sim plify th e  problem  of calculating th e  induced velocities 
a t  the  Trefftz plane considerably. In fact, by introducing a “poten tial function” de­
fined by the  relation

4>{y, z) -  — P(y, z, 0), (30)

the problem can be form ulated as follows: the differential equation to be satisfied 
by <£ can be deduced from Eq. (17) by setting X =  0; thus

a a l ^ + a I l ^ . o. (3 l)
dy V t/ 2 d y )  d z \ U 2 dz)

T he boundary conditions to be satisfied by 0  are

0  =  0 for | y | —>«>, | z | —><», (32)

0  =  l{y)/2 for z =  +  0 , (33)

0  =  — l(y)/2  for z =  — 0. ■ (34)
T hen

1 50 1 50
tu =  —-  — , (35); Wi =  —  — • (36)

pU dy pU dz

By substitu ting  Eqs. (35) and (36) into Eq. (31), one has

5

d y '
= °. (37)

> \U )  d z \ u )

This equation has a very simple physical meaning. Since Vi and Wi are considered to 
be small quantities, the ratios Vi/U  and W i/U  are the angles of inclination, (3 and y, 
of the stream  lines w ith respect to the zx and xy  planes. Consider parallel planes 
perpendicular to the x-axis and dx ap a rt (Fig. 3). If the w idth of the stream  tube 
a t  the section x is 5V, then a t  the section x + d x ,  the w idth of the stream  tube is
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5 „ [l+ d x  dp/dy] .  If the height of the stream  tube a t  the section x is 5Z, then a t  the 
section x +  dx, the height of the stream  tube is S2[ l+ d x  d y / d z ]. T he to tal increase in 
the cross-sectional area of the stream  tube from x  to x + d x  is then approxim ately

J o + g * )

F ig . 3. Stream tube far downstream from the lifting line.

/  dP d y \
— +  — ) dx.

\ d y  d z j

Now a t  the Trefftz plane, the flow field can be considered as settled  into a uniform 
condition; i.e., the pressure is constan t in the x-direction. Hence, the velocity of the 
flow along any stream  tube is constant. T hen the cross-sectional area of the stream  
tube m ust be also constant. Therefore,

dp dy
 1 =  0,
dy dz

which is sim ply Eq. (37). From this point of view, Eq. (37) is really the equation of 
continuity , simplified under the conditions prevailing a t  the Trefftz plane.

On the o ther hand, <p can be elim inated from Eqs. (35) and (36). T he result is

d d
—  (Uvi) — —  (U u>i) = 0. 
dz dy

(38)

This equation can be considered as the modified vorticity  equation. I t  actually  holds 
for all values of x under the approxim ation assum ed in the  present investigation. This 
can be seen in the following w a y : since U is a function of y  and z b u t independent of x, 
Eqs. (9) and (10) can be w ritten  in the form

d I dp d 1 dp
  UV = ---------- ;   UW = ----------
dx p dy dx p dz

By differentiating the first equation w ith respect to z and the second equation w ith 
respect to  y  and then  subtracting, the result is
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a r d d 1([ /,) - — (Uw) =  
dx\_dz dy Jdy 

T hus a a
— ( Uv) -------(Uw) =  a function of y  and z.
az ay

B ut for points far upstream , or for x  = — <», v and w vanish; therefore the function
of y  and z on the righ t of above equation m ust be identically zero. Hence for all
values of x,

d d
—  (Uv) -  —  (Uw) =  0. (39)
dz ’ dy

I t  should be noted here th a t  Eqs. (37), (38) and (39) are obtained w ithou t any 
reference to  the lifting line and hence they are true for more general cases. However, 
the  com plete determ ination of Vi and W\ requires a knowledge of the relation between 
the induced velocities and the lift on the wing. T his relation depends upon the type 
of lift distribution. For the particu lar case of a lifting line, th is relation is supplied 
by Eqs. (33) and (34).

E quation (37) can be identically satisfied by introducing the “stream  function” 
\p defined by

d\p dif1Vi = V — > wi= - U-- ‘ (40)
dz dy

T hen Eq. (38) gives the  differential equation for

d

dy \  dy
(u*—) + — (u*—) = 0. (41)
V d y )  dz \  dz)

Both Eq. (31) and Eq. (41) reduce to the Laplace equation for the conventional wing 
theory  when U is a constant.

4. M inim um  induced drag. T he induced downwash angle a t  the lifting line is 
equal to  Wo/U  or /U ,  according to Eq. (25). Therefore, Eq. (36) gives the down- 
wash angle a t the lifting line as [l/2pZ72](30/5z)i_o, and the induced drag Di can then 
be expressed as

1 r  r -, 1 / d<t>\ 1 C 4> d4>
D . - - - J  [♦<* + o) -*(,, - o) ] m

The first integral is evaluated across the span of the lifting line. T he second integral 
is calculated along a contour following the upper and lower “surface” of the horizontal 
strip  shown in Fig. 4. Since <£—>0 for points far from the lifting line, the contour in­
tegral can be transform ed into an area integral by G reen’s theorem , and

Dl = l f f  J ± ( ± A )  +  (43)
2 p j  J \ d y \ U 2 d y )  dz \  U2 dz))

This integral extends th roughout the region outside of the lifting line. Since <t> satisfies 
the differential equation (31), Eq. (43) reduces to
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(44)

Therefore, the induced drag is represented by  the kinetic energy corresponding to the 
velocity com ponents vx and wx a t  the Trefftz plane. I t  is seen th a t  the u  com ponent 
of the velocity does not appear in the expression for the induced drag. T his is due to 
the fact th a t  the increase of u w ith increasing x does not represent a real acceleration

of a fluid elem ent in the  a; direction. R ather, i t  is due to  the fact th a t  the cross flow 
transports  fluid elem ents from regions of lower main velocity to regions of higher 
m ain velocity and vice versa. T his is in accordance w ith the modified continuity  
equation (37) which clearly indicates th a t  the cross section of the individual stream  
tubes has a  definite lim iting value for x —>co, and therefore the velocity com ponent 
in the direction of the stream  tube tends to a finite value.

T he problem of m inimum induced drag  requires the determ ination  of the mini­
mum of Di as given by Eq. (44) together w ith the condition th a t the to tal lift L  
remains fixed. T hus

L  = J  Idy =  J  [<t>(y, +  0) -  0(y, -  0) ]dy =  -  J  <j>ds constant. (45)

By using the m ethod of Lagrange’s m ultiplier, the above problem can be reduced to 
th a t of finding the m inim um  of D i+ K /p L ,  where K  is a constant. Hence,

K  
SDi  5L =  0.

P
(4 6 )

T he variation of the induced drag can be obtained from Eq. (44),

1 dct> 1 350}W l , i r r
p J  J  I U dy U dy U dz U dz ) 

However, 4> m ust satisfy the differential equation (31) ; thus

dydz.

8Di
> - 7 / / F ‘ *\  t /2 dy

\  a /  l d<t> Y) l r  l a.*,
54>) H ( —r  — 50 ) > dydz =  — I --------- g<j>ds.

)  d z \U *  dz J j  P J c U 2 dz
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On the o ther hand,

5L =  — I 5<j)ds.
J  c

By substitu ting  these results into Eq. (46), the condition of minimum induced drag 
is obtained in th e  form

7  / . ( - F S - 1 ) * * * - 0- <47)

T he variation of Scf> on the lifting line is arb itra ry ; therefore the m inim um  induced 
drag  is given by  the condition th a t the induced downwash angle m ust be constan t 
along the span. If the main stream  velocity U  is constant, the above condition is 
reduced to the requirem ent of constan t downwash. T his is in agreem ent w ith the 
well-known result of P ran d tl’s wing theory.

5. Flow with velocity varying in  the direction of span only. If the stream  velocity 
varies only in the y  direction, i.e., in the direction of the wing span, the calculation 
of induced velocity and induced drag can be simplified w ith the aid of characteristic 
functions connected w ith the differential equation for the potential function 0. In this 
case Eq. (31) becomes

dU

d2d> d2<b dy d<f>
—  +  —  -  2 — — =  0. (48)
dy2 dz2 U dy

To satisfy the boundary condition given by Eq. (32), $  is expressed by the following 
integral

4(y, z) =  f  /(A)e~X!Yx(y)dX (49)
j  0

for z > 0 ./(X ) is an unknown function to  be determ ined. For z < 0,

4>{y, z) =  -  </>(y, -  3). (50)

By substitu ting  Eq. (49) into Eq. (48), the differential equation for Fx(y) is ob­
tained,

dU

rf2Fx dy dY\
—  -  2 — ~  —  +  X2Fx =  0. (51)
dy2 U dy

T his equation will determ ine Fx(y) uniquely if proper norm alizing and boundary  con­
ditions are imposed.

A t the span, the condition (33) m ust be satisfied. T hus

Ky)

This relation can be considered as the equation for determ ining /(X) w ith the given 
lift d istribution  /(y). For example, in the case of constan t stream  velocity U or 
P ran d tl’s case, Y\(y)  is a  trigonom etric function and therefore /(X) can be deter­



mined easily by m eans of Fourier’s inversion theorem . E quation (50) shows th a t w ith 
/(X) so determ ined, the condition (34) will be autom atically  satisfied.

The downwash velocity w0 a t  the wing can then be easily calculated by using 
Eqs. (25), (36) and (49). T he result is

M y ,  0) =  — — f  X/(X)Fx(y)dX. (53)
I p u  J  o

T he induced drag is given by

a - | L
J  —co U

Therefore, in term s of F \(y), the following general expression for the induced drag 
is ob tained:

Di =  f  "  - — dy f  “°/(A)F*(y)dA f  °° vf(v)Y,(y)dv. (54)
J  p u 1 J o  J o

T hus the problem of calculating the induced drag w ith a given distribution of lift
l(y) is reduced to the problem of solving the integral equation (52) for/(X ) and then
evaluating  the integral given by Eq. (54).

If the chord c, the geometrical angle of a ttack  a  and the slope k of the lift coeffi­
cient are given instead of .the lift d istribution l(y), then

Ky) = bU * ck  j a  +  0)|  . (55)

Thus Eq. (52) is replaced by the following equation

\ PU2ck X/(X)Fx(y)dxj =  /(X)Fx(y)dX,

or

\ PU2cka = J  ( l  +  j  x )/(X )F x(y)iX. (56)

This is now the integral equation for/(X ). W hen/(X ) is determ ined, the induced drag 
Di  can be again calculated by using Eq. (54).
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ON THEODORSEN’S METHOD OF CONFORMAL M APPING  
OF NEARLY CIRCULAR REGIONS*

BY

S. E. W ARSCHAW SKI 
Washington University

1. In troduction . In  determ ining the complex velocity potential of the tw o-dim en­
sional flow around an airfoil, one is lead to the problem of finding the analytic func­
tion which m aps the exterior of a circle conformally onto th a t of a “nearly circular” 
contour. T. Theodorsen developed a  m ethod for the practical com putation of this 
m apping function, a m ethod which was later elaborated on in a jo in t paper by 
Theodorsen and I. E. G arrick.1 Theodorsen reduces the problem of determ ining the 
m apping function to the solution of a certain non-linear integral equation which 
then  is solved by successive approxim ations. In  both  papers examples of wing sections 
of airplanes are calculated dem onstrating the use of the process and the rap id ity  with 
which it converges. However, the valid ity  of the m ethod from a m athem atical point 
of view, such as the proof of the convergence of the successive approxim ations, is not 
discussed. T he present paper is an a ttem p t to supply such a discussion. Simple con­
ditions on the nearly circular contour (essentially involving the tangen t angle and the 
curvature) are established which insure the convergence of the process. T he absolute 
value of the difference between the m apping function and the successive approxim a­
tions is estim ated. These estim ates serve both  to  prove the convergence and to  ap­
praise the accuracy of the approxim ation. T he analogous problem for the derivative 
of the m apping function is treated . (The derivative of the m apping function enters 
in the com putation of the velocity and pressure d istribution on the surface of the 
wing.) Finally, conditions are discussed under which the m ap of the circle by means 
of the successive approxim ations is star-shaped.

A lthough Theodorsen’s m ethod is of particular im portance in the theory of air­
foils, i t  represents the solution of a general problem in conformal m apping. For this 
reason all results of the present paper are derived for the “s tan d ard ” case where the 
interior of a circle abou t the origin is m apped onto the interior of the nearly circular 
contour containing the origin under preservation of the positive line elem ent a t  the 
origin. However, all results obtained remain the sam e for the m apping function of 
the exteriors and for a different norm alization of the m apping function (see §3).

Sections 2-8 contain the actual results and proofs of the paper. To simplify the 
presentation some auxiliary results used in the tex t áre listed in §9.

2. Theodorsen’s integral equation and  the successive approxim ations. L et C b e a  
simple closed curve represented in polar co-ordinates by the equation p = p{6) 
(0 á ( ? á 27r), where p{0) is absolutely continuous2 and for some e ( 0 < e < l ) ,

* Received M ay 9, 1944; presented to the American M athematical Society, Novem ber 26, 1943.
1 T . Theodorsen, Theory of wing sections of arbitrary shape, NACA Tech. Rep. No. 411 (1931); 

T . Theodorsen and I. E. Garrick, General potential theory of arbitrary wing sections, NACA Tech. Rep. 
N o. 452 (1934).

! A function g(8) is absolutely continuous in an interval if its derivative g'(8) exists for all 6 of this



7 ^ - 2a p(fl) £  a ( l  +  e), (2.1)
1 +  e

a being a positive constant, and
o'Uh

^  «. (2.2)
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P(0)

Any curve C satisfying these conditions will be called a nearly circular contour.
L et us suppose th a t  the function w = /(z )  m aps the circle \z\ < 1  conformally onto 

the interior of C, and th a t / ( 0) = 0 , / '( 0 )  > 0 . T he function

Pi \ l ^  l F(z) =  lo g   =  log /(z) /(z)
+  i  arg -, (2.3)

which is defined as the real-valued log /'(()) when z =  0 , is single-valued and analytic
for |z | < 1  and continuous for |z | iS 1. For z = e l* we w rite arg [/(e**)#"**] =  0(0) — 0,
and therefore

F(e‘*) = log p [0(0 )] +  ¿(0(0 ) -  <t>). (2.4)

Hence

0(0 ) — </>=— — [  {log p[0(<j> +  0 ] — log p[0(4> — /)]} cot — dt. (2.5)
¿ir J  o 2

(T he term  arg  [ /(2) / z ]2_ 0 =  a r g / / (0), which should be added to the integral on the
right, is zero.) T hus the function Fie'*) and hence /(z) m ay be found by solving this
integral equation for 0(0). T he existence of a continuous solution of this integral equa­
tion is assured by R iem annfs m apping theorem . This solution is also unique as is 
shown in §9(a). In order to compute the solution we follow Theodorsen and form the 
successive approxim ations

0O(0) =  4>,

i  r r t
0n (4>) ~  0  =  “  —  I { lO g p [0 „ _ !(0  +  t ) ]  ~  lo g  p [0n_l(0 ~  0 ] }  COt—-dt, )

J  0 2 > (2. o)

(n =  1, 2, —  ) .)

The functions  0n(0) are continuous for  0 ^4> = 2rr\ in fact, they are absolutely continuous 
and the squares of their first derivatives are integrable (for the proof of this, see 
§9(b)); 0„(0) — 0  is a conjugate function of log p[0n_i(0)].

We shall show th a t the sequence 0„(0) converges uniformly to 0(0) as w—»<». Hence, 
also log p [0n(0 )] converges uniform ly to log p [0(0 )] as w—> co, so th a t  the functions

F0{eie) =  log a, A„(e‘A) =  log p[0„_i(0)] +  ¿(0„(0) -  0) (n ^  1), (2.7)

m ay be used to  com pute Fie'*) w ith any desired degree of accuracy.
L et F n(z) denote the function which is analytic for | z| < 1  and assum es the bound­

ary  values Fnle'*) for |z | = 1. By the principle of the m aximum modulus the  uniform

interval except possibly for a set of Lebesgue measure zero and if f l g ’{6)d0=g{b) —g{a) for every a and b 
of this interval. In order to establish the convergence of Theodorsen's method under reasonably general 
conditions, we em ploy the integral of Lebesgue.
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convergence of Fn(e'*) to implies th a t  Fn(z) converges to F(z) uniform ly for
\z\ ¿ 1 ,  and thus the functions /„(z) =zeFn<-z} converge uniform ly for |z | ^ 1  to the 
m apping fu n c tio n /(z ).

In  order to prove the convergence of the functions 0„(0) and 0„' (0) we shall derive 
estim ates for the differences |0 n(0) — 0 (0 )| and |0„' (0 )—0 '(0 )| in term s of e and n. 
These differences approach zero as n —> «>, and will a t  the  same tim e perm it us to  ap­
praise the degree of accuracy of the n th  approxim ation.

R em ark . Theodorsen considers the case where the exterior of a circle | r |  = F  is 
m apped onto  the exterior of a  “nearly circular” closed curve T whereby the m apping 
function co =  g(f) is so normalized th a t  limf..OT co/f =  1. T his case is im m ediately reduced 
to the one considered above by m eans of the transform ations w = w~1 and z =  I? /f . L et 
us suppose th a t  T is represented by the equation r =  r(0 )  ( 0 ^ 0  ^2ir),  where, for some 
positive b and 0 < e < l ,  ¿(1+ « )“ 1 ^ r ( 0 )  ^ 6 ( l  +  e) and |r ' ( 0 ) / r ( 0 ) |  g e . T hen the 
function w = f(z )  =  l /g ( f ) ,  where f  =  I?/z, m aps the  circle |z | < 1  onto the interior of 
the-nearly  circular contour C represented by the equation p =p(0) =  l / r ( 0 ) ,  where 
6 =  —0  and p(0) satisfies the conditions (2.1) and (2.2) w ith a = b~l. For f  =  we 
w rite  arg [g (f)/f  ] = 0 (0 )  —0, where arg  [g (f)/f]  is defined as 0 when f  =  oo. Then, for 
f  = R e i'1' and z =  ei,i where 0 =  —0,

p i t )
lo g  =  log r [0(0) ] +  ¿(0(0) — 0) — log R

f  /OO=  -  log —  -  log R  
z

= -  log p[0(0)] -  ¿(0(0) -  0) -  log R.

T hus one can form the successive approxim ations 0 „ ( 0 )  for the function 0 ( 0 )  in the 
sam e m anner as the 0„(0) are formed for 0(0). Furtherm ore, 0 „ ( 0 )  =  —0„(0), 0 =  —0 
and 0 „ ( 0 )  — 0 ( 0 )  =  — (0„(0) — 0(0))- Hence any bound obtained for |0 n(0 )— 0 (0 )| is 
also a bound for | ©n(0) — 0 (0 ) | , and the same rem ark applies to  the derivatives of 
these differences.

3. S ta tem ent of resu lts. W e shall prove the  following estim ates:
I. I f  C is a nearly circular contour, and i f  0n(0) and 0(0) =  arg fie'*) are defined by 

(2.6) and  (2.4), respectively, then

| 0„(0) -  0(0) | g  2 ( y ^ j ) l/V +2)/2- '  (3.1)

T he bound for |0 n(0 )— 0(0) | obtained here approaches zero as n — (since
0 <  c <  1) and is therefore sufficient to establish the convergence of the functions
0„(0) to  0(0). However, a bound which converges to zero more rapidly can be found if 
a fu rther assum ption regarding C is made.

II. I f  C is a nearly circular contour and i f

I F i L . I i F L  (3 . 2 )
p ( M  p (» .) 1

€ being the same as in  (2.1), then

I 0,(0) ~  0(0) | ^  (2tA (it +  1 ))> 'V +b (3.3)
where A  = 4 ‘e‘2.



T he following result is obtained for the derivatives 0„' (0).
III.  I f  C is a nearly circular contour, i f  (3.2) holds, and i f  p{9) =d[p '(6)/p(9)]/dd

satisfies the condition

| 0(02) -  0(0,) | g  e \d 2 -  011, (3.4)

e being the same as in  (2.1), then

| 01 (0 ) -  0 '( 0 )  | ^  V 2 ^ T (A (n +  l))«*i«+>, (3.5)

where A  = 4 'e <2 and
n

Cl =  1 +  e, -<7„ =  (1 - f  e) H  (1 +  cky/2irAk). (3.6)
k— 2

For all n,

c„ ^  (1 +  e) exp [2«V 5^~(1 ~  e)~3/2]. (3.7)

so that an is bounded i f  0 <  e <  1.
E stim ates for the difference | Fn{z) — F(z) \ , |z | 2S 1, m ay be obtained from those 

for 10„(0) — 0(0) | . For by (2.2),

| Fn{e'*) -  F(eS*) | {e3(0 „ _ ,(0 )  -  0 (0 ))*  +  (0„(0 ) -  0(0 ))*}* /* ,

and for | z| ^  1

j F,fz) — F(z) | g  max | F„(e'^) — F{ei't‘) I.

Thus, for example, in case II we find by use of (3.3) th a t

| F„(z) -  F(z) | g  2(Ax(n  +  -|))* 'V +1.

Hence, if 0 <  e <  1, the successive approxim ations F„(z) converge uniform ly to
F{z) = lo g  ,[/(z)/z] when |z | ^ 1 .  An analogous sta tem en t applies to the derivatives
d [Fn(re^) ] /d 0  and d [Ffje'*) ]/d0 .

T o prove the three theorem s I, II , and II I , we shall first derive bounds for the 
square means

~  f  (<U0) - 0(0 ) )  W, w n2 = i- f  2T(0;,(0) - 0/(0))200,
h r J  o 2 x «/ o

M : 2 4 i " ( 0 i ' ( 0 ) - i " ( 0 ) ) !4 .  .
27T •/ 0

The above results will then be obtained by use of the inequalities (see §4(c))

| 0,i(0) -  0(0) | g  (2irMnM n')* '2, | 0n'(0 )  -  0'(0) | ^  ( 2 n M l M l ’y i \

T he fu n c tio n s /n(z) = zeFn(*> m ap the circle |z | = 1  onto closed curves C„. Since
the functions f n(z) are to be used as approxim ations to  the m apping fu n c tio n /(z ),
it is essential to know th a t  the C„ are simple closed curves. T his will certainly be the
case if the C„ are star-shaped w ith respect to the origin. (A closed curve is star-shaped
w ith respect to the origin if every ray  from the origin intersects the curve in exactly
one point.) Knowing th a t Cn is star-shaped has the additional advan tage3 th a t  0»(0) _________________ ^

3 Cf. Theodorscn and Garrick, I.e., pp. 184-185.
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is then an increasing function of cj> and therefore possesses a unique inverse function 
4>=<f>„(6). T his perm its us to form im m ediately the inverse z =  ei*"(9) of the m apping 
function w = f(z )  for w on Cn. We examine therefore the question when the Cn are 
star-shaped, and obtain  the following result:

IV. I f  C is a nearly circular contour and i f  the condition (3.2) is satisfied, then the 
curve Ci is star-shaped with respect to the origin i f  € ¿ ( 2  log 2)_1, Ci i f  1 g  0.34, C3 i f  
e g 0.31, and C.i i f  e =  0.3. For n*z4 all Cn are star-shaped i f  e g 0.295.

T his result is derived by exam ining the  values of e for which \ 0 f  (<j>) —1| Sal, so 
th a t $„'($) 2:0 and dn(4>) is therefore m onotone increasing. For large values of n  (m2;4) 
a more favorable estim ate for e m ay be obtained by  m aking use of (3.5) and of a  lower 
bound for &'(4>) which is given in §9(d).

4. Proof of I. (a) E s t i m a t e  o f  M n. L et Fie'*) and F n(e*) be the functions in
(2.4) and (2.7). Because of the representations of 6(<p) — f> and dn(<j>)—4> by m eans of 
the integrals (2.5) and (2.6), respectively, we have

f  ’\e(4>) -  4>)d<t> =  0 , f  (en(4>) -  4>)d<t> =  0 . (4.1)
J  0 *7 0

W e now apply  the following well known theorem :4 I f  the function g(<j>) is real­
valued, periodic (period 2it); and (g(</;))2 is integrable (in the sense of Lebesgue) 0 g<£ g  2ir, 
and i f  gto) is a conjugate function of g(<j>) (then surely existing), then

where

—  f  [sto)]'d<j> +  cr = —  f [g(4>)]2d<t> +  /32, (4.2)
Z7T J  0 ¿7T ”  0

1 r  2t 1 r 2x
a  =  —  g(4>)d<t>, 0  =  —  g(<l>)d<t>.

2tc J  0 Ztt  J  0

Applying this w ith g(</>) +ig(<h) =  F„(ei*) — F(ei*) and observing th a t  [3 =  0 (be­
cause of (4.1)), we obtain

Mn = — f  (Onto) -  0to)fd<jt g — f {log p[0n-l(<l>)] — l°g P [0 W ] } ¿0* (4 • 3)
2 tt J  o 27t J  o

By hypothesis (2.2),

| iog p[e„_i(<£)] - log p[o(<i>)] | g c| On-ito) -  °to) I.
and therefore

■ 2t
2 2 

Mn g e „ 
2tt
— f  (On-lto) — 8(4>f) d<t> g 6 M n -1,
¡7T J  0

or

Mn 5 tM n -1, Mn  ̂M 06n. 

For n — 0 we obtain  from (4.2) by  use of (2.1),

m \  = f  " m  -  4>)% ^ y f ' T 6 o g ^ )
2 ir* /o  2 7 T o ' o \  a  J

2 t  7  2 
d<j> ^  e .

4 See, for example, A. Zygmund, Trigonometric series, W arsaw, 1935, p. 76 (Eq. (4)).
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T hus we have proved th a t i f  p(0) satisfies hypotheses (2.1) and (2.2),

M n g  €"+1. (4.4)

(b). E s t i m a t e  o f  M ,( . I t  follows from §9(b) and §9(c) th a t F„(e^) and F(e*) are 
absolutely continuous and th a t (d [Fn(e*) ] /d p ] }2 and [d [F(e'*) ] /d p }2 are integrable. 
Furtherm ore, because of the absolute continu ity  of Fn(e'+) — Fíje1*), the im aginary 
p a rt of the derivative d {Fn(e'’t‘) — F(e '* )} /d p  is a conjugate function of the real part. 
Finally,

f  -~-F(e'*)dp =  [ F ( e ^ ) ] ^ T =  0, f  ^ F n(e^)dp  =  0.
*7 o d<f> J  o dip

Hence, applying (4.2) w ith g(p)+ ig(p) = d[Fn(ei* )~  F(ei*)]/dp, we obtain6
1 /*2x

Z7T J  0

=  7 - f {—  K -ifo )  K - i t o )  -  — [o(p) }e'to) \  'dp. (4 .5)
¿7T *7 0 1 P p IP

By (2.2) we have (om itting the argum ent p  in the integrands)

2 x

As is shown in §9(c),

1 2ir
Mn =¡2 € —  I (^n~l +  0 )d<j>. (4.6)

Z7T J  n

i f
2tt J  n

2r 1g -----------  (4 . 7)
2irJ<> 1 — e2

Furtherm ore, applying (4.2) w ith g(0}+*£(0) « ¿ [^ „ (e * ) ] /« ^ ,  we obtain  by (2.2),

or
1

1 C 2t o 1 /* 2t /  // \  2 1 Í* 2r
~  I (0n — 1) dp = —  f f   [0„_110̂ —1 J dp g  6 ----  f  o'n-ldp,
-7T J  0 2t J  0 \  p /  2t J 0

U
2t /» 2t \ o 1 r  2T

6„dp — 2 J  d'ndp +  2x |  g  e —  J On-idp.
2x

Since f l ’0 /d p  = 2-jt, we find th a t

2ir
If we set

1 C 2r ,2 , 2 1 f  2r ,2
— I 0„dp — 1 g  € — I dn-\dp.
•TT 0 Z7T 0

2 1 f  2t ,2
Wn I 0n dp,

2t  J  n

we have m„2 g  1 + w n2_ie2, and therefore 

Since

6 The notation — [<?] or (p ' / p ) [#] means p'(6)/p(6).

//<S V A
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»¡o '= — I dp = 1, 
2t J o- 1 f2ir J  o

we obtain

m l  g  (1 -  e2)“ 1. (4.8)

T hus by (4.6), (4.7), and (4.8),

M„ g  4e2/ ( l  ~  A  (4-9)

(c) E s t i m a t e  o f  | d„(p) — 0(f )  | . To complete the proof we now apply the follow­
ing theorem : I f  g(p) is a real-valued, absolutely continuous and periodic function
(period 2ir) and i f  (g'(p))~ is integrable, then for any p<¡,

[g(P)]2 ~  [g(Po)}2 ^ 2 x M M ' ,  (4.10)

where

TP =  ~  f  [g(p)]2dp, M n  = f  [g'(P)]2dp.
27T J  o 2.7T J  o

The factor 2ir is the “best possible” constant; it cannot be replaced by a smaller one.6
L et g (p )= d n(p) — 0(p). Since then f l rg(6)dp = 0, there exists a value po such th a t 

g(po)=0. Hence
| 6n(P) -  d(p) | g  (27rMnM i y i \

Using (4.4) and (4.9), we find (3.1).
5. Proof of II. (a) E s t i m a t e  o f  M l . U nder the present hypotheses an estim ate 

for M f  sharper than  (4.9) m ay be obtained. We shall prove that i f  p(6) satisfies (2.1), 
(2.2) and (3.2), then

M f  S  A (n  +  l)en+1, (A =  4<e*2). (5.1)

Using th e  relation (4.5) we obtain  for »2 :1 ,

M l  =  { 1  [ ( - -  [ 0 „ _ i ]  -  p-  ( e f y  +  p-  -  e ' ) J d p }  W 2

+

6 T o prove (4.10), w e note first that for 0£<i>^2jr, 0^ $oS 27r,

g2(0 ) -  g2(4>o) =  2 =  2 f *  * g[t)&'{t)dl. (*)
V  0 *Uo

Since 1 st p> 1 1 / '  (?~2lr | I* *r [* V*
I gg'l dl +  | gg'| dl =  | gg'| dt =  | gg'| dl,

-To 1 I Vo 1
one of the two integrals in (*) does not exceed \ f t*\gg'\& i. Hence, by the inequality of Schwarz,

.  jjr
[g(0 )]2 -  [g(0 o) ] 2 á  f  I gg'l dl á  2 tM M ’. 

J 0

Applying (4.10) with g(<#>) =cos" 0 (<i>o =  iir) and letting n—* « ,  we see that the constant 2ir cannot be re­
placed by a smaller one.



by M inkowski’s inequality. U nder the present hypotheses we have by §9(d),

0 <  6'(p) ^  A = 4 'e '2.

Hence, by (3.2) and (2.2),

( 1 r 2T ) 1/2
M l  g e A j - J  (f)„_i -  Oydpj +  eM l - i  =  e(AMn-y +  M l - 1), 

and, therefore, by (4.4),

Mr! g  iU «" +  M n'-i), ( n ^  1). (5.2)

For » =  0, we have, using (4.2) and (2.2),

i  r 2 r  i  f 2t / p '  v  a  r 2r
M o 2 =  — (0' ~  1)-V0 =  — ( — j d p g e 2 —  d'dp = e2A.

2 tt J  o 2ir J  o \  P /  2ir  J  o

T his inequality proves (5.1) for «  =  0. For »2 :1 , (5.1) is easily seen to be true by 
induction. Assuming th a t it holds for some »SO , we obtain by use of (5.2),

M n+1 g  «(yle^1 +  A (n  +  l)en+l) =  A (n  +  2)e"+2,

i.e., (5.1) is also true for » + 1 .
( b ) .  E s t i m a t e  o f  16n(p ) - d ( p )  \ • Applying (4.10), (4.4) and (5.1), we find

[ Onto) -  Oto) I ^  (2rrM nM i y i *  g  (2-jrA (» +  l))»/*e«+».

6. P roof of III. (a). S o m e  p r o p e r t i e s  o f  t h e  f u n c t i o n s  Fie1*) a n d  Fn(e*). Be­
cause of the hypothesis (3.4), Fie*)  has a continuous second derivative for7 0 g<£ g27r. 
T he same is true for all Fn(e*) as is shown in §9(e). D ifferentiating Fie*) and Fn(e*) 
twice w ith respect to  p, we obtain
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= —  W  +  W  -  i) , t t  =  p W 2 +  — W ’ +  io",dp p dp p

—  ~    K - l j ^ n - l  +  i(0'n ~  1 ), — — =  p[Qn-\\0'n-l +  —  [#„_y]0„-l +  id',,'.
dp p dp2 p

T he present proof is sim ilar to  th a t of (II) and we estim ate first

( 1 r  2r j i/2
M l '  =  J  {61' -  6")2dp^ .

We prove that, for  «2 :1 ,

M l '  g  /12(« +  l ) 2<rn€n+1, (6.1)

where A  = 4 'e '2 and cr„ is defined in  (3.6).
(b). P r o o f  o f  t h e  i n e q u a l i t y  (6.1). Since

■ 2x ¿2

f .
(Fn(e*) -  F(e*))dp =  0, 

dp1
7 See, for example, S. E. W arschawski, On the higher derivatives at the boundary in  conformai mapping, 

Trans. Amer. M ath. Soc. 38, 326 (Theorem III), (1935).



we have, applying (4.2),

W O ’ -  I f ’’{<?[*.] -  t ie ) )0 ”  +  #[».] (*:! -  «” )

+ ( -  [«.] -  7  [« !)«"+-  [».k«:' -  »">) Y  (6.2)
\  p p J  p !

Because of (3.2),
| *(*)| g .e . (6-3)

Using (9.3), (3.4), (6.3), (3.2), and (2.2), we find th a t
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(6.4)

( ¿ C o 2 ^  -  f  V l dn -  9\ +  | 6?  -  O  +  | 0 " |  | 0. -  9\ +  | 0 "  -  f l " | } V  
2ir J  o

If M n and M l  are defined as in (3.8), we have by M inkowski’s inequality:

M ” , g  C[ a ' m .  +  { ¿ /  “  « 'V * * }  ‘

( l r 2r o 1/2
+  |  — J  ( O  (*» -  *)</*}■ +  M l' .

Since by (9.4),
( 1 C 2r ) 1/2

M o "  =  J  (0 " ) 2^ j >  ^ 243' V 2  6, (6 - 5 )

and by (3.3), '
| 0„(4>) -  «(*) | g  (2t A ( h +  1 ))W V+i,

we have

r 1 /• 2*- 1 >/2 _ ______
j — J  (0„ -  0)20"2<ty| g  (2ird(k +  1 ) ) i/* 4 * /V 2  e”+2 =  2 /l2€"+\A r(» +  !)• (6-6)

N ext, applying the theorem  of §4(c) w ith g (p )= d l  8'(p),  we obtain

(i91 - d ' y ^  2ttM l  M l 1., 

and taking the square root and using (9.3), we have

\d l  + e r \ g  2A + V 2 t M l  M„".
Hence

{ j ~ f  T<'°"2 ~  0,2)2</4  ,/_ -  M ^ 2A +  V ^ T M " )  =  2 A M l +  M l y / 2 r M l M l f ,

Applying the inequality8 M l  g  V M „M „" to the factor M l  of the square root we 
find th a t

8 If we set g(4>) *=6„((j>)—e(4>), we have by integration by parts

f  (g'(<t>))2d<p = | [g(<#>)g'(<#>)]oT — f  g(.<t>)g"(<t>)d<t> j  0 I J o
r t  r ( r 2T r 2T ) 1/2

g  J o I gWg"U)| H  £  j J o [*(+)]***• J o (*"(*»«*[ •

This proves the inequality of the text.



i l  / ’ > '  1  1 / 2 ___________________________________ _______________j— J  { O n2 - O'2)  2d 4>| g  2A  M l  + M l ' V2t M „ M I . (6.7)
T hus we obtain  from (6.4) using (4.4), (6.7), (6.6) and (5.1),

M "+ 1 g  e { j4 2e"+1 +  2 /1 2 ( «  +  l ) e " + l +  2 4 !f ”+ V > r ( »  +  1)
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8)

+  (1 +  c " + V 2 * v l(» +  1))M„ J,
and therefore

/  t f \
M n+i g  A 2t n+2 < 1 +  2(» +  1) -f- 2«\/x(« +  1) +  (1 +  €n+1v /2x/l(w + 1 ) ) ----------> . (6 .

t / l 2£n+1J

Assuming now th a t  (6.1) is true for some 2, we see from this inequality th a t
(6.1) also holds for » + 1 . For, if we substitu te  in (6.8) for M l '  the right-hand side of
(6.1), we find th a t

■̂ fn+i ^  A 2en+2{l  +  2 (re +  1) +  2e \/x(w -f- 1) +  (1 +  en+l\22irA (re +  1))(» +  l ) 2fr„}. 

F orre j^2 ,

1 +  2(n +  1) +  2e\Zir(n +  1) <  [l +  2(re +  1)](1 +  6) <  [l +  2(n +  l)]<rn+1, 

and therefore

M'n+i g  A26"+Vn+1(l +  2 (re +  1) +  (re +  l ) 2) =  A \ n  +  2)V„+1e"+2.

To com plete the induction we show th a t (6.1) holds for « =  1 and re =  2. Frbm
(6.2) w ith re =  0, we find th a t

M x =  j T  [ ( P M  -  p [ 0 M ] ) e ,2  +  p M ( i  -  n  -  [0 ( * ) ] « " J d * } 1/_

g  £ j / IW o  +  ( ^ f  (1 -  0 ' w )  ; +  Mo,Y|  ,

by M inkowski’s inequality  and (3.4), (6.3), and (2.2). Applying (4.4), (9.3), (5.1), and
observing th a t  by (9.4) M o'  ^ / l 2e ( l+ i ) ,  we find th a t

M l '  g  e2(A 2 +  (1 +  A)A +  A 2( 1 +  «)) =  / i 2e2^2 +  ^ y ^ -  +

Since /I ¿ 1 ,  (1-|-/1)//1 ^ 2 ,  and therefore

M { ' g  A 2e2(4 +  e) <  4/1 V (1 +  «). (6.9)

To prove (6.1) for re =  2, we apply  (6.8) w ith re =  1 and M i '  replaced by A 2£2(4 +  e)
(see (6.9)), to  obtain

M l '  g  ^ 2£3[5 +  2 ^ 2 i  +  (1 +  2£2V ^T )(4  +  £)].

Since 2 \ /2 x  < 6  and l + 2 e 2\ / ^ A  > 1 ,

5 +  2ey/2i  +  (1 +  2t V i I ) ( 4  +  £) <  (5 +  6e +  4 +  e) ( l  +  2eV*vO

<  9(1 +  e) ( l  +  2£2V iA )  =  32 cr2f
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and, therefore
M l'  g  3 V 2d 2e3.

( c ) .  E s t i m a t e  o f  191 (</>) — d'(4>) | . Applying the theorem  of § 4 (c )  w ith 
=  61 ($) — we obtain from (5.1) and (6.1)

| *„'(*) -  6'{<t>) I S  V2w<rn (A (m +  l ) )3'V + i.

(d). P r o o f  o f  ( 3 .7 ) .  To estim ate an we first note th a t

w   r  _ _ _  n
J J  (1 +  t k\/2irAk)  ^  exp \Z2irA V 1 eky /k  
* _ 2  L  Ar- 2

Now

E  i V l  =  e E  i < * - " '2) S  e {  E  i * " 1 E  .
A- - 2  A™2 V A- - 2  A~ 2  1

by the inequality of Schwarz. Hence

V 2» (  e /  1 Y | 1/2 e \
E  «fcV ^  =  6 1 ----------- ( -------------------- O r  <  "7------" t i  l l - e V ( l - e ) 2 / /  (1 - «)

3 /2

We find therefore th a t <r„<(l +  e) exp [2s / r A  e2(l — e)_3/2].
7. An in tegral representation  for 61 (4>)• W e shall discuss now the conditions under 

which the images Cn of the un it circle by m eans of the functions w = f n(z) = zeFni*) are 
star-shaped. For this purpose we shall first establish the following representation for 
6,! (4>). I f  C is a nearly circular contour and i f  the function p{6) which represents C satis­
fies hypothesis (3.2), then the derivative 61 (<p) of 6n(cf>) is continuous and

1 r * +T ( p' p' ) t - f >
9{(40 - 1  =  - -  -  - ( * ) >  c o t — - d t ,  ( 7 .1 )

2t  J  t - r  t p p l  2

L a <H-x ip ’ p' ") t — <j>
K  (</») -  1 = ---------------:V <—  [0»-l(O ]-------- [ d n - l i t m e ^ t )  cot — — dl

■ f p P ) 2

1

- — [e„_x(0) ] — [e -tto ) }e l-2(<t>) (» 12). (7.2)
p p

P r o o f . T he integrand of (7.1) is continuous in both  the variables t, except pos­
sibly for t =f>, and is bounded because of (3.2). Hence the integral (7.1) is a continuous 
function of <f>. Since this integral represents the  conjugate function of (p'/p)[<f>] for 
which th e  integral over the in terval (0 , 27r) is zero, it is equal to  61 (<f>) — 1, a t  least for 
alm ost all <f>, and, because of the continuity , for all </>. T his proves (7.1).

L et us suppose it were proved th a t 61 (<t>) is a continuous function when 
k — l,  2 , • • • , «  (w S:l). We then show th a t  the formula (7.2) holds w ith n replaced 
by  » + 1 ,  and th a t  6,!+i(<p) is continuous. T his will then  prove the representation (7.2) 
and the continu ity  of 61 ($) for all n.

Since En+iO^) =  log P [<?„(<£)]+ i(0 „ + i(0 )— <t>) is absolutely continuous (see §9(b)) 
it follows th a t 61+1(0 ) — 1 is conjugate to  (p '/p ) [dn(<f>) ]0„' (<£), and we have, for alm ost 
all 0 ,



I C T (V  r 1 ) T” *+< t
0n'+l(0) -  1 =  -  — K ( t ) K '( t ) >  cot — dt,

l i r J  o \ p  J T=i_ ( 2

the integral being convergent in the sense th a t l im j,0 / J  exists. We write

0»'+i(0) -  1 =  -  ~  f  I —  [0n(<t> +  * ) ] -  — [«»(0) ] \  01 (0 +  t) cot —  dt
2t J  o K p p ) 2

+  — T {  [0n(0 — t ) \ --------[On(<t>) ]} 6,' (0 — t) cot   dt
2-rr J  o \  p P ) 2

 [0n(<£)] —■ f }0,i (0 +  t) — 0„' (0 — /)} cot — dt.
P 2x J  o 2

Because of (3.2) and the continuity  of 0„' (0), the first two integrals represent continu­
ous functions of 0. T he th ird  integral (w ithout the factor — (p '/p)  [0„(0)]) is equal to 
(P7p)[0n, -l(0)]0», -l(0 ) , since 0„' (0) —1 is conjugate to this function. Introducing the 
variable t  =  0 + 2  in the first integral and r = 0 —2 in the second, we obtain

0n+i (0) — 1 =  — —- f  j — [0„(t)] — —  [0„(0)]}0„' (r) c o t  - d r
2 I p  p )  2

~  — [ O M ] —  [0»-1(0)]0,'-1(0).
P P

The right-hand side of this equation represents a continuous function of 0. Hence 
0„'+i(0) m ay be defined as a continuous function for all 0, and therefore 0„+i(0) has a 
continuous derivative for all 0. This completes the proof.

8. Conditions u nder which Cn is star-shaped. P roof of IV. T he curve Cn is s ta r­
shaped if 0n'( 0 )^ O . By (7.1) and (3.2)

1945] CONFORM AL M A P PIN G  OF N E A R L Y  C IRCU LAR R EG IO NS 23

i  r * + T \ p '  
0i (0 ) -  1 1 g  -  -

Z7T J  r  J p
(0 : (0)

<0— 

<0+T

cot
t -  0

dt

e r *+T t -  0
=  — I (2 — 0) c o t 0/ =  2e log 2.

2x 0 ¿_x 2

Thus, if 2« log 2 ^  1 or e g  (2 log 2)_1, then 0/ (0) ^ 0  and Ci is star-shaped.
L et us suppose it were proved th a t 0„' (0) ^  0 for some n ^  1, provided <= does not 

exceed some value eo<l .  Then we examine 0„/+1(0). By (7.2), (3.2), and (2.2),

I 0n'+1(0) -  1 | ^  ~  f ̂  (0,(2) -  0„(0))0n (2) cot — - dt +  e* | 0„'_x(0) | . (8.1)
2xJ 0_T 2

I t  is to be noted th a t  0„(2)—0„(0) has the same sign as ¿—0 since 0,( (2)2:0. We find 
by in tegration by parts th a t



Hence by M inkowski’s inequality,

s  i i  c * t Y a - M  - '  -  -  e i y u 1 / 1

12n J  A-* \  2 sin 5(2 — 0 ) /  )
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mn

+ /a  r v  - ♦  y a 1".
1.2x0 ¿_T \2  sin ^(2 — 0 ) /  J

In teg rating  by parts, we find th a t

1 r * + r /  2 - 0  v  1 r * +T 2 - 0
— I (  ) 02 =  — I (2 — 0) c o t-------- 02 =  2 log 2 =  c2.
2 i J * . ,  \ 2  s in  | ( 2  — 0 ) /  2r J * . ,  2

Furtherm ore, by the theorem  of §9(f),

1 /• /0„(2) -  2 -  [0„(0) -  0 ] \ 2 1 r  *+T /log p[0„_i(2)j -  log p [0n—1(0 ) 7  2f  *+T / g~(2) -  2 -  [g.(0) -  0 jy  =  j _  r * +r / I
• 0 * - t  \  2 s in  i (2 — 0 ) /  2 V2 \  2 s in  ¿(2 — 0 ) /  2 i r J j . ,  \  2 s in  ¿(2 — 0 )

By (2 2), th e  right-hand side of this equation is

2 1 f  *+ r /  0„_i(2) -  0 „ _ i(0 )  \ 2 2 2
g  e —  I I -  -- 7 —-  —  ) 02 =  6 W n-l.

■0 ¿_T \  2 sin £(

02.

2x0  ¿_T \  2 sin 5 ( 2  — 0) /

Hence
#i„ ^  «»¡„-I +  c.

Since m a = c, we have
1 _  en+l

ffin ^  c(l - f  e +  e2 +  • • • +  e n)  =  c — ----------
1 — e

Hence, by (8.1),

2 i T 1 — e"+I *12 2
| 0n'+i(0) -  1 1 ^  €W„ +  6 I 0„'_1(0) I g  2e ^  — j  log 2 +  e I 0«—1(0) I • (8 .2 )

Applying (8.2) w ith n = 1, we find since 0o' (2) == 1 th a t,

| 02'(0 )  -  1 1 ^  2e(l -f  e)2 log 2 +  e2, (8.3)

and this will be less than  1 if e g  0.34. -
For « =  2 we find, since 0/ (0) g l + 2 e  log 2 and 0/ (0 )> O  for « <( 2  log 2)_1, th a t

| 03 (0) -  1 | g  2e(l +  e +  e2)2 log 2 +  e(l +  2i log 2).

T his expression will be less than  1, if e g  0.31 ( < ( 2  log 2)_l).
By (8.3), | 02' (0 ) | ^  1.7927 if e =  0.30. Hence, applying (8.2) for n — 3 and using

this estim ate for 02' (0), we find th a t | dl (0) — 1 1 g  1, if e g 0.3.
Assuming th a t, for some « ¡ s i ,  O<0„'_i(0) g 2 , we see from (8.2) th a t

1 1 2 log 2
I 0^1(0) -  l |  g — ^ - e  +  2e2 <  1

(1 -  e)2

if e g 0.295. Since for e g  0.295 this assum ption is certainly satisfied for n — 1 and n =  2, 
it follows th a t for all n  | 0„/+i(0) — 11 < 1  if e g 0.295.
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R e m a r k . For large values of n  the bound for e can be improved by use of Theorem
IV and the left hand inequality  in (9.3).

By Theorem  IV, 16J,\{4>)- 0 '( 0 ) |  g V '2 ^ ( 4 ( r a + l ) ) 3/2e,l+1> and by (9.3), 0 '(0) 
^ A ~ x( l +  e2)_1/2. For any given fixed n, e0can be chosen so th a t \Z2Tren{ A {n - \ - \ )y l2tQ+l 
< ^ l - 1( l  +  eg)-1/2. T hen, for all e S e 0, (</>) ^d'{<j>)-A~l{\ - fe 2) - 1' 2^  0.

• 9. Auxiliary theorem s. This section contains the  proofs of some of the auxiliary 
results cited in the text.

(a). U n i q u e n e s s  o f  t h e  s o l u t i o n  o f  T h e o d o r s e n ’s  I n t e g r a l  E q u a t i o n . I f  C 
is a nearly circular contour, the integral equation (2.5) has at most one continuous solu­
tion.

L et us suppose th a t  it had two such solutions, 0i(<£) and Oi(<j>). Since

so th a t we have M 2^ e 2M 2. Since 0 < e < l ,  M  — 0 and hence ffi(<£) = 92{<j>)-

( b ) .  A PROPERTY o f  t h e  f u n c t i o n s  dn{<j>). I f  C is  a nearly circular contour, then the 
functions 9n{4>) defined by (2.6) are absolutely continuous, and (9,! (<£))2 are integrable 
{in the sense of Lebesgue) for  0 g 2 x .

T his is clearly true when w =  0. We suppose th a t this s ta tem en t were proved for 
some m^O.  Since log p(0) has bounded difference quotients (by (2.2)) and 0»(0) is ab­
solutely continuous, it follows th a t log p [#„(<£)] also is absolutely continuous. F u rther­
more, because of the inequality

exists. Hence, the conjugate function of log p[0n(</>)], nam ely 0„+i(<£) — </>, exists and 
is absolutely continuous and the integral /i;T(0n'+i(<£) — l ) 2d<£ exists.9

( c ) .  A p r o p e r t y  OF $(</>). I f  C is a nearly circular contour, then 6(4>) = a r g / ( e ‘*) (de­

(0 i (<#>) — <f>)d<t> = 0 , I (d2{4>) — 4>) dtp =  0 ,

it follows by use of the theorem cited in §4(a) th a t

M 2 =  {log p[di(4>)] — log p[e2{<t>))\}2d<f>.

By (2.2),
I logp[0i(<¿>)] -  Iogp[02(0 )] | á€|0i(c¿) -  02(<A) I

( .
it  follows th a t the integral

9 W e are using here the following theorem: if g(</>) is an absolutely continuous and periodic function  
(period 2x) for 0 á 4>S2 ir and if [g'(4>)]s is integrable, then the conjugate function g(4>) is absolutely con­
tinuous and (g '(0 ) )J is integrable. (See, for example, W . Seidel, Über die Ränderzuordnung bei konformen 
Abbildungen, M ath. Annalen 104, 223 (1931).



fined by (2.4)) is absolutely continuous and {0'{<j>))2 is integrable {in the sense of Lebesgue) 
and

1 r 2r 1
-  6'2{<t,)d4> Û ------- - •  (9.1)
2ir J  o' 1 — «

P r o o f .  Since the curve C is rectifiable, the function F{e<*) is absolutely continu­
ous.10 Hence ^

— F{e**) - i  = —  [ff(*)]«rfo) 4- id 'M  
a<j) p

exists alm ost everywhere for 0g<l>g2Tr, and is integrable. Furtherm ore, the function 
d[F{z)]/dcj>—i  = u{z)-\-iv{z), z = re{*, m ay be represented by the Poisson Integral in 
the unit circle,

u{z) +  iv{z) =  — f  \u{eil) +  iv{eu)} ------------- ----- — dt. (9.2)
2tt J  o 1 +  r- — 2r cos {t — 4>)

For alm ost all (j){0g<pg2ir),

o' r
lim «(re'*) =  — [d{4>) jfl'fa) =  u(e'*), lim v{re1*) -  Q'{4>) =  t>(e**).
r-*l p t- >1

Since C is star-shaped, 6'{<t>) àO , and we have by (2.2),

v{ei,t‘) + «(e**) à  6'{4>){l -  e) à  0.

Because of the representation (9.2) we conclude th a t v{z)+u{z)  SO and v{z) —u { z ) ^ 0  
for |z | < 1 . Hence u2(z) — u 2{z) ^ 0  for |z | < 1 . Now
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i r 2t
—  I (u2(re'*) — u 2{re"t’))d<t> =  1.
2ir J  o

Hence, taking the lim it as r—»1, we obtain by F a to u ’s lemma 

i -  J  2T0'2{4>) [ l  -  ( —  [6{4>) j )  d<j> g  1,

and by (2.2),
II r 2T 1
-  { m m g - , — r
2ir o 1 — e"

This proves th a t (0'(<£))2 is integrable and th a t (9.1) holds.

(d). A n  e s t i m a t e  f o r  6'{<p) a n d  d"{4>). I f  C is a nearly circidar contour and i f  in  
addition (3.2) is satisfied, then

1 ^  0'(0) ^  A =  4 'e '2, (9.3)
A VI  +  e2

( i r  2t I 1/2 -
j — J  {û"(<j>)}2d<t>j- g  A 3/2e min (1 +  e; V 2 ) .  (9.4)

10 This follows from a theorem of F. and M. Riesz, Über die Randwerte einer analytischen Funktion,
Com ptes Rendus du Quatrième Congrès des M athém aticiens Scandinaves à Stockholm  (1916) pp. 27-44. 
See also, F . Riesz, M ath. Zeitschrift, 18, 95 (1923).
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T he proofs of these inequalities are contained in a  paper to  be published elsewhere.

(e). A PROPERTY o f  t h e  f u n c t i o n s  Fn(tj>). I f  C is a nearly circular contour for  
which (3.2) and (3.4) are satisfied, then the functions Fn(ei‘t’) have continuous second de­
rivatives which satisfy a Holder condition with any fixed exponent a, 0 < a  <  1.

T he proof m ay easily be given by induction. Since log p(fi>) and are con­
jugate functions and since the second derivative of log p(<£) satisfies the Lipschitz 
condition (3.4), it follows from a theorem  of I. Privaloff,11 th a t 6{ (</>) and 9['(fi) exist 
and th a t 9{' (<f>) satisfies a Holder condition w ith any fixed exponent a, 0 < a < l .  Let 
us suppose now, th a t  it had-been shown th a t  9 f  (<f>) exists and satisfies a Holder con-

second derivatives, (p '/p ) [0n(<£)]0„' (</>) and p[9n(<j>)]9jl2(<t>) +  (p '/p) .[0n(0)]0„" (0), re-
spectively, and the la tte r satisfies a H older condition w ith any exponent a, 0 < a < l ,  
(because of (3.4) and (3.2)). Hence, again by Privaloff’s theorem , the conjugate func­
tion dn+i(4>)— </> possesses a second derivative 9’f + i(<ji) which satisfies such a Holder 
condition. T his com pletes the proof.

(f). A t h e o r e m  o n  c o n j u g a t e  f u n c t i o n s . Let us suppose that u{t) is a periodic 
function  (period 2tt) possessing a continuous derivative for  0^(?£27r. Let v(t) be con­
jugate to u{t) and let us suppose that v(t) also possesses a continuous derivative for 
0 5=^27t. Then for every d,

P ro o f .  L et G(z) =  U(z)-\-iV(z) denote the function which is analytic for \z\ <1 
and assum es the boundary values g(t) = u(t)+ iv (t)  — (u(d)+iv(d)) for z = eil. T hen the

dition w ith any fixed exponent a , 0 < a  <  1. T hen log p [9n(4>) ] has continuous first and

u(i) — u(6) 

sin \{ t  — 0) sin \{t  — Q)

v(t) -  v(6)

real p a rt of [G(z)]2 m ay be represented by the Poisson integral (z = rei't,)

[U(z)Y- -  [F (z)]2 =  -  I I («(/) -  «(0))2 -  (v(t) -  v{9)Y\ — —
2-irJo 1 +  r2

dt.
1 +  r 2 — 2r cos (t — 4>)

dt.

As is easily seen, the lim it of this integral as r—r 1 is

(9-5)

By the m ean value theorem  (since U(ei6) =  V{eiB) = 0 )

11 I. Privaloff, Sur les fondions conjuguées, Bull. Soc. M ath. France 44, 100-103 (1916); orZygm und, 
I.e. p. 156. Privaloff’s Theorem states: if g{<t>) is periodic (period 2ir) and satisfies a Holder condition with  
the exponent a, 0 < a < l ,  for all <f>, then any conjugate function of g{4>) satisfies such a condition.
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1 — r dp
( d d 1

=  2 \  U(pe'e) —  U{peie) -  V(Pe‘°) — F(pe") \  , (r < r <  1). (9.5)
( dp dp ) p_?

Since g'(t) exists and is continuous,

—  + i - -  =  e"G'(pe") -»  -  fg'(0) 
dp dp

as p -» l. T hus limp_i d[U(pei0)] /dp  and limp,x d[V(peie)] /dp  exist. Furtherm ore, 
limp^  U{peie) =  limp,i  V(peie) = 0 . Hence, the lim it as r - * l  of (9.6) is zero and there­
fore the integral (9.5) is zero. T his proves the theorem.
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ON ROTATIONAL GAS FLOWS*

BY

A N D R E W  VAZSONYI 
Elliott Co., Jeanette, Pa.

Introduction. T he m ain body of the science of aerodynam ics is based on the classi­
cal theory  of frictionless, incompressible, irro tational fluids. R ecently airplanes have 
a tta ined  such high velocities th a t this fluid model has proved to be too restricted and 
in terest has centered on the irro tational m otion of frictionless, compressible fluids. 
By the term  “compressible fluid” one generally means a fluid for which the density 
p and pressure p  are connected by the isentropic relation pp~y = const. However, the 
studen t of aerodynam ics is frequently  interested in supersonic phenom ena and be­
cause of the possible occurrence of shock waves, such flows cannot be described, in 
general, by isentropic, irro tational flows. Accordingly, it becomes necessary to  study 
the m otion of gases under less restricted conditions.

L et us call a fluid barotropic when there is a unique functional relationship be­
tween the pressure and the density  of the fluid. The m ost im portan t examples are the 
incompressible fluid where the same constan t density  belongs to each pressure and 
the isentropic fluid where the relation pp~y = const, holds. T he dynam ics of friction­
less barotropic fluids is based on a theorem  due to Lagrange. I f  a fluid  particle is 
irrotational at one moment, it will remain so for  all subsequent time. One can generally 
assum e in aerodynam ics th a t  the air s ta rts  from rest. T he dynam ics of the flow can 
then be summed up in the single s ta tem en t th a t  the m otion is irrotational. I t  follows 
th a t  the velocity d istribution adm its a potential, and the com parative m athem atical 
sim plicity of the dynam ics of frictionless barotropic fluids follows from this fact.

Classical fluid dynam ics deals alm ost exclusively w ith the theory  of frictionless 
barotropic fluids. To find an example of frictionless non-barotropic fluids, we turn  to 
the theory  of the propagation of waves. W hen Newton developed his theory of sound­
waves, he assum ed th a t the m otion of air was isotherm al. L ater his theory was super­
seded by  a b e tte r one which assum es isentropic motion. Thus, both  theories assumed 
th a t  the transm itting  medium was barotropic. T he m athem atical theory of one­
dimensional large disturbances, a m uch more difficult problem, was developed first by 
Riem ann, who again assumed th a t the flow is isentropic. However, the isentropic 
theory of shock-waves tu rns ou t to  be fallacious because it  can be shown to violate 
the law of conservation of energy. When shock-waves are considered the fluid model must 
be extended to include non-barotropic fluids.

In this connection, let us draw  atten tio n  to the therm odynam ical aspect of the 
general theory of compressible fluids. In  the case of a three-dim ensional flow there are 
six unknow ns: three velocity com ponents, pressure, density  and tem perature. The 
laws of conservation of m atter and m om entum  together w ith the equation of s ta te  
yield only five equations. T o get the missing sixth equation the law of conservation 
of energy, i.e., the first law of therm odynam ics, m ust be used. Flows will be isentropic 
only when as a consequence of these laws the entropy turns ou t to  be a constant.

* Received Oct. 2 , 1944.
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Although the theory  of one-dimensional shock-waves requires a non-barotropic 
fluid model, this fluid model is a  very special one. Even if there is an increase of 
en tropy across shock-waves, the flow remains isentropic between shock-waves. M ore­
over, a one-dimensional fluid m otion is always irro tational B u t when one turns to 
two or three-dim ensional shock-waves, the situation becomes quite different. In  this 
case H adam ard1 was the first to  point o u t in 1903, th a t  vortices are generated suddenly 
by shock-waves and, in general, the flow becomes non-barotropic afte r shock-waves.

H adam ard determ ined the sudden change of circulation across a shock-wave b u t 
was not interested in the circulation variations occurring in the fluid behind shock- 
waves. A general circulation theorem  for frictionless barotropic fluids was established 
by Bjerknes2 in 1900, for the purposes of his dynam ical theory  of meteorology. The 
m otion of air masses originating from non-homogeneous conditions is clearly a phe­
nomenon requiring a non-barotropic fluid model.

Crocco,3 in 1937, again took up the question of the m otion of frictionless fluids 
behind shock-waves. By restricting himself to  the steady  s ta te  he discovered a very 
useful theorem . R ecently, this theorem  was generalized by the au thor of the present 
paper.4

So far, we have spoken only abou t frictionless fluids. T here are problems with 
respect to the flow of gases where viscosity cannot be neglected. We m ention, for 
instance, the boundary layer theory and the behavior of a gas w ithin shock-waves. 
I t  appears probable th a t when considering the viscous flow of gases, the conductivity  
of the gas cannot be neglected in general. V ariations in viscosity m ight have im por­
tance also. No general theorem s are available for such flows and we shall have to be 
content w ith presenting the fundam ental differential equations governing these phe­
nomena. Any investigation w ith respect to the flow of gases m ust be based on these 
equations. While in the case of frictionless flows some general consequences of the 
fundam ental equations are available, in the case of viscous flows we m ust s ta r t  the 
investigation of each problem by examining the fundam ental equations anew.

Lagrange’s theorem  plays a fundam ental role in our concepts abou t fluid dynam ­
ics. I ts  valid ity  is restricted, however. T he a r t  of aeronautics is now a t a point where 
we have to extend our fluid model and thus modify some of our basic concepts. We 
m ust accept for instance the fact th a t  vortices can be generated in the m idst of a 
frictionless fluid. W hether this extended fluid model will be able to  account for all 
the phenom ena which we m ay wish to  consider, only the fu ture can tell.

I. T H E  F U N D A M E N T A L  EQ UA TIO NS

1. Continuity equation. From  the law of conservation of m atte r it can be proved 
th a t

, .  dPdiv pq = ------- >
dt

1 J. Hadamard, Sur les tourbillons produit par les ondes de choc, N ote III, in Leçons sur la propagation  
des ondes, A. Hermann, Paris, 1903, p. 362.

s V. Bjerknes, Das dynamische P rincip  der Circulationsbewegungen in der Atmosphäre, M eteorologische 
Zeitschrift, 17, 97-106 (1900).

3 L. Crocco, Eine neue Stromfunktion fü r  die Erforschung der Bewegung der Gase m it Rotation, Zeit­
schrift f. Ang. M ath, und M ech., 17, 1-7 (1937).

‘ A. Vazsonyi, On two-dimensional rotational gas flows, Bull, of the American M athematical Society, 
50, 188 (1944).



where q is the velocity vectbr. A nother useful form of the continuity  equation is 
given by

1 dp
div q =  — • (C)

p at

2. The N avier-S tokes equation. From  the law of conservation of m om entum  it 
can be proved th a t the equation of motion is given by

dq 1 p p .
— =  grad p H Aq H grad div q, (M)
d t p  p 3p

where it is assumed th a t the viscosity p is constant.
I t  will be useful to derive certain o ther forms of this equation. T he specific en­

thalpy h of a gas is defined by

h = U  +  pp~\ (2.1)

where U denotes the specific internal energy. T he specific entropy s is defined by

Tds = dU +  pdip-1) (2.2)

where T  denotes the absolute tem perature. From Eqs. (2.1) and (2.2) it follows th a t

Tds =  dh — p~xdp. (2.3)

Using vector notation and considering only spacial variations, we m ay then write

T  grad i  =  grad h — p~l grad p. (2.3 ')

From  this last equation and the equation of m otion we find th a t

<fq p p
— =  T  grad 5 — grad h--\--Aq-----H-grad div q. (M ')
dt p 3p

A nother useful form of the equation of motion can be obtained by using the 
stagnation  enthalpy

h0 =  h +  i<?2 (2.4)
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and the identity

Jq 3q
—  =  : h grad {\q2) -  q X w  (to =  curl q) (2.5)
dt dt

together w ith the equation of m otion (M ')- T hus one obtains 

dq p p
 q X to =  — grad ho +  T  grad s H Aq  grad div q. (M")
dt p 3p

A fourth useful form of the equation of m otion can be obtained by introducing the 
ra te  of change of the stagnation  enthalpy. D ifferentiating Eq. (2.4) w ith respect to  t, 
we obtain

dho dll 1 dq2
 =  — +   ( 2 . 6 )
dt dt 2 dt

From Eq. (2.3) it  then follows th a t



dho ds 1 dp da ds 1 dp ■ 1 da
 =  T — + ------- + q —  =  T — + ------ - + — q- gr ad^  +  q —  • (2.7)
dt dt p dt dt dt p dt p dt

Using the continuity  equation (C ') , we m ay w rite this as follows:

dh0 ds I dp / I  dq\
—  =  +  + q -  - g r a d />  +  -^  • (2.8)
dt dt p dt \  p dt /

Introducing the last expression into the equation of m otion (M ')i we finally obtain

dho ds 1 dp p
 =  T  1 — 4 q - (Aq +  § grad div q). (M '")
dt dt p dt p

3. The energy equation. From  the law of conservation of energy, it can be shown5
th a t

dU d{p~l) 1
—  +  Q. (E)
at at p

T he first term  on the left-hand side accounts for the ra te  of change of internal energy; 
the second term  stands for the work required to  compress the fluid. T he first term  on 
the right-hand side represents the heat generated by the viscous forces. T he dissipa­
tion function (p is defined by
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=  A
/ d u \ -  / dv\~ / d w \ 2 ( d w  d v \ 2

L f c ) ^ 2f e )  + 2t )  + W  + ü )
(d u  d w \ -  (dv d n \ 2 2 1

• ( * "  J ! L ! . , )  , Wiv5T  <3- 1)

Finally, the last term  on the right-hand side accounts for the  h ea t added to the fluid 
per un it of time per un it of mass. For instance, when all the heat transfer is due to the 
conductivity of the fluid (no external heat sources, no radiation), Q is given by

Q = p_1 div (k grad T). (3.2)

The energy equation can be simplified by introducing the entropy  from Eq. (2. 3); 
thus we have

ds 1
T  —  = Q-\-----<t>. (EO

dt p

T he in terp re ta tion  of this last equation is particularly  simple. The right-hand side 
represents the total heat increase of the fluid, while the left-hand side gives the corresponding 
product of the temperature by the entropy change. By combining the equation of m otion 
{ M '" )  w ith the energy equation (E ' ) , we obtain the following im p o rtan t relation,

dho  1 d p  1 • p
—  =  —  —  +  Q 4 <M q • (Aq +  § grad div q). (E")
dt p dt p p

In the literature, the energy equation is frequently  given in this last form.

6 See J. Ackeret, Handbuch der Physik, vol. 7, Berlin 1927, chap. 5, p. 293, or H. Lamb, I.e. pp. 575 
and 637. In the energy equation it is not assumed that p  is constant.
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II . V O R T E X  T H E O R E M S  FO R  FR IC T IO N L E S S  F L U ID S

4. The circulation theorem s. T he circulation is defined by

= /
q-dl. (4.1)

where the integration is to be taken along a closed curve formed by fluid particles. I t  
is easy to  show th a t the ra te  of change of the circulation is given by

dT

dt
=  <fi —  d\.

J  dt
(4.2)

L et us combine the last relation w ith the equation of motion (M ). If the viscous 
term s are om itted , we have

d r  r  1 r

1 7

dp

P
(4.3)

By m eans of the identity

0 =  (j) d(p~lp) — (j> pd(p~l) (j) p~ldp, (4.4)

Eq. (4.3) can be transform ed into 

dT 

dt

Instead of using Eq. (M ), we can use Eq. (M ') and thus obtain

dr  

dt

=  ~ £ P(grad p“ 1) ■ d\ =  -  j )  pd{p~l). (4.3')

= <j> T{graA s) dl = (j) Tds. (4 .3")

Sometim es it  is preferable to  transform  the line integrals into surface integrals with 
the aid of S tokes’ theorem . T hus it follows from the last two equations th a t

dr

~dl

d r

= — [grad p-1) X grad p\dA, (4.5)

—  =  [(grad T) X grad s\dA. (4 .5 ')

W e now come to the in terp re tation  of the equations for dT/dt.  W hen the fluid is 
barotropic, the right-hand side is zero in all of these equations, and the theorem  of 
Lord K elvin is then obtained. The circulation along a closed “flu id  line” in  a barotropic 
f lu id  is constant for all time. In  particular, when the circulation is zero a t  a certain 
instan t, it will remain so for all subsequent time. By applying K elvin’s theorem  to 
an indefinitely small closed line, Lagrange’s theorem  is obtained.

In  the case of non-barotropic fluids, the situation is quite different. T he right-hand 
sides in the equations are no t zero in general and K elvin’s theorem  does not hold. 
B jerknes2 gave a simple geometrical in terpretation  of Eq. (4.5). L et us draw  equi­
d is tan t m embers of the families of surfaces p = const, and p-1 =  const, and so obtain
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a series of tubes bounded by these surfaces. T he theorem  of B jerknes sta tes  th a t  the

p — const, and p“ 1= const, are identical.)
A very sim ilar in terpre tation  can be given to Eq. (4.5') by considering tubes

form, will be useful in a la ter p a rt of this paper.
5. T heorem s with respect to the rotation. H elm holtz’s theorem . W ith the aid of

Eqs. (2.5) and (CO it can be easily proved th a t

In the case of barotropic fluids, the right-hand side equals zero. (For two-dimensional 
flows the second term  on the left-hand side equals zero because u  is everywhere nor­
mal to q.) Thus, for barotropic fluids,

A geometrical in terp re tation  of the last equation led Helm holtz to the discovery 
of his famous vortex  theorem s. Vortex lines are material lines. The product of the cross- 
sectional area and of the vorticity w of a vortex filament is constant both in  space and time*  
(Holm holtz unnecessarily restricted his investigations to incompressible fluids.) In

(5.2) and the Helm holtz vortex  theorem s do no t hold any  more. F riedm an6 derived 
certain theorem s for non-barotropic fluids which are som ew hat analogous to the 
H elm holtz theorem s.

6. T he theorem  of Crocco and  its  generalization. In the case of steady, frictionless 
flows the equation of m otion (M 'O  simplifies to the im portan t relation

We will see la ter th a t  for a very im portan t type of flow ho is constan t th roughout the 
field. In this case Eq. (6.1) reduces to

* A line which at each point is tangent to the vorticity vector w, a t this point, is called a vortex line.
An infinitely thin tube formed by vortex lines is called a vortex filament.

6 A. A. Friedmann, Über Wirbelbewegung in einer kompressiblem Flüssigkeit, Zeitschrift f. Ang. M ath, 
und Mcch., 4, 102-107 (1924).

rate of change of circulation per unit of time along a flu id  line C is proportional to the 
number of tubes surrounded by C. (In the case of a barotropic fluid the surfaces

formed by the families of surfaces T  =  const. and s =  const. In the case of a barotropic 
fluid, these two families of surfaces are identical, unless the flow is isentropic in which 
case the surfaces s= c o n s t. are no longer defined. B jerknes’ theorem , in this modified

(5.1)

Applying the operator curl to both sides of the equation of motion (M) or (M '), we 
obtain in the frictionless case

d(p  ’to)
 (<oV) • q =  — grad p~l X grad p,

dt
(5.2)

or
d(p  ’«)

— (oV) • q =  grad T  X grad s. (5.20
dt

(5 .2")

the case of non-barotropic fluids, (5 .2 '0  m ust be replaced by the more general Eq.

q X «  =  grad h0 — T  grad s. (6 . 1)
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q X « = - T  grad s. (6.1 ')

This last relation was discovered by Crocco.3 W hen both h0 and 5 are constan t the 
right-hand side of Eq. (6.1) is zero and so the m otion m ust be irrotational. The im ­
portance of Eq. (6.1) lies in  the fact that it relates the rotation of the f lu id  to the rates of 
change of h0 and s.

III .  A D IA B A T IC , STEA D Y , F R IC T IO N L E S S  FLOW S

7. G eneral relations. For the flows considered in this chapter the energy equa­
tions (E ')  and (E " )  reduce to

ds dlto
-  =  0, (7.1) ; —  =  0, (7.2)
do do

where d/d o  indicates differentiation along a stream line. Accordingly, both the entropy 
and the stagnation enthalpy are constant along each streamline (bu t they  m ight vary  
from one stream line to  another). Because of its g reat im portance, we shall write o u t 
the integral of Eq. (7.2) in detail for a perfect gas w ith constan t specific heats. One 
obtains

1 1  1 cp p
ho =  — q2 +  // =  — q2 +  cpT  =  — q2 +   ---------=  const, along a streamline, (7.2)

2 2 2 R  p

where the equation of s ta te
P/p — R T  (7.3)

is used.
T he modified Bjerknes theorem s simplify som ew hat for the flows considered in 

this chapter, because the lines of constan t entropy coincide w ith the streamlines. 
Sim ilarly th e  generalized Crocco theorem  [Eq. (6.1)] simplifies, because the  stream ­
lines coincide with both  the lines of constan t en tropy and the lines of constan t stagna­
tion enthalpy.

An example illustrating these theorem s will be useful.* Consider the discharge of 
a perfect gas from a container. We assum e th a t  the gas is originally in equilibrium, 
th a t is, th a t  the pressure po is constant, b u t do not assum e th a t the tem perature T 0 
is constant. In order to use B jerknes’ theorem  (in its modified form) we construct 
the net formed by the lines of constan t entropy and the lines of constan t tem perature. 
A t the beginning of the experim ent the pressure is constan t and these lines coincide. 
T hus it follows from B jerknes’ theorem  th a t d T /d t  — 0. However, a t  a subsequent 
instan t, the lines become distinct and so the m otion becomes rotational. Let us pro­
ceed now to determ ine the ro tation. In order to  use the generalized Crocco theorem  
we consider only steady  s ta te  flow (infinite container). According to  our energy theo­
rem, the en tropy  and the stagnation en thalpy  (and consequently the stagnation 
tem perature) are constan t along each stream line. Furtherm ore, since po is a constant, 
it follows from the therm odynam ical relation (2.3') th a t

grad ho =  T 0 grad s. (7.4)

T hus from Eq. (6.1)

* T he author is indebted to Professor H. W. Emmons of Harvard University for this example.



q X « .=  ^1 — — ̂  grad h0 (7.5)

or, afte r simplifications,

q X o) =  |? 2 grad (In To). (7.5 ')

We observe again th a t although the flow originates from a resting gas, the m otion is 
ro tational in general.

8. Tw o-dim ensional flow. T he continuity  equation shows th a t in this case there 
exists a stream  function such th a t

u — p~ldip/dy, v =  — p~ld ip/dx. (8-1)

From  the definition of the rotation, it follows th a t the stream  function m ust satisfy
the following equation

d(p~1ip z) /d x  -f- d(p~lipv) /d y  =  — co (=  — dv/dx-\- du/dy).  (8.2)

In order to determ ine co we use Eq. (6.1). Because 5 and ho are constan t along a 
streamline,

ds dho
. geo =  T -------- — , (8.3)

dn dn

where d / d n  indicates differentiation norm al to  a  stream line. B oth the en tropy  and 
the stagnation en thalpy  are functions of ip alone. By using the relation

d d
—  = g p — , (8.4)
an ay

we find from Eq. (8.3),
/  ds d h o \

co =  P(r ------------- ). 8 .3 '
\  dip dip J

For a perfect gas th is reduces to

<8.3»)
R  dip dip

N oting th a t  d h o /d ip  and d s / d i p  are constan t along any  given stream line, one observes 
th a t  the rotation on each streamline is a linear combination of the density and the pres­
sure. If ho  is constant, th roughout the flow the ro tation  is proportional to the pressure.3 
If s is constan t, th roughout the flow the ro tation  is proportional to the density .7 
(The constan t of proportionality  is given by the ra te  of change of en tropy or stagna­
tion en thalpy  normal to  the stream line.)

I t  is of some in terest to develop Eq. (7.5') for the two-dimensional case. Here we 
find th a t

i * ™ ,  (8.5)
2 dip

and the ro tation  is thus seen to be proportional to pg2 along each stream line.
Finally we m ention th a t after ra ther lengthy com putations the differential equa­

tion for ip, Eq. (8.2), can be transform ed into

7 K . O. Friedrichs (and R. von M ises), Fluid dynamics, Brown University, Providence, R. I., 1941, 
p. 229.
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(  u 2\  2 uv  /  v2\  F 3/;0 k — \ (  q2\  ds~
( l   - ' f ' x v + i  1 ------ - ) ' f /w  =  P2 --------------------- (A o +  — ) —
V a J  a 2 \  a 2J  _ d p  k R  \  2  )  dip_

(8 . 6)

W hen both  the en tropy  and the stagnation enthalpy are constant th roughout the 
field, the right-hand side of Eq. (8.6) becomes zero and one obtains the familiar equa­
tion of a steady  isentropic irro tational flow.

9. Flow around an  obstacle with shock-waves. Shock-waves can be included in 
our theory  by adm itting  such discontinuities in the flow pattern  as are com patible 
w ith the laws of conservation of m atter, m om entum  and energy. Thus, the previous 
theory can be applied for flows between shock-waves For m ost purposes one can as­
sume th a t the air comes from a homogeneous condition and in particular th a t  h0 
and s are constan t far ahead of the obstacle. I t  follows from Eqs. (7.1) and (7.2) 
th a t  both h0 and s are constan t a t  least up to  the  first shock-wave, and then again along 
each stream line between consecutive shock-waves. Hence to =  0 on each streamline up  
to the first shock-wave. I n  particular, i f  a streamline is not intersected by a shock-wave, 
co remains zero all along this streamline. From  th e  law of conservation of energy it can 
be deduced th a t h0 m ust be continuous across a shock-wave and thus ho m ust be a 
constan t th roughou t the  field. Hence from Eq. (8.3” )

p  ds  

R  dtp’
(9.1)

and the ro tation is proportional to the pressure along each stream line between shock- 
waves. Furtherm ore it is known th a t  the entropy increases across a shock-wave and 
the increase depends on the m agnitude of the shock. Hence ds/dtp is not zero in general 
after a shock-wave and the m otion is rotational. Generally speaking there is always a 
sudden increase of the rotation across shock-waves (see H adam ard), and then the rotation 
remains proportional to the pressure (see Crocco).

10. Flow with axial sym m etry. L et the x axis be the axis of sym m etry of the flow. 
T hen  there is a stream  function such th a t

r lp 1dtp/dr, v =  — r lp ldtp/dx,

where

r = \ f y 2 +  32

( 1 0 . 1 )

( 1 0 . 2)

and v is the velocity com ponent normal to  the x axis.
Quite sim ilarly to the two-dimensional case, it  follows from Eq. (6.1) th a t, in the 

present case,
d s d h o \
 )■
dtp d tp )

u  =  rp (^ i (10.3)

For a perfect gas, we have
r p  ds  

R  d f
rp

d h 0

dtp
(10.3')

W hen ho is a constan t th roughout the field, one recognizes in Eq. (10.3) a  relation 
discovered by Crocco.3
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ON VELOCITY CORRELATIONS AND THE SOLUTIONS OF THE 
EQUATIONS OF TURBULENT FLUCTUATION*

BY

P. Y. CHOU**
National Tsing H ua University, Kunm ing, China

1. In troduction . T he theory  of turbulence, as developed from R eynolds’ po int of 
view, is based upon the  equations of tu rbu len t fluctuation [l ] and has been applied 
to the solutions of various special problems [2, 3, 4, 5, 6, 7]. Owing to present cir­
cum stances, these papers either have not been subm itted  to scientific journals for 
publication or are already printed bu t have failed to appear before the scientific 
public. T he theory in its original form and its applications has three app aren t diffi­
culties: first, the equations of correlation of the second, th ird  or even higher orders 
constructed ou t of the equations of tu rbu len t fluctuation contain the unknown term s 
of correlation between the pressure and velocity fluctuations; secondly, there exist 
in these equations the term s of decay of turbulence the values of which have to be 
determ ined; thirdly, when the differential equations of the velocity correlations of a 
given order are  derived from th e  equations of tu rb u len t fluctuation, th e  presence of the  
inertia term s causes the appearance of the velocity correlations of the next higher 
order, which are also unknown. This has been pointed ou t by von K ârm ân and 
H ow arth [8] in their theory of homogeneous isotropic turbulence.

In the present paper we shall show th a t  the pressure fluctuation can be derived 
from the equations of tu rbu len t fluctuation, and is expressible as a function of the 
velocity fluctuation, the m ean velocity inside the fluid volume, and the pressure 
fluctuation on the boundary. We shall also show th a t the decay term s can be p u t 
into simpler and more familiar forms by kinem atic considerations. A general equation 
of vorticity  decay will be derived for the determ ination of T ay lo r’s scale of the m icro­
turbulence which appears in the decay term ; in the case of homogeneous isotropic 
turbulence, this equation was given first by von K ârm ân [8]. To get over the th ird  
difficulty we shall com pare the  orders of m agnitudes of the  different term s in th e  equa­
tions of trip le  correlation. W e shall find tha.t the  term  involving th e  divergence of 
the quadruple correlation is actually  sm aller th an  th e  correlation betw een th e  pres­
sure grad ien t and th e  two com ponents of velocity fluctuation, and can therefore 
be neglected as a first approxim ation. From  this we can also understand why, for the 
flows in channels and pipes in which the m ean velocity profile is com paratively steep, 
particularly  in the neighborhood of the walls, all the equations of m ean m otion and 
the equations of double and triple correlation are necessary to  describe the phenom ena 
of tu rbu len t m otions of fluids. On the o ther hand, as a consequence of the approxim a­
tion based on the fact th a t  the divergence of the quadruple correlation is sm aller 
than  the correlation between the pressure grad ien t and the two com ponents of veloc­
ity  fluctuation, we can stop a t  the equations of triple correlation instead of building 
equations of higher orders. As a m a tte r of fact, for the flows in je ts  [3] and wakes [4]

* Received Aug. 21, 1944.
** N ow  a t California Institute of Technology.
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where no wall is present, the equations of mean m otion and of double correlation are 
sufficient, after some simple approxim ations to the triple correlations are made, for 
the determ ination of the m ean velocity d istribution, and the equations of triple cor­
relation can be dispensed with.

From a m athem atical point of view the present program  indicates th a t the tu rb u ­
lence problem can be reduced rigorously to a set of non-linear partial integro-differential 
equations the solutions of which are very difficult to ascertain. In order to facilitate 
the solution of special problems, approxim ate forms of the integral parts of the equa­
tions have been developed in a general way. These approxim ations, however, are only 
valid in regions not too close to the boundary of the moving fluid volume. I t  m ay also 
be worthwhile to  point ou t th a t the unsatisfactory part of the present theory lies 
in the Uncertain natu re  of the correlation integrals, as will be seen presently in §8. 
A be tte r and more accurate representation of these integrals is possible, provided 
more accurate experim ental inform ation can be obtained as to  the distribution  of 
turbulence levels and to the correlation functions between two d istinct points in 
general.

T he rigorous way of trea ting  the turbulence problem is probably to solve the 
Reynolds’ equations of m ean m otion and the equations of tu rbu len t fluctuation simul­
taneously. T his procedure, however, is very difficult owing to the non-linearity of the 
two sets of equations. Hence we have adopted the m ethod of solving the equations 
of tu rbu len t fluctuation by setting  up the differential equations satisfied by the veloc­
ity  correlation functions of different orders, a m ethod in itiated  by von K ârm ân and 
H ow arth [8] in trea ting  the problem of homogeneous isotropic turbulence. This 
process of setting  up the correlation equations of different orders and seeking their 
solution can be regarded as a m ethod of successive approxim ation to the solution 
of the turbulence problem ; it will be explained in the concluding section of the present 
paper. T he correlation functions of higher orders in the various special problems, ob­
tained by this setting-up process, should be verifiable by d irect observation with the 
advance of m odern experim ental technique; a t  present experim ents have only been 
performed to m easure the m ean velocity distribution and the second order stress 
tensors in a tu rbu len t flow. I t  should also be noted th a t  although the equations of 
correlation have a m uch more complicated m athem atical appearance th an  th a t  of 
the N avier-S tokes’ differential equations from which they are derived, the method of 
P ran d tl’s boundary layer approxim ations can still be used w ithout leading to  contra­
dictions for the particu lar problem s [3, 4, 5] under consideration.

For the sake of convenience we list below the different equations of m otion which 
have been derived heretofore [ l ]. R eynolds’ equations of mean m otion and the equa­
tion of continuity  for an  incompressible fluid are given by

Here, the tensor notation  is employed, and Z7t- are the velocity com ponents of the 
m ean motion, t is the tim e, p is the density, p is the mean pressure, v is the coefficient 
of kinem atic viscosity, a subscript preceded by a comma denotes the covariant 
derivative, V2 denotes the Laplacian operator, and R eynolds’ apparen t stress is 
defined by the relation

dUi
( 1 . 1)

dt P P
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Ti. — _  pWiWit ■ (1-2)

Wi being the velocity com ponents of the tu rbu len t motion.
T he equations of tu rbu len t fluctuation and the equation of con tinu ity  for the 

velocity fluctuation w', which arc the differences of the N avier-S tokes’ equations and 
R eynolds’ equations (1.1), are

du>i . . .  1 1 .
-— - +  U  ’Wi,j +  w ‘Wi,j  +  w ’U i j  =  ro .i r ’i.j +  v\ /2Wi, w ’j  = 0 ,  (1 .3)
dt ■ p  p

where a  is the  pressure fluctuation. From  the above set of equations we derive the 
equations of vorticity  fluctuation,

d
—  u a  +  C/'oju-.j +  U ’. k W i j  -  U ’,iWk,j  +  w ’a ik . j  +  w ’,kWi,j  — w ’ ,iWk,j
at

l
+  1v ’&ik,j +  W’,kU i , j  — W’\ i U k,j — -------(T’i.jk — T’k.ji) +  vV 20>ik, (1. 4)

P

where the m ean vorticity  fl,-* and the vorticity  fluctuation au k are defined by the equa­
tions

P.-it =  U {,k — U k ,u o)ifc =  Wi,k — wk,{. (1.5)

The equations of double velocity correlation derived from (1.3) are

1 d r ik 1 1___________ __________
---------------------------( Ui , jT ’k +  U k . j T ' i )  U ’Tik,j  +  (W’WiWk) , j

p  at p  p

1 ___  ___ V _
=  (a,iWk +  Q,kW i )  — V2Tik — 2vgmnWi,mwkin, (1.6)

p P

where the superim posed bar denotes the mean. T he ten  equations of triple correlation 
are

—  WiWkWi  +  Ui , jW’WkWi +  Uk. -W’WiWi +  U i , jW ’WiWk +  U ' (W iW kwi)  +  ( w ’WiWkWi) ;
at

■ 1      _____________

=  (a,iWkw t +  a,kwiWi +  a,iW{Wk)
P

1  ____
+ —  (T ’ i . j T k  l + T ’ l c j T l i  + T ’ l , j T ik) + V g m n ( W i W k W l )

P2
— 2vgmn{wi,mwk,nwi +  wk,mwi,nWi +  wi,mwi,nwk) .  (1.7)

2. The p ressure fluctuation. L et us take the  divergence of the  equations of tu rb u ­
len t fluctuation (1.3). Because of the equation of continuity  satisfied by w \  the pres­
sure fluctuation a  satisfies the following Poisson’s equation:

1 ____
—  v 2o =  -  2U m,nwn,m +  (w mwn -  w mwn),mn. (2.1)
p

Since any  two successive covariant differentiations are com m utative in a Euclidean 
space, the grad ien t of the pressure fluctuation cot* also satisfies a Poisson’s equation,
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 V 2ra,fc =  — 2 ( U m,nW n,m),k  +  ( w mw n — w mw n) , mnk. ( 2 .2 )
. p

The general solution of (2.2) can be w ritten  in the form,

— a ,k =  —  J J J  (U 'm,nw 'n,m) ' lk — dV’ — — J J J  (w 'mw 'n — w 'mw'n)',nnk — dV'

+  ~  [  [  j -  ~  a \ k (2.3)
4 t r p j  J  [ r  d n '  • d n ' X r J j

where the integrations extend over the whole region of the moving fluid, the first 
two integrals represent the  p articu lar integrals, and the  th ird  represents th e  comple­
m entary  solution which is a harm onic function expressed in term s of the  boundary 
values of itself and its norm al derivative; x n  are the coordinates of a point P '  which 
ranges over the region of the moving fluid, r is the distance from P '  to the point P  
w ith coordinates x \  d V '  is a volume elem ent, dS '  is a surface element, d / d n '  denotes 
the norm al derivative, and the primes on the various quantities on the right side of
(2.3) indicate th a t these quantities are to be evaluated  a t  P'.  We shall see finally 
th a t  the surface integral in (2.3) can be neglected for points P  where a tk is defined 
and which are no t too close to the boundary of the moving fluid.

We now let both  x '  and x /{ represent rectangular cartesian coordinates, and let £*
denote the difference vector of x H and x l, i.e.,

£>' =  xH — x \  (2.4)

C ovarian t differentiation then reduces to  ordinary differentiation, and the difference
between covariant and con travarian t tensor character disappears. Hence £' is equal 
to £< and the distance r between P  and P '  is given by

r~ =  W -  (2.5)

T he elem ent of volume d V '  is equal.to  d ^ d ^ d ^ .
T he solution (2.3) clearly shows th a t besides the harm onic function expressed as 

a surface integral on the boundary, the pressure fluctuation a t  a point P, and its 
gradient, are determ ined by the tu rbu len t velocity fluctuation w'  not only a t P  bu t 
also everywhere w ithin the fluid. However, due to the factor \ / r  in the integrands 
the effect of the velocity fluctuation a t  d is tan t points P '  on the pressure fluctuation 
a t  P  gradually dies aw ay as P '  recedes fa rther and farther from P.

3. Velocity correlation betw een two distinct points. T he partia l differentiations in 
the integrand functions in (2.3) are taken w ith respect to  the coordinates x ' k which 
are independent of x \  Hence, if we m ultiply (2.3) by the velocity fluctuation Wi a t
th e  point P,  we obtain the correlation between Wi and a ik a t  the same point P:

—  ̂ 7 =  ~ f f f  [U/m,n( v F ^ ^  ,m\ , k — dV ' +  ¿ / / /  (w" n™,n™ < Y.™ k~dV '

+  (3' ‘>

We shall neglect, however, the surface integral in the above equation on the
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ground th a t  the correlation a',kW{ is small provided th a t  the point P  where the correla­
tion o ,kWi is under consideration is situated  no t too close to the boundary. This 
condition lim its the  present theory  to  regions where free turbulence predom inates.

Likewise, under the sam e condition of approxim ation the correlation function 
p~la,kWiWi is given by

— a,kwiWi =  —- i f f  [U'm,n(w 'nwiWi)',„,]',fc— d V  
p 2 ir J  J  J  r

[w'mw'n wiWi — w 'mw'nwiWi]',mnk —  dV'. (3.2)
r

If we solve for a  from (2.1) and form its correlation w ith Wi, we find, to  the same 
order of approxim ation, th a t

— a  Wi — — J J J '  U 'm,„(w'nWi)',m — dV' +  — J " j J '  (w 'mw'nWi)' ,mn — dV'. (3.3)

In the three equations (3.1), (3.2) and (3.3) we recognize three types of functions, 
namely, w'mWi, w'mw 'nWi and w 'nWiWi, and w'mw'nw liVi\ they  are, according to  T aylor 
[10] and von K arm an [8], the velocity correlations between two distinct points P  
and P '  of the second, th ird  and fourth orders respectively. T hey  are usually functions 
of both the coordinates x '  and x ' k and probably also of the tim e t. T he double correla­
tion function w 'nWi between P  and P '  has been m easured extensively for isotropic 
turbulence by several au thors [ l l ,  12]; for flow in a channel [13] and in a pipe [14], 
they have been recorded only in a num ber of isolated cases and only w ithin limits.

I t  has been observed th a t  for isotropic turbulence w'nWi vanishes very rapidly 
for large values of the quantities defined in (2.4). This m ust also hold true for the 
o ther two ¡correlation functions w'mw 'nWi and w '”wflVi, and also for o ther types of 
flow; furtherm ore their derivatives w ith respect to ¡¡k should all approach zero rapidly 
w ith increasing £*.

On the o ther hand, the quadruple correlation w,mw ,nw tWi between the points P
and P '  does not necessarily vanish when P  and P '  are widely separated, for the aver­
age values of both w,mw ’n and w w ;  over a period of time r  are them selves not sepa­
rately equal to  zero in general. Hence as an  analogy to  the velocity vector W \  we 
m ay separate the product wiwf into two parts, the correlation wtW{ and a sym m etric 
tensor itu the tim e average of which vanishes,*

WiWi =  WiWi +  Hu, (3.4)
  \  r* t+t/2

uu = — I uudt =  0.
T j  r—r/2

An analogous relation holds good for wmw 'n. The quadruple correlation w'mw'nWiWi 
between the points P  and P '  consequently becomes

w 'mw'nwiWi — w 'mw'n WiWi +  u 'mnuu. (3.5)

As P  and P '  recede farther and farther from each other, the correlation function

- i f  1 1

* T he author wishes to express his gratitude to Mr. S. L. Chang for pointing out relation (3.4).
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it!mnuu,  which behaves like w,nWi, will tend tow ard zero as a limit. Substitu tion of
(3.5) into (3.2) yields

— a,kwiWi = —  i f f  [U'ml„(w'nwiwi)/ ,m]', k — dV' 
p 2t  J  J  J  r

+  ^ f  f  f  ^ n^ y,mnk7 dV'' (3'6)

If  we su b stitu te  in the equations of th ed o u b lea n d  trip le correlations (1.6) and (1.7) 
for p~1a,kw i from (3.1) and p~xa ikwiWi from (3.6) above, we obtain a set of integro- 
differential equations for the m ean velocity, the double and triple velocity correlations 
of a tu rb u len t flow a t  a po in t P  being th e  dependent variables with the  velocity correla­
tions between two d istinct points w'nWi and w 'nWiWi as kernels. This set of integro- 
differential equations is too complicated for solving special problems, so we shall 
presently develop approxim ate forms of the integral parts of the equations in a gen­
eral way.

I t  should be noted th a t  for homogeneous isotropic turbulence the following rela­
tion between the triple correlations holds [8]:

w'mw'nWi =  — w'iwmwn. (3.7)

4. Conservation re la tions satisfied by the velocity correlations. T he velocity fluc­
tuation  w 'n a t  the point P '  satisfies the equation of continuity  w'n,„ — 0. L et us m ultiply 
th is equation by Wi and average over an  interval of tim e r. Since P  and P '  are inde­
pendent, we obtain  the  conservation equation for the double correlation w'nWi be­
tween P  and  P ',

¡ » ^ , - 0 ,  (4.1)
d x ’n

where the  coordinates are still rectangular cartesian, and the subscript * indicates 
th a t  the  variables x k are to  be held constan t while the differentiation is carried out.

Instead of x '  and x ' \  we can use the coordinates x '  and £*, i.e., we transform  from
the old variables x '  and ,xn  to the new variables x '  and by means of the equations

x'  =  x', x/i = x' +  £*. (4.2)

In term s of the new coordinates x l and Eq. (4.1) becomes

d  ___________  d  _____  „ s
— — (w '”Wi)x =  (w'nWi)x =  0. (4.3)
d x ' n d p 1

For the sake of sim plicity we shall drop the subscript * in (4.3); it will be understood 
th a t  the variables x k are regarded as constan ts during the differentiation. Hence we 
can w rite the divergence equation (4.3) in the covariant form,

(W^wl),n =  0. (4.4)

Similarly, from the equation of continuity  for w * a t  the point P , we have

d  ________
 ; (» 'Ba»%'-= 0.
d x l
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In term s of the new coordinates x* and £ \ this relation becomes

 ; ( w 'n W ^ f  7 {w ’nW{)  x =  0 .
dx' d?

After changing th e  variables from x*', x u  to  x', £* it can be seen th a t w'nw it considered 
as a function of x* and £* ra th e r th an  of x ‘ and x ' \  varies slowly w ith x* b u t rapidly 
w ith £* for points no t too close to  th e  boundary of th e  fluid volume. Hence, as a first 
approxim ation th e  equation of conservation for th e  double correlation between P  
and P '  in the  index i  is given by

We note th a t to  the first approxim ation the correlation function w/lwi satisfies the 
conservation equation sym m etrically w ith respect to  the indices i  and k.

Likewise, the o ther two correlation functions %v',"w'nWi and w'nvjiWk between P  
and P '  can be shown to satisfy the following relations:

(w 'mw'nwi) ,i =  0, (w'nWiWk),n =  0. (4.6)

T he first equation in (4.6) is derived by an approxim ation as was (4.5); the second one 
is rigorous. We m ust no t forget th a t  all the covariant derivatives in (4.5) and (4.6) 
are taken  w ith respect to  the variables £*, the coordinates x* being held constant.

I t  is obvious th a t  since the coordinates x* of the point P  are regarded as constants 
under the  in tegrations in (3.1), (3.2) and (3.3), the covariant derivatives w ith respect 
to  x ' h in the integrand functions can all be replaced rigorously by covariant deriva­
tives w ith respect to the variables £*, because of the equations of coordinate tran s­
formation (4.2). For example, (3.1) then  becomes

— a,kWi -  —■ i f f  [ l / 'm,n(w'nWi),m\,k — dV' 
p 2 ir J  J  J  r

+  — J " J "J  (w 'mW/nWi)tmnlc  dV'. (4.7)

T h e  o ther two integrals (3.3) and (3.6) can be altered analogously
5. Correlation in tegrals betw een the p ressure grad ien t and  velocity fluctuations.

L et us examine the integral (4.7) more closely. In  the integrand function of the first 
integral on the righ t hand side, U'm,n is a more slowly varying function of than  
its  factor w'nWi, bo th  functions being regarded as functions of x k and £‘. Hence, we 
expand U'm,n a t  the point P '  in a m ultiple power series in £*,

dU,m dU m ™ 1 d’+1U
— —  =  +  £ -------------------------------------------------- • • • £'*• ( 5 .1 )
dx n dxn t=i 5! dxl'dxli • • • dxl‘d xn

S ubstitu tion  of (5.1) into (4.7) would yield a series of integrals which would be too 
com plicated for any  practical application. B ut if we neglect the higher order terms, 
in (5.1), then we have as a  first approxim ation to (4.7),

1   ___
—  (a,iWk +  ts.iie,-) =  anmikUm,n +  bik , (5.2)
P



anmik
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where the functions a nmik and bik are defined by

—  J  J  J  +  (w'nWk) ,mi] — dV',

bik =  — J  J  J  [(«/"•«/"»<) ,m»t +  (w 'mw'nWk),»mi] — dV'. (5.3)

Owing to  the conservation relations (4.5) and (4.6), the above two sets of functions 
also satisfy the following divergence conditions:

annik =  0, gikanmik =  0, gikbik =  0. (5.4)

Of these th ree  conservation relations, the first follows from the  rigorous continu­
ity  equation (4.4) and is hence exact, while the  o ther two follow from (4.5) and the  
first equation  of (4.6) and are hence approxim ations. The natu re  of the functions a nmik 
and bik will be discussed in §8 below.

Because of (5.4), contraction of (5.2) by m eans of gik yields,

1    1  _
—  a,{W' =  — (raw*).* =  0. (5. 5)
P P

T his resu lt is consistent w ith  the correlation (3.3). For we m ay substitu te  the series 
in (5.1) into (3.3) and preserve the  largest term ; b u t the la tte r  is smaller than  the 
first term  on the right-hand side of (5.2) by a factor of A which is T ay lo r’s scale of 
m icro-turbulence [10, 8]; the second term  on the right-hand side of (3.3) is also smaller 
than  bik by an  analogous factor. Hence the approxim ate form of (3.3), to the same 
degree of accuracy as in (5.2), is

1  _____

— aiVi = 0. (5.6)
P

T his relation has also been proved to  hold true  for isotropic turbulence by von 
K arm an and H ow arth [8].

By a sim ilar process, we find from (3.2) th a t  the triple correlation between the
pressure g rad ien t and two com ponents of the velocity fluctuations is, to  the same de­
gree of approxim ation,

1
— (a,iWkWi +  a,kwiWi +  a , tw{wk) =  b"mikiU"\n +  ciki, (5 . 7)
p

where the forms of the tensors b nmi ki and Ciki are given by respectively by

b nmikl =  — J  J  J  [ ( w ’nWiWk) ,m l  +  (■w'nWkW l),mi +  ( w ' nU>iWi) ,„*] — dV’,

C m  =  f f [ ( « ' ’“"«.•*) ,mnl +  { u ' mnUkl),mni  +  {id  mnUU)  .m„k\ ~  JW ' . ( 5 .8 )

Because of (4.6), the functions b nmiki satisfy the rigorous conservation relation,

b \ m  =  0. (5.9)

We shall discuss the general behaviour of the functions b nmm  and c<h in §8.
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6. T erm s involving the  decay of turbulence in  the equations of double and  triple 
correlation. T o  determ ine the term s in the decay of turbulence, i t  is necessary to 
know explicitly the  double and triple velocity correlations between two ad jacen t 
points. Physically, the correlation functions between two near-by points m ust satisfy 
two conditions: first, they  should become the velocity correlations a t  one point when 
th e  two points coincide; secondly, they  should degenerate into the isotropic corre­
lations when th e  flow obeys th e  condition of isotropy. By two ad jacen t points we mean 
th a t  expansions of the double and triple correlation functions in term s of the coordi­
nates £‘ stop afte r the second and third powers of £*, respectively. Furtherm ore, since 
only approxim ate expressions of the decay term s are required, conservation equations 
in the forms (4.4), (4.5) and (4.6) will suffice for the present purpose. In view of the 
property  th a t the double correlation W{w'n satisfies the conservation relations (4.4) 
and (4.5) sym m etrically w ith respect to the two indices i  and n  as a first approxim a­
tion, it should also satisfy the supplem entary condition th a t its expansion be sym ­
m etrical in the coordinates of P  and P ' .

T he second order velocity correlation between two adjacent points th a t  satisfies 
the above two conditions and the supplem entary condition of sym m etry  can be ex­
panded into powers of £' in the form,

  ( A 8ik (  Cnn \
, v .  -  i , ‘ {—  M . +  —  B . . C P  +  * , , ( . +  -  « ■ )

-  £  ( S „ S ' f ,  +  K u C i . l  +  A —  + ■ • • } ,  ( 6 . 1 )
X2 4!X4 )

where q is the mean m agnitude of th e  velocity fluctuation, or the root-m ean-square 
of the  velocity fluctuation, defined by

q2 =  W jW ’, (6 . 2 )

and Rik stands for

Rik = — WiWk. (6.3)
q

T he function X is T ay lo r’s scale of m icro-turbulence, both  q and X being functions of 
the coordinates x '  of P; A ,  B m„, Cm„, G and m„ are all independent of £ \ T he co­
efficients B mn and Cm„ are sym m etric in m  and n; E ikjim„ is both sym m etric in i  and k 
and in the last four indices j ,  I, m  and n, b u t is not sym m etric in any  one index of the 
first se t of two and any  one in the last set of four, e.g., it  is not sym m etric in i  and j .  
Hence this tensor has 6 X 1 5 = 9 0  independent com ponents.

T he form given in (6.1) for the correlation tensor wflv'k between two ad jacen t 
points is the m ost general linear com bination of the products of the tensors £,£*, Sik 
and WiWk. T he functions A ,  B ik, Cik and G will be assum ed to be c o n s ta n ts ;it  is not 
necessary to  know the  exact n a tu re  of the  separate  com ponents of E jkjim„ for our present 
purpose, b u t we shall assum e for the tim e being th a t the invarian t E  — gikg ilgmnE ikjimn 
is constant.

A question naturally  arises as to  w hether the functions q2 and X2 in (6.1), which 
vary  w ith the  coordinates, should be replaced by expressions which are sym m etrical 
in the coordinates of P  and P '.  However, this is no t essential, for both  g2 and X2 vary
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much more slowly than  Wiw'k as a function of since P  and P '  are close to each other, 
we m ay use their values a t  P  as an approxim ation. Nevertheless, one m ust be careful 
w ith this approxim ation, w henever differentiation w ith respect to x n  is involved.

The function Wiw'k m ust satisfy the  equation of continuity  (4.4), or (4.5). By 
setting  the coefficients of and equal to zero separately, we find th a t

2/15,’t +  B{k -f- R liC a — 5GRik — 3GS,i =  0, (6-4)

gk’Eik,lmn .' =  0. (6.5)

Since Eq. (6.4) is sym m etric in the indices i  and k, and since Cu- has been assumed 
to be a constant, we m ust have

Cmn = — CSmn, (6.6)

where C is a constant. On the o ther hand if C,nn depends upon the correlation tensor 
WiWk, then it is possible to have the more general solution Cmn = — C8mn+ D S mn, where 
S mn is the inverse m atrix  of R mn defined by S liR ki= 8ki. For the sake of simplicity, we 
choose D  to be zero for the tim e being. Obviously, the num ber of independent equa­
tions in (6.5) is 30.

In order to give a sim pler appearance to the final forms of the decay term  in the 
equations of double correlation and of the equation of vorticity  decay, we pu t

✓1 =  1 +  46, C =  \ { k  -  46). (6.7)

T he first equation am ounts to a change of the factor X, this factor being arb itra ry ; 
the change m akes X assum e the same numerical value as T ay lo r’s scale of micro­
turbulence, when the correlation tensor obeys the condition of isotropy. T he second 
equation in (6.7) only defines C in term s of a new constan t k. Utilizing relations (6.4),
(6.6) and (6.7), we p u t (6.1) into the form

  _ _  o2 (
Wiw'k = wiwk +  — U (  1 +  AG)Uk ~  I [(2 +  5G)r2 -  \ ( k  +  llG)i?„ln?^"]5a-

-  i-(k -  4G)r2R ik -  G (R atlh  +  R*it‘k) +  E ikjlm„ m mkn + • • * ! »  (6.8)
4!X2 )

where the tensor E ikjimn satisfies t he th ir ty  linear equations (6.5). We shall see pres­
en tly  th a t, w ith the form of wiw'k given in (6.8), only the constan t k will appear in 
the term  involving the decay of turbulence (6.14), while only G will be present in the 
equation for the decay of vorticity  (7.11).

For isotropic turbulence we have wflvk =  §225,t, and i t  is easy to verify th a t in 
(6.8) the term s in £,£* and r2 coincide w ith term s in the isotropic correlation tensor 
according to  von K arm an and H ow arth [8]. T he valid ity  of formula (6.8) and its 
properties can be subjected to experim ental verification.

For the triple velocity correlation WiWjiv'k between two neighboring points, we 
have to  assum e a form which degenerates into W{Wfvk when the points coincide and 
becomes the  triple correlation for isotropic turbulence when the  condition of isotropy 
is satisfied by the flow. Since the expansion of the triple isotropic correlation function 
begins w ith the th ird  powers of £*, as shown by von K arm an and H ow arth  [8], the 
same m ust hold for the present general case. T his expansion m ust satisfy the equation 
of continuity  (4.6), and the final result obtained is



F  ̂ 5
WiWjw'k  =  WiWjWk -1------ — —  [ 2  (SikZj +  5;■+,■)r2 +  5i;+r2] +  ■ • ■ . (6.9)

3!3\/3X3 2

This equation tells us th a t up to this degree of accuracy the correlation function 
WiWjiu'k is the sum of WiWjWt and an isotropic correlation tensor; sim ilarly, we have

   _ _ _ _ _  Fq3 r 5 ,
WiWm'w'„ =  WiWmwn ----------- -=— [2&£mfn -------------+  5„,-fm)r2 +  5mn£tr2] +  • • • . (6.10)

313V3X3 2

In the above expression the relation (3.7) for isotropic turbulence has been utilized.
In the expansions of (6.9) and (6.10), we have introduced the fu rther assum ption 

th a t the triple correlation h can be expressed by [8]

F
h = -------r3, (6.11)

3!X3

where X is T ay lo r’s scale of m icro-turbulence and F  is a num erical constan t which 
m ay be different for different flows. This emphasizes the point th a t  th is length X plays 
an im p o rtan t role, no t only for double b u t also for triple correlations as well. T he 
valid ity  of th is point should be tested  experim entally.

Differentiating the correlation function (6.8) w ith  respect to  x ' \  we obtain
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dw'k
  WiW'k =  ZVi ------  =     (WiW'k) a
dx '“ ' dx'" d£*

_ L _ /i  
3x2 r

(1 +  4G)(5;a£i: +  ÔksÇi) ~  [(2  +  5G)£„ — -$(& +  l lG ) i? s„£n]5ifc

l ( k  -  4G)taR ik -  G(Ri£k +  R a h ,?  +  R U i  +  Rkidist1)

+   } ,  (6.12)
3!X2 )

and furtherm ore, under the same approxim ation as in (4.6) where d( ) t /d x l is neg­
lected, we get

dWi dwk r  d /  dw'k\~  /  d2

d x 1’ dx" ô.-c'v J{_o \3£"c)£

r
3X2

WiW k
'd? A=,o

¿(1 +  4G) (ôisôkP +  Sk.8ip)  ~  [(2 +  5G )S sp -  |f(A +  UG)J?. ,.]«,•*

— % (k  — 4G ) 8 spR i k  — G { R i , ô k P +  RipSka  +  R ka5iP +  R kp8iS) }• (6  .1 3 )

Hence the term  th a t  represents the decay of turbulence in the equations of double 
correlation (1.6) is equal to

dWi dwk  2v 2vk
2 v g m"  —  =  -  —  ( k  -  5)q2gik +  —  WiWk. (6 .1 4 )

dxm dxn 3X- X2

If we differentiate the trip le correlation (6.9) w ith respect to  the coordinates x 'm, 
the result is .
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d -----------  dw'i
WiWkW'i  =  WiWk -------  = ------  ( WiWkw ' i ) x.

d x 'm d x 'm d£

Similarly, to the sam e order of approxim ation as in (6.13) the following relation is 
true:

d dw'i dWk dw'i dwi dw'i d2 _______
- —  WiWk — —  - W i ------------- —  +  W k -------------- —  =  (WiWkw' i )  x.
dxn d x 'm dxn d x 'm dxn dx?m

This equation and formula (6.9) then yield

dWk dwi dwi dwi /  d2 ________ \
Wi 1- wk ----------- =  — I  WiWkw'i = 0 .  (6.15)

dx" dxm dxndxm \d £ md£n / £_0

Cyclic perm utation  of the indices i, k, I in (6.15) gives rise to two sim ilar relations; 
the sum of the th ree is identically zero, which shows th a t  the term  analogous to  the 
decay of turbulence in the equations of triple correlation vanishes in general:

2vgmn[wi,mwk,nwi +  Wk,mWi,nWi +  Wi,mwiinwk\ =  0. (6.16)

7. T he equation of vorticity decay. Since T ay lo r’s scale of m icro-turbulence X 
plays a very im portan t role in the decay of turbulence, it is necessary to find the equa­
tion which governs the behaviour of this fundam ental length. This equation is pro­
vided by the decay of vorticity . T he root-m ean-square of the vorticity  fluctuation 
(w2)1/2 satisfies the equation

.,2 t g m»g»*umnu p„ (7.1)

where com„ is the antisym m etrical tensor defined by  (1.5). I t  is no t difficult to derive 
the equation satisfied by co2 from (1.4) directly. However, this procedure would be 
too lengthy and we shall pursue an alternative course.

We notice th a t
________ 1 /• f+r/2

g mpg”'o>mnUp, =  —  I (w m,n — w n,m) ( w m,,gn’ — w ’\ pg mp)dt
T J  i—r/2

=  2(wm,nw m,,gn' — wn,mw m, (7.2)

On the o ther hand, to  the sam e order of approxim ation as in (6.12) and (6.13), the 
following expressions are true:

      /  d2  \
g n’w m,„wm,, -  — (v 2{Wmit»'m){_0, W",mw m,„ =  — {  w mw , n ) =  0,

\d £ mdt;n / {_o

where V2{ stands for the Laplacian operator in the variables £‘. I t  then follows th a t

CO2 =  — (V 2{W'mîfl'm) i - 0- ( 7 .3 )

Our next step  is to  derive the differential equation satisfied by (V2£Wrow 'm)t-o-
From  the equation of tu rbu len t fluctuation a t  the point P \  which can be w ritten  

in the form

d w ' k  1 1
 b V ’ w'k,,-  +  w ' ‘w ’k . j  +  w ' W k . i  =  o ' . t  Tr ’k , i  +  v V '2w 'k ,  ( 7 .4 )

at p p



we derive the equation satisfied by the general double correlation function:

a  ___  ___  _____  ______
— Wiw'k +  U’(wiw'k),i +  U', (wiw'ky ,j +  +  (vMviW'kY.j
at

50 P. Y. CHOU [Vol. I l l ,  N o. 1

+  w'kiv’Ui,,- +  WiW^U' 
1

k.i

=  (a r o 't)  , i  (gj'w,-)',* +  v y \ w i w '  k) +  vMn { w i w ' k ) ,  ( 7 .5 )
P P

where the covariant derivatives ( ) tyand ( ) ' , /  are taken w ith respect to the variables 
x ’ and x ’’, respectively.

In  Eq. (7.5) we next replace x { and *'* by the two new sets of variables x { and p  
by use of (4.2), and neglect term s involving the partial derivatives w ith respect to x '  
when p  are held constant, except for the term  U’d( ) p d x ’\ this exception is made 
because U ’ is large when compared w ith wk. Since we are only in terested  in the cor­
relation functions for two adjacent points, we can w rite

(w,1Wiw'k)',i =  : (w’w'iW^z,
dp

as in the case of isotropic turbulence (3.7). W ith all these approxim ations in view, 
Eq. (7.5) in rectangular coordinates then  becomes

—  W iw 'k  +  U ’  ( w i w ' k )  i — U >  ( w i w ' k )  x +  U ' *  (W i iv 'k )  a
at dx> d p  - a p

dUi a u '
( w ’Wiiv'k +  W’w' iWk)x  +  w'kW’  7 -f- WiW1’

k
dp  d x ’ dt;

1 d   1 d
-  ( a w ' k) x    ( a ' w i )  x +  I v ^ ^ W i w ' k) -x. ( 7 .6 )

p dp p dp1

For two adjacent points the power series expansion of a w ' k in P  is in odd powers of p .  
Hence, by  interchanging the two points P  and P ',  we should have

a w ' i  = — a 'w i .  (7.7)

Consequently (7.6) is essentially sym m etric in the indices i  and k.
N ext, let us contract the indices i  and k in (7.6). As in (4.4), aw'k should satisfy 

rigorously the  equation of continuity ,

—  (o« /* ), =  0. (7.8)
d p

T he result of this contraction then becomes

—  WkW,h +  U ‘  ( w k w ' k) t  — U ’  {wkW>k) x +  I f ’  ( w k w ' ^ i
dt d x ’ d p  d p

a _______   a u k   a u >k
2 •—  (w^ 'wkw'b) i  +  w 'kW ’ -------- 1- w kw ’’    =  2vV2i ( w k w ' k) x. (7.9)

dp  dx> d p
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L et us operate upon (7.9) w ith the Laplacian operator V2t and then set £* =  0, 
denoting ( ){_0 by ( ) 0 for sim plicity. T he resulting equation is,

— (V2fWiW,<:)o +  u> — : (v2£W*w/*)o +  2U’,mg m" ( — :-----  w tw 'A
dt dx’ \d£J3£" /o

— 2 ^ v 2{-^-r w'wkw '^j +  2Uk,i(V-iiv’w 'k)o =  2v(vi(Wkw 'k)o. (7.10)

I t  is to be noted th a t in the above equation we have neglected the term  wkwi'V2xUk,j, 
which is sm aller than  the term  f7*,XV2£W%/*)o by a factor which is the square of the 
ratio  of X to a macroscopic length. E quation (7.10) also follows from the equation of 
vorticity  fluctuation (1.4) directly as m entioned before.

By substitu ting  into (7.10) the explicit forms of the correlation functions Wiw'k 
and WiWjw'k for two adjacent points given in (6.8) and (6.9), respectively, and then 
setting  £ ' =  0, we obtain  the equation of vorticity  decay,

0 / o2\  5 / o 2\  14G _____  70F q3 2v q-
5 — ( — ] +  5 U*  ( — )  Uik w{w k  = —  =  E  —  > (7.11)

a A x 2/  dx’\  X2/  X2 3V 3 X3 3 X4

in which E  is defined as before,

E  = gikg’lg mnE ikiimn. (7.12)

We assum e th a t both E  and F  are constants which m ay be different for flows w ith 
different Reynolds num bers. In  deriving equation (7.11), the equation of continuity  
U ’ , j  =  0  for the mean m otion has been utilized. I t  is also readily verifiable th a t (7.11) 
agrees w ith von K arm an’s equation of vorticity  decay for isotropic turbulence [8].

8. N ature of the correlation in tegrals and  the final form s of the dynam ical equa­
tions of correlation. Up to the present the only rem aining uncertain quantities in the 
equations of the double and triple correlations (1.6) and (1.7) are the correlation 
integrals, o a n d  bik in (5.3), bnmikl and cik! of (5.8), and the quadruple velocity 
correlation w,W{Wkw ¡. L et us examine the correlation integrals first. T he function 
a nmik defined in (5.3), for example, would be uniquely determ ined if the double cor­
relation Wiw'k were known. B u t unfo rtunate ly  th e  equation of con tinu ity  (4.4) and the 
general dynam ical equation of double correlation (7.6) are insufficient to  yield a defi­
n ite solution for Wiw'k, because of the presence of the triple correlation WiW{w'k in
(7.6).

On the o ther hand, although the integrand functions of the four kinds of correla­
tion integrals are no t known, we are dealing prim arily w ith the integrals them selves 
and they can only vary  slowly w ith the coordinates involved. This argum ent can be 
understood, if we recall th a t the correlation functions Wiw'n, WiWkw'n, w(w'mw'n and 
UikU'mn under the integral signs only change slowly when both the point P  and the 
point of integration P '  undergo a rigid body translation, and th a t  they vary  rapidly 
when the relative displacem ent of the two points changes. T his rapidly varying p art 
of the functions is in tegrated  away, leaving the slowly varying p art behind. T he 
neglecting of the term  d(w'nw ') i/dx '  against d(w 'nw*)z/d£' in (4.5) also follows from 
this in terpretation .

There is another m athem atical reason for the fact th a t  the four kinds of integrals
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are slowly varying functions of the coordinates. If, for instance, we differentiate w ith 
respect to x ’ the quantities cik[ defined in (5.8), we find th a t

dci,kl
—  f  f  f  { - — ( [ W mnu ik) , mni +  (u ' mnu kl) , mni +  («'""«/<) .«»*] ~ A  

dx" 4tt J  J  J  (d.t-'V r /£

[ W mntUk),mni +  w  mnu kl) ,mni +  (u 'mnuu), ™»t] — )  \  dV'. (8.1) 
d ^ \  r /  J

T he first p a rt of the integrand function is small when com pared w ith the second, and 
the second can be transform ed into a surface integral on the boundary of the fluid by 
m eans of the usual divergence theorem  of vector analysis. If the point P  is not very 
close to  the surface, this surface integral is negligible on the ground th a t the correla­
tion function u 'mnUik and its derivatives between P , the point in the interior of the 
fluid, and P ',  the point of integration on the boundary, are negligible.

Since the correlation integrals are slowly varying functions of the coordinates, we 
shall expand them  as powers of the coordinates used in the special problems to be 
solved. From kinem atic considerations, the integrands of the integrals m ay fu rther­
more contain powers of q, the root-m ean-square of the  velocity fluctuation, as fac­
tors. Both theory and experim ent a t  present do not assure us of the exact dependence 
of this factor. Nevertheless, so far as the mean velocity distribution is concerned, this 
uncertain ty  is probably no t im portant, as we shall see in the problem of pressure flow 
between two parallel infinite planes [9].

By substitu ting  into Eqs. (1.6) and (1.7) the approxim ate forms of the four cor­
relation integrals from (5.2) and (5.7), and the decay term s (6.14) and (6.16), we ob­
tain finally

1 dtik 1 . 1
(U i . j T ’k +  Uk. jT ’i)  U ’Tik.i +  (W’WiWk) , ;

p dt p p
v 2v 2vk

-  anmikUm,n -  bi k  V2r ik +  - — ( £ -  5)q2gik -  —  w.-w*, (8.2)
p 3X2 a

— WiWkwi +  Ui,jW’wkwi +  Uk.jW’wiWi +  Ui.jW’WiWk +  U’(wiWkWi) +  (w’WiWkWi)
dt

= ~  bnmiklUmtn ~  Cikl ----- (T’i.jTkl +  T’k.jTli +  T’ljTki) +  Vgmn(WiWkWl) ,m„. (8.3)
P2

In the second set of equations we notice th a t  the term  involving the quadruple cor­
relation is ac tually  sm aller than  the term s bnmikiUm,n and cm  which form the correla­
tion between the pressure gradient and two com ponents of velocity fluctuation. This 
is due to  the fact th a t  the term  (w’WiWkWi) i s  equal to  a velocity fluctuation raised 
to the fourth  power and divided by a macroscopic length, while on the o ther hand Cai 
is, from its definition (5.8), of the order of a velocity fluctuation raised to the fourth 
power and divided by a length which has the same order of m agnitude as T aylor’s 
scale of m icro-turbulence. T he perm issibility of neglecting the term s (w’WiWkWi) a n d  
p~2T’i,jTki as a first approxim ation, for instance in the problem of pressure flow be­
tween two parallel infinite planes [9], can be regarded as a justification of the above 
approxim ation and its associated in terpretation .
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We m ust no t forget th a t  the o ther dynam ical equations necessary for the solution 
of a turbulence problem are the equations of mean m otion (1.1) and the equation of 
vorticity  decay (7.11).

9. Conclusion and  sum m ary. I t  is now no t difficult to see th a t  the foregoing de­
velopm ent is essentially a method of successive approxim ation to the solution of the 
turbulence problem. In the initial approxim ation we have the well-known R eynolds’ 
equations of mean m otion which contain the unknown apparen t stress. From  the 
m athem atical point of view the m om entum  and vorticity  transport theories connect 
this stress w ith the mean velocity by physical argum ents, in order to make the mean 
velocity d istribution  determ inate.

T he next approxim ation in solving the given turbulence problem is to  use the 
equations of mean m otion and of double correlation by making certain approxim a­
tions to the triple velocity correlation in the equations. This procedure has been fol­
lowed in the determ ination of the velocity distributions in j e t s ' [3] and wakes [4], 
where free turbulence predom inates; for the triple correlations we use their values 
a t  the centers of the flows as an  approxim ation. T he mean velocity d istributions thus 
obtained agree w ith the experim ental observations very well over large portions of 
the flows.

In  the th ird  approxim ation to the solution of the problem we have to solve the 
equations of m ean m otion and of both  the double and triple correlations sim ultane­
ously by assum ing approxim ations for the quadruple correlations. I t  is obvious th a t 
this process of forming the differential equations of the correlations ou t of the equa­
tions of tu rbu len t fluctuation can be generalized to higher orders. F ortunately , as in 
the problem of pressure flow through a channel [9] where a wall is present, we can 
stop a t  the equations of triple correlation and neglect the quadruple correlations as an 
approxim ation, so th a t the solution of the problem is no t too unnecessarily compli­
cated from the theoretical point of view. As we shall see, the solution of this particular 
problem holds true  in all parts of the channel, if all the equations of mean motion and 
of double and triple correlation are used. On the o ther hand, the solution for the mean 
velocity based upon the equations of m ean m otion and of double correlation by using 
the value of the triple correlation in the center of the channel as in je ts  and wakes, is 
only valid in the central p art of the channel, and fails when the wall of the channel is 
approached. This brings up incidentally the im portan t role played by the triple cor­
relation in such problems.

In order to see more clearly how the equations of double and triple correlation 
in the forms (8.2) and (8.3) and the equation of vorticity  decay (7.11) are derived 
from the equations of tu rbu len t fluctuation, it m ight be of in terest to sum up the 
conditions and approxim ations under which they  are valid. T hey  are listed below:

(1) T he velocity correlation between a point in the interior of the fluid and another 
on the boundary  is negligible. This excludes the im m ediate neighborhood of the 
boundary of the fluid as a region of application of the theory.

(2) T he variation of the mean velocity is small as com pared with the correlation 
function between two distinct points when the relative displacem ent between the 
points changes, so th a t  the higher order term s in the. series (5.1) and sim ilar series 
m ay be dropped.

(3) T he second and third order velocity correlations between two adjacent points
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are expansible as power series in £*/X w ith the term s th a t  do not contain £' propor­
tional to the Reynolds stress a t  the points. This brings ou t the point th a t  T ay lo r’s 
scale of m icro-turbulence X plays an equally im portan t role for both  the double and 
triple velocity correlations.

(4) T he slowly varying natu re  of the functions a nmik, bik, bnmiki and c iki with the 
coordinates, and its  physical in terpre tation , have been explained in the preceding 
section.

W ith the advance of m odern experim ental technique the above four conditions 
and their theoretical consequences, as presented here, can all be tested  by direct ex­
perim ental observation. T he less certain p art of the theory  lies probably in the dis­
cussions in §8 of the slowly varying nature of the correlation integrals w ith the 
coordinates; this perhaps could be im proved if more accurate experim ental evidence 
were available.

T his paper was w ritten  in China before the au th o r’s arrival in this country in 
N ovem ber 1943, and has been supplem ented and revised in Pasadena. I t  is a g reat 
pleasure to  the au th o r to thank  Dr. R. A. M illikan and Dr. Th. von K arm dn for the 
opportunity  given him to work a t  California In stitu te  of Technology. He is also g ra te ­
ful to Dr. von K arm an for his in terest in the problem and for m any helpful criticism s 
and discussions. To Dr. C. C. Lin, who collaborated w ith the au th o r during the early  
days of the developm ent of the theory  some years back in China, the au th o r wishes to 
express his indebtedness for m any discussions of the present paper.
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QUANTITATIVE INTERPRETATION OF MAPS OF MAGNETIC 
AND GRAVITATIONAL ANOMALIES BY 

MATHEMATICAL METHODS*

BY

E. G. K OG BETLIANTZ  
Lehigh University**

1. In troduction . In  geophysical prospecting for oil and other minerals g rav ita­
tional and m agnetic anom alies corresponding to  geological phenomena are mapped. 
T he problem  of the  q u an tita tiv e  in terp re tation  of such empirical m aps consists in 
the determ ination of num erical values for all the geological param eters (depth, th ick­
ness, slope, density, in tensity  and direction of m agnetization, etc.) which characterize 
a tectonic structu re  or an ore-body. To illustrate the possibility of such an in terp re ta­
tion it is preferable to avoid the com plications involved in the m athem atical study of 
m aps of complex anom alies. T he complex anom alies are due to the coexistence in 
the sam e region of m any different geological phenom ena. R esulting from the super­
position of m any simple anomalies, they can be resolved into their simple compo­
nents each of which corresponds to  a single ore-body or tectonic structure. This 
resolution is the first step  which m ust be performed, since no in terpretation  of a com­
plex anom aly m ap as such is possible. T he problem of resolution is a very im portan t 
one since in m ost cases we have to deal w ith complex anomalies, the simple ones being 
exceptions. Special m ethods devised by the au th o r solve th is im portan t problem, b u t 
they  are not discussed in th is paper which deals w ith  the quan tita tiv e  in terpretation  
of a simple anom aly map. W e study  here two cases: an  axial anom aly created by an 
anticline and a centered anom aly corresponding to  a sa lt dome. T hey  are sufficiently 
simple and a t  the same time have g reat practical im portance.

A new m ethod of in terp re ta tion , based as the  usual m ethods on the  theory  of po­
ten tia l b u t essentially different from them , is introduced in this paper. In the  usual 
m ethods1 system atic use is m ade of individual values such as maxima, minima, 
zeros, inflection points, etc., of the observed and plotted  q u an tity  as well as of their 
distances. T he use of such rem arkable values and distances is founded on the tac it 
assum ption th a t  they  reflect exclusively the physical action of the unknown structure 
or ore-body whose study  is the object of the in terpre tation . T his assum ption is per­
missible for the anom alies of large m agnitude b u t it is doubtful for those of average 
m agnitude and com pletely wrong for small anomalies.

In the past, geophysical prospecting by gravita tional and m agnetic m ethods was 
directed m ostly tow ard the study  of im portan t, clearly pronounced anom alies of 
large m agnitude which correspond to  more shallow deposits or to big well defined 
tectonic structures. B u t now the geophysicists are obliged to  deal w ith more difficult

* Received April 11, 1944.
** On leave of absence. Now at T he New School, New York.
1 For examples of these usual methods see L. L. N ettleton, Geophysical prospecting for oil, McGraw- 

Hill Book Co., New York, 1940, Chapters 6 and 12, and also H. Shaw, Interpretation of gravitational 
anomalies, Trans. Amer. Inst. Min. M et. Eng. 97, 271-366 (1932).
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cases and they have to in terp re t m aps of small anomalies. Thus, we m ust study  the 
obstacles which naturally  lead to an erroneous in terp re tation  of an anom aly m ap by 
the usual m ethods of rem arkable values and distances if the m agnitude of the anom aly 
is no t very large.

2. Punctual anom aly. An anom aly m ap is p lo tted  on the basis of m easurem ents 
made a t  isolated stations. I t  is supposed to be generally correct, and the usual correc­
tions required by the topography of the region, the fact th a t the earth  is no t a sphere, 
etc., are supposed to  have already been made. We m ust emphasize th a t a q u an tita ­
tive in terpre tation  presupposes an accurate correction for the so-called regional anom ­
aly, and it cannot be expected to yield good results if the la tte r correction is made, 
as is custom arily (and very  unfortunately) done, sim ply by sm oothing arb itra rily  the 
experim ental curves. Special m ethods exist which ensure a very accurate correction 
for regional anom aly by deducing it from th e  m ap itself, b u t this im portan t question 
cannot be discussed here. All usual corrections having been made, each individual 
value obtained a t  a station is the combined effect of two anom alies: 1) the anom aly 
caused by the tectonic structu re or the ore-body the study  of which is the purpose 
of the in terp re tation , and 2) the anom aly generated by local irregularities of mass 
d istribution or of m agnetization in tensity  in the im m ediate vicinity  of and under the 
point of m easurem ent. T his stric tly  local anom aly— we propose to call it  “punctual 
anom aly”— is in general very small. I t  affects only a small area around the point and 
it is precisely this punctual anom aly which is responsible for perceptible variations 
in the  value of the observed q u an tity  which occur for small displacem ents of the ap ­
paratus used around the station. In fact the apparatus used now are extrem ely sensi­
tive and we cannot neglect any  more the existence of punctual anomalies. There is no 
correction a t  all for them  since the punctual anomalies, affecting every observed in­
dividual value, cannot be evaluated. If the m agnitude of the studied anom aly is 
large, the  punctual anom alies are negligible and the m ap can be in terpreted  w ith  the 
aid of rem arkable values and distances. The positive results achieved by  the old 
in terp re ta tion  m ethods m ust be explained in this way. B ut, if the m agnitude of the 
anom aly is small, the punctual anom alies no t only modify the extrem al values b u t 
they  also displace them , altering all the distances used in the usual in terp re tation  
m ethods. Since these old m ethods express all geological param eters in term s of re­
m arkable values, their distances and ratios, it  is plain th a t punctual anom alies render 
these m ethods completely useless in the in terp retation  of small anomalies. I t  is a very 
im portan t though often disregarded fact th a t  the in terp re tation  based on isolated 
values can in general be only qualita tive and gives exactly nothing in case of small 
anomalies. This im portan t fact explains the lack of success in dealing w ith m aps of 
small anom alies and is the  reason for th e  actual ineffectiveness of geophysical pros­
pecting in discovering new oilfields in U.S.A. New m ethods of in terp re ta tion  well 
adap ted  to  small anom alies are now necessary. T hey  m ust be introduced into practice 
if the  geophysical prospecting by grav ita tional and m agnetic m ethods is to  be applied 
in the  future.

The in terp re ta tion  errors caused by punctual anom alies can and m ust be elimi­
nated and there is only one possible w ay to do it. Considered together, the punctual 
anom alies in the region covered by  the m easurem ents have a  random  distribution; 
they  oscillate abou t zero and are independent one from another. Consequently, they 
m ust undergo an alm ost to ta l com pensation if we form the average value of some
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function of th e  m apped quan tity , th e  average value w ith respect to  the  whole map, 
using all the observed values a t a tim e. We can elim inate the harm ful influence of 
punctual anom alies and com pensate a t  th e  sam e tim e for th e  possible residual ob­
servation errors only by combining all observed values in an integral. For any  m ap 
in general the  average values express much b e tte r th e  action of the  phenom enon under 
stu d y  th an  do the  individual values and their distances. In o ther words, in terp retation  
rules and form ulae based on the  system atic  use of integrals give much more correct 
q u an tita tiv e  results in all cases and for all maps. Rules based on special individual 
values hold only in very  rare  and exceptional cases of big structu res such as, for in­
stance, the  shallow salt dom es of Texas, th e  K ursk and K irunaw aara iron ore-bodies 
or th e  G reat Rhodesian Dyke.

T he m ethod described in this paper uses exclusively the average values and, in 
particular, m om ent functions and m om ents of the observed qu an tity  and of its square. 
T his m ethod was applied by the au th o r in France and in Iran  w ith good results. The 
cases studied here are chosen only for the sake of brevity . T he m ethod is elaborated 
for the m ost general cases of complex anom aly m aps obtained as result of magnetic 
or gravim etric survey of a com pletely unexplored region.

3. C enter of gravity and  first m om ents. T he problem of locating the center of 
grav ity  C of d isturbing masses is. a  fundam ental one, and its solution is the first step 
of every in terp re tation . We solve it in the general cases of an axial anom aly and of a 
centered anom aly. T he coordinates x*, y*, z* of C are expressed w ith the aid of m o­
m ents of the observed q u an tity  Q, th a t  is in term s of

for a centered anom aly, the double integration being extended over the infinite plane 
xOy denoted by  P .

A xia l  anomaly. If the geologic feature being considered is much longer in one d i­
mension (strike, axis of anom aly), the corrected m ap of the axial anom aly created by

a curve describing the behaviour of the plotted q u an tity  on a typical profile perpen-

z-axis d irected  vertically  downward, th e  origin 0  being a t  th e  surface and th e  a;-axis 
being perpendicular (the y-axis being parallel) to  the  anom aly axis, as shown in Fig. 1. 
T he excess of the  density  of d isturb ing  masses over the density  of their environm ent

s tru c tu re  as a homogeneous cylindrical body of norm al cross section S,  denoting the 
area of S  by A .  A t a po in t (x, z) in the plane y =  0 the potential U of the body is given by

—oo

for an  axial anom aly and in term s of

such a s tructu re  is a family of nearly parallel lines and the in terpretation  deals w ith

dicular to  the  anom aly axis. C artesian coordinates x, y, z are introduced w ith the

is called the  density -con trast and is denoted by <r (o^O ).  W e represent the  d isturbing

u ( x ,  z) = ' -  \ k  f  /  log [(# -  ?)2 +  .(* -  r ) 2] ¿ s  + const. ( 1)

where £, f  are running coordinates on P  and k — I f  a, f  being the gravitational constan t
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tial derivatives Ux and Uz = Dg of 77 are given by
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U x — iDg =  — k J  J  (x  — p)- 'dS  =  k(j) log (x  — p)d{, ( 2)

where p = £+ i£  and T is the boundary of 5. T he second derivatives Uxx and Uxz are 
called the curvature K  and the grad ien t G respectively: K — Uxx, G= Uxz. T hus

K  — iG = k J  j "  (x — p)~2dS — k (j) (x  — p)_Idf. (3)

Using in (2), (3) the binomial expansion, we deduce for large |x | the approxim ations
which hold for any form of the section S. T heir first term s for instance are

— kAxr 1, Dg ~  kAz*x~2, — 2 kAz*x~2, K  ~  M r 2, (4)

where z* is the  depth  of the center of grav ity  C. D enoting an arb itra rily  chosen origin 
of th e  coordinate x '  on the  profile by 0,  we regard th e  function Dg = D g(xr) as known 
from th e  m easurem ents. To find x* = 00* , z * - 0 * C  we shall use the  first th ree m o­
m ents of Dg,

Mo =  f Dg{x')dx' =  irkA, M x =  f  x'Dg{x')dx' =  wkAx*, (5)
•J _oo —oo

/  [x2Dg{x) — kAz*]dx =  irk J  j "  ( i2 — £2)dS, (6)

where in (6) the  origin of the  coordinate a: is the  po int 0*, the  projection of C on the
profile, x* being considered as already found w ith the  aid of (5). In fact, from (2) we 
deduce th a t

x'Ux  +  kA — ix'Dg(x’) = k J’ J' (p — x’ÿ-ipdS. (7)

In tegrating  (2) and (7) w ith respect to x ’ in ( — » ,  «>) and observing th a t the in­
tegral of {x1 — p)~ldx ' equals iir since f  in p = £ + i f  is positive, we have (5). To prove 
(6) we in tegrate  in ( — oo, co) for x* =  0 the relation

x{xUx +  kA) — i(x2Dg(x) — kAz*) =  k J' J' (p — ^)_1p2(7P

and com pare the coefficients of im aginary term s.
From  (5) we deduce the rule x* — M i / M 0. However, in practice the integration 

can be carried o u t only over a  finite interval ( — 2?, R ), where the known length R  is 
a t  least four or five tim es the depth z* of C. T he contributions from the intervals 
( — oo, —R),  (R , oo ) can be com puted by m eans of the expansion of Dg(x) in powers 
of *-1,

Dg(x) =  kAz*or2 {1 +  2CUZ**-1 +  (3cn  ~  c03)z*2x~2 +  0 (* -3) j , (8)

where the constan ts cmH are given by
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In general, unless 5  is very irregular, we have z*cn = x*, z*2c2l =  x*2, coz=¥ 1, whence (8) 
takes the form

Mo* and M *  can be obtained from the experim ental curve for Dg{x') by m eans of a 
pianim eter. From  (11), we note th a t  M i / M *  is a first approxim ation for x*.

If we se t £* =  0, by (9) we easily see th a t the contribution from the intervals 
( — oo, —22), (R , oo) to the integral on the left side of (6) is of order (z* /R )2. If we 
neglect term s of order (z* /R )2, (6) can be w ritten  in the form

than  its  depth, then J f s ( ^  — ̂ ) d S =  — z*2A .  Using this, and substitu ting  for Mo from 
(10), we have

Dg(x) =  kAz*x~2{ \  +  2x*x- 1 +  (3x*2 -  z*2)x~2 +  0(x~3) }. (9)

If M *  and M *  denote m om ents com puted for the interval ( — 22 , 22), i.e.,

Mo* =  Dg(x')dx', M f  =  x'Dg(x')dx',

and if we neglect term s of the relative order 0 { { z * /R )2}, we find th a t

(10)

whence

( 1 1 )

where, in the usual notation,

M * = i  x 2Dg(x)dx.

If we consider only those cases in which the horizontal dimension of 5  is much smaller

O
*

E quations (11) and (12) perm it x — -

us to  com pute x* and z* by succès- z
( X , Z )

sive approxim ations, the successive 
values being denoted by x * ,  z*  
(« =  1 ,2 ,3 , • ■ • ) and the  correspond­
ing positions of 0*  (Fig. 1) by 0 * .  
T he steps are as follows: (a) We 
choose a position for 0  and com pute 
M 0*, M *,  in tegrating  over the  in ter­
val — R > x ' < R  w ith a pianim eter. 
(b) W e obtain a;* by setting  z* =  0 in 
(11) and p lo t O i.  (c) W e com pute M *

z

F ig . 1.
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and new values of M *  and M *.  (d) Using; (12) w ith z* =  0 in the right m em ber we 
com pute z*. (e) Using the values of M * , M *, M *  obtained in (c), and replacing z* 
in the right members of (11) and (12) by z*, we obtain x*, z2* and plotO *. The steps

T he sam e m ethod can be applied to  m aps obtained by m eans of a torsion-balance, 
giving the curves of the grad ien t G(x) and the curvature K{x).  D enoting the n th  
m om ent of G by H n, we have Ho = 0. Also, integration by  parts yields H i=  —Mo, 
H i = —2M\, H 3= —3Mi. For the corresponding reduced m om ents we have M *  =  
- / J 1* ( l + 2z*7r - 1i? -1), 2M *  =  — H * (1 +  2z*/t tR ) , 3 M ? = - H 3*+2kARz*.  T hus (11),
(12) can be transform ed into

where X =  ̂ -7r / ( 37r —1) =0.187, =  5 (3tt2 —247r +  8) / ( 37r2 — 7r) =0.485. Equations (13)
perm it us to determ ine the center of grav ity  C from the gradient m ap only.

large K ( x ) ~ k A x ~ 2, we define the m om ent Z 2 and the reduced m om ent L *  by the 
integrals

If we m ultiply (3) by x2, su b trac t kA  from both sides and in tegrate over ( — oo, co), 
we find th a t L 2 =  2i7iZ*, the contribution from the intervals ( — » ,  — R), (R , <») being 
— 6kAz*2/R .  Since I h  = / / * ( !  + 4 2 * / ^ ) .  we then have for z*

where a  =  lj7r2/ ( 7r2 — 4) =0.84, j3 = 7t / ( x 2 —4) =0.535. E quation  (14) supplies a control 
on Eqs. (13).

T he m agnetic anom aly created by a cylindrical body of section .S is related to the 
grav ita tional anom aly generated by the sam e body, and the equations relating to 
m aps of G and K  can be transform ed into equations relating to  m aps of the horizontal 
and vertical com ponents X  and Z  of the abnorm al m agnetic field created by the 
body. If I  and ^  denote the m agnitude and inclination of the m agnetization vector, 
we have the classical relation (Poisson)

where k — 2fcr, f  being the constan t of g rav ita tion  and <r the density-contrast. M ulti­
plying (15) by x  and in tegrating over the interval ( — R, R),  we obtain for the  reduced 
m om ents X * ,  Z *  the relation k ( X * + iZ * )  = 2I ( L * + i I I * ) e - i't'. Since L i =  0, we easily 
find th a t irRL? = 4x*II1*{\ + ‘lz*/irR). T hus

(c) and (e) are repeated until a stabilization of the points 0„* and the values x * ,  z„* is 
reached.

(13)

T he first two m om ents Lo and L x of the curvature K  vanish. Since for | x\ very

¡ I h *  =  cU-2*(l +  ¡3z/*R), (14)

k(X  +  iZ) =  21 ( K +  iG)e- 1*, (15)

whence we obtain for the two param eters I  A  and i/q
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where c is defined by the relation irX*Z*c = 4-{Xie--\-Z*2). To find x*, z* we need

K ~ k A x ~ 2, for large | xj we have i r X ^ Z f x -2, irZ'-^ — X ? x ~ 2. Therefore we define the  
second reduced m om ents X ? ,Z *  by the integrals

T heir num erical values can be obtained from the experim ental d a ta  as areas under 
curves deduced from the curves X  = X (x ) ,  Z = Z ( x ) .

In tegrating  (15) afte r m ultiplication by x 2, and using the defintions of X * , Z*, L * , 
we obtain

k (X ?  +  iZ i )  =  2/ e - ' t [L* +  i (H 2* -  2RL*ic~1)].

S ubstitu ting  in this result the values of H i ,  L *  obtained by solving (13) and (14), 
and  using the relation 2irRL* = 8x*H*(l-\-4z*/irR), we find th a t

z* =  a ( l  +  yz*R~1) N x, z* =  a (  1 +  frs*#“ 1) N ,  +  4z*27r~'R~\

T he num bers N x, N z can be deduced from the maps. T hus the m om ents of X ,  Z  give 
the four param eters IA ,  \{/, x*, z*.

of Fourier transform s. All our results are based on (2), which can be w ritten as a 
Fourier transform . Now p =  £ + if ,  and since m in .(f )> 0 , we have

positive t and defined in the  interval ( — °°, 0) by the relation w(i) =k(2ir)ll2f f se~'l‘tdS. 
On the o ther hand, D g —i U x is the transform  of w( — /), which vanishes for negative /, 
and Dg{x) appears as the transform  of the function /( /)  defined for all values of t by

T his expression will enable us to find easily the m om ents of Dg. T he m om ents of the 
square of Dg, which will be required presently can also be deduced easily from (17) 
w ith th e  aid of the  Parseval theorem .

Centered anomalies. In the  case of a centered anom aly, we represent the  d istu rb ­
ing stru c tu re  as a homogeneous irregular body B.  Cartesian coordinates x, y, z are 
introduced, w ith the z-axis directed vertically downward, the origin 0  being arb i­
trarily  chosen on the plane P  (Fig. 2). C{x*, y*, z*) is the center of mass of B,  and 0* 
is its projection on the plane P  of the map.

T he gravitational anom aly is Dg{x, y). In  the old m ethods, 0*  is placed a t  the

second moments. Since the principal term  of the righ t side of (15) involves K ,  and

where a  and |3 are as in (12), 7  =  2(16 — 7t 2) / ( 7t3 —47r) =0.665, and

N z =  ( X ? X 2* +  Z^Z/XTC*2 +  z r - ) ~ \  N x =  (X * Z *  -  Xi*Z2*)(Z1*2 +  Zj*2) -1.

I t  is to  be noted th a t  the above results can be obtained w ith the aid of the theory

This proves th a t  Dg-\-iUx is the Fourier transform  of a function w(i), vanishing for

s
(16)

(17)
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maximum of Dg. If the body is a solid of revolution w ith a vertical axis, this is cor­
rect; b u t if the body is irregular or inclined, the m aximum of Dg occurs somewhere 
above its upperm ost part. In the present paper, we shall locate C by means of in­
tegrals.

z
F ig . 2.

If 5 7  is an elem ent of volume of B  a t  a point (£, 77, f), and if 5[Dg(a;, y)] is the 
contribution to Dg from 57 , then 5[Dg] =fa$5V[(x — £)2+ (y  — 7?)2+ f 2]_3/2. Now 
J J P8[Dg]dS = 2Trfa8V, which is independent of §, 77, f . In tegration  of this over B  
yields JJpDgdS — irkV, where k = 2fcr and 7  is the volume of B.  This result holds for 
any homogeneous irregular body or bodies.

Because of sym m etry  f f P[x — £ + f(y  — 77) ] 5 [Dg(x, y ) ] iS  =  0. T hus

J  J  (x  +  iy)d[Dg]dS =  (£ +  ¿77) J J  5[Dg]dS =  irk(£ +  ¿77)5 7 , 

and in tegration over the body B  yields

x * J  f  DgdS =  JJ xDgdS, y* J f  DgdS =  J J yDgdS. (18)

These are two equations for x* and y*. T hey  hold for complex anom alies as well as 
simple ones, In practice, integration can be carried ou t only over a finite p a rt of the  
plane P.  W e choose th a t  p a rt lying inside a circle w ith center 0  and radius R,  where R  
is a constan t a t  least four or five times the depth  z* of C. T he equations of this circle 
are r — R,  s =  0, where r2 =  ̂ 2+ y 2. We denote its interior by L.  T he contribution to 
the above integrals from the infinite region r }zR  can be easily evaluated, since a t  such 
large distances the grav ita tional action of the body is approxim ately the same as th a t 
of a punctual m ass a V  located a t  the point C(x*, y*, z*). Therefore, for r ^ R  we use 
the approxim ate formula

Dg ~  5(SZ*Vr~z \ 1 +  3(x* cos 6 +  y* sin d)r~l +  (9a;*2 +  9y*2 — 6z*2)(2r)-2

+  15[2x*y* sin 2d +  (**2 -  y*2) cos 20](2r)~2 +  0 (r-3) }, (19)

where r, 6 are polar coordinates in the plane P , w ith origin a t  0.  Neglecting term s of 
order (z* /R )~3 and higher, we have w ith the aid of (19),
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- / ] > * •

0  ~  ^ r )  I  X  ( x + î y ) D g d s = J X ( x +

T hus (18) can be w ritten  in the form

-3 z * 2 'r  r  /  z* 3z*2 \  r  r(*• + -(‘ + ̂  + ̂ )  J J,.<*+ »(20)

E quations (20), applied in the  first approxim ation w ith z*— 0, give a first position 0 1 
for 0*. If we choose the origin 0  a t  this point, then d = 0 \0*  is small.

To obtain an equation for z*, we in tegrate rW g d S  over L.  Neglecting term s of 
relative order (z* /R ) 2 and higher, we need only the two first principal term s of this 
integral. T hus we can evaluate the contribution of an elem ental volume 5 V  a t  (£, 77, f) 
by in tegrating r 25[U g]d5 over the region r' g i?  instead of L,  the origin of polar co­
ordinates (r ', O') being a t  the point (£, 77) above the point (£, 77, f). In fact, the differ­
ence between two integrals over L  and r' is of relative order (z* /R ) 2. Now 
t 2 — t ' 2 p2 — 2pr' cos {0 —0'), and integration over r' ¿ R  gives

JJ r 26 [£>g]</S =  T r m f f j f  +  (p 2 -  2f 2) i? -‘ +  f0 (z*2/ i? 2) }.

In tegrating  this result over V  and replacing the integral of the second term  by its
approxim ate value — 2kivz*2V, we obtain

J  J  r2DgdS =  irkVz*R{l -  2z*R~1 +  0 (s*2/ i? 2)}.

D ividing by R f f  ¿DgdS = T rkV R (l—z*R~1), we find th a t

z*R J  J DgdS =  (1 +  z*R-') J  J  r2DgdS. (21)

T he term  -|z*2i?~2 m ust be added to  the factor l+ z * i?_1 if the term s neglected are of
order (z * /R )3 and higher.

W hen the m easurem ents are performed w ith the aid of a gradiom eter or torsion 
balance, the resulting m aps of Uxz and Uyz give no t only x*, y*, z* b u t also a control, 
since each of these two m aps can be used to locate the point C. Applying the same 
reasoning as for Dg, i.e., first in tegrating 8UXZ and SUyz corresponding to an elemental 
volum e 8V, and then in tegrating the result over V, we find th a t

y *

J  J  xUxzdS = Y ff x2U”dS< x*ff yUvÀS = JJ xyUvzdS,
J  J  x u xzds = ff x yu  izds, y* f f y u *>dS = j f  f y ^ ^ s ,

All the integrals in (22) have the sam e reduction factor l +  3z*/2-R. Hence it does not 
appear. T he th ird  reduced m om ents give equations for z*. T hey  are
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-  s ( ,  +  ’£ ) f f  * u j s  =  2 4 ( 1 +

(23)

- s ( i  + 5 ) / / / « « *  - 24(1 +
If we neglect only term s of order (z*/i?)3 and higher, the term  llz * 2/(182?2) m ust be 
added to  the reduction factor l +  7s*(6i?)_1. Equations (22) and (23) are general. For 
a solid of revolution w ith a vertical axis, they reduce to

(** +  iy*) f  f  GdS =  ( l  +  J  Jjx  +  iy)GdS, (22*)

r  r  /  72* 1 is*2 \  r  r
^ J J -  J ( > + ■ « + 7 <23*>

where c is such th a t R c J fLGdS — J J LrGdS.
In the general case of a complex m agnetic anom aly we assum e th a t the m agnetiza­

tion vector is the same for all particular isolated bodies which create this anom aly. 
Its  in tensity  I ,  inclination 1̂ , and azim uth $  are three unknowns; I  cannot be sepa­
ra ted  from the to ta l volume V  and it is the product V I  which is deduced from the 
m aps; <j> is defined w ith respect to arb itra ry  cartesian axes of x  and y  on the surface 
of the ea rth ; X ,  Y  and Z  are the com ponents of the anom aly.

We shall now deduce expressions for the six param eters VI, \p, <£, x*, y*, z* which 
characterize the m agnetization vector and locate the common center of g rav ity  of all 
the disturbing m agnetic bodies. T his can be done by com puting the m om ents of 
X ,  Y, Z  from m aps showing the d istribution  of X ,  Y, Z  over the surface of the earth , 
and by use of the classical Eotvos formulae,

f<r(iX +  j Y  +  kZ)

= i f  i  b j  b k  — ^ [{U x cos <£ +  Uy sin 4>) cos f  +  Uz sin ^ ], (15*)
\  dx dy  3z/

where i, j ,  k are un it vectors on the coordinate axes. We shall use m om ents of the 
first four orders, denoting them  by subscripts. For example, X m„ = f f L X x my ndS. I t  
is to be noted th a t  X mn are reduced m om ents. Neglecting term s of relative order 
(3* /R )2, and using the same m ethod as in the case of (21) in the com putation of in­
tegrals of the second derivatives of U, we obtain

— Xoo sec sec 0  =  — F 0o sec \p esc <p =  2Z0o esc =  2irVI/R .

T he first approxim ate values of VI,  <£ are then  given by
2  2  — 1 / 2  2  2 2  1 / 2

tan <j> =  Y 00/ Xoo, tan ^  =  | Z 00( Z 0o +  F 00) , t V I  =  R ( X 00 +  F 00 +  \Zoo) . (24)

T he zero m om ents are small quantities, and approach zero as R  approaches in­
finity. Hence (24) yield poor approxim ations. Nevertheless, the first value of cj> m ust 
be used to ro ta te  the axes of coordinates, directing the *-axis nearly  parallel to the 
horizontal com ponent of the m agnetization vector, so th a t  cf> will be very small.

Among the six m om ents of the first order, we do no t use X 01 and F 10 since they  are 
of order 1/i? com pared w ith the o ther four, which are given by



*10 . (  , ** \  Foi . f  y* . \
   — sin ^  H  cot cos </> ,   =  — sin \p 1-H-------cot sin <j> ,
2 ttVI \  2 R ) 2 -rrVI V 2 R )

( ** \ Foi ( . y* \- — cos 11 1 cos </> tan ), — =  — cos \I/1 sin <6 tan \p ).
V R )  2 x 7 / \  R )
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2 x 7 /

Hence we obtain b e tte r values for V I  and tan  \p,

2 x 7 /  — (Z10 +  Zoi +  -¿Xio +

—1/2 2 2 1/2 2 2 —1/2 /  ¿2 \
tan \p = 2 (Zio +  F„i) (¿io +  Z 01) (̂ 1 -  - J ,

where

8ci =  3 sin 2i/'(a-* cos <t> +  y* sin #) =  6 cos2 - c3

4c2 =  (cot \p +  4 tan t/0(:z* cos <f> +  y* sin <f>) =  (4 +  cotan2 ^)c3,

c 3 =  2  (2/io +  7 io )  (Zoi +  F io )  [ (Z 20 —  Z oI ) { Z qi —  Z io ) —  4 Z o iZ n Z io ] .

T he coordinates x*, y* of the point 0*  are obtained w ith the aid of second mo­
m ents, as indicated by the equations

2 2 - 1  /  c3\  y*2
x* = \{Zw  -f- Zoi) [(Z20— Fo2)Zio +  2ZoiZn] ( l  Id — — tan 1p cos $,

V R /  R (25)
1 /  Cz \  x*2

y* = %(Zio +  Z o i)  [2 Z io Z n  —  ( Z 20 — Z 02)F o i]  i 1 —  ân 'f' s*n (t>'

T he expression
5 /  12z*\

7 2o =  — R  cos sin <6 1 --------- )
2 V 5 R I

shows th a t  F 20 is zero if the £-axis is parallel to  the horizontal com ponent of the 
m agnetization vector I .  If F 20 is different from zero, the value of <j> is given w ith good 
precision by the im portan t equation X 02— F20 tan  4>. Thus, by use of this equation and 
Eqs. (25), we can change our axes so th a t x* =y* =<f> = 0. C om puting the th ird  mo­
m ents in th is new system  of coordinates, we find th a t  X 2i =  -Xm= F3o=  Fi2 =  Z 2i= Z o 3 
=  0, 3Zi2=  Z3o=: î T3o cot i/',

9 /  7z*\
3 X 12 = 3 F 2i =  X 30 =  F 03 =  -  — /?z*( 1 -  —  sm ^ .

8 \  6 R  /

These expressions give for tan  \p the eight values X 3o/Z3o, F21/ Z 12,'etc., and the mean 
of these eight values can be considered as the final value of tan  x//. Now, with this 
choice of axes, the second m om ents take the values X u =  Y20 — F 02 =  F n  =  0 ,

5 /  16z*\ 5 /  12z*\
JV20 — — R  ( 1 — -------1 cos Xq2 — R ( 1 ) cos ¡I,

2 \  5R J  2 \  5R I

3 /  8z*\ _ /  14z*\ .
I n — — R ( 1 — ----- ) cos xf/j Z 20 =  Z 02 — 3R ( l  ) sin 1p.

8 V 3R J  V o / ? /
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D ividing any  th ird  m om ent by one of the five second m om ents different from zero,

values found for the same param eter, such as z*, characterizes the reliability of the 
solution.

Fom a practical point of view, a solution involving only the m om ents of the v erti­
cal com ponent Z  is im portan t, since in m any cases m agnetic surveys are lim ited to

of the approxim ate values given by  the above equations increases w ith R.
4. In terp retation  of the  map of an  anticline with the  aid of m om ents. L et us repre­

sen t the structu re  of an anticline as a cylindrical body of norm al cross section S. We

(Fig. 3). This choice is good, except in the  vicinity  of the deepest p a r t of the region, 
which p a r t is a t  a considerable d e p th ; the au thor has verified th a t such a choice leads 
to  good results in practise. We shall denote the ou ter and inner ellipses by Ei  and E y, 
respectively, and their semi-axes by  a, b and  ya, yb, respectively, where 7  is a positive 
constan t less than  unity.

Equations (10)-(14) give values for kA , x*, z*. We shall now show how 7 , a  and 
the eccentricity  e can be deduced from grav itational anom aly maps.

L et us replace e by a param eter r = 2z*/c, where 2c is the focal distance of the outer 
ellipse. We define a function n(s) by the relation

where s is a constan t and 0 < s  <  1, M 0 is as defined in §3, M ( — s) is the m om ent of Dg 
of order —s, and D  is the zero m om ent of [Dg(a;)]2:

we obtain an approxim ate value for z*, and the mean of all such values can be consid­
ered as the final value of z*. Thus, wc have not only solved the problem, b u t have 
also found a  control of the solution, since the degree of concordance of m any different

m easurem ents of Z  only. In  such cases we can find 0  and 0  and locate the point 0* 
by use of Eqs. (25) together w ith

where c4 is such th a t 5i?c4 =  14z* — (x* cos 0 + y *  sin 0 ) tan  0. For V I  we have

Also, z* is given by

where the m om ents are related to  the origin 0*  w ith 0  =  0. I t  is plain th a t the accuracy

have first to  choose for S  some simple geom etrical form which expresses the g rav ita­
tional action of the anticline adequately. Our choice is the region between two con­
centric elliptic cylinders, the m ajor axes of which have an  angle a  of inclination

n(s) =  M 0 1M ( — s)D (26)
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T he graphs of | x | - LDg(x) and [-Dg(x) ] 2 can be plotted from the experim ental curve 
of Dg{x), and thus the reduced m om ents can be com puted w ith the aid of a planime- 
ter. On th e  o ther hand  n(s) can be tabu lated  for various values of s. W e shall require 
n { \) ,  « ( $ ) ,  « ( f ) .

Applying the theory of Fourier transform s to (16), (17), we have

J  Dg(x)eixtdx  =  irk J J  e-M‘l+^‘dS,

dSdS'J"  e'*(u^du,

(27)

(28)

where <f»(u) =  £H -(£ ' — £ )« — f ' |  u\ — f  \t — u \ , and (£, f), (£ ', f ')  are two sets of running 
coordinates on S. We note th a t

/ CO
eiw(y — t)~6dy  =  (îî))s_Ieil’ir ( l  •- 5)

for ¿ ^ 0 , 0 <  5 <  1, i?e[w] ^ 0 ,  where denotes the real p art of iv. Consequently,
the application to (27) of fractional integration of order 1 — 5 yields for t ̂ 0 ,

J ' Dg(x) | x \ s~ieix‘dx  =  i r k j  J' ps ‘e'^'dS. (29)

T he inversion of order of integration is permissible, since all integrals are absolutely 
convergent. Replacing in (29) the exponent 5 - 1  by —5, ( 0 < j< 1 ) ,  m ultiplying both 
sides of this by eix‘n  and letting  t tend to  zero, we obtain

/ co
| x \~ ’Dg{x)dx = irk sec (§7rs)Re[<I>(/l; — s)],

-00

where $ 04  ; —s )= e iT,l2f f Bp~'dS. For our region S  we have



4>(d; -  s) =  4  (« * ) - [F (ii, h +  I i ,  2; -  4 r-2<r2i“)

-  5 +  5s, 2; -  4r~2y 2e~2ia) ],

where E(a, b, c\ x) is the classical hypergeom etric function. T he function M ( — s), 
which depends on the four param eters s, a, y ,  r, can be tabu la ted  for — 1 < j < 1, 
0 S 7  =  f> 0 ^ a g | 7r, rS :2  sin a .  We shall require tabulations fo r s  =  J, f .

If in the righ t side of (28) we carry o u t the integration w ith respect to u for / ^ 0 ,  
and then let t approach zero, we find th a t

=  iwk2 f i l l  (p -  p')~ldSdS', 

where p =  £ + if ,  />' = !;'— i f  - In the present case, we have

D =  M o(z*) V (a, y ;r ) ,

where

.<£(<*, 7 ! r) = eia; r) — 2R e[f(ye- ia, e<a; r)] +  f(ye~ia, yeia\ r),

3/(m, v ; r) =  16r u h \ u  +  t>)-2[C i£ -  C2£  +  C32CE(6, V )],

i f  and £  being com plete elliptic integrals of the first and second kind of modulus X 
given by 4wi>=X2[r2 +  ( tt+ y )2],X 'an d  b being such th a t X' =  (1 —X2) 1/2, 2 (uv)ll2dn(b, X') 
=  X-(w+z>), and Ci, C2, C3 such th a t

C3 =  3X'[l -  \'sn(b, \')cn(b, W)dn(b, X')],

Ci =  3dn2(b, X') +  3Ksn(b, X') -  1 -  X2 +  bC3,

C2 =  3 X 2dn2(b, \ ')cn 2(b, X') +  3\'sn(b, X ')[l +  \ ' 2cn2{b, X')] +  X' 2 +  bC3.

T hus <f>(a, 7 ; r) can be tabulated .
We have now derived expressions for M { —s) and D  occurring in the right side 

of (26). Substitu tion  yields the equation

E(s; a , y; r) =  n{s) (30)

where E(s; a, 7 ; r) =  [<t>(a, 7 ; r)]~*w (— s; a , 7 ; r), w ith

m{— 5 ; a, 7 ; r) =  sec (-¿-7rj)Zl~Iz*'i?e[<i>(d; — s)].

In (30) we set s =  5 , 1, to obtain three equations which we can solve for the re­
quired quantities a, 7 , r.

Once a , 7 , r have been determ ined, we can deduce a new value for z* from the 
relation

z* =  M J )  V (a. 7 ! r).

T his serves as a control on the value obtained from (12).
In actual com putations based on experim ental data , we can use only a finite re­

gion on the surface of the earth . Hence reduced m om ents m ust be introduced, as 
before, and the param eters of the problem m ust be deduced by successive approxim a­
tions.

T he sam e procedure can be used in trea ting  m aps of the grad ien t G and the curva­
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2 D =  2 J [Dg{x)]2dx
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ture K .  Each m ap leads to  an independent set of values for x*, z*, a, y ,  r, kA .  In  the 
case of a m agnetic anom aly, the m ap o i .X  or of Z  could be used. In all cases the mo­
m ents can be expressed in term s of <P{A ; —s).

We note th a t the above m ethod yields kA .  Now A  is the area of the cross section 
and k = 2<j , where /  is the gravitational constan t and cr is the density-contrast. We 
define the average thickness T  of the disturbing layer as the geometric mean of the 
extrem e thicknesses; T = ( l —y)(ab)lli. Since A  = Tcab{\ — y 2), we then have .4 (1 —7 ) 
=  7r ( l + 7 )T'2. Hence, if <r is known, A  can be found and then T. Often T  is known. 
In this case, A  can be found, and then cr.

5. In terp reta tion  of a centered  anom aly created  by a salt dome. Before applying 
the new m ethod it is interesting to  see w hat can be obtained by the old m ethod. 
Some results can be achieved if we disre­
gard the cap-rock, neglect th e  slope of the 
flanks and om it th e  dep th  of th e  sa lt dom e 
base considering th is s tru c tu re  as a hom o­
geneous vertical infinite circular cylinder 
whose top  is a t  the  depth  p  (Fig. 4). T he 
in terp re ta tion  problem  is reduced to  find­
ing th e  th ree  param eters: k{<x = k / 2f ) ,  p 
and th e  radius a of th e  dome. Instead of a 
we consider th e  angleco, letting  a —p  tan  co.
W ith th e  origin a t  0*, ju s t above th e  cen­
te r of the  top  circle (maximum of Dg, zero 
for th e  g rad ien t G) th e  expressions for G 
and Dg are:

G(r) =  k(a/ryi*[2\~ '{K - E )  -  \ K ] ,  

Dg(r) =  k[C,E +  CiK  -  irpf(r) ],
F ig . 4 .

w here Ci = bp sign (a — r) +  2 (a r)1/2X~I,
C2 =  X(a2 — r2)(4ar)~ll2+ p[E (b ,  \ ' )  —¿>]sign(a — r) and 2/(r) =  1 + s i g n ( a - r), sign 0 be­
ing defined by sign 0 =  0. T he elliptic function E(b, and th e  com plete integrals K ,  
E  have th e  moduli X, =  ( l —X2) 1/2 and X is defined by X[p2 +  ( a + r ) 2] 1/2 =  2 (a r)1/2, 
r  being the  distance from th e  origin. T he argum ent b (0 ¿ b ^ K ' )  is th a t  in 
dn(b, X') • [^2 +  ( a + r )2] 1/2 =  a - f  r. E ither of two curves G = G(r), Dg = Dg(j)  can be 
deduced from the  o ther by graphical differentiation or integration. Therefore, we can 
use both of them  for th e  in terp re tation .

H ere it is the  m aximum of the  product E(r) = r 1/2| G(r) | which it is im portan t to 
locate and therefore the curve G m ust be transform ed into the graph of the function 
F(r). In fact, the equation F '( r )— 0 reduces to  X3£(^>2+ a 2 —r 2) = 0  and the maxi­
mum of F(r) corresponds to r =  r0 =  (£2+ a 2) 1/2. T he corresponding value of the 
modulus X is X0=  [l —ta n 2 (7r / 4 — c o / 2 ) ]1/2. T he value of the maximum itself is 
max F(r) = Fo = k(p  tan  w)1/2[2Xt1(-Eo — 2£o)+X0ifo]- Thus, we have a t  our disposal 
three experim ental d a ta  ro, Fo and the m aximum Dgo=irkp(sec w—1) of Dg(r). F irst 
we find the angle w, solving the equation 5(w) = « , where the function B(u>) is defined 
by 7r sin (w /2 ) ( l+ s in  w —cos co)B(w) =  —21/2[ ( l+ s in  w)Eo —Ufo], the modulus Xo 
being a function of co only. T he value of the num ber n  is deduced from the m easure-
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m ents by the rule n = rxa/2Fa/Dgo, this value being sim ply the ratio  of two maxima, 
m ultiplied by the square root of the observed distance r 0. T he function B (w) is easily 
tabulated . Knowing w, we have p = r0 cos w and a = p  tan  w. T he value of k is de­
duced from F0 or Dg0. T h a t is all th a t  can be obtained, using the old m ethod, and 
it  is evident th a t  it cannot satisfy a geologist. In practice the best value for r0 is 
(S / t t )1'2, w here 5  denotes the  area of the  closed curve, the  locus of m axim a of F(r) on 
all radial profiles through the  origin 0*. This ra th e r rough m ethod of in terp re ta tion  
works if it  is applied to  an  isolated sa lt dome. T he advan tage of th e  inaccurate first ap ­
proxim ation which it gives consists in the sim plicity of com putations. The in te rp re ta ­
tion requires only the table of values of the function B (co) and it can be performed as 
fieldwork and very rapidly.

We shall now apply  the new method. I t  is assum ed th a t the salt dome is a solid 
of revolution. C artesian axes are chosen, w ith the z-axis directed downward along the 
axis of revolution, and the origin 0* on the surface of the earth . We denote the cylin­
drical coordinates of a general point inside the solid of revolution by (p, <£, f) , and of 
a general point outside by (r, 0, z) (z < f min.); R  is the distance between these two 
points. By m eans of the classical formula

/ ' 2a ds r°°— = 2 t  I e~U~z)uJo(ru)J0(pu)du,
0 R J  0

where J n(t) is a Bessel function, we deduce for the potential

/* oo
euzW  (u)Jo(ru)du,

0
where .

W(u) — irk f  f  e~iuJo(pu)pdpd£ =  -----  f  e~!’uJ i(pu)pd^, (31)
J  J  a u  J  r.

A  being the region the revolution of which generates the solid, and C being its bound­
ary. D enoting the Hankel transform  of order r by I I n so th a t by definition

F(r) =  I1T {/(u)} =  f  f (u )J r(ru)udu, 
j  0

for z =  0 we have U(r, 0) = H o \W {u ) /u \ .  D ifferentiation of (31) yields sim ilar expres­
sions for Uz = Dg(r), Uzt, G, K:

Dg(r) =  H,[W{u)}, U i ,  =  H 0[uW{u)}, - G  = Hr[uW{u)], K  =  H ^ u W iu )} .  (32)

T he advantage presented by  the expressions (32) consists in the possibility of us­
ing the theorem s of the transform  theory  in calculating the m om ents and m om ent 
functions used in the in terpre tation . Because of lack of space we can give as example 
only the general expression for the m om ent function of Dg  which holds for any form 
of th e  solid of revolution, the  expression applied below to the in terp re ta tion  of the 
grav ity  m ap of a sa lt dome. T here  is ano ther approach to  th e  m athem atical problem  
of com puting th e  m om ents and m om ent functions needed in the  in terp re ta tion . In ­
deed, d irect in tegration of th e  explicit form ulae (32) is easily perform ed w ith th e  aid
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of divergent and sum m able integrals of Bessel functions of the  general type (with a 
and b restric ted  only by a + b >  —1),

/ 'J  0
laJb{iit)dt S  2a!(_(0+1)r[(a +  b +  l)/2] {r[(6 -  a +  1J/2]}-1, (33)

o
b u t we prefer to use the transform  theory. A salt dome creates also a magnetic anom ­
aly and, for a solid of revolution, (15*) gives the expressions for its com ponents on 
the ground 2 =  0 w ith the aid of gravitational quantities G, K  and Uzz■ Using the re­
sults of Section 3, we choose the origin and the x-axis so th a t x*= y*  =  0, </>=0. Under 
this assum ption

k(X  +  iY)  =  /[cos t ( K e 2ie -  Uzz) +  2G sin ^e ie] , 

kZ =  2/(sin t U ZI +  G cos i  cos 6).

Instead  of X ,  Y  it  is convenient to use in the in terpre tation  the radial and transversal 
com ponents A r and A t of the horizontal anom aly (X 2 +  F 2) 1/2. Transform ing the X -  
and F-inaps into the m aps of A r and At,  we can consider their mom ents and m om ent 
functions as experim ental data . T he corresponding expressions in term s of param e­
ters of the problem are deduced with the aid of

k(Ar +  iA t) =  /[cos i ( K e ie -  Uzze~:e) +  2G sin ^]. (35)

W ith the aid of (34), (35) all the rules for the in terpretation  of the gravitational 
anom aly can be adapted  to the in terpretation  of m agnetic anomalies produced by a 
solid of revolution. F ar from the origin 0*  the grav itational action of a body can be 
approxim ately expressed as th a t of a m aterial point of the sam e excess-mass M  = a V  
located a t  the center of g rav ity  C(0, 0, z*). Thus, for large r we have the approxim ate 
formulae

Dg ~  fM z*r~ \ -  G ~  3fM z*r-\  K  ~  3fM r ~ \  Uzz fM r ~ \  (36)

the neglected term s being of the relative order (z*/r)2. For the m agnetic quantities 
A r,Z  we have, denoting the volume of the sa lt dome by V,  (the caprock does no t 
create a m agnetic anom aly),

/ l r ~ / F > -3(2 cost/ cos 6 — 3z*r_1 sin f ) , — Z ~  /F ,r_3(sin +  3z*r_1 cos <p cos 0). (37)

T he m om ent functions are defined by the integrals extended over the infinite plane P  
and the formulae (36), (37) are used in com puting the reduction factors introduced 
by the in tegration over the finite area r ^ R ,  denoted by L.

The formula (32) Dg(r) = H 0W(u)  gives im m ediately W(u) = H 0Dg(r), th a t is,

2rW(u)  =  J f  Dg(r)Jo(ru)dS. (38)

If the form of the solid is considered as known, only its  dimensions being asked, i.e., 
if the expression of W(u)  as function of the param eters is prescribed, the relation 
(39) becomes the source of equations since for every particular value of the arb itra ry  
param eter u  (which is the reciprocal of a length) it is an equation in the unknown 
param eters of the problem. In practice the numerical value of the second m em ber is



72 E . G. K GG BETLIANTZ [Vol. I l l ,  No. 1

obtained by in tegrating over L ,  and adding to the result the contribution of the 
infinite area r*zR. T his contribution, com puted w ith the aid of (36), is equal to 
2 ir fM (z* /R )[ j1(R u ) /R u ]  where, as has been seen in Section 3, 2irfM  =  irk V is the 
value of the first m om ent of Dg. In this m ethod the m ap of Dg is transform ed, for 
each value of u, into the m ap of the product D g(r)J0(ru) and the integration over L,  
giving th e  second m em ber of (38), is perform ed on th is m ap. L et us consider as an ex­
am ple the special case when the flanks of the dome are vertical. In this case the area A  
is formed by two rectangles (see Fig. 5*) and there are seven param eters: the radii a 
(salt) and b (cap-rock) of two cylinders which together form the dome w ith its cap- 
rock, the depth  p  a t  which the salt begins (bottom  of the cap-rock), the thickness h 

.  of the  cap-rock and th a t  I I  of the
°  "  salt, the  density-contrasts ki and

ki (salt). T he expression (31) gives 
the characteristic function W(u),
ir~1u 2W  (u) — e~up\ab>J i{au)

(1 -  <r“") +  bk\Ji(bu)(e'lh -  1)].

Choosing any seven num erical val­
ues for u  and com puting for them  
th e  corresponding values of the  
product 7r_ 1M2IF(j<) w ith th e  aid of 
the  rule (38), we have a system  of 
seven equations with seven un ­
knowns a, b, ki, ki, p, II ,  h. Solving 
it we have all th e  necessary infor­
m ations abou t the  dome. This 
m ethod can be applied only if the  
flanks of the  dom e are vertical. Let 
us now consider the  case of a 
deeply buried sa lt dome, substi­
tu ting  for it as an idealized form a 

truncated  cone w ith the  vertex a t  0*. T his assum ption is no t acceptable for shallow 
domes. W e need the  m om ent function and we begin by giving its general expression 
which holds for all solids of revolution. A. Erdelyi and H . K ober have recently 
proved2 an  im p o rtan t theorem  on th e  H ankel transform  which th ey  form ulate using 
T ricom i’s form of this transform . In our no ta tion  (H ankel’s form) this theorem  
sta tes  th a t  if W = I I i+iaw, w here s >  — 1, a > 0 ,  and u 1,2w(u) belongs to  Li(0, » )  
then T ,a{ W ) = I I , \ T , a(w)}, the  operator T ,a being defined by

/ oo
(y2 — x 2)a~1y l~‘~2af(y)dy.

Applying it to  our relation W(u) = I I 0Dg(r) w ith —1 < s < 0 ,  5 +  2a =  0, we have

/I OO f% OO /l 00
(y2 -  £2) - 0+«/2>W (y)ydy  =  ar« I J,{xt)t’+Ht I (r2 -  /*)-»+*/«Dg(r)rdr.

X  d  0  d  t

F ig . 5.

* In Fig. S the letters A i and A 3 denote the centers of the two end surfaces of the cap rock cylinder. 
5 Quarterly Journal of M ath., 2 , 217 (1940), Theorem 5, case b.
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In terchanging the in tegrations in the second m em ber (absolutely convergent double 
integral), using t —rv1/2 and passing to the lim it x = 0, we get the desired general ex­
pression for the m om ent function M (s ) of Dg{r) for — 2 < j < 0 ,

M(s) = f  f  Dg(r)r’dS = 2 tt f  Dg(r)r'+'dr
* ) %) p  %J o

/i co
W {u )u -{‘+l)du. (40)

o
T he sam e result can be obtained in tegrating the relation r‘+1Dg = H 0r’+iW(u)  un­

der the sign of in tegration in u  and applying the integral (33). Now the integral in 
the second m em ber of (40) can be calculated, using (31) and the formula (3) p. 385, 
ch. 13.2 of “Bessel F unctions” by G. N. W atson, 1922. L et co be the angle the radius 
vector of a po int (p, f) m akes w ith the z-axis; thus f  =  (p2+ f 2) 1/2 cos co, p tan  co. Let 
P„ be the  Legendre function of th e  first kind P„(cos co). Since P [ ( l + .s ) /2 , — s / 2; 1; 
sin2co] =  P , and (2 - f j )  sin2 co P [(3 + j) /2 , —s / 2; 2; sin2co] =  2{P, — cos coP,+i), we have

M(s) — (2 +  s)c, J  J* k sec3 co P ^ ’pdpd^ =  c, J  k sec2+* co(P, — cos coP,+i)f 2+'d f , (41)

where (2 + 5)c, =  2 7 r r ( l /2 ) r ( l  + i / 2)T ( l — s / 2). T he form ula (41) solves the problem 
for a deeply buried dome. T he param eters in this case (see Fig. 6) are: the three 
lengths 0*^4/ =  ̂ j, j  = 1, 2,,3, the density  contrasts k\ = 2f<j\, ki — 2/cr2 and the angle co,

0 ‘
p ,  x

S A L

F ig . 6.

the slope of the dom e’s flanks. Instead of p j  we use the ratios r = p\/pt, <i = pi,/p2dLn& 
w rite p 2 — p ■ Also, k = k t /k \  th is ra tio  being generally negative. T he param eters r < l ,  
q > l ,  k verify the equation

4s*[l -  r* +  (qz -  l)/fe] =  3[1 -  r4 +  (?4 -  l)k]p.  (42)

In our case co is constan t in the second integral of (41) since only the integral
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along BA  does not vanish. I t  is equal to  {3-\-s)kip3+,<f>{s; r, q, k ), where <£(s; G <Z. k) 
=  1 — r3+'  +  &(g3+J — 1). D enoting (3 + s )~ !c, scc2+* co[P„(cosw)—cos wPJ+i(cosoj)] by 

f ( s \  co), we have the explicit expression of the m om ent function M(s)

T h e / ( j ;  w) is easy to  tabu la te  for eleven particu lar values of s, nam ely for As=m,  
where the integer m  verifies —7 si nce — 2 < s < l .  H A s = m  the function P a re­
duces to polynomials or to  elliptic integrals K  and E. In fact, letting  cos w —x, we 
have 3P _ 7/4 =  3P 3/4 =  P i /4 +  2a:P_i/4, P _ 5/4= P i /4, P _3/4 =  P _ i/4, 5Pt/i = 6xPi/i — P-i/4, 
2 l P 7/4 =  1Q*Pi/4 +  (2 0 * * -9)P _ i/4, where tt cos (oj/4)P_i/4 =  2 [cos (co/2)] lliK  and 
7r(cos (co/2) ] 1/4P i /4 =  2 cos (co/4)[4(P — K )  +  (1 +  X2)iT] w ith the m odulus 
X =  tan  (co/4).

Also P —3/2=  P 1/2» 3P 3/2 =  4x P 1/2- P _ i /2, where P±  1/2 are elliptic integrals too, b u t 
w ith m odulus /z= sin  (co/2), nam ely ttP -\ / î = 2K  and t P i /2 =  4 £  — 2K.  T ransform ing 
the experim ental g rav ity  m ap into the m aps of the quantities r ’Dg(r) and in tegrating  
on these m aps over r g P ,  we obtain the reduced m om ent function M*(s) which differs 
from M(s)  only in the contribution of the infinite area r ^ R .  This contribution is 
com puted with the aid of (36), and the reduction factor v(s) in

is defined by 4(1 —s)f(s; «)</($; r, q, k)v(s) = 3 /(0 ; co)$( 1; r, q, k).
We consider equations of the general type Q(s, I; co, r , q, k )= N (s ,  t), where the 

function <2 of four unknowns co, r, q, k is defined by <2= [/(s; c o ) / > ( s ) c o ) / > ( £ ) ] ’ 
• [ / (  0 ; co)<£(0) ] i -*, the 4>{s) denoting </>(s; r, q, k ). T hus the num ber N(s, t) is to  be 
calculated by the rule N(s, t) =  [ M ( s ) [ M ( 0 ) ] l~ \  I ts  first value is obtained 
by using the reduced m om ent functions iV/*(i), M *(0). W ith the aid of these first
values N*  we have to find first approxim ations for our param eters co, r, q, k. I t  is 
sufficient to form four equations of the type Q = N ,  giving to  the orders s and t nu­
merical values, for instance s = — 7 /4  and ¿ = —5/4 , —3/2 and —1, —5 /4  and
— 3/4 , —1 and —1/2. Solving such a  system  w ith the experim ental d a ta  N*( — 7/4,
— 5/4), N*( — 3/2,  —1), N*{ — 5 /4 , —3/4) and N*( — 1, —1/2), we get the first ap ­
proxim ate values for co, r, q, k. T he depth  p  is then found using the ratio M *(s) /M *(0) 
for any  value of 5 (or t) and in practice the average value from m any such determ ina­
tions will be taken as p. Using the set of first approxim ations in (44), we im prove the 
first values of the second m embers N(s, t) in our system  of four equations <2 =  iV and 
solving the im proved system , we have second approxim ations for co, r, q, k, p. This 
procedure of successive approxim ations is continued until the stabilization of se­
quences. T he depths pi — rp and p 3 = qp are found, as well as kt = kki, since the value 
of ki can be obtained from the value of any M(s).  We observe th a t  the in terpretation  
yields both  density  contrasts <j\ (cap-rock) and 02 (salt). T he depth  2* of the center of 
grav ity  obtained w ith the aid of (42), com pared w ith z* com puted by (23*), gives a 
control. T he control also is obtained with the aid of four o ther values of the order 5 
which were not used for the  in terp re ta tion . W e choose the  negative values of s in 
order to  dim inish th e  reduction factor in (44). I t  is interesting to  add th a t th e  sam e 
m ethod applies to the in terp re tation  of G- and if-m aps, their m om ent functions 
G(j), K (s ) being expressed in term s of M(s).  In  fact G(s) =  — (2 + i)M ( i  — 1) and

M(s) =  kxp z+‘J{s\ co)4>(s; r, q, k). (43)

M(s) =  +  v ( s ) (p /R y - ’] (44)
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K ( s ) = d M ( s - 1) w ith c;r(l+ s/2 )r(l/ 2 -s/ 2 )= 2 r(-s/ 2 )r(5 / 2 + s/ 2 ). For the in­
terp re ta tion  of the m agnetic m aps we can use the same function M(s) since the 
m om ent functions ^4r(s) and Z(r ) are given by ki{2-\-s)Z{s)~ —21 sin p-sK (s)  and 
k iA r{s) = —21 sin ip- (2 + s)M (s) .

In  the general case, when the vertex of the cone is on the vertical of the point 0* 
a t  the distance (unknown) I above ( l > 0) or below ( l < 0) the ground, the m om ent 
function has a  very complicated expression and is difficult to tabulate. In its place 
we use the integrals D n of the type

A ,  =  l 2n~ 2 J J  (12 +  r2) - (n+1/2)Z)g(r)d5,

and the in terpretation  yields all the seven param eters k\, k2, pi, pi, pi, w, I, the angle co 
being th e  slope of th e  dom e’s flanks. Lack of space does no t perm it the  developm ent of 
th is general case.

Conclusion. T he possibilities offered by the new m ethod for quan tita tive  in ter­
pre ta tion  of m agnetic and gravitational anom alies we a ttem p ted  to develop in this 
work seem to be very  large. T he m athem atical tools, used in the proofs of the final 
in terp re tation  rules, are not needed a t  all in practical applications. If the tables of 
functions used and the charts of auxiliary curves for the graphical solution of funda­
m ental equations are calculated once for all and plotted, all th a t  remains to  be done 
in a particu lar case is the p lotting  of some auxiliary m aps derived from the experi­
m ental d a ta  and the evaluation of some areas w ith the aid of a planim eter.

No use of average values in the in terpretation  is known to the author, with the 
exception of the work of K. Ju n g ,3 where only one integral, nam ely our M (0), is 
defined and its value 2 fM  is used together w ith rem arkable values and distances.

3 K. Jung, Zeit. f. Gcophysik 13, 45-67 (1937).
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CANTILEVER BEAMS OF UNIFORM STRENGTH*

BY

I. OPATOW SKI 
Arm our Research Foundation

1. T he object of the  paper, its  m ethods and resu lts . T he problem of shaping a 
beam  from a given am ount of m aterial in such a m anner as to  obtain m aximum 
strength  requires th a t  the m aximum stress of each cross section be constant. In the 
case of bending, the classical trea tm e n t of this problem 1'2'3'4 is based on the theory  of 
beam s of constan t cross section, the influence of shearing stresses and of the weight 
of the beam being neglected. A collection of solutions of this elem entary problem, 
for rectangular and circular cross sections, is given in th e  H ü tte  handbook for engi­
neers.6 If the  strength  of the m aterial is relatively low, the  w eight W  of the beam 
cannot be neglected. T his occurs in certain  concrete structures, such as reinforced 
concrete bridges, and was dem onstrated by Gaede6 in his trea tm en t of a cantilever 
of rectangular cross section and constan t w idth, the  external load being a force F  a t  
the free end.

In the present paper, we shall consider cantilevers of more general cross section 
b u t w ith the sam e type of loading, except in §6 where more general loading will be 
considered. L et us denote by  x  the d istance from the  free end, by  A  (ac) the area of the 
cross section and by S (x ) the section m odulus (S  = M/cr, where M  is the  bending mo­
m ent and er is the maxim um  stress). T he bending m om ent M [x) =aS{x)  a t  the dis­
tance x  from the free end is then given by

Fx  +  y  f ’ (x -  QA (Qdi =  *S(x) (1.1)
J  o

where y  denotes th e  density  of the  beam m aterial. T h e  to ta l w eight of the  beam equals

y f LA ( Q d l i = W  (1 . 2)
A o

where L  is the  length of the  beam. Since <r is constan t along the beam , differentiation 
of (1.1) w ith respect to  x  yields

* Received March 20, 1944. This work has begun at the U niversity of M innesota and was com pleted  
at the Armour Research Foundation. Presented to the American M athematical Society under different 
titles a t the m eetings of September 12-13, 1943 and February 25-26, 1944. T he author is indebted to 
Professor G. E. H ay for many valuable im provem ents which were included in the text of this paper.

1 F. Grashof, Theorie der Elasticilät und Festigkeit, R. Gaertner, Berlin, 2nd Edition, 1878, pp. 113—
121.

3 C. Bach, Elasticilät und Festigkeit, J. Springer, Berlin, 2nd Edition, 1894, pp. 85-88.
3 S. Timoshenko, Strength of Materials, part I, 2nd Edition, D . Van Nostrand Company, N ew  York, 

1940, pp. 209-210.
4 C. Guidi, Teoria dell' elasticitd e resistenza dei materiali, 11th Edition, Torino, 1925, pp. 135-142.
3 H ütte— Des Ingenieurs Taschenbuch, vol. I, 25th Edition, W ilhelm Ernst, Berlin, 1925, pp. 626-629. 
8 Gaede, Balkenträger von gleichem W iderstande gegen Biegung, Bautechnik, 15, 120-122 (1937).
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p  +  y  f  A(Q d(  =  aS'(x), 5(0) =  0, (1 .1 ')
J  o

yA (x) = cr5"(x), 5(0) =  0, <r5'(0) =  F, (1 . 1")

where the prim es denote derivatives with respect to x. By use of (1.1') we can w rite 
(1.2) in the form

<tS'(L) = F +  W .  (1.2 ')

W e note th a t  (1.1') and (1 .1") are forms of the well-known equations of equilibrium  
of a beam, Q = M ',  q = M " ,  where Q, q are respectively the shearing force and load 
per un it length.

If the section m odulus is assigned, A (x )  is given by (1 .1") and th e  problem is 
solved. In  general however there are no criteria for the choice of the function 5(x); 
instead, some geom etric characteristics of the cross section are assigned. Problems 
of this type are trea ted  in the present paper in a general m anner. T hey  involve an 
integral equation (cf. Blasius7). I ts  solution m ay involve alm ost any  of the classical 
special functions. Some simple cases leading to  hyperbolic, Bessel and elliptic func­
tions are discussed. T h e  possibility of using Legendre, hypergeom etric, Lamé and 
some other functions is indicated.

2 . T he type of beam . Throughout th is paper we shall lim it ourselves to  cantilevers 
satisfying the  following conditions: the line of centroids is a horizontal stra igh t line 
(x-axis); each cross section has a vertical axis of sym m etry  (F-axis). In the plane of 
th e  cross section we choose a  system  of orthogonal C artesian coordinates ( U , F) with 
origin a t  the  centroid C. In the vertical plane through the  x-axis, we choose a system  
of C artesian coordinates (x, y) w ith origin a t the free end and y-axis directed down­
ward. W e assum e th a t the curves bounding the cross sections are representable by 
the equations

U =  u(x)ui{t), V -  v(x)vi(t), (2 .1)

t being a param eter. T he functions Ui(t), v\ (/) determ ine the shape of the cross sec­
tion, whereas the  functions u{x) and v(x) represent the  change of the  cross section 
along the axis of the beam. Any two cross sections are obtainable from each other by 
a  transform ation of d ila ta tion 8 which depends on th e  position of the  cross sections. 
W e will choose ii\(t) and vx{t) in such a m anner th a t  u(x)  and t»(x) be ^ 0 .

3. G eneral equations. I t  is easily seen th a t 5  =  / / F m, where I  is the m om ent of 
inertia of the cross section abou t the Z7-axis, and Vm is the maxim um  value of F.
T hus, if a  is the  area enclosed by  the curve U — V  = Vi(t) and ß the corresponding
section modulus, we have

S  = ßu(x) [»(x)]2, A = a«(x)u(x). (3.1)

If we set a=ay/(crß),  the  substitu tion  of (3.1) into (1.1), (1 .1"), (1.2), (1.2 ') gives

F x  +  ay f  (x — £)«<(£)i>(£)</£ =  aßu(x) [»(*) ]2, (3.2)
J  o

7 H. Blasius, Träger kleinster Durchbiegung und Stäbe grossier Knickfestigkeit bei gegebenem Materialver­
brauch, Zeit. f. M ath. u. Phys., 62, 182-197 (1914).

8 T he writer is indebted to Prof. H. Busemann for this geometric terminology.
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(uv1)"  =  auv, (mu2) , ,  o =  0, o =  i7, (3 .2 ')

« i  u(x)v(x)dx  =  17/?, (3 .3); ofi(uvi)'x-L  = F +  W. (3 .3 ')
j  0

If t/(a:) is known, (3.2) is a V olterra integral equation in u{x ) with the  kernel 
(* —£)/[»(*) ]2* T his kernel is a continuous function, w ithin the interval of integration, 
if i>(0 ) ? i 0 , because we assum e v(x) continuous and by its physical m eaning it m ust 
be ^ 0  for x->0. Therefore, according to the  general theory  of integral equations ,9 if 
n(0)r^0, Eq. (3.2) has one and only one solution u(x)  if F t±0 and only a meaningless 
solution u = 0 if F = 0. In o ther words, a cantilever of uniform strength  under the ac­
tion of its own weight alone m ust be such th a t v(0) = 0 .

4. P articu lar types of cantilevers of uniform  strength . These are obtained by as­
suming particu lar forms for u(x) or w(x).

I) .  v is constant. T he cross sections have constan t height. If F ^ 0 the integral of 
(3.2') is

u =  Fr(ayv)~1 sinh (r.v) (4.1)

where r = (a/v)112. Substitu tion  from this equation in (3.3') gives the following condi­
tion for W:

cosh (rL) =  1 +  (W/F).  (4.2)

If F = 0 no solution exists, which is in accordance w ith the general s ta tem en t of §3, 
because here v(0) 5̂ 0 .

I I ) .  v{x) is a linear function of x. T he cross sections have linearly varying height. 
W e m ay restric t ourselves to  the case

ti(a;) =  c +  x.  (4.3)

since if x  had a coefficient different from ± 1, the coefficient could be factored ou t and 
included in the function (t). Also, since we agreed to  take v(x) ^ 0  (cf. §2) and * =  0 
represents a po int of the beam, c m ust be ^ 0 .  Since d v — ± d x ,  the solution of (3.2 '), 
(3 3 ') is10

« =  v~3,2Zi(2ia1,2v112), (4.4)

where Z\  is a cylindrical function of order 1 which m ust satisfy  the conditions

Z i ^ i V 'V '2) = 0 ,  ±  a0a1,2iZo(2iall2c112) = F, (4.5)

+  <rf}all2iZo[2iall2(c ±  L )1' 2] =  F +  W. (4 .5 ')

T he second equation in (4.5) and Eq. (4.5') are obtained by use of the form ula10 
Z i  (x) = Z 0(x )—x~1Z 1(x). W e pu t

z i (2 ia WvV |  =  A U  ¡(2 i a >2 v '~) +  B H ™ { 2 ia %v %), (4.6)

where J \  and H[l) are the  Bessel and the  H ankel functions of the first kind and first 
o rder .10 E quations (4.5), (4.5 ') then give th e  following conditions for A ,  B  and c:

9 See for instance R. Courant-D. Hilbert, Methoden der mathematischen Physik, vol. I, 2nd Edition, 
Julius Springer, Berlin, 1931, pp. 119, 120, 133; or Ricmann-W eber, Die Differential- und Inlegral- 
gleichungen der Mechanik und Physik, vol. I, 7th Edition, F . Vieweg, Braunschweig, 1925, pp. 426-428  
or E. Hellinger-O. Toeplitz, Enc. d. math. W iss., vol. II. 3, pp. 1459, 1460.

10 E. Jahnke-F. Emde, Funktionentafeln mil Formeln und Kurven, 3rd Edition, B. G. Teubner, 
Leipzig, 1938, pp. 128, 144-147, 224, 237, 242.
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A i J x{ 2 i a ' \ m ) +  B H ? \ l i a %cU') =  0, (4 .7 ')

-  A J 0( 2 i a ' V 12) +  B i E ^ \ 2 i a lV i) =  ±  F / ( ^ a ' 2), (4.7")

-  A J 0[2i(ac ±  aL)V2] +  BiR™[2i{ac ±  aL)m \ = ±  (F +  W ) / ^ ' * ) .  (4.8)

W e discuss first the case c =  0, i.e., v(x) = x  (the lower sign in (4.3) has no m eaning
here, since v m ust be §t0). T he free end of th e  cantilever is represented by v = x  — 0. 
Therefore, since //¡^(O) =  t», the constan t B  m ust be zero. Since / i(0 )  = 0  and Jo(0) 
=  1, Eqs. (4.7'), (4.7") require th a t  A  = — F /(a^aw ), and Eq. (4.8) gives

Jo(2iall2L 112) =  1 +  (W /F ).

If L  and W  are no t related by this equation, the constan t c m ust be distinct from
zero. T h e  determ inan t of the coefficients of (4.7 '), (4.7"), considered as equations
in A  and B  is, by a known relation of Bessel functions ,10

r / \ ttw / \ TT(i). \ t / \ - 1 -V2 -V2 ,,Jo(z)Rl (z) — H o (z)/i(z) =  — 7r a c , (4.9)

where z = 2iainc112. Since this cannot be zero it is seen th a t  there are no solutions if 
F =  0, which agrees with the general result of §3. If F ^O ,  the solutions of (4 .7 '), 
(4.7") are

A =  ±  x(<Tp)~lc ,tF H i \ 2 i a Vic ,\  B  =  +  ^ ) ~ \ m FiJr{2iam  Cm ). (4.10)

Substitu tion from these into (4.8) gives a relation for IV,n

tta ,V l2[ j l(z)Hll)a )  ~  3 l l\z)Jo(r ) j  =  1 +  (W/F),  (4.11)

where z — 2i(ac)112, f  =  2i ( a c ± a L ) in .
I I I ) .  u(x) is proportional to [^(a;)]". T his includes a circular cross section (« =  1), 

a rectangular cross section of constan t \vidth (w =  0 ), a rectangular cross section w ith 
the height proportional to the w idth (w =  l) ,  an elliptic cross section w ith axes p ro ­
portional to  each other (n =  1). By a suitable choice of Ui(t) and vi(t) we m ay reduce 
the problem  to the case u = vn. T he first two equations in (3.2') then give

x  = i  V+1 
J  0

where C is a constant. T he last equation of (3.2 ') and Eq. (3.3') give

ap c  = F /(n  +  2), W  =  [T2 +  (n +  2)(2w +  S f ' l f v a p E l l f '  ~  F. (4.13)

If n =  — 1 the  cross sections have a constan t area; this case gives elem entary expres­
sions for u(x)  and v(x) b u t the w idth a t  the free end is infinite. W hen n = l ,  the in-

11 By (4.3) the possible range of L  is (0, +  °o) or (0, c). The left hand side of (4.11) is within this range 
a function of L  which increases continuously from 1 to +  » ,  as m ay be shown by the theory of Bessel 
functions and by (4.7'), (4.9), (4.10). Therefore for any assigned values of F, W, a, c there exists, in each 
case (4.3), one and only one value of L  satisfying (4.11). Problems of this type in which the length L  is 
not assigned but a given am ount of material is to be distributed into a cantilever of uniform strength  
under the action of F  and W  or W  alone have occurred in som e biological fields (cf. C. Holtermann, 
Schwendener’s Vorlesungen iiber meclianische Probleme der Botanik, Leipzig, 1909, pp. 18, 19 and O. Fischer, 
Enc. d. math. IFtrj., IV .8, p. 119).

[C2 +  2a (n +  2 )-1(2m +  S)“ 1®*»«]-1' 1*», (4.12)
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tegral in (4.12) is hyperelliptic; when « =  0, it  is elliptic. If F = 0 ,  Eqs. (4.12) and (4.13) 
give

v =  a [2 (2m +  3)(m +  2 ) ] -1*2. (4.14)

IV .  More general cases. Instead of u  and v we introduce new variables w =  Ma2,
r  — 1 / v ; co is directly  proportional to  the section m odulus, and r  inversely proportional
to the radius of gyration  of the cross section. From  (3.2) we obtain

Fx  -f- ay f  (x — £)r(£)to(£)d£ =  crl3o)(x). (4.15)
J  o

T his is a V olterra integral equation in co(x). From  it, or directly  from (3 .2 '), (3.3') 
we have

„"(*)' =  ot(#)«(#), w(0) =  0, ^» '(O ) =  F, <rpu'(L) =  F +  W. (4.16)

Since m ost of the  so called special functions satisfy linear differential equations of 
second order, th e  first equation of (4.16) suggests the  possibility of using such func­
tions. T he following are some results which m ay be easily checked. T he constants 
p, q, s, a m ust satisfy the last three equations in (4.16).

IV a ) .  t (x) =  p  — qe2x, co(ar) —Z m(nez), where Z m = a cylindrical function (Bessel, 
H ankel, etc.), m 2=ap, n 2 = aq.

IVb). t ( x )  = p  — q(cosh x)~2, co(x) =i<f^m,(tanh x), where =  an associate Le­
gendre function (P{n \  <2nm)), ntt —ap, n ( n + l ) = a q .

IV c) .  t ( x )  = p  — q cos x, u(x)  = a  function of an elliptic cylinder.12 
IV d ) .  r(x) = (p — qx-\-x2)/(Aax‘i), w(x) — a confluent hypergeom etric function .12 
IV e) .  T(x)  = ( p —qx’)/x~, u(x) = x inZ m(nx’n ), where Z m = a cylindrical function ,10 

m 2s2 — l+ 4 a p ,  n 2s2 = 4aq. If  p  = 0, in order th a t  v be finite 5 m ust be < 2 .
If th e  function v(x) — l / r ( x )  is assigned by means of any  one of previous expres­

sions for r , the  function u= cor2 is determ ined by  the  corresponding expression for 
co(x). In  the  case of a rectangular cross section, v(x) represents th e  height and u(x)  the 
w idth.

5. The deflection curve. T he curvatu re of the  geom etric axis of a  beam of con­
s tan t strength  in bending is1’2'4 1 / r  = h/v(x)  where h = tr/(Evm) , E  being the  m odulus of 
elasticity  and vm the  value of vi(t) a t  the point of m aximum stress (cf. §2). W e note 
th a t  this equation is a form of the  well-known relation a = E y /r .  For small deflections 
the usual approxim ation is \ / r  = d‘ly /d x ‘1. T hus

y(x)  =  — I <p(x)dx, <p(x) =  h 
J  o

since
y( 0) =  0, (d y /d x )x- L =  0. (5.2)

A simple formula for the  deflection a t  the free end is obtained through integration 
of (5.1) by parts. Setting —y(L)  =  F, we have

f  s* L  \  ( •  L  / »  L

Y  =  h l x  I [®(.r)]_ 1da;j +  h I [a(x )\~ 'xdx  =  h I [a(a:)]_ 1a:d^. (5.3)
( J  x ) x—0 d o  J o

f  [»(*) }~ldx, (5 .1)
J  X

u E. T . W hittakcr-G. N . W atson, Modern analysis, 4th Edition, Cambridge University Press, 1935, 
pp. 337, 405.
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I t  is seen from (5.3) th a t, if v(x) tends to zero as k x n w ith h |  2 and k is constan t, the 
deflection Y  is infinite. This would occur, for instance, in the case corresponding to 
Eq. (4.14). Such a physically impossible conclusion m ay be explained by the  fac t th a t  
a large value of n  implies a rapid variation  of v(x), i.e., a  rapid change of the cross 
section, whereas the  theory  which was used is based on bending of beam s of constan t 
cross section .13 M ore im p o rtan t still, the theory  used in this paper neglects th e  shear­
ing stresses in com parison with the bending stresses. Such a procedure is no t perm is­
sible in the vicinity  of the  free end, and consequently it is understandable th a t the
theoretical results for this p a r t of the  beam differ widely from reality.

6 . M ore general loads. If M(x)  is the m om ent of the  external load ac ting  on the 
cantilever, we have instead of Eqs. (1 .1"), (1.2')

M "(x)  +  7  A(x)  =  <rS"(x), aS( 0) =  Af(0), <rS'(0) =  M '(  0), (6.1)

crS'(L) =  M'(L)  +  W. (6.2)

For example, if the  beam is acted upon by F  and also by a load d istributed uniform ly 
along the  axis of the  beam of in tensity  T, we have M (x) = F x+ ^Tx*.  If n =  const., 
we obtain by (6.1), (3.1), and (6.2),

u =f \Fr sinh (rx) +  T  cosh (rx) — T]/(ayv)  (6.3)

cosh (rL) +  TiF r)-1 sinh (rL) =  1 +  (IV +  TL)/F,  (6.4)

where r = (a /v)1/2. If £  =  0, Eqs. (6.3), (6.4) reduce to  (4.1), (4.2). Eqs. (6.3), (6.4) 
m ay be easily generalized to the case M (x ) = ^ a nx n.

7. Num erical examples. We consider a  rectangular cross section of w idth 1 end 
height H.  T hen (cf. §3) a  —FI, vm= I I / 2, /3 = i7 2/6 , a = 6y(a ll)~ 1. L et £  =  10 ft., 
£ = 9 0 0 0  lbs., u =  75000 lbs./sq . ft., 7  =  150 lbs./cu . f t . , £  =  4 5 X 1 0 7 lbs./sq. ft. These 
values correspond to  a certain  type of concrete.

I) .  Cantilever of constant height (§4, Case I). W e p u t 11= 1 and assum e the height 
z>// =  u =  1.9 ft. From  (4.2) w eo b ta in  the  w eight IF = 3000  lbs. W e p u t £  =  [67 / ( 0̂ ) ]1/2. 
T hen  £  =  0.0795. From  (4.1) we obtain the w idth

u(x) =  FR(vy)~l sinh (Rx) =  2.51 sinh (0.0795a;).

A t the  fixed end we then  have u  — u(  10) «2.21 ft. E quation (5.3) gives for the deflec­
tion F = <r£2/ £ ^ « 0 .1  in.

I I ) .  Cantilever with a linearly varying height (§4, Case II) . L et the height a t  the 
fixed end be 2 ft. and a t  the free end 1/4  ft. In (4.3) we take v(x) =c-(-x. Since 
I Ic=  1 /4  ft., iL(c-{-10) =  2 ft., we get I I  =  7/40, c =  10/7 ft. Eqs. (4.10) give A  =  — 69.1, 
£  =  29.0, and from Eqs. (4.4), (4.6) we, obtain

u =  v [— 6 9 . l iJ i ( i f )  +  29.0 Il[ '( if )] , where f =  0.8(3i>/7) ' . (7.1)

A t the fixed end a: =  10, and we thus obtain 2.2 ft. A t the free end, v = c and by 
(4.4), (4.5) we have the general result u = 0. From  (4.5') or (4.11) we get the weight 
1F«4800 lbs. From  (5.3) the  deflection is

________________  Y  =  2a(E H )-1[L -  c log, (1 +  X c - 1) ]  «  0 .2  in.
13 A method which takes into account the variability of the cross section was worked out by J. Résal, 

Résistance des matériaux, Paris, 1898, pp. 393-405 for rectangular and double T  cross sections of con­
stant width.
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THE INVERSE OF A STIFFNESS MATRIX*

B y K. E. BISSH O PP (Armour Research Foundation)

I t  is well known th a t torsional v ibration problems often require the com putation 
of la ten t roots of m atrices. Now the usual m ethods1 give these roots in descending 
order of m agnitude while in torsional v ibration  problem s we require the sm allest 
root of the stiffness m atrix  and then, perhaps, some of the remaining roots in ascend­
ing order of m agnitude. I t  is therefore necessary to find the inverse u~l of the given 
stiffness m atrix ; u~l is called the flexibility m atrix. If its roots are in descending order 
p\, pi, • • • , pk then the required roots of the original stiffness m atrix  in ascending 
order are \ / p u 1/pi, • • • , 1/p*.

In general it is very difficult to invert a given m atrix. T he purpose of this note is 
to  show th a t a special type of stiffness m atrix  which occurs frequently  can be inverted 
w ith  a small am ount of work. L et us consider, for purposes of illustration, « + 1  discs 
w ith m om ents of inertia I 0, • • • , /„  connected by  massless elastic shafts of circular** 
cross section. L et c{ be the coefficient of stiffness of the shaft between the ith  and 
( i + l ) t h  discs. Then

ct =  GJ./h, (1)

where U is the length of the shaft in question and GJ,  is a numerical factor depending 
on the m aterial and the polar sectional m om ent of inertia. T he application of La­
grange’s equations2 to the  functions representing the kinetic and potential energies 
of the system  respectively yields a system  of linear differential equations. Therefore 
the second order time derivatives can be replaced by —pi, so th a t in the absence of 
dam ping we obtain  the following system  of algebraic equations in m atrix  form,

(p 'i -  a)e =  o, (2)

where 6 is the column m atrix  of the norm al mode appropriate  to  any value of p 2 for 
which Eq. (2) is satisfied. Since the system  is capable of a rigid body rotation , p 2 = 0 
is a solution and the degree of system  (2) can be reduced by un ity  w ith the aid of the 
substitu tion

IoOo +  1101 +  • ’ • +  Irfir, = 0 ,

* From a paper, The use of matrices and normal coordinates in the solution of torsional vibration prob­
lems, read a t the spring m eeting of the W isconsin section of the M ath. Assoc, of America, a t  M ilwaukee, 
W is., M ay 13, 1944. M anuscript received August 18, 1944.

1 R. A. Frazer, W . J. Duncan, and A. R. Collar, Elementary matrices and some applications to dynamics 
and differential equations, Cambridge University Press, Cambridge, 1st Ed., 1938, Chapters I-V .

** For other than circular cross sections, suitable factors can be obtained from the appropriate torsion 
functions.

1 S. Tim oshenko, Vibration problems in engineering, 1st. Ed., D . Van Nostrand Co., New York, 1928, 
p. 139.
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which m ay be looked upon as the orthogonality  condition3 for the degenerate fre­
quency p = 0. T he stiffness m atrix  u  for the reduced system in which the zero root is 
absent becomes

Co Co C) 

/ o  I \  I i

C\ Col 2

h  +  I o h

Col3 

I o h

C oh

I o h

Cl Cl C2

h  h

C2
■ ■ 0

h 1 2

0
Cl

~ t3
c2 C3

T3 + T3 ’ • • 0

0 0 0
Cn~ 1

T h e inverse m atrix  u r 1 — (a,-y) m ay be sta ted  in a convenient form for num erical com­
pu tation  as follows.

If A  T = E ?_ ,A , then the j t h  elem ent in the first row becomes

a n  = [.l i /X G J .X ; /) ]  -  E  U r n ) .  (4)

W hen i ^ j  the ith  elem ent in the j t h  column is

ati =  au  +  (Ii/GJ.) E  h, (5)
«.»i

and when i > j ,
a n  — a i i- (6 )

As an application, let us consider th e  case when I 0 =  181.306 lb.in.sec.2, h = I 2 = I 3 
=  1,328.61 lb.in.sec.2, 74 =  21,557.3 lb.in.sec.2, l0 — 30 in., Zi= / 3 =  34 in., l3 = 62 .2  in.,

T a b l e  I

n (1)
In

(2)
In

(3)
I n X M /G J ,

(4)
A n

(5)
« ¿ - E r w .

0 181.306 30 . 2 5 ,7 2 4 .4
1 1,328 .61 34 . 0.076051 2 5 ,543 .1 5 ,4 3 9 .2
2 1 ,328 .61 34. 0.076051 2 4 ,2 1 4 .5 - 8 1 7 ,8 5 0 .
3 1 ,328 .61 6 2 .2 0.076051 2 2 ,8 8 5 .9 - 1 ,5 9 5 ,9 7 0 .
4 2 1 ,5 5 7 .3 1.23396 2 1 ,5 5 7 .3 - 2 ,9 3 6 ,8 4 0 .

G J,=  17,470 X 106 lb .in .2 All necessary com putations are contained in T able I. From  
the  second line of th is tab le  (n =  1), we obtain im m ediately

106<zn =  I qIoI i/GJgAo =  [col. (5) X col. (3)]/A0.

3 T . von Kdrmdn and M . A. Biot, Mathematical methods in  engineering, McGraw-Hill Book Co.,
New York, 1940, chapter V, pp. 162—215.
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Equation (4) shows th a t the rem ainder of the elem ents of the first row of u~l can be 
calculated in order from each succeeding line of the tab le  by perform ing the operations 
indicated on colum ns (3) and (5) respectively. T he o ther elem ents in the  upper right- 
hand corner of u~l then  are com puted from Eq. (5) which gives for instance when 
f =  3 and j  =  4,

106a 34 =  106a 14 +  h  X 1 0 V G /.E  U = 

=  -  56.966.

140.875 +  1.23396 X (34 +  34)

T he inverse m atrix  now can be com pleted quickly by filling in the lower left-hand 
corner according to  Eq. (6), so th a t

=  io - 6 X

0.0160803 

0.0160803 

0.0160803 

L 0 .0160803

2.4179

0.1678

0.1678

0.1678

4.7183

2.1326

0.4532

0.4532

-  140.875'

-  98.920

-  56.966 

19 .786J

ON THE PROBLEM OF HEAT CONDUCTION IN A 
SEMI-INFINITE RADIATING WIRE*

B y A R N O L D  N . LOW AN {Math. Tables Project, Nat. Bureau of Standards)

R. V. C hurchill1 derives the solution of the problem of heat conduction in a semi­
infinite rad ia ting  wire when the initial tem peratu re  is zero, and the boundary  tem ­
perature is a constant. I t  is the object of this paper to derive the general solution 
corresponding to  an arb itra ry  initial tem peratu re  d istribution when the boundary 
tem peratu re is a  prescribed function of time.

L et k, c, p, s, A ,  h and a  = k /pc  denote the therm al conductivity , specific heat, 
density, perim eter, cross-sectional area, coefficient of hea t transfer, and therm al diffu- 
siv ity  of the wire, respectively. F urther, let a= h s/cp A  and b = a T i ,  where T i  is the 
tem perature of the medium. If the wire is sufficiently th in  so th a t the tem perature 
m ay be assum ed to be constan t over the entire cross section, the problem becomes 
one-dim ensional and the tem perature T(x, t) m ust satisfy the following differential 
equation, initial and boundary conditions:

/  d d2 \
I  a  [- a ) T(x, t) = b (x >  0, t >  0), (1)
\c )t dx2 /

lim T(x, t) =  f{x),  (2); T (0, t) = *>(/). (3)
t-*o

I t  is easily verified th a t the expression

T{x, t) =  e~atu(x, I) + n(a :, t) (4)

* Received July 17, 1944.
1 R. V. Churchill, Modern operational methods in engineering, M cGraw-Hill Book Company, New

York, 1944, p. 119.



satisfies Eqs. (1), (2) and (3), provided the functions u(x, t) and v{x, t) satisfy the 
following differential equations, initial and boundary conditions:

du d2u
 a  = 0  (x > 0, t >  0), (5)
dt dx2

lim u(x, t) =  f (x ) ,  (6); «(0, t) =  ea‘<p(t), (7)
/-*0     ’

dv d2v
■—• — a  =  — av +  b, (8); lim v(x, t) =  0, (9); d(0, t) =  0. (10)
dt dx2 t—o

From  Eqs. (5), (6) and (7), it is clear th a t  u(x, t) is the tem perature in a semi­
infinite solid initially a t  the tem perature f ( x )  and w ith its bounding plane x  = 0 kept 
a t  the tem perature eatip{t). Using the expression of u(x, t) given by H . S. Carslaw ,2 
we obtain

e-“‘u(x, t) =  - -  _  f /(^) {e-(*-f)2/C4«0-_  e-(rH)2/<4aO}̂
9 \ / i r / v /  J  0
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2 x/ x a t  ^  o

H —  I e~a,,<p(t — ii)e~z2,ia’,it~3,2dri. (11)
2 y / x a  *7o

W ith the aid of the identity

r  “ , \ / x  ,
I e~aP ‘ cos fi(x — £)di3 =  —   lial,

J  o 2 v /a i

the first term  of (11) m ay be w ritten  in the alternative form

2 /I OO /» CO
I  e-«0’<y(£) sin fix sin fi^dfid^.

o *7 o

Accordingly, an a lternative  form of (11) is

26~ a  ̂ f * 00 f * 50
e~atu(x, t) = -------- I I sin fix sin fi^dfid^

7T J  Q J  Q

H--------—  f  e~av<p(t — ■q)e~j:*l*arir r zl2di). (110
2 V  xa " o

We proceed to the solution of the system  (8), (9), (10). The Laplace transform  
t)*(a:, p) of the function v{x, t) m ust satisfy the equations

dh* p +  a b
   =  , (12); s*(0, p) =  0. (13)
da;2 a pa

T he solution of the system  (12) and (13) is

v*(x, p ) =  - (1 -  e-^(FU )7r) =  a*(p) -  **(p)w*(p) (14)
p{p +  a)

2 H . S. Carslaw, Mathematical theory of the conduction of heat in solids, M acmillan and Co., London, 
1921, §81, p. 172.



whence, by a well-known theorem ,3
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v(x, t) =  <r(/) — <r(l — ij)w(ri)dr]. (15)
J  o

From
r K b 6 / 1  1 \
I e~v‘a(J)dt =  cr*(p) =  —— -— -  = ----( ----------- -— ),

J  o p(p  +  a) a \  p p +  a)

it follows th a t

<r(fl =  -  (1 -  <r“ ). (16)
a

If in the known iden tity4

. J ’ e~111 / ^ / '—■ e~xitl~2l2di =  e~2VXp

we pu t X = x 2/4 a  and replace p by p-\-a, we obtain

x r » ____
 1  j e~ ,,le~ate~xl^ alt~ 3̂ 2d l — e~I'/(-p+a')ia ,
2\Zxa  *7 o

whence

w(x, l) =  -----_ _  (17)
2\ /  7ra

In view of (16) and (17), (15) becomes 

d(z, ¿) = ---------------- I {1 -  i^-q-^i-dt) +  — (1 -  e- “*). (18)
2a \ / xa  *7 o fl

M aking use of the iden tity5

S'J  c
•v/V /  £> \  "v/̂ r /  6 \

H e_2“6Erf (  ac )  e2a6Erf I  (- ac )
4a \  c J 4a \  c . /

and some elem entary transform ations, we m ay w rite (18) in th e  a lte rn a tiv e  form 

-  A  { 2 c„,h T  +  « - - E r f  (V S T  -

   - ^ Erf( ^ + f i ) } ’ W

5 See, for example, J. R. Carson, Electric circuit theory and operational calculus, M cGraw-Hill Book 
Co., N ew  York, 1926, p. 41.

4 J. R. Carson, loc. cit., p. 39.
6 This is a slight generalization of Churchill’s formula (4), page 120.

e-(“2x4+w>/xUX =  —  cosh lab 
la



where

Erf(*) = — f  e-e'dp.
\ A r  ^  o

I t  should be noted th a t  in (18') the function v(x, t) is expressed in term s of tabulated  
functions.

The final solution of our problem is given by (4) in conjunction w ith (11) and (18) 
or (11 ') and (18').

THE SPHERICAL GYROCOMPASS*

B y  W A L T E R  K O H N  (University of Toronto)

In the existing lite ra tu re  on gyroscopes1 the theory  of the gyrocompass is de­
veloped for the case of a ro tor whose ellipsoid of inertia is an  ellipsoid of revolution. 
T he m athem atics of th is trea tm en t is som ew hat involved and, in deducing the differ­
ential equations of motion, approxim ations based on the smallness of the ea rth ’s 
angular velocity are m ade. In  the present com m unication we shall tre a t a gyrocom­
pass the ro tor of which has a spherical ellipsoid of inertia. T he m otion of such a 
gyrocom pass is, of course, covered by the  more 
general theory  usually given, b u t owing to  the  
sym m etry  of the  sphere th is case allows a con­
siderably simpler, separate  trea tm e n t in which, 
moreover, no approxim ations are necessary. A t 
the  sam e tim e the  essential features of gryo- 
scopic m otion are preserved.

T he following system  will serve as a  simple 
model of a spherical gyrocompass. T he ro tor is a 
rigid homogeneous sphere ro ta ting  freely abou t 
a light axle which passes through its centre. T he 
ends of th is axle can slide in a sm ooth horizontal 
ring which is concentric w ith the  ro to r and 
rigidly a ttach ed  to  the  earth . W hen the  ro to r is 
set in rapid revolution abou t its axle th e  la tte r 
executes oscillations abou t th e  m eridian which 
will now be examined. F ig . 1.

In the  figure th e rig h t-h a n d ed u n ittr ia d ,i, j,k , 
which is fixed relative to  the  earth  is defined as follows: O is th e  center of the  ro tor; 
k lies in th e  direction of th e  upward vertical; i lies along th e  m eridian and points 
n o rth ; j, pointing west, com pletes th e  triad . T he un it vector, a, lies along the  axle 
of th e  gyrocom pass and the  unit vector, e (in the i, k  plane), is parallel to  the ea rth s’ 
axis; thus the  angle X, between i and e, is the  la titude of the  observer.

* Received July 10, 1944.
1 Cf. T . Levi Civita and U. Amaldi, Lezioni d i meccanica razionale, vol. 2, Zanichelli, Bologna, 1927, 

pp. 191-195; or J. L. Synge and B. A. Griffith, Principles of mechanics, M cGraw-Hill Book Co., New  
York, 1942, pp. 430-433.
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I t  is clear th a t  the couple exerted by the ring on the ro tor m ust be of the form

G =  G(a X k).

F urther, if A  is the m om ent of inertia of the rotor, o> its angular velocity  and h  its 
angular m om entum , we have the relation

G =  h =  /I to.

C onsequently

<ba =  0 , (1); (i-k =  0. (2)

Since the gyrocom pass has only two degrees of freedom, equations (1) and (2), to ­
gether w ith initial conditions, com pletely determ ine its motion.

W e observe t h a t «  is m ade up of three p a r ts : the spin of the sphere abou t its axle; 
the ro tation  of the axle relative to  the fram e i, j, k; and finally the absolute ro tation 
of i, j, k o ro f  the earth  to which it is attached . Therefore we m ay w rite :g> =  j a + 0 k +  Oe, 
where j  is the spin of the rotor, d the angle between the m eridian i and the axle a, 
and 0  the angular velocity of the earth . D ifferentiation of this relation gives 
to =  j a + j a  +  0k-f- 0k, and since the angular velocity of a is 0k +  fie and th a t of k 
is I2e, this equation becomes

o> =  ia  T  j ( 0k -f- ile) X a -f- 0k -f- 0O(e X k). (3)

Substitu ting  (3) into (1) and (2), we im m ediately arrive a t

S — t)Q cos X sin 0 =  0, (4); cos X sin 0 +  0 =  0 ( 5)

as the required equations of motion.
T he solution of these equations m ay be obtained in the usual way. From  (4) it 

follows th a t  s  = S o +  II cos X(cos 6 0 — cos 0), where Jo and do are the initial values of j  
and d. Inserting  this value of j  in to  ( 5 ) ,  we obtain a differential equation for d alone, 
which is of the classical type 0= / ( 0) ; this can be solved in term s of hyperelliptic func­
tions. If the initial spin j 0 is g reat we m ay replace j  in (5 )  by Jo to obtain the well 
known resu lt: the m otion of the axle a is identical w ith the m otion of a simple pendu­
lum, the position of equilibrium  being in the direction of the meridian.

An in teresting  property  of the spherical gyrocom pass can be deduced directly 
from Eqs. (4 )  and (5 )  which are exact. For, if we m ultip ly  by J  and 0 respectively and 
add, we obtain  j i = 0 0  =  O, which on in tegration becomes j 2+ 0 2 =  co n stan t .2 This 
shows th a t  a spherical gyrocom pass has an angular velocity of stric tly  constan t 
m agnitude re la tive to  th e  earth .

T he au tho r is indebted to  Prof. A. W einstein for his advice and criticism.

2 Levi C ivita and Amaldi, I.e., derive a corresponding result, namely

$Ab2 +  iC s2 — const.

for the general gyrocom pass. (A  and C are the transverse and axial m om ents of inertia respectively.) 
T hey then explain it  by energy considerations. In fact, however, this equation and therefore also their 
reasoning is not strictly accurate. T he exact form is

\A'02 +  $Cs2 +  $(C — A )n 2 cos2 X sin2 0 =  const.
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