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Q U A R T E R L Y  OF A P P L I E D  M A T H E M A T I C S

1 . Introduction. Although the propagation of sound waves in moving media has 
received considerable attention [l, • • • , 9 ] ,1 little information is available concern
ing the propagation of such disturbances in rotational streams or concerning the 
propagation of transient rotational phenomena. It is shown in the present paper that 
the wave fronts associated with those parts of a disturbance which are derivable from 
a potential propagate in a rotational stream according to those laws which they are 
already known to obey in an irrotational stream. It is further shown that the rota
tional disturbances drift with the stream rather than propagate relative to the moving 
fluid.

The analysis consists of an application of conventidnal perturbation procedures 
to the Navier-Stokes and continuity equations. The equations so derived are treated 
according to the theory of characteristics. The results obtained lead to a general ex
pression for the Mach lines of an arbitrary supersonic flow and also suggest a new 
method of wind tunnel calibration which eliminates the necessity of placing an ob
stacle in that portion of the stream being calibrated. Finally, predictions are carried 
out as to the nature of pulses which are formed at a surface and then propagate 
through a boundary layer into a uniform stream.

2 . The equations of motion. In this analysis, we shall consider the propagation 
of small disturbances in fluid streams which are characterized by three functions of 
the space coordinates and the time, namely: po (the density), p a (the pressure), and 
Vo (the velocity). No restrictions will be applied to these functions except that they  
obey the differential equations implying the conservation of momentum, mass, and 
energy. These equations, known familiarly as the Navier-Stokes, continuity, and en
ergy equations, may be written in the forms:
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1 i±
( v - g r a d ) v  +  dv/dt  -\ - g r a d  p =  — L(y)

P P
= -L(v)

p
( 1 )

div v T  d In p/dl  +  v-grad In p =  0. (2)

d U /d t  +  pd(P~') /dt  =  Q +  — x- (3)
P

* Received Jan. 10, 1946.
1 Num bers in brackets refer to the bib"
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In the foregoing equations, p is the viscosity of the fluid, L  symbolizes (A +  -J grad div) 
where A is the Laplacian operator; Q is the rate of heat accumulation, U  is the internal 
energy, and x  abbreviates the viscous dissipation terms. Discussions of these equa
tions are conveniently found in [7 ] and [8 ]. The necessity of manipulating the energy 
equation in the investigation may be eliminated by using the following assumption. 
The changes in pressure and density accompanying the disturbance are taken to obey 
the law

P/po =  (p/po) 7 (3')

where p, p ,  v, characterize the disturbed stream; that is, the disturbance is a phe
nomenon such that the changes in state from undisturbed to disturbed stream are 
isentropic. N ote that this in no way restricts po  and po. The appendix indicates briefly 
the fact that while this assumption is by no means rigorously justified, it leads to valid 
results.

It is convenient at this point to introduce the small parameter e. Although this 
may be done in a fairly arbitrary manner, we shall define it in the following way in 
order to avoid any possible ambiguities. Let the initial conditions of any particular 
problem be such that at time zero, p =pq+epj, where the maximum value of pi/po over 
the region under consideration is unity. Thus, since we are considering small disturb
ances, e is a small number compared to unity. Consistent with this notion, we shall 
write p =  po +  ep i+  +  e2p2+  • • • , p —po +  e p i +  • ■ ■ , and v =  v 0 +  ev i+  • • • , at time 
/; and shall require that the series be valid over a range of ^ Since disturbances can 
usually be expected to attenuate, it is certainly reasonable to expect that the series 
will converge for sufficiently small values of this parameter.

If we now substitute the foregoing forms of p, p ,  and v, into Eqs. (1) and (2), 
eliminate the p (except for p o )  by using Eq. (3'), and collect the coefficients of each 
power of «, we obtain:

1 p
(vo-grad)vo +  dv0/d t  H grad p Q L(v0)

po po

+  e | ( v 0-grad)vi +  (vrgrad)v0 +  dvi/d t  - f  grad

^  +  • • ■ =  0, (4)
P i  , 2 P i  P

 grad po  T  do — grad In p0 ------
P 2 Po Po

and

d In po/dt +  div v0 +  v0-grad In p0

L(y  i) +  — L(v0)
Po

+  «{div Vi - f  Vj-grad In p0 +  v0-grad — ------( — ) \  + • • •  =  0 ,
1 Po dt  \ p o / )

(5)

where, a o = y p o / p o -
When, in equations (4) and (5), the coefficients of e° are equated to zero, we find 

two of the necessary conditions that the functions po, po,  v0, characterize a possible 
fluid stream. Since these quantities must vanish identically, we may omit them from 
Eqs. (4) and (5), and divide the remaining equalities through by e. When we allow 
e to  approach zero, we see that the mathematically exact solution to the problem is 
found by setting the coefficients of e in Eqs. (4) and (5) to zero. Hence, we may expect
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that the functions pi, Vi, so determined will provide a good first approximation to the 
behaviour of small amplitude disturbances. This, of course, is the conventional per
turbation reasoning.

If we had been willing to assume at the outset a functional relationship p = p ( p )  
applicable both to the stream and the disturbance, the perturbation procedure would 
have been unnecessary. The forthcoming techniques could have been applied directly 
to Eqs. (1) and (2 ). However, the solution possesses the desired generality only when 
we refrain from such restrictions on the nature of the stream. This leads to a choice 
between working with the energy equation or using the foregoing procedure; the lat
ter seems more convenient. As a matter of fact, some of the results of this analysis 
differ from those of previous investigators only in that they are obtained for any 
stream wherein the medium behaves as a continuum rather than one of a very re
stricted character.

Recalling now that any vector may be expressed as the gradient of a scalar plus 
the curl of a vector and that

(B-grad)C +  (Cgrad)B =  grad (B-C) +  (curl B X C) + ‘ (curl C X B), 

one may write
Vi =  grad <t> +  curl A, 

and the differential equations defining pi and Vi become

grad
2 P i  d<p~\ d 2 pi

(vo-vi) +  a0  i H  curl A +  a0 — grad In p0
po dt J dt po

Pi M r  Pi 1—  grad ÿo +  ui X v0 +  oo X Vi =  — Z,(vi) H T(v0)
P„ P o L  p o  J

(6)

and

d  /  P i \
A 0 H ( — ) +  V i-g ra d  In p 0 =  0  (7)

dt \ p o /

whereco; =  curl v<, and d / d t =  [vo-grad+3/ch]. When theoperation “curl” is performed 
on Eq. (6), the following equality arises:

don i p
 =  curl < —

d t  I po
£(vi) +  — L(v o) 

Po . .
— °o —  grad In p0 

Po

Pi
+  — grad i o - u i X v o - u o X v i ^ .  (8)

Po f
It is evident by inspection of Eq. (8) that an identically vanishing initial choice of wi 
does not imply that this function will vanish for all time, as for example, is the case 
in an irrotational stream. Thus, we cannot omit oi in this investigation.

It will prove useful to define an (artificial) auxiliary potential ^ in the following 
manner2 (Eq. (6 ) implies the existance of this quantity).

1 This will allow us to elim inate p i/ po and thus obtain equations in which each unknown has the d i
mensions of a velocity potential.
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dp d A  ix r
— grad —• +  curl =  — .

dt dt po L
L(y  i) +  —  L(v0)

P o
— al — grad In p0 

Po

, P1+  —  grad po Ml X Vo -  oo X Vi =  0. (9)

Upon substitution of Eq. (9) into Eq. (6), the latter becomes

grad i 2 pl iVo-Vi +  do b
Po

dp dp~\
— + — = 0 . 
dt dt A

This however, we may solve for pi/po arbitrarily choosing the “constant of integra
tion” to be zero.3 We obtain

P i /p o  = T dp dip
Vo-curl A -i 1-----

dt dt A

This may be combined with Eq. (7) to give 

d
A p

dt

/ 1 d p \  d r l ( d p  x
( — — +  Vi grad In po =  — — ( -b v0-curl A
\ a -  dt J dt \ d t  / .

(10)

(ID

It will be shown directly that the wave front propagation can be derived from 
Eqs. (8 ), (9), and (11), provided we can justify the omission of the term (p/p0)L(vi) 
from Eqs. (8) and (9). We note, considering Eq. (8), that if only the terms dcoi(dt  
and curl (pt/po)T(vi) were non-vanishing, we would have virtually the equation for 
the conduction of heat, that is d<oi/d/=(p/po)Aoi. The “conduction coefficient” is very 
small (in air the spreading of vorticity is known to be very slow) so that the term in 
question may be thought of as one which causes a small dispersive effect. It is to be 
understood, then, that this effect is to be superimposed on any results which are ob
tained by treating the equations from which this term has been omitted. W ith this 
omission we are now ready to apply the method of characteristics.

Hadamard [ l]  has shown the following facts concerning second order differential, 
equations which will be useful in the analysis of the foregoing equations. He con
siders the equation

n
E  dikpik +  h =  0

in the n independent variables x\, ■ • • , x n, where the a,-* and h are functions of the 
unknown quantity z, the and the first partial derivatives of z with regard to the x,-; 
pik — d 2z/dxidxk■ The differential equation which defines the characteristic surfaces 
(wave fronts) of this equation is given by

n—1 n—l

B =  £  aikPiPk -  E  atnPt +  =  0 ( 12)
i.k-l i-1

where P ,=  3.r„/3x,- when the “surface” is written in the form

Xn ~  ^n(Xi, • ' * , Xn— l)* ( 12a)
3 Any such (actually time dependent) constant could be absorbed in d<p/dt and would contribute  

nothing to Vi.
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Furthermore, let there be 5 unknown functions Zi, • • • , z„  and s equations of the form 

y*. 0,ikpik +  bikQik +  ‘ ‘ • +  Cikgik +  h =  0.
i,k

Here the an,  bik, ■ ■ • are respectively the coefficients of the second derivatives of 
Zi, z2> • • • . The characteristic surfaces of this system of equations are determined by 
the relation

-Bui -B12, • • • , Bu

B,  i B„

The B aß are analogous to the quantity B  of Eq. (12). In fact, when a  takes the values 
1, 2, • ■ • , s, B  is derived respectively from the first, second, • • • sth, equations. 
When ß  takes these values, the B aß are obtained from the a ik, bik, • • • , c«, respec
tively. The present problem deals with the five unknown quantities 0 , 0 , and the three 
components of A. Eq. (9) is equivalent to four scalar equations4 if we specify (for 
example) that \p and A are to be those solutions for which div A =  0. This is no restric
tion since only curl A appears in Vj. We may, then, apply the foregoing type of analy
sis to Eqs. (9) and (11) (with po/pi replaced by the expression given in Eq. (10)). 
In fact, in order to determine the characteristic surfaces which define a motion involv
ing the function 0, we need only a brief inspection of Eq. (9). It is evident that no sec
ond derivatives of 0  appear in this equation. Thus, when it  is split into its four 
subdivisions, we find that the four quantities Bn,  • ■ ■ , Bn,  which appear in the left 
column of Eq. (13), vanish. This implies that Eq. (13) is satisfied when either B u or 
the minor associated with this quantity vanishes. Since the vanishing of the former 
involves only the coefficients of derivatives of 0 , we may assume that this surface 
will be associated with the potential type of disturbance. The vanishing of the minor 
will correspond to the propagation of disturbances of the rotational type.

If we now compute B n  using, of course, the a «  of Eq. (11), we find the same wave 
front equation which was found by Hadamard for the isentropic stream. That is, 
the time-position correlation of a wave front does not depend on the character of the 
stream but only (as the following equation will show) on the local values of the 
quantities no, Vo, wo, and do- The first three of these are the components of v0. This 
wave front equation, in a form somewhat more convenient for our purposes than 
Hadamard’s, is shown below.

dy/d t  +  Uody/dx +  Wady/dz — v0 ±  a0[l +  (d y / d x ) 2 +  (dy/dz ) 2]112 =  0. (14)

Eq. (8) indicates that whenever o 0 and 0  are each non-vanishing in a given region, 
a rotational motion oi, is generated continuously. This being so, there is always a 
possible “vorticity wave front” coincident with the wave front associated with 0 . 
Hence, if we treat Eq. (8) according to the foregoing method, using the components 
of curl A as the unknown function, we find that the determinant vanishes identically. 
This is to be expected since the operation which led to Eq. (8) eliminated the higher 
derivatives of 0  while retaining the higher derivatives of A. Hence, formally, the char

* Any equation of the form curl M + g ra d  Q = C  can be reduced to the forms grad Q =  P  and curl 
M  =  N  if one is ingenious enough to separate C into the required parts.
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acteristics method fails to give the desired information. We note that in this method, 
however, the only terms which affect the positional nature of the propagation are 
those containing second derivatives of the unknown functions. If, in Eq. (8), we 
segragate these terms of the required order we find that they comprise exactly the 
single term dan/dt.  Therefore, in so far as the position of the disturbance is concerned, 
we havedw i/dL=0 ; that is, the time rate of change of vorticity, relative to an observer 
moving with the particle, vanishes. In other words, the rotational disturbance drifts 
with the stream instead of propagating relative to it. This statem ent must be modi
fied, of course, by the results of the diffusion-implying viscous term which was omitted 
in this analysis.

3. The two-dimensional problem. Since, in general, the functions p0, po, v0 asso
ciated with any given stream are not known (even approximately in many cases), it 
seems of interest to describe a method of wind tunnel calibration based on the fore
going analysis (in particular on Eq. 14). This proposed procedure will be seen to have 
the advantage that it does not require the insertion of an obstacle into that portion 
of the stream being calibrated. Let us consider only tunnels which are bounded by 
the side walls z =  ± b ,  where b is some constant. In this two-dimensional wind tunnel, 
the flow in the neighborhood of z =  0 is essentially independent of z. Let us also restrict 
our consideration to disturbances having reflective symmetry about the plane z =  0 . 
Then a tz  =  0, Eq. (14) reduces to

dy/d t  ±  a0[l +  { d y / d x y ] lli — z0 +  u^dy/dx — 0. (15)

We now have an equation, linear in the three quantities which we wish to deter
mine; Mo, Vo, and a 0. Suppose we generate pulses at several points along some bound
ary of the stream, say by the use of an electric spark. The wave fronts of these pulses 
may be observed (photographed) at successive time intervals. The values of d y / d x  
and d y / d t  can be determined from the photographs for each pulse throughout the 
region it traverses. For each point traversed by at least three pulses, we may form 
three simultaneous equations in the unknown quantities by using these experimen
tally determined values as coefficients in Eq. (15). Figui-es 1 to 4 illustrate such photo
graphs of sound pulses in a fairly uniform stream of air. The development of the 
techniques used in obtaining these Schlieren photographs should be credited to the 
authors of [9]. In [9] the details of the experimental procedure are explained quite 
fully.

For an isentropic region of the stream (where the stagnation condition is known) 
only two pulses are needed since (see [l 1 ])

2 2 2 2 

Oo =  (f ls t )  — ( t  — 1 ) ( « 0  +  V o ) / 2 .

Finally, for an essentially one-dimensional stream (e.g., a jet or a slowly converg
ing channel) Eq. (15) becomes

» o /f f .t  =
7  - f  i

where n ^ a ^ d y / d t .
When the stream is supersonic, we may generate stationary disturbances (Mach

[2 ( t  +  1) -  2 ( 7  -  1)m2]1/2 -  2M
(15a)
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lines) by placing very small irregularities in the boundaries of the passage. For this 
case Eq. (15) reduces to

,  , ,  -  ±  a \ [ M 2 -  1 ] I/2
dy / d x  = ----------      (16)

d2 — u2 o o

where M,  the Mach number, is given by M 2 =  (n l+ v l )  /a%. A mesh of Mach lines pro
ceeding from both edges of the passage give sufficient information to calibrate any 
stream known to be isentropic with known stagnation condition. For a one-dimen
sional stream, we have the familiar formula for the Mach angle 6

d y / d x  =  tan 0 =  (M 2 -  l ) 1'2. (17)

N ote that when one wishes to find the characteristics of a given supersonic stream, 
the classical Charpit procedure will always provide solutions for Eq. (16). The equa
tion analogous to Eq. (16) in three dimensions follows directly from Eq. (14) by 
merely dropping the time dependent term.

4. The effect of boundary layers. A problem of considerable interest arises in con
nection with the ideas of the foregoing section when we inquire into the effect of the 
boundary layer on the form of the wave front when the pulse is generated at the
surface of a boundary (or obstacle). We shall use the Charpit procedure to solve
Eq. (15) for this case, using, of course, an idealized group of values for u0, v0, and a0. 
The justification of the steps of this procedure are given in [10] and need not be given 
here, so we shall proceed formally with this method. The solution obtained will be in 
closed form and is readily verified (as a solution of Eq. 15) by mere substitution.

We characterize the stream by the functions

«o =  0, zio — vx/S, for x g  5, Do =  » for x ^  8, a0 =  a =  const.

This simplification of an actual situation is somewhat drastic but useful information 
results. We first set £ = x / 5 , i ) = y / 5 ,  r = a t / d ,  M = v / a ,  p  =  dr)/d%1 q = d r //dr, and Eq. 
(15) in the notation of [10] becomes

F(£, v, T , p , q ) = * q ±  [1 +  p 2] lli -  MS =  0 for O ^ ^ l

or
F — q ±  [1 +  p 2]1' 2 -  M =  0 for 1 g  f. (18)

We proceed by considering the associated ordinary differential equations 

dp dq drj d£ dr

F( +  pF„ FT +  qF1 — pFp — qFq — Fp — Fq
(19)

and choose any solution which expresses p  or q in terms of a parameter a.  In our case, 
(formally)

— dp /  p 2 \ ~ l  = dq/0 = — I t  ̂ (- q ) dr) =M \[1 + p2]1/2 7
=  dq/ 0 =  -  +  2 dr) =  • • • (19a)

and q =  a  is the required solution. When this is substituted into Eq. (18), we obtain 
for p  in the respective regions

p =  [(a -  MU) 2 -  I }1' 2 and p =  [{a -  M ) 2 -  l ] 1'2. (20)



We now determine 77 by the following integration

V — ¡3 =  j ’pdÇ +  qdr . (21)

/3 is chosen to suit the initial and boundary conditions; a  is determined by the rela
tion drj /da =  0 , and the sign of p  must be taken consistent with that portion of the
wave front under consideration.

For the initial condition 77 =  0 at £ =  r =  0 (a point source), and for £ â l ,  we have 
for that downstream portion of the wave for which p ^ O ,

77 =  o lt  +  /3 (a — MÇ) — /3(a) (22)
where

[3(a) =  a [a2 — l ] I/2 — arc cosh a (23)
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Mi; Mr
a  =  -----+ ------

2 2
4 T / 2

<24)
This solution is valid when £0 ^  £ is min (r, 1);

(0 =  [r2 +  M ~2]1' 2 -  1/M .

When p ^ 0, and we must find 77 by writing

v (r ,  £) =  V(r, { 0) +  f  Pd$
J  to

which results in the formula

7?(r, £) =  ar — /3(a) — /3(a — M£) (25)

where a  and /3 are still the quantities defined by Eqs. (23) and (24).
When we consider the upstream portion of the wave front, a  must be negative. 

By the foregoing procedure we obtain

J7 1  =  a ir  — /3(— a i ) +  |3 (M £ — a/)  (26)

Ml; M r  ~

a i 2
1 + .2 _  t2Î2J

1/2

(27)

or
0i(£> 0  =  — ??(£, r) +  M£r. (28)

This equation is again valid only when £ — £o*
W e now consider that portion of the wave exterior to the boundary layer (i.e. 

£ i? l) . We must again extend the integration of Eq. (21), this time into the uniform 
stream. Using now p =  — [(a —Af)2] I/2, we obtain for the downstream portion

77 =  ar +  /3(a — M )  — /3(a) — J '  [(a  — M ) 2 — 1 ] 1 / 2 d£

=  ar +  P(a  -  M)  -  /3(a) — [ (a  — M ) 2 — l]«'2($ -  1). (29)

When dr]/da is equated to zero we find

i  -  1 =  ~  ~  ^  7 \ t  +  — [(a -  M ) 2 -  I]»/2 -  — [a2 -  l ] 1'2}  . (30)
a  — M  { M  M  J



F ig. 1. Sound waves proceeding from point 
source in nose of vane. Time delay between pulse 
generation and photography arc 88 and 263 micro
seconds. The flow is directed to the left a t a Mach 
number of .423.

F i g . 2 .  (Continuation of F ig .  1 ) Time delays 
arc 441 and 700 micro-seconds. N ote refraction and 
reflection phenomena.



F ig. 3. Sound waves proceeding from flush 
sources. Bright spots indicate spark gap locations. 
M  =  .33.

F ig . 4. Sound waves from flush sources. M  =  .51. 
N ote the poor definition of the wave front positions 
in the boundary layer region.
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Eqs. (29) and (30) m ay be considered as param etric  equations for £ and t] in term s of 
the  param eter a  for each value of r . In a  sim ilar m anner we obtain  for the upstream  
portion

m  =  a ir  -  f}(— a i)  +  ¡3(Af  -  « 0  +  [ (a, -  M ) 2 -  1 ]>'*(& -  1) (31)

and

f ( M  -  a ,)2 -  l l 1/s
1 =  1 - 1  +  — [ai -  1 ] * " - -  [(Ilf - « , ) ' -  I f } .  (32)

M  — a i

In  Eqs. (29) to (32), 1 +  JkT ga<  a> and — 1 S « i>  — 00•
T he solution is now com plete except for surface reflections. N ote th a t  the  velocity 

a t  which the  point of co n tac t between boundary  and wave front moves is

dt]

dr £ - 0

or
dy r  v-t2 nU2
—  =  a 0  1  + ----------

dt L 452_

=  a (r , 0) =  T

=  aoj^

I V  T /2
1 +

(33)

Figure 5 illustra tes the  results of the  foregoing section for a stream  w ith  M ach 
num ber .50. T h e  peculiar behavior of th e  solution for r > \ / 5  leads us to  investigate 
the rays of the propagation. I t  has been shown [l, 2, 3] th a t  E q . (14) implies th a t  the 
rays be defined by  d x = ( la 0+ u 0)dt, dy = (ma0+ v 0)dt, and dz=  (na0+Wo)dt, where I, m, 
n, are th e  direction cosines of the outw ardly  directed wave front norm al w ith the 
coordinates axes. In  particu lar, i t  has been shown th a t for the  conditions prevailing 
in the  boundary layer specified above, the rays are given by (see [9])

V =  [arc cosh (m0 — Af£) +  {m0 +  M£){ (m0 — M!j)2 — 1} 1/2]cf (34)
2 M

where m 0 is th e  value of m ~l a t  the  origin. T h e  value of nip for which th e  ray  becomes 
tan g en t to  th e  line £ =  1 is given by m 0 = l + M .  However, any  ray  associated w ith  a 
uniform  stream  which is directed parallel to  th a t  stream  will m ain tain  th is  o rien ta
tion. Hence, th is ray  which ju s t becomes tan g en t to  the uniform stream  bifurcates 
in to  th e  curves shown in Fig. 5. N ote th a t  no ray  which is once reflected back in to  the 
boundary  layer will ever leave this region. T his implies th a t  a sizeable portion of the 
energy of such pulses never leaves the boundary  layer. Furtherm ore, as one can 
readily see from the few rays p lo tted  in the figure, the reflections occur in such a 
m anner th a t interference as well as the extrem ely tu rb u len t conditions in such a 
region m ake the  observation of waves in such regions im probable. T his is borne out 
in Figs. 1 to  4. One large discrepancy between these pictures and the theory  is easily 
noticed. T he lim iting upstream  ray  given by the  theory  does n o t agree too well with 
the evidence of Fig. 4. T his is due to  the fact th a t  the pulse used in the  experim ent 
s ta rted  as one of finite am plitude (probably traveling initially  a t  a speed of ab o u t 2o0). 
T his m eans th a t  a t  first the wave travels as though it were a small am plitude wave in 
a slower s trea m ; hence, less d istortion  from the shape which would be expected with 
no boundary  layer (a fam ily of semi-circles) is the logical result to  expect. T his, of 
course, is consistent w ith the  observations. One o ther rem ark is essential in view of
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the  initial idealization of the boundary  layer. In  the  actually  occurring physical s itua
tion, the  boundary  layer thickens in th e  direction of flow and thus the  sharp  break 
in wave fron t predicted in th is theory  is no t valid. However, the  transition  from large 
velocity g rad ien t to  uniform  stream  occurs in a  sufficiently small region so th a t  little  
energy transfer from th e  stream  p a rt of the wave to  th e  boundary  layer is to  be ex
pected.

F ig . S. Pred icted  w ave fro n ts  for the  stream  defined in section (4 ). W ave fro n ts  a re  illu stra ted  for t =  1 
2, V 5 , 3, S. T h e  d o tted  curves a re  ray s  of th e  p ropagation . T h e  sound source is a t  th e  origin.

If  one wishes to  account for the  large pulse velocity in a m athem atical m anner, 
he can replace the constan t value of a0 by a function of th e  tim e, large a t  tim e zero b u t 
rapidly  approaching th e  stead y  value. This, of course, m akes the  calculations tedious.

5. In tensity  distribution. In general, i t  is difficult to obtain  a  solution for <f> from 
Eq. (11). However, one very  in teresting solution for the  isentropic uniform  stream  has 
recently  appeared. R o tt [6] has shown th a t  when no=wo =  0, u 0 =  const =  —M a 0, Eq. 
(11) has a solution of the form

C
(¡>1 = —- cos 

R
(  \
\  O o ( l  -  M 2) /

(35)
o0( l  -  M 2),

where R  =  [#2 +  ( l — Af2)(y2+ s 2) ] 1/2. T h is  solution im plies a continuous po in t source 
a t  th e  origin and, of course, assum es no boundary  layer if the  plane (say) y =  0 is to  
be a boundary.

T he surfaces of co n stan t phase (characteristic surfaces) are given by

I
M x + R

a o ( l  -  M 2)
=  const. =  X (36)

a  relationship which can be shown to  satisfy  Eq. (14) for the  given stream .
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In  connection w ith  our pulse problem , we see im m ediately th a t we m ay form a 
new solution as the integral

f 00 C(m) (  M x  +  R  \
=  I  cos w ( I -------------------- ) du>. (37)

Jo  R  \  ao(l — M 2) /

If C is properly chosen, th is solution corresponds to  a pulse of any  desired wave form 
originating a t  the origin. T he surfaces of constan t phase are again given by Eq. (36) 
and, for a  given value of t, are circles w ith  centers a t  the points x  = M a 0t, y  = z = 0, 
and radii a0t.

Suppose we now choose two values of A (say Ai and X2) to  represent two charac ter
istic surfaces whose separation  (along a radial line from the  origin) we can call the 
wave length of the pulse. T hen  th a t upstream  portion  of the  pulse a t  y =  z =  0 will 
have a  w ave length (X2 — Ax)a0( l  — M )  and the dow nstream  section a t  y = z  =  0 will 
have a wave length (X2 — X i) a o ( l+ i l i ) .  T h a t is, the ra tio  of the thicknesses of these 
two extrem e portions of the pulse is (1+  Af)/(1 — M).

Inspection of Eq. (35) also leads to  the  conclusion th a t a t  these portions of the  
pulse the  am plitudes v ary  in the ratio  (1 — M )/( \ - \ - M ) .  T hus the  am plitude gradients 
a t  these two sections are in the  ra tio  (1 —M ) 2/( l - t - J l i )2. Since the density  g rad ien t is 
essentially the  q u an tity  observed in th e  Schlieren optical system , the foregoing con
stitu te s  an  explanation of the far superior clarity  of the  wave fron t definition in the 
upstream  portions of th e  photographs. T his argum ent has assum ed th a t  the  pulse 
s ta rted  a t  tim e zero and  has a small thickness to  radius ra tio  a t  the  tim e of observa
tion.

Specifically, the  am plitude ra tio  (i.e., the  ra tio  of am plitude a t  any  point on the 
wave fron t divided into the  am plitude a t  the  upstream  extrem um ) is given by

M x  , v
Amp. ratio =  1 +  M --------------------   (38)

a o / ( l  — M)

APPENDIX

W e wish to  ju stify  here the  use of Eq. (3 '). We w rite the  energy equation in the 
form

R  d T  dp~l a n
 7 -  +  />— -  = —AT +  — x (3)
y  — 1  dt dt p p

where T  is the tem peratu re (p = p R T )  and x  involves a  sum of products of the  form
(du/dy)(dv/dx),  (d u /d y ) 2, • • ■ . W hen, as in the  foregoing work, the  pertu rbation
procedure is applied, the term s w ith coefficient e can be w ritten

1 d{T/To) d(p/Po) a  n
AT i d  X i + x :  (3a)

7 — 1 dt dt poRTo Po

where we have grouped the term s n o t containing derivatives of the unknown func
tions pi, pi, Vi, Ti in K .  Such term s can obviously con tribu te nothing when the  char
acteristics m ethod is applied. In  Eq. (3a) ( y — l ) a / R  is a  ra tio  of specific hea t to 
therm al conductiv ity , and x i involves products of the form (dtio/dy) (dvi/dx),  
(du0/dy)(du i/dy),  • • • .
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If we can show the  th ird  and fourth  term s of th is equation to  be negligible, in
tegration  of Eq. (3a) leads to  the  term s w ith  coefficient e in the  expansion of Eq. (30- 
Using a dim ensional trea tm en t analogous to  P ra n d tl’s boundary layer analysis, we 
define a  typical length I for the  d isturbance (say th e  wave length, if a continuous 
wave is considered, or the breadth  of a pulse, etc.) and com pare first the  term s 
(y —l ) _1v0'g r a d ( r i / r 0) and (p /p 0)(,du0/d y )(d u 1/ d y ). We note th a t  (y —l ) -1v0-grad 
(7 V 7 ’o ) ~ ( 7 '— I ) “ 1 (2 0 /7 0 )( | »01 /I)  and

M dic0 du 1 ^  p. | V0 | | V: | 

po dy dy floPo 5 I

so we have the requirem ent, if the  la tte r  term  is to  be om itted , th a t  po5a0/M |vi | 
ii>T o /T i . Since T 1/ T 0 and  |iy |/a o  are of appreciable m agnitude (of order unity) in 
the sam e region, th is inequality  is essentially p05ao//P£>l. Here, 5 is the boundary layer 
thickness or o ther typical dimension of th e  stream . T hus we see th a t  except for very 
restric ted  regions the above inequality  will hold and th e  term  in. question m ay be 
om itted . T he other term s in xi adm it a sim ilar trea tm en t.

W e now com pare the term s d ( T \ / T 0) /d t  and a A T i /R T 0po- N o te  th a t  these are 
exactly the  term s which would need to  be com pared in the still a ir case; th a t  is, no 
functions characterizing the  stream  appear except the  slowly vary ing  Oq. Using the 
typical length I and the  fact th a t  the  propagation occurs a t  essentially velocity do, we 
obtain a A T i / R T 0p o ~ a T i /R T o l2po<& d ( T \ /T ( i ) /d t~ a o T / lT o  as a necessary condition. 
T h a t is, the num ber a / a 0lRpo<ZA ■ This, of cou rse/is  the actual situation*  and hence 
both  term s in question m ay be om itted . T his num ber is essentially the  reciprocal of 
a P ran d tl num ber-R eynolds num ber product.
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THIN CYLINDRICAL SHELLS SUBJECTED TO 
CONCENTRATED LOADS*

BY

SHAO W E N  Y U A N f  
California Institute of Technology

Abstract. A single differential equation of the eighth order in the radial displacem ent is given for 
the equilibrium of an elem ent of a cylindrical shell undergoing small displacem ents due to a laterally 
distributed external load. T he radial deflection of thin cylindrical shells subjected to concentrated, equal 
and opposite forces, acting a t the ends of a vertical diameter, is analyzed by the Fourier method. Applica
tions of the solution of the problem of the infinitely long cylinder to the problems of a couple acting on 
an infinitely long cylinder in the direction of either the generatrix or the circumference are also discussed.

1. In troduction . T he bending problem  of an infinitely long cylinder loaded w ith 
concentrated, equal and opposite forces, acting a t  the  ends of a vertical diam eter, is 
discussed first. T he equations of equilibrium  of an elem ent of a  cylindrical shell un
dergoing sm all displacem ents due to  a laterally  d istribu ted  external load are reduced 
to  a single differential equation of the eighth order in the  radial displacem ent. In 
th is equation the  various term s are com pared as to  the order of m agnitude and it is 
found th a t  some of the term s are negligible.

T he specified loading function is represented by a  Fourier integral in the longitu
dinal direction, and by a Fourier series in the circum ferential direction. T he integral 
representation has the  advan tage th a t  the  boundary  conditions are au tom atically  
taken  care of, and no subsequent determ ination of Fourier coefficients is necessary. 
T he Fourier coefficients and th e  undeterm ined function in the  Fourier integral in this 
case are determ ined sim ply from the  loading condition. T he radial displacem ent is 
represented in a lijre m anner with the aid of an undeterm ined function which is ob
tained by  substitu ting  both  radial displacem ent and loading expressions in the  differ
ential equation. T he definite integrals involved in the  expression for radial deflection 
are evaluated by m eans of C auchy’s theorem  of residues.

T he problem  of the inextensional deform ation of cylindrical and spherical shells 
was treated  in detail by Lord Rayleigh in his “T heory of sound.” T he assum ption 
of this type of deform ation underlies the solution of m any problem s of practical im
portance, such as the  determ ination of stresses in th in  cylindrical shells subjected to  
two equal and opposite forces acting a t  the  ends of a d iam eter or to internal hydro
sta tic  pressure. I t  is found th a t  the results obtained in the  case of inextensional de
form ations correspond only to  a first approxim ation of the solution in this paper, and 
the  stresses in the proxim ity of the points of application of the forces are no t given 
w ith sufficient accuracy.

T he expression for the radial deflection of a th in  cylinder of finite length is ob
tained from the corresponding solution for an infinitely long cylinder by using the 
m ethod of images. I t  is seen th a t the difference of these two radial deflections can be 
given by a  correction factor included in the  expression for a cylinder of finite length.

* Received April 20, 1945. 
t  N ow  a t  Polytechnic Institute of Brooklyn.
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T he difference is believed to  result from restraining the  edges a t  the  tw o ends of the 
finite cylinder. T he results indicate th a t  the  radial deflection of an infinitely long cyl
inder has a very  long wave length along the generatrix ; however, th e  wave length 
decreases as the  ra tio  of radius over thickness decreases. I t  is believed th a t  the  long 
wave length phenom enon is due to  the  elastic reaction along the  circum ference of the 
shell which can be explained by the  radial deflection along the  circumference.

Deflection curves of cylindrical shells w ith  various lengths are calculated and the 
results show th a t  th e  m axim um  radial deflection occurs a t  length over radius ra tio  
/ / a ~ 20. T he radial deflection of an  infinitely long cylinder w ith  the  radius over th ick 
ness ra tio  a /h  —100, becomes zero a t  abou t x /a  —15 and then  reverses its sign. T he 
edges of the  corresponding cylinder w ith finite length are so restrained th a t  th e  nega-

F ig . 1. Forces and m om ents on elem ent of wall.

tive deflection portion of the  infinite cylinder is brought to  zero a t  the  edges of the  
cylinder w ith  finite length. Hence, the maxim um  deflection of a  cylinder w ith Z /a ~ 20 
is greater th an  th a t of the  corresponding infinitely long cylinder.

T he problem s of a couple acting on an infinitely long cylinder in the  direction of 
either the generatrix  or the circumference are also analyzed by using the correspond
ing solution for the radial deflection under a concentrated  load. T he action of the 
couple is equivalent to th a t of two equal and opposite forces acting a t  an infinitely 
small d istance apart.

2. F undam en tal equations. T he fundam ental equations of a  cylindrical shell un
der the specified loading are obtained from considering the equilibrium  of an elem ent 
cu t ou t by two diam etrical sections and two cross sections perpendicular to  the axis 
of the cylindrical shell as shown in Fig. 1.

In  th is discussion the usual assum ptions are m ade; nam ely, th a t  the m aterial is 
isotropic and follows H ooke’s law, the undeform ed tube is cylindrical, the wall th ick
ness is uniform and sm all com pared to  the radius, the  deflections are sm all com pared 
to  this thickness so th a t  second order strains can be neglected, and th a t s tra igh t lines 
in the cylinder wall and perpendicular to  the  m iddle surface rem ain s tra igh t after 
distortion.



T he notation  used for resu ltan t forces and m om ents per un it length of wall section 
are indicated in Fig. 1. A fter simplification, the  following equations of equilibrium  are 
obtained:*

d N x dN<,t  d M x4, dM *
u  1----------- =  0, a  ------------f- aQ$ — 0,

dx d<f> dx dcf>
dN * 3 Z X* d M x dM * ,
—— +  o —  <2« =  o, a -T ~  +  —r.—  a<2* =  o. (i)d<f> ox ox d<f>

dQx 3Q*a _^L +  +  N4 +  qa =  0 , _  N ^ a =  o,
dx d<f>

in which q is the  norm al pressure on the element.
If  Qx and <2* are elim inated from Eqs. (1) and the relations

N  x* ' N $ x I H£  x<t> == * X

are used, the  six equations in (1) can be reduced to  the  following three:

d N x d N x*
a — ---- 1-----  — =  °.

dx d<f>
dN * dNx* d M x<, 1 dM *
 b a  i =  0, (2)

d(f> dx dx a d<f>
2 3 W X* a w ,  1 32M* Z*

----------------- -+ -------- +  1 +  _ f +  q =  o.
a d<f>dx dx2 a2 d<f>2 a

T he relation between the re su ltan t forces and m om ents and the  strains of the 
m iddle surface will be taken the same as in the case of a flat p late:

E h  E h  yE h
N x =      (ex +  re*), A * =      (e* +  vex),  Arx* =  IV** =  ———— ->

1 — v2 1 — v2 2(1 +  v)

M x =  -  D ( X x +  rZ*), Af* =  -  £ (Z *  +  v X x), M x* =  -  iIf*, =  D{  1 -  » ) ! ,* ,

where D = E h 2/ 12(1 — r 2) is the  flexural rigidity  of the  shell and h is the thickness.
Resolving the  displacem ent a t  an a rb itra ry  po int in the  m iddle surface during  de

form ation into three com ponents— u  along the  generator, v along the  tangen t to  the  
circular section, and w along th e  norm al to  th e  surface draw n inwards— one finds th a t 
the  extensional strains and changes of cu rvatu re in the  m iddle surface are

du 1 dv w dv du
e* =  — > e* =  ) y** = -----1------->

dx a dcf) a dx ad<f>
d2w 1 d2w 1 dv 1 d2w 1 dv

X x —    J Z *  =  --------- 1---------  ; Z i *  =   ----------- 1---------   ’
dx2 a2 d<f>2 a2 d(f> a dxd<f> a dx

Hence, Eqs. (2) can be p u t in t the form of th ree equations w ith three unknowns 
u, v, w:

d2u 1 +  y d2v v dw 1 — v d2u

dx2 2 dsdx a dx  2 ds2
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* See Ref. 5, p. 440.



d2v 1 +  v d2u I — v d2v 1 dw

ds2 2 dsdx 2 dx2 a ds
(3)

A2 /  d3w 33w \ A2 /  d2i> d2v \_|------ ( -----------1-------j --------- f ( -̂--------  1-------j — o ,
1 2 a\3 :r23.s ds3 /  12a2 \  dx2 ds2 /

A2 1 (dv w d u \  A2 /  33i> d3j;\  1 — v2
— V *w  ------------ + > ' — )-+ -----  ( 2 -  r )  b  ) --------------? =  0,
12 a \d s  a d x )  12a V dx2ds ds2)  Eh

where
5 =  a<t>.

In the  problem under investigation, the quan tities u  and v are of the order of 
m agnitude of \ /h w /a .  Consequently the  last term  and the  th ird  term  in the  second 
and the  th ird  equations, respectively, in (3) can be neglected safely.

In  order to  solve the sim ultaneous equations (3), one can app ly  first th e  opera
tion d 2/ d x 2, and then d 2/d s 2 to  the first Eq. (3). Solving in each case for the term  con
taining v, and substitu ting  these expressions in the  equation obtained by  applying 
d 2/dxds  to  the second Eq. (3), one ob tains an equation from which v has been elim i
nated :

d3w dzw 1 +  v A2 /  dhw d6w \
aVhi = v ------------------- 1--------------- ( ---------- 1----------- ). (4)

d s3 dxds2 1 — v 12 \ d x 3ds2 dxdsV

Similarly, applying d 2/d x 2 and d 2/ch 2 to  the second Eq. (3) and solving for the term s 
containing u, and substitu ting  in the first Eq. (3) afte r applying d 2/dxds  to  it, one 
obtains an equation from which u  has been elim inated :

d3w d3w A2/  2 d6w 3 — v dsw d5w \
a V * v = (  2 +  r )  1-----------------  H----------------------1--------). (5)

3a;23s 3s3 12 \1  — v dx^ds 1 — v dx2ds3 dss )

Applying d /d x  to  Eq. (4) and d/ds  to  Eq. (5) and substitu ting  these two equations 
into the th ird  Eq. (3), afte r applying V4 to it, one obtains an equation from which 
both  u  and v are absent:
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12(1 — v2) dirw 1 ( d 3w dew d6w \  1
V»w -i----------------------- +  _   +  (2 +  v) --------+  (3 +  v) -----------  V4? =  0. (6)

a2h2 dx* a2 \  ds6 dx*ds2 dx2ds*J D

I t  is evident th a t  the th ird  term  in Eq. (6) is neligible in com parison w ith  th e  o ther 
term s. E quation (6) is reduced to

12(1 -  v2) d*w 1
V8w H    ------------ V4a =  0. (6a)

a2h2 dx* D

E quation  (6a) differs from th e  differential equation of the flat p late only by  the 
second term . T he flat p late  equation can be obtained from equation (6a) by the  sub
stitu tion  of a = <*>. C onsequently, this second term  represents the  effect of cu rvatu re 
in the problem  of the cylindrical shell.

3. Infinitely long cylinder loaded w ith two equal and  opposite forces. T he above 
equation will now be applied to  an  infinitely long thin cylinder loaded, as shown in
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Fig. 2, by two equal and opposite compressive forces P  acting a t  the ends of a vertical 
diam eter.

F i g . 2. L oads and  com ponents of d isp lacem ents of an  infinitely  long cylinder.

T he difficulties of in tegrating Eq. (6a) for th is type of loading can be circum vented 
by replacing the  concentrated force P  by a d istribu ted  load q expressed as function 
of the longitudinal and circum ferential coordinates, and applied to  a  small area which 
subsequently  is reduced to  an infinitesimal. This is m ade possible by representing 
the  function in the  longitudinal direction, by  a  Fourier integral and in the  circum 
ferential direction by a Fourier series. Since q is an even function of both  x  and s, it 
can be expressed by

q(x, s) =
go
2 +  E¿ n - 2.4 ••

qn COS
7 ] / .

*X
/(A) cos — d\.  

a
(7)

T he displacem ent w can be expanded in a sim ilar m anner in term s of a function 
w(A) as yet undeterm ined:

\ x
W  =  ?  ,  COS-----  |  T flfAJ cos —  d \ .  (8)

“ ns r  °° \ x
= ¿-i cos—  I cos — d \ .

„0,2- • ■ ß d  0 a

I t  can be shown th a t  the  above expression for w satisfies the  following requirem ents: 
a t  th e  point where th e  load is applied, the  deflection and m om ent are continuous, and 
th e  slope of the  deflection curve vanishes. Furtherm ore, the  deflection vanishes a t  
infinity. S ubstitu ting  Eqs. (7) and  (8) in the differential equation (6a) one obtains 
the  following relations. For « =  0,

\ x
cos — d \  =  0; 

a

therefore,

Sim ilarly for n = 2, 4, ■ • • , 

w{\) =

w(X)
(<7o/ 2 Z > ) / ( X )

(X/a)i +  Eh/a-D  

(qnf (X ) /D ) [ ( \ /a y  +  (n/a)*]*

[(A/a)2 +  (« /a )2]1 +  (.E h /a 'D )W D Y  

Hence, the  solution of Eq. (6a) is

i f
0r~
-H %( w m
O
IE

0
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W
1 Ç “

~  2D J-o
q0/(X) Xx

----------------------------cos — aX
(A/a)4 +  (E h /a 2D) a

SHAO W EN YUAN

1 A  ns r
+  — 2-, cos “ ■ I

Q> J  n

?n/(A)[(A/ff)2 +  (« A )2]2
o [(A/a)2 +  (n/a)2]4 +  (E h /a 2D)(X/a) 4 a

[Vol. IV, No. 1

Xx
co s—  dX. (9)

I t  is next desired to  find qn and /(A ). In  order to  accomplish th is the  functions qn 
and /(A) m ust be determ ined from the  loading condition. This is shown in Fig. 3. 
Since the cylinder is loaded sym m etrically w ith respect to  the  generatrix  and w ith re
spect to  the circle passing through the origin, only the positive direction need be 
considered.

From  Eq. (7),

/(A) cos •— dX, f(X)
a

and

Therefore

1 C* /  %\  Aæ /  %\
=  — ? ( — ) co s— d (— ,

ir V a /  a \ a  /

=  1 when — 5 ^  x g  5, q =

2 Ç h Xx (  x \  2 5
/(A) =  — I cos — d ( — ) =  — sin A —

t  J  o ff \  a /  7rA a

0 when x >  5 and x < — S.

Sim ilarly qn can be determ ined from the  expansion of the loading function along the  
circumference in a Fourier series. W ith

Qo
2 r *'2 

=  —  q(z)dz,
IT J  —r/2

where s = s/a ,  and if s = 7 r / 2 ,  s —ira/2,  one obtains

2 f  4c 2 f c s 4? . c
qo — —  I qds = —  q, q,, =  — I q cos n — ds — — sm n — >

ira J - c ira iraJ  _ c a irn a

where c is as shown in Fig. 3. Substitu ting  qn and/(A ) in Eq. (9), one finds th a t



1 C"m (8qc/ir2aX) sin X5/a Xx 
w =  -----  I  cos — dX
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f
2D J o  (X/a)4 +  E h /a 2D a

1 “ ns r  M (8q/ir2nX) sin nc/a  sin Ao/a[(A/a)2 +  (n /a )2\ Xx
H V  co s— -------;---------------------7-——------------- — -------- co s— dX.

D n - t t . . .  a Jo  [(X/a)2 + ( n / a ) 2]4 + E h / a 2D (\ /a )4 - a

Next, the  case of a concentrated load applied a t  the  origin m ay be considered. 
Such a  load can be obtained by m aking the lengths 25 and 2c of the  loaded portion 
infinitely small. Substitu ting

X5 X5 nc nc
P  =  4 qc5, sin — «  — i sin — «  —

CL CL CL CL

in the above equation, one obtains

Pa2 cos A (x/a)dX
w =

D x 2 J o x 4 +  J 2

2Pa2 " ns ("* [A2 +  n2]2 cos (Xx/a)dX
d V  cos— ---------------- r ) (10)

tr2D .. a J o [A2 +  n 2]4 +  J 2X4

where
Eha2 /  a \ 2

In  order to  evaluate the definite integrals in Eq. (10) C auchy’s theorem  of residues 
will be applied. L et us consider the integral

' ” cos A (x/a)dX

fj  0 A4 +  J 2

where the  characteristic equation X4+ / 2 =  0 has four complex roots

X =  / ! / ! ( _  l)i/4.

C auchy’s theorem  yields

r°° cos A(x/a)dX t  .— /  /  J  x / J  x \
  -- ---  = — --¿J-siig-^JTUxia) ( cos \ f  +  sin a A  . (11)

Jo  A4 +  J 2 2s j 2 \  Y 2 a V 2 a )

T he rational function in the  integrand of second definite integral in Eq. (10) can 
be expressed in the form of partia l fractions,
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where ± a i ,  +<%, ± 0:3 and +  a 4 are the roots of the denom inator, 

i  on =  ±  a *  =  +  A  +  iB

1 r
= +

+

V 2
i

V 2

i  «2 =  i  0:3* =  ± c  + iG 

1

V '2

i

^  ( —  n -  ~b 7; ) 2 +  ^  —  +  —  ( w 2 —  ?))

4 / ( -  n 2 +  t/)2 + ( - Y  +  <i>) +  (w2 _  v)
(13)

=  4*

+
V 2

/ | /  («2 +  v)2 +  — (m2 +  >7)

4 /  (n- +  77)2 +  ( y  +  ^  +  (w2 +  7j)

where th e  asterisk denotes the  complex conjugate, and

4> =  V K * 2 +  iA >  1? =  V Ï C ^  -  I / 2), =  « 2/ V l  +  (7 /4 n 2)2. (13a)

Hence

- £
(A2 +  n2) 2e*xl“d \  

(A2 +  « 2)4 +  / 2A4

27TÎ ( «2
(7; — i<j>)e'xai,a —

«i

8i?2 I a ia 2
(77 — i<t>)eixai,a

a ia2

«4 0:3 )
 (77 +  ûj>)eixa^ a H----------- (77 +  i<t>)eixa*la > . (14)

0:30:4

Since

0:304

0:10:2 = — n2 = 0:30:4,

Eq. (14) can be simplified as follows. Now 

r  “ (A2 +  112) 2 cos x \ /a d \

J  00 (A2 +  m2) 4 +  J 2 A4

4R,n2

+

Ax Ax~
(<f>C - f  77G) co s  b (<t>G — 77C) s in ----

a a _
-Bx/a

[OPA -
C*

77B) c o s  [- (77̂4 +  <t>B) sin
a a

C x i  )
i n -------J g —C l /a  V. _ (15)

Simplifying the integrals (15) and (11) in Eq. (10), one obtains 

w/h -3/3(1 -  v2) /  a \1/2

(■¡f>C +  77G) cos-

' a y > 2/  / J  x  . / /  x \

p/E h2 2tt V / J  \ cos V  T 7  +  s m y  7  7 /

^  6(1 — v2) /  a \ 2 ^  co s» j/a  (

7T \  A /  n_ 2 .4 - • • i?2«2 1

g—'/J I2(x/a)

A x

a
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+  (4>G — ijC) sin 

+  (tjA +  4>B) sin

A x

a

Cx 

a ,

* +  \ '4 ’A -

‘I:

yB) cos

(16)

I t  is seen th a t  the first term  of the  above expression is very  small as com pared 
to  the  second term , and therefore can be neglected w ithou t appreciable error. For a

|UJ

SK

/

/

3 5 x 1 0 3

M A X I M U M  D E F L E C T I O N  ' P A R A M E T E F  

n r  t y i  i w n R i r A i  . s w n  t _ . /

V S
/

3 0 X I 0 3

2 5 x l 0 3

K *

TH 1C K N E S v r i o

/

/

/

/

/ D

/
2 0 X I 0 3  

1 5  x  1 0 3

/

7 P h

/ / a

/
m 4 /

5 X I 0 3

D

7 -
■ -

a,
h

2000

F i g .  4

certain  value of the a /h  ratio , G is found to  be very large as com pared to  B.  T he term s 
containing e~0z,a can then  be com pletely neglected, provided th a t x /a  is not near zero. 

In the  case when x /a  = 0 Eq. (16) can be simplified as follows:

r w /h  -| =  3 y /2 ( l  -  v*)/ a \ *  y

L T /E /FJx/a-o x W „ - h - - -

cos ns/ a  v  1 +
(17)

where

E2 =  1 +
3(1 -  v2) a 2 

4 m4/«2

T he left side of (17) has a m aximum a t  s =  0. F igure 4 shows the  variation  of th is 
m axim um  w ith the  ratio  a/h.  F igure 5 shows the  variation of w  along the generatrix  
through a  point of loading, and Fig. 6 shows th e  projection of lines of constan t w  on
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the  plane through the  axis of the cylinders and perpendicular to  the line of action of 
the  two forces P.

4. A cylinder of finite length  loaded with two equal and opposite forces. T he ex
pression for the radial deflection in a th in  cylinder of finite length can be obtained 
from Eq. (16) by using the m ethod of images.* If one imagines the cylinder of finite 
length prolonged in both  the positive and the  negative ^-directions, and loaded w ith 
a  series of forces, P,  of a lternating  sense, applied along the generatrix  (s/a  = 0) a t  a 
d istance I from one another (see Fig. 7), then  the deflections of the infinite cylinder.

3|A\

- 4 x 10s

-2x10?

2  xIO3 

4  x 10s 

6 x 0 s 

8 x 0 s 

O4 
12 x  0 s 

14 x 0 s 

K ït f  
18x 10s

c m  Fi-Tinw n  irv/fs  n r  r.inn  n ar  r v i iNnRk~Ai
SHELLS /'LONG THE GENERATRIX

(infinite len g th )
Ç ~ _

a u

3

AXI -! » -e 0 -4 0 -70 -13 1) 20 4 3 e0 8 3 K>0

\ '— c- o 2 /
\
\ /

/

\ // -  a * 10s\ /
h

\
/
/

\ /\/

F i g . S

are evidently  equal to  zero a t a distance 2/2 from the  applied loads P.  Hence one m ay 
consider the  given cylinder of length I and radius a. as a portion of the  infinitely long 
cylinder loaded as shown in Fig. 7. From  Eq. (16) one finds th a t  the  deflection of 
any  point, (3, (a t a distance f  from th e  5-axis) on the  shell due to  th e  load P  acting a t 
the  center is

Pa2 ” cos ns/a (
Wa — ------     i

2 TtD n— 2 . 4 - (
(4>C +  t]G) cos A —  +  (<j>G — t]C) sin A — 1 

a a J
e-BU*

+  (4>A — j?B) cos C- 1- (tjA +  <pB) sin C t ] H - (18a)

T he deflection produced by tw o ad jacen t forces a  distance I ap a rt is

* This method was used by A. Nddai, Z. angew. Math. Mech. 2, 1 (1922), and by M. T. Huber,
Z. angew. Math. Mech. 6, 228 (1926).
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Pa2 ” cos ns/a 
wb =  — ^  2^

2irD „=2 ,4 . . .  Rtfi

i -  r
-+- (0G — i)C) sin A

(<¡>0 +  t/G) c o s  yl{[
 H  e-B(.l-f)la
a J

+ (0C "f* cos 4̂
* + . r

+  (0G -  ijC) sin yl . (18b)

Since the  term s containing e-ou+O/“ are all sm all com pared to  the  o ther term s, they

F ig . 7. Series of e q u id is tan t opposite  forces ac tin g  on an  infinitely  long cylinder.

can be neglected w ithou t causing appreciable error. One obtains sim ilarly wc, Wd, 
T he to ta l radial deflection a t  any  poin t is given by the sum

w  =  W a +  W b +  IVc +  • • ■

P a 2 cos ns/a

2 t D  „ _ 2 , 4 . . .  Rtfl

+  (0C +  rçG) rcos A — e~J 
L a

t)B) c o s  C — +  (VA +  4>B) sin C — 1 r<w« 
a a J

? f  /  IBi,a — 2 cos A  — cosh B  — I coszi — e~Bl/°
a \

2 Al I
—  C O S   g - 2 B I / o  _j_ c o s  3 ^  ----  e ~ 3 B l / a  _  .
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the  plane through the  axis of the  cylinders and perpendicular to  the  line of action of 
th e  two forces P .

4. A cylinder of finite length  loaded  with two equal and  opposite forces. T he ex
pression for th e  radial deflection in a th in  cylinder of finite length can be obtained 
from E q. (16) by  using the  m ethod of images.* If one im agines the  cylinder of finite 
length prolonged in bo th  the  positive and the negative x-directions, and loaded w ith 
a series of forces, P , of a lternating  sense, applied along th e  generatrix  (s/a  = 0) a t  a 
distance I from one ano ther (see Fig. 7), then  the  deflections of the infinite cylinder.

-4 x 1 0 *  

- 2  x 10s

''AIS

2 x 0 *  

4  x 0 3 

6x0* 
8 x 0 *  

04 

12 x 0*  

14x0* 
16x10* 

6 x 0 *

Xd

F ig . 5

are evidently  equal to  zero a t a d istance Z/2 from the applied loads P . Hence one m ay 
consider th e  given cylinder of length I and radius a as a portion of the infinitely long 
cylinder loaded as shown in Fig. 7. From  Eq. (16) one finds th a t the deflection of 
any  point, j3, (a t a  d istance f  from th e  5-axis) on th e  shell due to  the  load P  acting a t  
th e  center is

P a 2 ” cos n s /a  (
Wa =  — ZLi -----------  -h

2tD  n—2,4 ■ • • Rtfl V
(<f>C -f- r/G) cos A  (- ($G

a
ijC) sin A -Bda

+
r ? r(<j>A — t]B) cos C  h (i]A +  <j)B) sin C —
L a  a

(18a)

T he deflection produced by tw o ad jacen t forces a d istance I ap a rt is

* This method was used by A. Nddai, Z. angew. Math. Mech. 2, 1 (1922), and by M. T . Huber,
Z. angew. Math. Mech. 6, 228 (1926).
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Wb
P a2 “ cos n s / a (

2irD B tf i  \

I - f

(4>C H- yG) cos xl

- i 4 - j (̂+  (</>G — nC) sin A —-----  e B{1 i ) l a +  (<f>C +  yG) cos A
* + .r

+  (4G  -  tjC) sin A - Ü Î J e-a(i+6)/o| . (1 8 b )

Since the  term s containing e~G(-l+i)la are all small com pared to  the o ther term s, they

F ig .  6  

A

F ig . 7. Series of eq u id is tan t opposite  forces ac tin g  on a n  infinitely  long cylinder.

can be neglected w ithou t causing appreciable error. One obtains sim ilarly wCl wd, 
T he to ta l radial deflection a t  any point (8 is given by the sum

w = wa +  Wb +  wc +

P a2 “ cos ns/a“  C 0 S K 5 /a  ( f

E n c - f l r  -2TrD nmM2,4* ■ ■ P 2II

+  (<f>C +  yG)

yB) cos C  h (yA +  <I>B) sin C — | e 0f/a
a

■ r  n  sm C — 1
a J

t  f  I f  I
cos A — e~Bi,a — 2 cos A — cosh B  — I cos A — e Blla

a \  a

2 AI I
COS  g—2Bl/a _|_ c o s  3 4  ----  g 2Bl[a

a a )
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f  f  /  I I
2 sin A — sinh B  — ( sin A — e~B,la — sin 2.4 — r M,,a +

CL CL \  CL CL

+  (4>G — yC) r  • a tsin A —
L a

e-Dt/<■ — 2 cos A — cosh B  — (  1I sin A — c~Bl,a 
\  a

I I
sin 2.4 — e-2Bl,a +  sin 3/1 — e~3Blla 

a a

f  f  (  I I+  2 sin A — sinh B  — I cos A — e~Dlla — cos 2/1 — e-*Biia _(.
a \  a O'

W e sum the  series in the  above expression, obtaining
oo I 1 °°

^  e~nxBHa cos mA --- =    X) [6T»CB-iA)i/a ¿r-miB+WUa ]
mr-1,3** ' ^  ^  m—1,3 -••

)]}■ (19)

sinh (Bl/a) cos (/I//a)

_sinh2 (Bl/a) cos2 (^4Z/a) +  cosh2 (B l/a) sin2 (Al/a)_
“ I e~iBla [sjn (Bl/a) cos2 (Al/a) — cosh (Bl/a) sin2 (A l/a )]

V  e - m B l l a  c o s  .m / [    -------------------------------------------------------------------------------------- ;------------------------—— )
2.4 - - ■ a 2 [sin2 (Al/a) cosh2 (Bl/a) +  cos2 (Al/a) sinh2 (Bl/a)]
oo 1 1  00

g —m B l f a  g jn  f f lA .    =  ----  — g— i n ( B + i A ) l / a j

m—1,3*** ^  tn—1,3 • • •

cosh (Bl/a) sin (Al/a)-±|% 
2 Lsisinh2 (Bl/a) cos2 (Al/a) +  cosh2 (Bl/a) sin2 (Al/a) ]•

“ I g-Biia cos (Al/a) sin (Al/a) [sinh (Bl/a) +  cosh (Bl/a) ]
N g—m B l l  a 7H/1    = ---------------------------------------------------------------------------------- — —— -----------------

m_2,4... a 2 [sinh2 (Bl/a) cos2 (Al/a) A- cosh2 (Bl/a) sin2 (Al/a)]

T hus Eq. (19) is reduced to

w /h  6(1 — v2) (  a Y  ^2,

p / E h 3 =  '  * \ h )  n_ r r . ..

r

cos ns/a  

RitP
(<j>C "h i?6r) cos — A 

a

(<t>G — yC) sin A
a _

e - B H a

+

+

X

f f  1
(0/1 -  7jB) cos C  h (yA +  <t>B) sin C — e~0f/o

a a J
sinh (Bl/a) cos (Al/a) — e~B,/a[sinh (Bl/a) cos2 (Al/a) — cosh (Bl/a) sin2 (Al/a)]

sinh2 (Bl/a) cos2 (/l//a ) +  cosh2 (Bl/a) sin2 (Al/a)

f" (0G — yC) sin A —  sinh B — (0C +  yG) cos A —  cosh B —  j
L a a a a A
cosh (Bl/a) sin (Al/a) — e~Bllacos (Al/a) sin (Al/a) [sinh (Bl/a) - f  cosh (Bl/a)]

sinh2 (Bl/a) cos2 (Al/a) +  cosh2 (Bl/a) sin2 (Al/a)
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I t  is obvious th a t  the  first two term s of Eq. (20) are equivalent to  the solution of 
the infinitely long cylinder given by Eq. (16). T he rem aining term s are ev idently  the  
correction factors due to  the  restrained edges a t  th e  two ends of th e  cylinder of finite 
length. T he radial deflection under th e  applied force can be obtained by pu ttin g  
f /a  =  0,

w/h 6(1 — v2) /  a \ 2 ~  co sns/a
(P/Eh2) 7

(4-C +  ijG)

/ « y  £
\ II / R i l l 2 t

sinh (Bl/a) cos (Al/a) — «“-^ “ [sinh (Bl/a) cos2 fAl/a) — cosh (Bl/a) sin2 (Al/a)]
sinh2 (Bl/a) cos2 (Al/a) +  cosh2 (Bl/a) sin2 (Al/a) 

cosh (Bl/a) sin (Al/a) — e~B,,a cos (Al/a) sin (^4i/o)[sinh (Bl/a) +  cosh (Bl/a) ] 
sinh2 (Bl/a) cos2 (Al/a) +  cosh2 (Bl/a) sin2 (Al/a) 

sinh (Gl/a) cos (Cl/a) — e-oi/a[sinh (Gl/a) cos2 (Cl/a) — cosh (Gl/a) sin2 (Cl/a)]

— (<t>C — i) C)

^   ̂ sinh2 (Gl/a) cos2 (Cl/a) +  cosh2 (Gl/a) sin2 (Cl/a)
cosh (Gl/a) sin (Cl/a) — e~olla cos (Cl/a) sin (Cl/a) [sinh (Gl/a) +  cosh (Dl/a) ])  

sinh2 (Gl/a) cos2 (Cl/a) +  cosh2 (bl/a) sin2 (Cl/a) j

Some applications of the solution of the problem of the infinitely long cylinder.
T he problem s of a  couple acting  on an infinitely long cylinder in th e  direction of 
either th e  generatrix  or the  circumference can be analyzed by  using the  solution given 
by E q. (16) for a single load. T h e  action of th e  couple is equivalent to  th a t of th e  two 
forces P  shown in Fig. 8, where lim i^ o  PAx =  T c.

- a ?

o ■ o,
a*]—

P

~>~xTc

F ig . 8. T w o couples ac tin g  on an  infinitely  long cylinder.

I t  is easy to  see th a t  the  deflection for the  case when the  force P  is applied a t the 
po int Oi, a t  a  d istance Ax from th e  origin, can be obtained from th e  deflection w, 
given in E q. (16), by  w riting x —Ax instead of x and also — P  instead of P.  This and 
th e  original w are then  added. T he radial deflection due to the two equal and opposite 
forces applied a t 0  and 0 \ is now obtained in the form

— wt =  w(x, s) — w(x — Ax, j).

W hen Ax is very  small, th is approaches the  value

dw(x, s)
wt = ------------- Ax.

dx

As T c is th e  m om ent of the  applied torque and is equal to  PAx,  th e  radial deflection 
due to  this to rque is

T e dw
wt , =  — — > (22)

P ax

where w is the  radial deflection due to  the concentrated load P,
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F or th e  radial deflection due to  the  couple acting along the  circum ferential d irec
tion one finds sim ilarly (Fig. 8) th a t

T c dw
wt, =  — —  • (23)

P  ds

S ubstitu ting  w from Eq. (16) in Eqs. (22) and (23) one obtains for the  couple ac t
ing along the circum ferential direction,

WTi/h 6(1 — v2) /  a \ 2 ” cos ns/a . .
— 7 ^ “, =  - -------------- ( t )  ̂  f -  cosAx/a[A(<j>G -  v Q  ~  B ( f C + r f i ) }
Tc/Eh? 7T \  h /  n—2,4 • • •

— e~Bxla sin (Ax/a) [(<j>C +  ijG)A +  B(<pG — qC) J

+  e-ax' a cos (iCx/a) [C(VA +  4>B) -  G(<M -  ,,£)]

-  e-°xla sin (Cx/a) [CfoA -  ij5 ) +  G(rjA +  <j>B) ] } (24)

while for the couple acting along the  generatrix direction,

wTJ h  6(1 - v 2) ( a \ 2 ^  sin ns/a
——  = ----------------- ( —  J ¿ j  — ------- | [(0C +  vG) cos (Ax/a)
T c/E l r  TT \ h /

+  (<pG — rjC) sin (Ax/a)]e~Bxla +  [(<t>A — -qB) cos (Cx/a)

+  (r,A +  4>B) sin (C*/a)]*-®*'»}.- (25)

In the case when a:/a =  0,
wrj/ h

=  0, a t any s/a .
T c/  Eld

Hence th e  condition th a t  th e  slope of the  deflection curve dw /dx  m ust vanish under 
th e  concentrated load (x /a  = 0) is satisfied.
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THERMAL DEFLECTIONS OF ANISOTROPIC THIN PLATES*

BY

W IL L IA M  H . PELL**
Bell Aircraft Corporation

1. In troduction . E quations governing the deflection of an isotropic th in  elastic 
p late  subjected to  a tem peratu re d istribution  of the form

T(x, y, z) =  T 0(x, y) +  zTi{x, y), (1.1)

where th e  neu tra l plane of the  plate is taken to  lie in the  ary-plane, have been derived 
by  N ad ai.1 H e did no t consider the  solution of these equations, and they  have not 
been trea ted  to  any  considerable ex ten t by subsequent w riters in therm o-elasticity .2 
T he isotherm al theory  of anisotropic th in  elastic plates has been developed principally 
by Boussinesq,3 V oigt,4 and Lechnitzky.5 I t  appears th a t  th e  only trea tm en t of 
therm al effects for the  anisotropic p la te  is due to  Voigt,6 who considers a simple case 
in which no bending of the p late  occurs.

T he first p a r t of this paper is concerned w ith the  derivation of two partia l differ
ential equations governing the  deflection of a thin elastic plate possessing one plane 
of elastic sym m etry  parallel to  the  faces of th e  plate, and subjected to  a  tem perature 
d istribution  described by a  function of the form (1.1). One of these equations, w ith 
suitable boundary  conditions, defines a stress function F\ th e  o ther, the  deflection 
function w. In  th e  second part, recent results in anisotropic plate theory  are used to  
solve th e  equation for the  stress function w ith ra th e r general boundary  conditions 
for the case where To(x, y) is a polynom ial in £ and y. T he problem of solving the equa
tion of th e  deflection is a difficult one, and a solution valid th roughout the  region 
enclosed by the p late  is no t available. Since the  therm al deflection problem for the 
isotropic p late  is of in terest in itself, however, the  case of th e  isotropic circular plate 
w ith radial tem peratu re  d istribu tion  is considered in the  concluding portion, and the 
solution is obtained.

2. T he therm o-e lastic  equations for anisotropic p lates. L et us consider a th in  
elastic p late  composed of a medium  possessing a t  each point a t least one plane of 
elastic sym m etry  parallel to  th e  m iddle plane of the  plate, which is chosen to lie in 
th e  xy-plane. L et th e  p la te  be subjected in its in terior to  a tem perature d istribution  
given by (1.1). T he p la te  is supposed acted upon by forces on its edge lying in the 
m iddle plane, b u t to  be free of lateral load and body forces.

* Received A ugust 10, 1945.
** T h is  pap er w as p repared  under th e  d irection  of Professor I. S. Sokolnikoff, whose valuable assis t

ance  an d  helpful suggestions a re  g ra te fu lly  acknow ledged. A t th e  tim e of w riting , th e  a u th o r  w as a  Fellow  
un d er th e  P rogram  of A dvanced In s tru c tio n  and  R esearch in M echanics a t  Brown U niversity .

1 A. N ddai, Elastische Platlen, Springer, Berlin, 1925, pp . 264-268.
3 J . N . G oodier, Physics 7, 156-159 (1936); N . Y am agu ti, J . Fac . E ng ., T okyo  Im perial U niversity  

28, no. 1 (1928).
3 M . J . Boussinesq, J . de M ath . (Liouville) (3) 5, 359 (1879).
4 W . V oigt, Lehrbuch der Kristallphysik, T eubner, Leipzig an d  B erlin, 1910, pp. 675-698, pp . 763-791.
6 S. G. L echnitzky, A pp. M ath . M ech., Leningrad , 3, old series 56-69 (1936), new series 1, 77-90

(1939); new series 2, 185-209 (1938).
a W . Voigt, loc. c it., §388, ch. 7.
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T he Kirchhoff assum ptions of th e  th in  p late theory  lead to  the  well-known funda
m ental relations

dw dw
u  =  — z  > v — — z  > (2.1)

dx ■ dy

| 7** ! max [ J T X X  I» j Tyy J, | T xy | } , (2.2)

valid th roughout the thickness, 2/i, of the plate, where w is the deflection of the middle 
surface of the plate, and u  and v are the displacem ents of a  po in t (#, y, z) of the  p late 
in th e  x-  and y-directions, respectively. T o th e  assum ptions (2.1) and (2.2) is adjoined 
the  following one: th e  stress tensor r  a t  any  po in t in the  p late  is the  sum

7  =  7 ° + 7 1 (2.3)

where r° is a  plane stress tensor generated by  T 0(x, y) and reactions a t  th e  p late  edge, 
and r 1 arises from the  bending of the  plate, i.e., from the  action of zT\.  I t  should be 
rem arked th a t  th is supposition is fundam ental in the  therm o-elastic theory  of thin 
plates presented here. T ogether w ith  (2.1) and (2.2) it serves here the  sam e purpose 
th a t (2.1) and (2.2) do alone in th e  isotherm al theory , i.e., they  reduce th e  therm o
elastic plate problem  to one two-dim ensional in character.

T he generalized H ooke’s law7 tak ing  into account therm al effects is expressed by

du
  =  f f l lT I I  +  012T y y  -f -  013T z z  +  a - i z T x v  +  01  T ,
dx
dv

  =  f l l j T j j  +  d f l T y y  +  «23 7** +  026 T x y  +  0 2  T,
dy
dw
  =  0137  x x  +  0 2 3 7 Vy +  0337*1 +  0 3 6 7 z K +  0 3  T ,
dz (2 . 4)

dv dw
----------1------------=  0447y x  +  0467 xx  +  ,
dz dy
dw du
-------- 1----------=  0457],* +  0657 x x  +  2 05T ,

dx dz
du dv

 1----------- =  0 1 6 7 * *  +  0 2 6 7 y y  +  036 r**  +  0667  *„ +  2  O qT ,
dy dx

where th e  an  are elastic constants and 0 < are the  coefficients of therm al expansion of 
therm al expansion of the m edium. For the  plane stress system 8 (2.4) reduces to

o o o  
  =  0117  x x  +  0127],], +  0167 x y  +  0 l F o ,
3 :̂

^ v<> 0  0  0  =  0127*:*: +  0227y y  +  0267 xy +  d^To, (2.5)
dy

du° dv° o o o
 1---------- =  0 1 6 7 xx  +  0267yy +  0 6 6 7 x 1, +  2 d ( s T o .
dy dx

7 A. E . H . Love, Mathematical theory of elasticity, C am bridge U n iversity  Press, C am bridge, ed. 4, 
1927, p p . 151-160 .

8 D isplacem ents, s tra in s , an d  stresses associated  w ith  T 0 will be denoted  b y  th e  su p ersc rip t 0; those 
associated  w ith  zTi, by  th e  superscrip t 1.
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W ith  the  in troduction  of a stress function F(x, y),  one has

o
T x x  ~

d2F 

d y2

d2F

dxdy

d2F

dx2
(2 . 6)

T he resu ltan ts of these stresses acting across the thickness of the plate are, respec
tively,

N  X X  =  2 IlTz N  xy — 2 }lT xyi N-y y  - 2 I l T y y

Since th e  displacem ents m ust satisfy a com patibility  condition, it follows from (2.5) 
and (2.6) th a t  F  m ust satisfy the equation

d4F d4F
Û22 7 — 7 — 2^26 7—77-----b (2 f l i2 d-

dx4 dx3dy

d4F d4F d4F
-------------2«16----------- b f lu ----
dx2dy2 dxdy3 dy4

a2r 0 a2r 0 a2r 0)
G2 ------------ 2ilg---------- b "

d*2 dxdy d y 2
(2.7)

I t  is assum ed th a t  the  derivatives appearing in (2.7) are continuous.
T he generalized H ooke’s law for the strains and stresses associated w ith the  tem 

peratu re function zT i  perm its one to  w rite

/ du4
t xx — Cii I --------a\zTx ) +  C12 ( --------- GîzT x  ̂ +  C13

\  dx ■)
dw4

\  dy L
a3zTi

/ 1 r j» >  <)»,! \

X (d u 4
T y y  —  C l2 I

\  dx

. dy

\  (d v 4 \  (d w 4
G\z T i ) ~b C22 ( ~ — — g3z T x 1 +  C23 ( ------ g3z T

\  dy \  dz ■)

+  C26
1 r  du4

(t [
dvv

+
dy dx  _

— aezTi

I (d u 4
Txx =  Cx3 I ------

\ d x
G\zT x) +  C23 (

/ dv4

\ l y .

\  ( d w 4 \
g3z T ¡ j  -f- C33l~ ^  a3zT  1 1

/  1 r  d u 4 a»1-] \

+  ei‘V T L T  +  ^ J _ w r V'
x ( d u 4 \  ( ^  \  ( d w 4 \

rxy — exe I — a-izTi ) +  C26 (  a3zT  1 ) +  ¿36 (  a3z T x 1
\ d x  J  \  d y  )  \  dz J

4

(2. 8)

+  ¿66
du4 

_ dy d x _

d y

a”n — a&Ti

T he assum ption (2.1) gives

du4 d2w

dx dx2

dv4 d2w

d y  d y 2

1 ( d u 4 dv4\  d 2w
—  ( --------1--------- ) =  — z -------- J
2 \<9y d x /  dxd y

(2.9)



2 C ( d 2w \  / d 2w \
a3z T i =  — ■—  -s C1 3  (  a \ T  1 ) +  C2 3  ( — ~ ~  o-zT 1 )

c33 ( \d x 2 /  \ a y 2 /

+  C36 —7 06T 1 ) f . (2 . 10)

and (2.9) applied to  the th ird  equation of (2.8) yields

dw ^  z f f d 2w ^  \  i ( d 2no

dz

/  d2w 

\dxdy

Now (2.9) and (2.10) are inserted in (2.8) w ith the result

1 /  d2w d2w d2w  ̂ \
t xz = — z( ¿11 — - +  ¿ 12 — - +  b 16 ——— b c t \T i ),

\  dx2 dy2 dxdy )

1 /  d2w d2w d2w \
T y y  =  —  z I ¿ 1 2      +  ¿ 2 2   r +  ¿ 2 6  b O i l T l 1 , (2.11)

V dx2 dy2 dxdy )

i /  d2w d2iv d2w \
T X y —  —  2  I ¿ 1 6     +  ¿ 2 6 ------- h ¿ 6 6  b O C u T  1 I ,

V dx2 dy2 dxdy )
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where
C i 3 ° k 3¿tfc =  Oik > h k = 1,2,  0 ,

033
OCi —  ¿ l i f l l  ~b ¿2t®2 ~b ¿ 61O6, i —  1 , 2, 6.

N oting r ^ ] I=.±  ̂=  r ‘i ]2_±i  =  0, we m ay now integrate, w ith respect to  z, the  equa
tions of equilibrium

1 1 1  i l l
dt xx ( dr xv dr xz br Xy brVy dry2

J- f~ =  0, ~ r  ~ 1 ” 0»
dx dy dz dx dy dz

obtaining

1
T  x:

r  d 3w d 3w d 3w
- ¿ 1 1  — ~ +  2 ¿ l ,  —   h  ( ¿ 1 2  +  ¿ee)
L dx3 dx2dy2 L dx3 dx2dy ' dxdy2

d3w dT  1 dTi
+  ¿26 — r +  “ 1  b T ~

dy3 dx dy

h2 f  d3w d3w d3w
¿ i s  — " +  ( ¿ 1 2  +  bee) — b 2 ¿ 2 6

(2 . 12)

2 L ds3 dx2dy dxdy2

d3w dT\ dT{~
+  ¿22    +  « 6  b Oil —— •

dy3 dx d y .

T he resu ltan ts of these stresses acting across the  thickness of the p late  are, respec
tively,

r» h r* h

Q x  —  I T  x x d z ,  Q y  —  I T y z d z .
J  - h  J  - h

T h e following equation expressing the condition of sta tical equilibrium  of an arb i
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tra ry  elem ent of th e  p late  m ay be obtained in th e  usual w ay9 since the  derivation does 
no t depend on the m aterial composing the p late:

dQx dQv d2w d2w d2w
—  +  —  +  N xx— +  2 N XV +  N VV =  0.
dx dy dx2 dxdy dy2

T he values of Qx and Qy obtained from (2.12) are now introduced, and the result 
is the following differential equation for the deflection:

d*w d*w d4w d*w d4w
b n  —— +  3bis — —— b 2(6x2 +  b6g) ——— - +  3b26   +  b22 — -

dxi dx3dy dx2dy2 dxdy4 dy4

( d2Tx d2T x d2T x
— — "{“ i — r  +  2 a c  b «2

dx2 dxdy dy2

3 ( d2w d2w d2wd
+  <NXX + 2 N xv +  N yv — -> . (2.13)

2h3 I dx2 dxdy dy2)

Again, the  continuity  of the  derivatives appearing is assumed.
T he portion of th e  :vy-plane occupied by the  m iddle plane of the  p late  will be 

called So] th e  boundary of S 0 will be called Co, and it will be assum ed th a t  Co is an 
analy tic  curve. T he problem of therm o-elastic deflection is solved if a solution for 
each of (2.7) and (2.13) valid th roughout So can be found which satisfies appropriate 
boundary  conditions on C0.

3. T he s tress  function. Since derivatives of F  appear in (2.13), the solution of 
(2.7) will be considered first. L echnitzky10 has shown th a t  the  roots of the  character
istic equation

QiiH* — 2oie/i3 +  (2au  -b ^es)^2 — 2a2ofi -b o22 =  0 (3.1)

are necessarily complex. These roots will be denoted by  /Xi-=a*±fi8x, k — i,  2, where 
jSjt^O. Two cases m ust be distinguished: and ¡xx=ii2.

If FP denotes a particu lar solution, and fii and jli2 are d istinct, then  th e  m ost gen
eral solution of (2.7) is given by

F(x, y ) =  F x(Zi) +  ?x(zx) +  F2(z2) +  F 2(z2) +  Fp(x, y), (3.2a)

where Fk(,Zk) is in each case an  arb itra ry  function of Zk = x+Hky- T he T*(Zi) is ana ly tic  
in the  region S k of the  z^-planc which corresponds to  the region So of the z-plane under 
the transfo rm ation11

Zk =  pkZ +  qkz, k =  1, 2, (3.3)

where

Ph — 2(1 ~  *M*)i 7* =  l ( i  — k = 1 ,2.  (3.4)

If mi =M2, then

9 A. N id a i, loc. cit., pp. 233-235.
10 S. G. L echnitzky, loc. c it.
11A sum m ary  of an iso trop ic  p la te  theo ry  in English can  be found in I. S. SokoInikoiT’s Mathematical 

theory of elasticity, m im eograph lec tu re  notes, B row n U niversity , Providence, R . I ., 1941, pp . 319-329.
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F(x, y ) =  +  zifi(zx) +  Gi(*0 +  Gi(*i) +  * ,(* . ?)• (3-2b)

For the p late  w ithout holes, Sk is a sim ply-connected dom ain, and F*(z*) and Gi(zi) 
are single-valued analy tic  functions in 5* and Si, respectively.

4. T he boundary  conditions for F. T h e  plane stresses m ust satisfy  the well- 
known conditions

X n = r xx cos (x, n) +  r xy cos («, y),

Y°,- A ,  COS ( , . » ) + / „  c o s  f a r , » ) ,  ( “ ' 0

where X “, F° are the £- and y-com ponents, respectively, of the force acting on the 
edge of th e  plate, and n  is the  exterior u n it norm al to  Co- If F  is introduced through 
(2.6), the  boundary conditions on F  m ay be w ritten

dF dF r  ‘ o o
 [- i   =  i I (X n +  i Y n)ds +  c =  fi(s)  +  ifn(s) +  c, (4.2)
dx dy J o

where 5 is the arc-length along Co, m easured from an a rb itra ry  point w ith th e  usual
convention as to  positive s, and c = c '+ ic "  is an a rb itra ry , complex constant. A 
fam iliar a lternative  form of (4.2) is

dF \
— = /« . I r (4-3a)an > on Co,

F =  g(s), ) (4.3b)

where /  and g are prescribed functions along Co, except for th e  a rb itra ry  constants 
c' and c "  appearing in them .

T he solutions considered here are assum ed to  be such th a t  F I  (zk), F i ( z i )  and 
G{ (zi) are continuous in 5 0+ C 0. In  th is case (4.2) and (4.3) hold. T o ensure the  exist
ence of such a solution, it is necessary to dem and th a t

f j

f  x l d s  =  0, f Ylds = 0, (4.4a)
J  C 0 J  Co

|/ i(s )  cos (*, s) +  / 2(s) cos (y, s) }dj =  0. (4.4b)

T he physical significance of these conditions is of in terest. Equation  (4.4a) expresses 
m athem atically  the  fact th a t  the  resu ltan t of th e  external forces acting on th e  plate 
m ust vanish, and (4.4b) th a t  the  re su ltan t of th e  external m om ents m ust vanish.

T he analytical sim ilarity  between the  boundary  value problem  presented by (2.7) 
and (4.3) and th a t  of the  clamped plate  under lateral load m akes it possible to  use 
recent results on the  la t t te r  problem  obtained by M orkovin .12 His trea tm en t depends 
essentially on the  handling of the  boundary  conditions.

T he solution (3.2a) leads to  boundary  conditions expressed in term s of both  Z\ 
and Zi, along either C\ or C2 (the boundaries of ¿u and Si,  respectively). B oundary 
conditions in term s of a single variable are obtained by m apping conform ally a band 
of th e  Zi-plane containing Ck in its in terior onto an  annu lar region of a £Vplane con

12 V. M orkovin , Q u a rt. A ppl. M a th . 1, 116-129 (1943).



1946) THERMAL DEFLECTIONS OF ANISOTROPIC TH IN  PLATES 33

tain ing in its interior th e  circumference of the un it circle yk  in a way such th a t Ck 
is m apped into y k. By a proper choice13 of the  functions effecting this m apping, the  
transform s z\ and z2 of any  given value of z on C0 can be m apped onto 71 and 72 in 
such a  w ay th a t  f i  =  r 2. T his common value is denoted by a — e'*. T hus th e  boundary 
conditions contain a alone.

L et
z* =  «*($*) > k = 1 , 2, (4.5)

be the  functions achieving the  desired m apping. Then F  has one of the  forms

F =  <£i(fi) +  $i(?i) +  <i>2(r2) +  -\-Fv, (4.6a)

F = û iifi)* i(ri) +  «i(fi)<?i(fi) +  P i(ti) +  ÿfffi) +  Fp, (4.6b)

where <£*(£*) =  and ’/'i(fi) =G i(w i(fi)). These functions are analy tic  and
single-valued in some neighborhoods of 7 and hence possess L auren t expansions

<£*(f k )  =  2 3  Ynfcfjfc, P  l ( f l )  — 2 3  F n lf l . (4.7)

T he coefficients .7 »* and n„i are to  be determ ined from the  boundary conditions 
on F, expressed now on 71 or 72, as desired. If one defines

Ek{cr) — pkOik (cr)cr +  q kô>k {â )â ,

_«*'(*) _ (4.8)
J  k(a) =  <r(pkpk +  (M*) +  <r—~ — 2pkqk,

oik (<r)

then  boundary  conditions on 71 or 72 (k — 1 or 2, respectively) equivalent to  (4.3) are 
given by

ds dF
la  -

1

da dll J c 0 2/3k

r  / d F  d F \  _  ( d F  d F \  "I
/J  *(<r) ( — i — - )  + / / i ( < r ) i - ------f  i —  ) ,

Vela; dy /co  \ d x  d y / CoJ
/ d F  d F \  _  /

) (  —  -  \3 a : a y /

da

'Co v ■ - ;  1\  d rs  d y / c 0J  a

_  , 3F d F \
77k(d) ( —  +  * —  ’ +  «'■

w here14 th e  left-hand m em ber of (4.9a) is defined by

iak ■
ds dF ' 

dak d n _

dF
=  k(a k)

Co Pic I dcTkA

dF'
+  J k{âk) ----

c0 dak.

(4.9a)

(4.9b)

(4.10)
c0;

and o '"  is an a rb itra ry  real constant.
5. T he determ ination  of F. T he function F  will be determ ined under the assum p

tion th a t  the  edge force vector (4.2) has the form 15

' . f  . ,• .
 ̂dx dy ) c0

23 CP* +  c, (5.1)

u  V. M orkovin , Ioc. c it.
14 A fter the  ind icated  d ifferentia tion  of wiCo-jt), <nt in F a rid  its  d e riv a tiv e  a re  to  be replaced by th e  com 

m on value <r of a, an d  <r2. N ote  also  th a t  <r = <r~1.
15 Since <r = e's, i t  follows th a t  {dF/dx)c, and  (dF/dy)c, a re  trigonom etric  polynom ials of o rder fei.



where th e  c,- are complex constants. T he tem peratu re  function To(x, y) is taken  to  be 
the polynomial

T t(x, y) =  23 13 h . i - j x y  \  (5.2)i-0 y=»o
where the  t j are real constants, and k is an  a rb itra ry  integer greater than  or equal 
to  0. T hen a particu lar integral

t+2 »

Fp =  23 E h i . i -V ’Y - i  (5.3)
t—2 /■» 0

of (2.7) can be found w ithout difficulty. T he L auren t expansions of «*/£*)> along w ith
(5.1) and the  ¿Vplane transfo rm 16 of Fp]coi are now substitu ted  in (4.9). T he resulting 
equations yield recurrence form ulas for the coefficients 7 «*, (or 7 ni and /xnl).

For the  case of the circular plate, the  contour Co is a circle and the  m apping func
tions are easily found to  be

zic =  cofc(fjt) =  a p k ( tk  H -V  IT =  —  > k =  1, 2. (5.4)
\  h /  Pk

M oreover, if cOk(£k) are given by (5.4), then  a  consequence of the  single-valuedness of
F k(zk) and Gi(zi) is th a t  (4.7) m ay be w rittenn n

4>k(£k) = 23 7r.fc(Vid ’/'l(fl) =  23 F n l f t l  H Y  (5-5)n-0 V KnJ  »-0 \  f j /

T he direct m apping function corresponding to  (5.4) is

z =  afo (5.6)

and hence it follows th a t
k+ 2

FP]c„ =  E (Cn<r" +  Cn5") ai C(<r). (5.7)n—0
For ¿ =  0 th e  operator (4.10) becomes <r(3/3<r)+5(3/35), and one then  obtains
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ds dFp
i<r---------

da dn _

i+ 2

= 23 CCU" +  5,5") he Z 7 (c r) . (5.8)Cq n«=0
T he coefficients C„ and are in general complex constants.

If ¿4 (<r) and 5(<r) denote the right-hand m em bers of (4.9a) and (4.9b) respectively, 
then the  insertion of (5.1) and (5.6) in A  and B  yields

where

A (a) =  —  E  (4n<rn +  A nS*), B(a) =  E  E  (£n<r” +  5 ,5"), (5.9)
2 n=0 • 2 n_0

18 T h is  transfo rm  is m o st easily found  b y  using th e  m app ing  func tion  s =  «o(fo), ob ta in ed  b y  se ttin g  
k = 0  in (4.S), an d  defining = In  th is  w ay  one achieves a  d irec t m app ing  from  th e  s- to  th e  fo-plane, 
a n d  m aps a n y  p o in t of Co in to  a  p o in t <ro w ith  th e  sam e coord ina tes a s  th a t  g iven by th e  successive m ap
pings (3.3) a n d  (4.5).
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A„ =

B n

C\,

Co +  c 2 +  c,

. Cn+1 C—n+1}

&  C4 ± A - c' +
i — k i  J  -  1 a

So — c-i +  c,

C—n + 1 C, 1̂ *1

n =  0,

11 =  1,

11 = 2, 3, ■ ■ • , ¿1 — 1 ; 

« =  0,

« =  1,

n  =  2, 3, • • • , ¿i — 1

(5.10)

and the prim e on indicates th a t  the term  corresponding to  7 =  1 is to  be om itted. 
For convenience in w riting, let

*2 __ ¿2 
n (c ) =  X) (n„cr" +  n n<r"), A(cr) =  (A„o-n +  A„a”), ¿2 =  max [& +  2, ^  — l] ,

n=>0 n-»0

where
n„ =  A n -  D„ A n  B n  C n , (5.11)

with A n, B n = 0 if ri$zki, and C„, D n = 0 if « ^ £ + 3 .
If and are such th a t (5.1) is valid, then condition (4.4a) is satisfied, and 

(4.4b) dem ands th a t Ci =  ci.
T he determ ination of <£*, and is simplified by using not th e  boundary conditions 

(4.9), b u t an equivalent se t.17 For the case of equal roots these are

u(<r)<t>(cr) +  to(cr)$(<r) +  ’K<r) +  $(0)  =  A(<r), (5.12a)
u(d)<7<j)'(<r) +  ui'(<r)a<f>(a) -f- cnp'( cr)

4  i l k - l k }  + 7  “ 'M*®7« }  • <5' 12b>
Subscripts have been om itted  in the above, since the distinction between th e  Z\- and 
z2-planes is no t involved in the discussion. Substitu tion  in (5.12) of the  series18 (6.4) 
for <£(cr) and together w ith co(cr) from (5.4), then yields recurrence relations for 
Y„ and /t„. F o r the explicit form of these ra th e r lengthy form ulas, the  reader is re
ferred to  the  au th o r's  thesis.19

I t  should be noted th a t equations (5.12) are valid for any  given boundary of the 
adm issible class, provided the  functions II(cr) and A(ff) corresponding to  th is boundary  
are found.

T he trea tm en t of the  case does n o t depart m aterially  from th a t  of the case
of equal roots, and hence will be om itted  here.20

6. E x ten t of a rb itra rin ess  in  solutions. Since a certain  am oun t of arb itra riness 
is present in th e  functions occurring in the M uschelisvili solution of the  plane stress 
problem  for isotropic media, it is reasonable to  ask if this phenom enon persists in the

17 V. M orkovln , loc. cit.
18 T h a t  <i> and p m ay  be so w ritten  is clear a f te r  reading Section 6.
18 Thermal deflection of anisotropic thin plates, U niversity  of W isconsin, 1943,
80 F o r de ta ils  see th e  reference of foo tno te  19,
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case of anisotropic m edia. T his question is answered affirm atively below, and th e  ex
te n t of the  arb itrariness determ ined for the  case of equal roots. T his arb itrariness 
stem s in p a rt from the  fact th a t  th e  stress function is here, as in the  M uschelisvili 
theory, the  real p a rt of an  analy tic  function. In addition, it will be noted th a t the 
boundary  conditions (5.12) contain th ree a rb itra ry  constants, and one m ay expect 
this arb itrariness to  be m anifested in the solution.

■ If the prescribed functions -X'iJ(s) and T°(5) satisfy th é  conditions (4.4) and are 
representable in the  form (5.1), then the  uniqueness theorem 21 for th e  first boundary 
value problem  of elasticity  assures one th a t  for a  given d istribu tion  of tem peratu re  To, 
the  s ta te  of stress in the  interior of the  p late is determ inate. Since the  stresses are 
given by (2.6), it is thus seen th a t  the second derivatives of F  are determ ined in 5 0.

If one lets Fh be a solution of (2.7) and (4.3), lets F\l) =  2Re{ziFji1)(zi)+G [1)(z i)} be 
another solution having the  same second derivatives as Fh, and lets

F™ = Fh — F™  =  2 Re {**??'(*,) +  G?  (z ,)} (6.1)
then it follows th a t

2 (2) 2 C2) 2 (2)
d Fh d Fh d Fh
 =   =   =  0 (6.2)

dx2 dxdy dy2

th roughout So- T he real and im aginary parts of F f ] and G f ] m ust satisfy th e  Cauchy- 
Riem ann equations in Si, and these together w ith the  th ree equations (6.2) enable 
one to  show th a t

(2 )
F i (zi) =  — ir/oZi +  (t]i +  iTj2),

(2 )
G 1 (z j)  =  (l>3 +  iv t)z i  +  (vi +  ivo),

where v, and ?;,■ are a rb itra ry  real constants. T hus th e  functions (4.7) and

<t>i ( f i )  =  Vi +  ~~ iviaP i(^ i  +  —  ̂  +  4> 1 (fi)>

^ i(fi) =  vi +  ii>2 +  (j>g +  ivi)api -f- — ̂  +  pi  (fi)i

(6.3)

describe the sam e s ta te  of stress in So- T he arb itrariness in (6.3) is removed by choos
ing v, and iji so as to  simplify <f>j and pi. T he choice m ade here is such th a t

n n

^l(fl) =  22 7 » i ( f i  +  ~  Y ^i(fi) =  2  Mm (Vi H Y (6.4)—1 V f y  „-2 \  f y
where 7 n = 711.

For th e  case ¡j-i ^ ^ i , a m ore lengthy consideration22 shows th a t  one m ay w rite

00 p ” 00 n

Pl(Pl) =  S ' Y n l i f l  +  — Y =  Z ^ 7 » i(r»  d----- Y (6.5)n-2 \  f y  \  r y
where 722 = 722.

In  both  cases the  arbitrariness is a reflection of th a t  inherent in th e  values f ( s )

21 F o r de ta ils  see th e  reference of foo tno te  19.
22 See th e  reference of foo tno te  19.
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and g(s) which F  m ust assum e along Co. T he choice of Vi and rji implied by (6.4) (or
(6.5)) is found to  d ic ta te  the selection of the a rb itra ry  constants in (4.3), or in (4.9), 
the  modified form of these boundary  conditions, and conversely. T his som ew hat in
verted  m ethod of elim inating the arbitrariness in cpi and \p\ (or <£i and $ 2) is adopted in 
order to  have these functions assum e the  form usual in the  M uschelisvili theory .23

7. The differential equation for the deflection; the associa ted  boundary condi
tions. T he coefficients N xx, N vy, and N xy in (2.13) m ay now be regarded as known, 
and the therm o-elastic deflection problem  for the anisotropic th in  p la te  is reduced to 
th a t  of solving the partia l differential equation (2.13) for w, subject to  the appropriate  
boundary  conditions to  be satisfied on Co. For the  first and second boundary value 
problems of p late  theory  these are, respectively,

dHns
M n = m(s), Qn -1-------- =  p(s), on C0, (7.1a)

ds
and

dw
w — w(s), ---- =  w„(s), on C0, (7.1b)

dn

where m, p, w, and wn are prescribed functions along Co- T he quan tities21 M n, II„, and 
Q„ are the  flexural couple, torsional couple, and the  shearing force, respectively, which 
ac t on the edge of the plate.

T he specialization of (2.7) and (2.13) to  the isotropic case will now be given, since 
the resulting equations will be used in the sequel. For isotropic m edia

1 2(1 +  cr)
ait — ) î — 1 , 2 , 3 ,  cia — j 1 — 4, 5, 6,

E E
c (7.2)

an  = -  — > i, j  =  1, 2, 3, 1 j ,  an  = 0, 1, j  = 4, 5, 6, 1 ^  j ,

ai =  a, i =  1,2,  3, ai =  0, i =  4, 5, 6,

where E  denotes Y oung’s modulus, a is Poisson’s ratio , and a  is the  coefficient of 
therm al expansion. One easily finds th a t

E  E
b h  =  b 22 =  ----------’ boo — ----------1

1 — (T2 l +  o"

&12 =    -> b\o — ¿26 — 0, (7.3)
1 —  cr-

aE
a  1 =  0 :2  =  > « e  =  0 .

1 — cr

Using these values of the  elastic param eters, one obtains from (2.7) and (2.13) the 
equations

V*F =  -  a £ v 2T0, (7.4)

1 ( d2w d2w d!w)
- a ( \  +  a )v2T l +  - \ N xz— + 2 N i y — - + N yv- - \ ,  (7.5)

D ( 3a:2 dxdy ay2)

!s I. S. Sokolnikoff, loc. c it., pp. 243-251.
14 T hese  a re  linear functions of M x, and  Hxy. See I. S. Sokolnikoff, loc. c it., p. 326.
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where D = 2Ehz/ 3 ( l —<r2). Except for changes in notation , these are the  sam e equa
tions th a t N adai26 obtains. T he quan tities (7.2) and (7.3) m ust also be inserted in
(7.1) in order to  obtain the  boundary  conditions for the isotropic plate.

A solution of the  deflection equation (2.13) valid th roughout the  dom ain S 0 and 
satisfying the  given boundary conditions on C0, is n o t available; th e  sam e is tru e  of
(7.5) and its associated boundary  conditions.26 By fu rther specialization, however, it 
is possible to  obtain  the  solution of the  therm o-elastic problem  for a case which is of 
some in terest. T his will be done in the  following sections.

8. T he istropic circular p late with rad ia l tem peratu re  d istribu tion . L e t us con
sider an isotropic circular plate of radius a, and le t it be subjected to  a tem perature 
d istribu tion  given by

T(x, y, z) =  T 0(r) +  zT ^r) ,  (8.1)

where r =  V a ^ + y 2, and th e  origin is assum ed to  be a t  th e  center of th e  plate. As in 
section 2, th e  second derivatives of To and Ti  are assum ed continuous on O g r g a .  
T he edge of the  p late  is taken  to  be subjected to  a  uniform  force P  per un it length of 
the  arc param eter 5.

I t  has been seen th a t before th e  deflection w  can be found, it is necessary to  solve 
(7.4) for F. In the  case a t  hand, Fp can be found easily w hether or no t radial sym m etry  
exists, for if A is a solution of

V2A = - a £ r 0 (8.2)

then it is also a  solution of (7.4). B ut (8.2) is th e  well-known Poisson’s equation, and a 
solution is a t  once available from potential theory. Since T 0 has radial sym m etry  in 
the  present case, however, th e  Laplacian operator becomes

1 d /  d \

V’ ”  7  7r\7rM
and successive integrations of (8.2) give

dt
F v{r) =  -  aE  —  f  T 0 

J  0 Ç J  0
(x)xdx (8-4)

as the  particu lar solution of (7.4) which is needed in F  (see (3.2)). For th e  isotropic 
p late, the  roots of the  characteristic  equation (3.1) are /q  = jt2 = i  and their conjugates. 
T he transform ation (4.5) becomes

z =  a f (8.5)

and if | r |  =P, then  r - a p .  If one lets f P( p ) ^ F p(ap), then  from (5.7)

C W = / P( V ^ ) = / P( 1), (8 .6 )

and

ds dFp 1 /  d d \  1
D(o) =  i a  =  ( <r — +  <r-— ) f P(p) =  V w  fp  (Vcnr) =  f i  (1). (8.7)

da dti J c 0 \  oa da/  J p _ i

M A. N ddai, loc. c it., pp . 264-268.
26 R ecen t w ork  b y  S. B ergm an gives prom ise of extension  to  eq uations of th e  ty p e  (2.13) an d  (7.5).

B ergm an considers a n  eq uation  a  special case of which is
Vh< +  auzx +  2 buxv +  cyv„ +  dux +  euy + fu  =  0, 

w here a, b, ■ ■ ■ , /  a re  an a ly tic  functions of x  an d  y. See D uke  M a th . J . 11, 617-649 (1944).



i.e., C(cr) and D(<t) reduce to  constants on y .  T his result is clearly a consequence of the 
fact th a t  To is a function of r alone. One finds th a t

Co =  ! /» ( l) ,  C ,=  0, j =  1, 2, • • •  ,
£o =  l f P'( l ) ,  D t = 0, j  = 1 , 2, • . (8 ' 8)

W ith  the edge forces as specified above, it follows th a t  one m ay w rite

and then (4.2) yields
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0 0 »0x n +  iYn =  -  Pe

/  dF d F \
I  b i  ) =  aP{ 1 — a) +  c.
\ d x  d y / c 0

T his is of the  assum ed form (5.1), and the  constants defined in th a t  expression have 
th e  values

Co =  aP, Ci — — aP. (8.9)

These are now inserted in (5.10) and the  result together w ith (8.8) substitu ted  in
(5.11). Proceeding as indicated in section 5, one finds th a t  the  recurrence formulas
simplify to

7 i =  -  y  j P +  ¿ / p  W }  > 7 n =  0, » =  2, 3, • ■ • , /in =  0, n  =  2,3,  • • ■ . (8.10)

T he above results in conjunction w ith (3.2b) enable one to w rite

I f  a E  r r ) r r r*
H r)  =  y  j -  P +  - ^ J o To(x)xdxjr* -  aE  -  J ^  T 0(x)xdX. (8.11)

In  view of the  radial sym m etry , it  is expedient to  w rite (7.5) in term s of polar coordi
nates in the  form

1 ( d2w 3 / 1  d w \
V*v> =  -  « ( 1 +  < r ) V 2 T i  +  — { N „  —  +  2Nri  — ------)

D  I dr2 d r \  r cW )

dw

dr ' r2 dd2J j

(  1 dw 1 d2w \)
+  —----1 7 7LT )i . (8.12)

where 7Vrr =  2/iT?r, N re = 2Iit%, ATeo = 2)it°0, and

o 3 / 1
re =  1 —

dr \  r

W ith F  of the form (8.11), these stresses become

a E  r  ° ocE

o 1 dF 1 d2F  „ d / 1  d F \  o d2F
T rr  = ' ------------------ 1-------- -------> rre — ------------- ( ------------------) ,  Tee =    • (8.13)

r dr r2 dd2 dr \  r d d )  dr2

o aE  r a a E  r r
Trr =  -  p  H - I  T o(x)xdx    I T o(x)xdx,

a2 J  o r2 J  o

ree = ~ P  +  ~  I“ 1 T 0(x)xdx  +  " T  f  ^o(x)x^X -  a E T ^r ) ,  (8.14) 
a2 J  o r2 J  o

rrf =  0.



Since Ti, N rr, N re, and Nee are functions of r alone, V2 has th e  form (8.3), and the  equa
tion for the deflection m ay therefore be w ritten

d /  d T 1 d ( d w l  ~|\ d /  d T A7N 7rl7 7,Y 77/  J) —  “(I + 7rV 1,7)
r /  aE  r r \ d 2w

x er -  ~ 7 J 0 ™ x i x ) l 7

/  aE  r T \ d u
+  (^Po +  —  J  T o(x)x^X -  a £ T ° j  -j-
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2 h 

+  D

(8.15)

where Po is the constan t

Po =  ^  f  “T 0(x)xdx ~ -P .  (8-16)
a 1 J  o

E quation  (8.15) m ay be in tegrated  w ith respect to  r and an equation obtained 
thereby  which is n o t only of lower order th an  (8.15), b u t which also has sim pler co
efficients. N oting th a t

d ( /  aE  r r \ d w \
t I w - v J .  ™ xix) i ; )

/  a E  Ç T \  d2w /  aE  r r
= y P 0r  y  J  T o(x )x d x j  —  +  y P 0 +  —  J  T o(x)xdx  — a E T 0

) dw

~d7’

we can carry  ou t the desired in tegration im m ediately, obtaining

± i ± £ ( r — '\ \
d r \ r  dr \  dr J)

dTi 2h /  aE  r r \ d w  ki
=  _ « ( !  +  <r) +  ( p 0 _ _ _  Po(x)x<fx) — + - *  (8-17)

dr D \  r2 J  o J d r  r

where k\ is a constan t of integration. T hus for th e  thin circular p late  under uniform 
compression on its edge, and w ith  T 0(r) and P i(r) a rb itra ry  save for certain  conditions 
of continuity , the  problem  of finding the  therm o-elastic deflection is reduced to  th a t 
of solving the th ird  order differential equation (8.17) w ith  appropriate  boundary  con
ditions.

A repetition of the above integration is impossible for To and Ti of the  general 
na tu re  assum ed above. Therefore, in order to  com plete the  integration  of the  equation, 
To and P i will be supposed to  have the  form 27

D m 1 n
Po(r) =  — —  E  to sri, Tr{r) = -  ■ - - - - -  E  h f ,  (8.18)

L haE  o a ( l  +  <r) j-o

w here to,-, h i are real constants and tn, n are a rb itra ry  positive integers. T he solution 
of (8.17) m ay now be sought in the form of a power series. T he polynom ials To and 
P i are now inserted in the differential equation, and if one m akes the  abbreviations

17 T hese  polynom ials m ay  be regarded  as approx im ations to  pow er series rep resen ta tio n s of T a and  7 \.
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loj
bj — > d j  =  jh j ,

J +  2

the result is

d3w 1 d2w ( ” 2hP 1 ) dw ”
—  +  -  T T  +  i  E U r *  ~  a 0 +  ~ -------- r>  — - =  E d f ’-K  (8.19)

\  i - o -D r2 J drdr3 r  dr2 

T he obvious replacem ent
dw

u(r) =  — - (8.20)
dr

gives an equation of order two, and the fu rther substitu tion

2hP "
¿o' =  —  E  M '

D i

then yields

d2«

dr2

I d « / ” . 1 \  'Li)H — + ( E + ¿o7   ) « = E (8.21)
r dr \  ,-_i r2 /  3_0

as the  equation to  be solved for «. I t  will be observed th a t  this equation has a regular 
singular po int a t  r  =  0, and th a t  the  indices relative to  this singular point are ± 1 . 
Only th e  solution of the form

00

« =  r E  ^*r ‘ (8.22)
i-0

will be considered here. T his represents the  solution relative to  r = 0 which is bounded 
there. I t  is evident from physical considerations th a t this boundedness m ust obtain 
for the  simply-connected plate, and hence it is sufficient to  consider the solution of 
the above form. T he series (8.22) is now inserted in (8.21) and the  following recurrence 
relation defining the X;- is obtained:

O'
” (du-t, j  =  — 1, 0, • • • , n -  2,

+  4 )0’ +  2)X3+2 +  W X / +  E  Xj-ibj =  . (8.23)
,-_o ( 0 ,  j  =  n -  1, », ■ • ■

where X ,= 0, if j  < 0. These equations perm it X, to  be expressed in term s of the arb i
tra ry  q u an tity  X0 and the  known quantities bo , bi, and d,\ I t  is no t expedient to  give a 
form ula for X,-, since such an expression would be quite lengthy. T he first several X,- 
m ay be com puted w ith  little  trouble if m  and n  are no t large, b u t the labor involved 
increases rapidly as these num bers become larger.

Up to  now, the series defined by (8.23) is a formal solution of the differential 
equation (8.21). I t  is not difficult to  show th a t this series converges for O g r g a  and 
hence is ac tually  a solution of the  equation. For the  discussion of the convergnece 
it suffices to consider the series

¿ X A  (8.24)
tmmk

where l i= m -\-n + 2 .  If one defines
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M  =  max {1, | W | ,  \ h \ ,  |&2|, •• • , \ b , \  },

K  =  max { | X01, | Xi | , • • • , | \h - i  | },

and sets E ( 6) = (h+d)(h-\-2-\-6), repeated use of the  recurrence relation (8.23) w ith 
j > n  — 2 enables one to  deduce th a t

K { M ( m + 1)} ]
XA+i(m+2)+, < E ^  E (m + 2 ) £ (2 w + 4 ) • • • E (k (m + 2 )+ i)  ~ ,XHm+2)+' (8 ' 25)

for k =  0, 1, 2, ■ • • , i  assum ing th e  values 0, 1, • • • , m +  1 for each k. I t  m ay then  be
shown th a t  th e  dom inant series defined by  the  Hk(m+y+i converges uniform ly for any  
finite r, and application of the  well-known W eierstrass theorem  yields the  same con
vergence of (8.24) and (8.22). T he desired solution w of th e  deflection equation is then 
obtained by inserting (8.22) in (8.’20) and integrating. W e obtain

00

w(r) =  K«'r< +  K (8.26)
¿-0

where k is a constan t of in tegration  and K,= X,-/(i +  2). T he uniform  convergence of 
th is in tegrated  series on th e  in terval 0 follows im m ediately from th a t  of (8.22).
Reference to  the recursion form ula (8.23) reveals th a t  one m ay w rite

Ki =  Xo +  5i (8.27)

where £< contains the  param eters P, D, It, a, and some or all of the  ¿on while 5,- con
tains n o t only these b u t also some or all of the  ¿i,\ T hus the  deflection m ay be w ritten  
in the form

w(r) = XoWo(r) +  Wi (r) +  k, (8.28)

where

wo(r) = 2 2 t i ri> wi(r) = (8.29)
j»0 j=*0

I t  is clear th a t  Wi(r) is a  particu lar solution of (8.21) and  w 0(r) th e  solution of th e  
homogeneous equation which is bounded a t  r  =  0.

9. T he circular plate with clam ped and  sim ply supported  edge. T he constan ts 
Xo and k in (8.28) will be determ ined by the m ode of support of the  plate. T he assum p
tion of radially  sym m etric deflection lim its one to  th e  consideration of boundary con
ditions com patible w ith th is ty p e  of deflection. T he two m ethods of support m ost 
com m only encountered are those of the  clam ped edge and the  sim ply supported  edge. 
T he boundary  conditions for these are, respectively,

and
f d2w a dw

M r \ r - a  =  H — ~
_drz r dr

dw  ”1
—  = 0 ,  W ] r - a  =  0, (9.1)
d f  Jr»»a

=  0, w] r_o =  o. (9.2)

T he substitu tion  of (8.28) in (9.1) and (9.2) yields for th e  p la te  w ith  clam ped edge 
the  constants



aw l' la) +  awl (a) a w l '  (a) +  owl la)
X0 =  — ——-----------—--------, K =  w0(a) — Wi(a),

aw l '  {a) +  owl {a) a w l '  la) +  owl la)

and for the  p late  w ith a sim ply supported edge,

w'i la) w{ la)
Xo =  K = ■■ . Wo la) -  Wi(a).

wo la) wl la)

These quantities are now inserted in (8.28), giving for the  p late  w ith clam ped edge 
the  deflection

w l la) .
wlr) =  — 77— jwo(o) -  w0(r)} +  Wi(r) -  Wila), (9.3)

w l la)

and for the plate w ith sim ply supported edge

a w l ' la) +  awl la) , .
wlr) = ----   —  {Wola) -  w0(r)} +  Wi(r) -  w^a).  (9.4)

awl la) +  owl W

I t  will be assum ed th a t w l la) and a w l'  l a ) o w l  la) do not vanish. I t  m ay be 
shown th a t  an  a which causes th e  form er (latter) to  vanish is the  radius of the 
clamped (simply supported) plate w ith given tem peratu re  d istribution Tolr) for which 
P  is a critical (i.e., buckling) load. T he question of s tab ility  is no t under consideration 
here, hence the above assum ption is made.

T he case m — 0 is of particu lar in terest, for then w contains the  Bessel function 
of the  first kind of order zero. In  th is case Tolr) reduces to  a  constant, and (8.21) be
comes
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dhi 1 du /  2 hP  1 \
T i  +  7 T + ( T r - F ) “ - S " « " '

If the recurrence relation is w ritten  in term s of the  k< ra ther than  the Ai, the  result is

2hP (h,i+2, i  =  — 1, 0, • • • , » — 2,
(i +  4) Ki+  2 +  ——  Ki =  <

D 1 0 i  =  n — 1, n, • ■ ■ ,

from which one obtains easily the  deflection

/  / 2 h P \
w l r )  =  X o / o (  r / j /  — — ) +  Wio(r)  +  k.

Here Wio(r) designates the form which w \(r) assumes for m — 0. Proceeding as in the 
more general case, for the  p late w ith clamped edge we find th a t  the deflection is

— _  u rJH L ) _

/ 2hP (  / 2h P \  I  \  y  D )  \  V D ) )

y —  - h t ' d  )

+  wiolr) — wiola), 

and for the  p late  w ith sim ply supported edge,
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aw( ' (ff) +  <rw{ (a)

10. Conclusion. T he problem  of flexure is considered for a th in  anisotropic elastic 
plate, subjected in its interior to  a tem peratu re d istribu tion  of the  form

T(x, y, z) =  T 0(x, y) +  zTi(x, y).

T he usual assum ptions of th in  p late theory , together w ith  Hooke’s law extended to 
encompass therm al effects, perm it one to  derive  two partia l differential equations 
governing the  deflection of the plate. For the isotropic p la te  these equations specialize 
to those given by  N adai. If therm al effects are supposed absent, and N xx, N vy, N xy are 
in terpreted  as arising from edge forces alone, then  (2.13) becomes the  equation for 
the deflection of an anisotropic thin p late stressed in its own plane.

A m ethod is given for determ ining the  stress function F  for a p la te  w ith edge 
forces representable in the form of a trigonom etric polynom ial, and the  determ ination 
of F  is carried ou t for the circular plate.

For the  therm o-elastic problem form ulated w ith  the above generality, a suitable 
solution of the  deflection equation is no t available. Accordingly, the  problem is spe
cialized to  the  sim pler case of the isotropic circular p late  w ith radially  sym m etric 
tem peratu re  d istribution and T 0(r), Ty{r) in the  form of polynomials. T he solution of 
the resulting deflection equation m ay be found in the  form of a power series, and con
vergence established. B oundary conditions for the clamped and sim ply supported 
plate  hre then  considered, and the  deflection for each of these modes of support de
term ined.
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CONTRIBUTIONS TO THE PROBLEM OF APPROXIMATION  
OF EQUIDISTANT DATA BY ANALYTIC FUNCTIONS*

PART A.— ON T H E  PRO BLEM  OF SM O O T H IN G  OR GRADUATION.
A FIR ST  CLASS OF ANALYTIC A PPRO X IM A TIO N  FORM ULAE

B Y

I. J . S C H O E N B E R G  
University of Pennsylvania and. Ballistic Research Laboratories, Aberdeen Proving Ground

Introduction. L et there be given a  sequence of ordinates
( «  =  0 , +  1, ±  2, • ■ • ) ,

corresponding to all integral values of the variable x  = n. If these ordinates are the 
values of a  known analy tic  function F(x), then the  problem of interpolation  between 
these ordinates has an obvious and precise m eaning: we are required to  com pute 
in term ediate  values F(x) to  the same accuracy to which the ordinates are known. 
U ndoubtedly, the m ost convenient tool for the solution of this problem is the poly
nom ial central in terpolation  m ethod. I t  uses the polynom ial of degree k — 1, in te r
polating k successive ordinates, as an approxim ation to  F{x) only w ithin a un it 
in terval in x, centrally  located w ith  respect to its  k defining ordinates. Assuming k 
fixed, successive approxim ating arcs for F(x) are thus obtained which present dis
continuities on passing from one arc to the  next if k is odd, or d iscontinuities in their 
first derivatives if k is even (see section 2.121). A ctually these d iscontinuities are 
irrelevant in our present case of an analy tic  function F(x). Indeed, if the interpolated 
values obtained are sufficiently accurate, these d iscontinuities will be app aren t only 
if we force the com putation beyond the intrinsic accuracy of the y n.

T he situation is qu ite  different if y„ are empirical d a ta . In this case we arc to 
determ ine an  approxim ation F(x) which, for x  = n, m ay disagree w ith  y„ by am ounts 
depending on the accuracy of the data , provided we thereby im prove the smoothness 
of the  resulting approxim ation F{x). In  various applied fields such as Ballistics and 
A ctuarial m athem atics it is a t tim es desirable to  com pute very  sm ooth approxim a
tions F{x) to an accuracy surpassing by far the accuracy to which the physical or 
statis tica l function involved m ay be determ ined. T his physically unjustified accuracy 
becomes desirable whenever the approxim ation F{x) en ters in to  num erical processes 
of some complexity, such as the num erical solution of differential equations. M odern 
electronic com puting m achines, especially, require a good am oun t of forced m athe
m atical accuracy in such auxiliary tables in order to  avoid the excessive accum ulation 
of rounding errors in the com putation of the solution. These rem arks justify  the de
sirab ility  of approxim ation m ethods to  em pirical d a ta  furnishing easily com puted 
approxim ations F(x) which are very sm ooth functions of x. A pproxim ations m eeting 
these requirem ents are of two kinds: 1. Polynomial approximation, w here F(x) is com
posed of a succession of polynomial arcs m eeting w ith a certain  num ber of continuous 
derivatives. 2. Analytic approximations, where F(x) is an ana ly tic  and regular func
tion of x  for all real values of x.

* Received O ct. 18, 1945.
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Im p o rtan t w ork concerning polynomial approximations is to  be found in the ac
tuaria l lite ra tu re  under the  subject of osculatory interpolation. Of th e  extensive litera
tu re  we m ention especially th e  fundam ental w ork of W . A. Jenkins and  th e  valuable 
system atization of the subject by T . N. E. G reville.1 Especially im p o rtan t are those 
form ulae derived by these au thors which do no t stric tly  in terpo late  the  given ordi
nates, b u t ra th e r com bine the  operation of sm oothing the d a ta  and the  operation of 
in terpolation  in one form ula. M r. Jenkins discusses in terpolation  form ulae w ritten  
in the convenient E v ere tt (or Steffensen) form. M r. G reville’s s ta rtin g  point is his 
elegant, expression of each polynom ial a rc  in term s of the  end poin t values of those 
derivatives which are to  be continuous on passing from one arc to  the  next. Each of 
these two modes of a tta c k  has its  peculiar advantages and one or the  o ther seem 
indispensable for an algebraic trea tm e n t of the subject. T h e  present w riter has found 
the  Lagrange form (explicitly in term s of the  ordinates y n) of such form ulae preferable 
for two reasons: 1. T he Lagrange form seems b e tte r  adap ted  to  com putation with 
m odern desk com puting m achines and undoubtedly  superior for com putation  w ith  
punch-card m achines. 2. T he Lagrange form suggests a trea tm en t of the subject by 
m eans of elem entary  concepts of Fourier analysis which, firstly, affords a more ex
haustive trea tm e n t of the  problem  of polynomial approximations, secondly, shows 
how to extend these m ethods so as to  furnish analytic approximations.

T he explicit Lagrange form of the ¿-point central in terpolation  m ethod, as well 
as of all the  in terpolation  form ulae of osculatory, in terpolation , is extrem ely simple in 
its  formal appearance. Indeed, to  every such form ula corresponds an even function 
L(x),  defined for all real values of x, in term s of which th e  corresponding form ula m ay 
be w ritten  as follows

F(x) = 2 ]  y*L(x -  n). (1)
n=»—oo

T he sim plicity of this form ula springs from the  fact th a t  i t  depends on the  single func
tion L(x)  which describes th e  form ula com pletely. Incidentally  F(x) = L (x )  if

yo =  1, y \  =  0 ( « ^  0). (2)

T h u s every in terpolation m ethod of th is kind exhibits its  corresponding L(x)  if we 
apply  the  m ethod to  the ordinates (2) (for an example see section 2.121).

T h e  polynom ial in terpolation form ulae arise from (1) if L{x)  is a com posite poly
nom ial function of arcs defined by  various polynom ials in successive un it intervals, 
such th a t  I/(x) =Q for sufficiently large values of |x | (for an im p o rtan t example see 
chap ter I I ,  form ula (11)). T he num ber of continuous derivatives of F(x) is, of course, 
equal to  the  num ber of continuous derivatives of L{x)  for all real x.

W e obtain  th e  form ally sim plest interpolation form ula (1) if we choose
sin irx

L{x) = ---------  (3)
TTX

1 W . A. Jenkins, Osculatory interpolation: New derivation and formulae. R ecord of th e  A m erican In 
s t i tu te  of A ctuaries, 15, 87 (1926).

T h o m as N . E . Greville, The general theory of osculatory interpolation, T ran sac tio n s of th e  A ctuarial 
Society  of Am erica, 45, 202-265 (1944).

W . A. Jen k in s w rote four pap ers  on th is  su b jec t of which th e  above pap er is th e  first. R eferences to 
th e  o th er th ree  papers are  found in the  excellent b ib liography in  G reville’s paper.
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in which case (1) becomes

F(x) =  X) >’»
ce sin ir(£ — n)

(4)
7r(a; — n)

T his expression which in terpolates the ordinates y„, is known to m athem aticians un-

(1) a form ula of the  cardinal type , referring to  L{x)  as the basic function  of the 
formula.

T he aim of the paper, of which the present P a rt A is the first, is twofold. F irstly , 
we propose to  carry  through to  a certain  stage of com pletion the im portan t actuarial 
work concerning polynom ial approxim ations. Incidentally , our w ork will answer M r. 
G reville’s conjecture (loc. cit. pp. 212-213) concerning the existence of an “o rd inary” 
in terpolation form ula furnishing an approxim ation F(x) composed of polynomial 
arcs of degree m +  2, having m  continuous derivatives and such th a t if the  d a ta  y n 
are the  values of a polynom ial of degree m — 1 then Fix)  reduces identically to  th a t  
polynom ial. In  P a r t  B it will be shown how to obtain  such form ulae for every value 
of m. (The case of m — 2 reduces to  Jenk ins’ form ula m entioned in section 2. 122.) 
Secondly, we shall derive form ulae of the cardinal ty p e  (1) w ith  basic functions L{x) 
which are ana ly tic  and regular for all real or complex values of x. T he classical basic 
function (3) is of course ana ly tic ; however, its  excessively slow ra te  of dam ping, for 
increasing x,  m akes the  classical cardinal series (4) inadequate for num erical pur
poses. Our analy tic  L{x),  derived in chap ter IV, dam pen out exponentially. In  P a r t  B 
we will derive sim ilar L{x)  which will dam pen ou t even faster: like exp( — C2x 2).

T he paper is divided in to  five chapters. In chap ter I we discuss the  general prob
lem of sm oothing by m eans of a linear com pound form ula. T h is  discussion, by no 
m eans exhaustive, is to  serve as a  guide to  w hat is likely to  be useful am ong form ulae 
of th e  cardinal type (1) which sm ooth and in terpolate a t  the  sam e tim e. I t  serves to 
restric t som ew hat the arb itrariness of the problem. T he ra ther obvious idea of us
ing cosine polynom ials (or series) in th is connection affords the possibility of a brief 
exposition of this subject in the more scientific m anner of E. de Forest, W. F. 
Sheppard, E. T . W hittaker, and  others, and  m ay be followed up elsewhere.

C hapters II  and I I I  form the  common foundation of both  p arts  A and B. In  chap
te r II  we describe the  in terpo lato ry  properties of the  form ula (1) in term s of extrem ely 
simple properties of the Fourier-transform

of the  basic function L{x)  (Theorem 4). T hus we are assured th a t  our formula
(1) will be exact for (i.e., reproduce) polynom ials of degree k  — 1 , provided g{u) — 1

(m=  ± 1 ,  + 2 , • • • ). T his elem entary  fact is rem iniscent of N. W iener’s fundam ental

! See J . M . W h ittak e r, Interpolatory junction theory, C am bridge T ra c ts  in M athem atics , 1935, pp.

Sur la convergence des formules d’interpolation entre ordonnées équidistantes, Bull. Acad. Roy. Belgique, 
1908, 319-410.

der the nam e of the cardinal series.2 F or this reason we wish to  call the general form ula

(5)

has a  zero of order k a t  w =  0 and g(u) has zeros of order k a t  all points u = 2irn

62-64, for a  discussion of th e  re la tion  betw een th e  card inal series an d  S tirlin g ’s in te rp o latio n  series. T he 
card inal series was probably  first investigated  in an  im p o rta n t m ém oire by  Ch. J . de la Vallée Poussin,
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description of the closure properties of the  fam ily of translation  functions {L { x — X )} 
in term s of the  zeros of g(u). C hap ter I I I  contains a som ew hat general discussion of 
polygonal lines, the individual arcs of which are polynom ials of degree k — l, joined to 
gether w ith k — 2 continuous derivatives. A general param etric representation of such
curves is ob tained  (Theorem  5) which greatly  facilitates th e ir use for the  purpose of 
approxim ation of data . F o r k = 4 they  represent approxim ately the curves draw n by 
m eans of a spline and  for th is reason we propose to  call them  spline curves of order k. 
These polynom ial spline curves are finally sm oothed out, by m eans of one-dim en
sional h ea t flow during the tim e in terval t, in to  analytic spline curves of order k. An 
analytic spline curve of order k is represented by a series of the cardinal type

F(x) =  f nM k(x  -  n, t), (6)
n— oo

where the basic function Mk(x, t) is defined as

1 C “ 2 /2  sin u / 2\ k
M k(x ,t)  = — I e-<(“/2) (  ] cos uxdx, (7)

2x J  _oo \  u )

while the coefficients/,, m ay be tho u g h t of as a rb itra ry  param eters.
T he fam ily of functions (6) forms the  basis of our work. I ts  principal advan tages 

for purposes of num erical approxim ation spring from two sources: 1) The basic func-  
tion Mk{x, t) dampens out like exp( — .%-2/-1) (see II I ,  form ula (39)). As seen from our 
T able I, for fc=4 and ¿ =  0.5, we have Mi(x,  1 /2) = 0  to  som ething like 10 decimal 
places for |x | 2:5. T his causes the  g reat flexibility of the graph of F(x) on varying 
the  param eters / „  and  the ease in com puting F(x).  2) The fam ily  (6) contains (or 
represents) all polynomials of degree k — l .  T he sim plest ana ly tic  fam ily of this type 
is obtained for k = Q and  /> 0  when (6) becomes

F(x) =  E  f n ~ ]=  (8)
V  ITt

T his fam ily obviously still enjoys the first p roperty . However, (8) fails badly  in its 
ab ility  of representing even th e  sim plest types of curves because of th e  low value of 
k = 0 . Indeed F{x) = 0 , for a l l /„  =  0, is the  only constan t value (8) is capable of repre
senting.

C hap ter IV  contains the chief results of the  present P a r t  A. W e show how the 
family of curves (6) can be used to  approxim ate given d a ta . F irs t we derive an an a
ly tic in terpolation  form ula of the cardinal type (1) which leaves the given ordinates 
unchanged (Theorem  8). Secondly we extend the  resu lt to  a family of form ulae de
pending on a positive sm oothing p aram eter e such as to  combine a certain  variable 
am ount of sm oothing (depending on e) w ith  the operation of interpolation (Theorem  9).

In  collaboration w ith L t. J . H . Levin, the au th o r has had the opportun ity  of ap 
plying on a large scale this ana ly tic  approxim ation m ethod a t  the  Ballistic Research 
Laboratory , Aberdeen Proving G round, M aryland. T he com putations were per
formed on punch-card machines. T he given equ id istan t d a ta  y n were the values of 
the drag coefficient of a projectile as a function of its velocity. Since very  accurately 
com puted values of the derivatives F'{x), F” {x) of the approxim ation F(x) were also 
desired, it seems doubtful if any of the existing osculatory in terpolation formulae
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would have furnished satisfactory results in view of the com plicated trend  of the d a ta  
to be approxim ated.

In  the last chap ter we discuss procedures for the accurate com putation of the func
tions and constan ts tabu la ted  a t  the end of the paper. T he m ost notew orthy problem 
encountered in this connection is the following: L et

be a L au ren t series which converges in a ring a  <  12 1 </3. W e assum e furtherm ore th a t  
/(z ) does not vanish in this ring:

F(z) 0, (a <  I z I <  |8). (10)

U nder these circum stances we have an expansion of the reciprocal

If the coefficients a„ of the expansion (9) are given num erically the problem consists 
in finding very  accurate num erical values of the co„.3 A very  efficient iteration m ethod

solves the sim ilar problem of finding the expansion of the n th  root of /(z) and gen
erally of any algebraic function of L auren t series. This subject will be discussed else
where in a jo in t publication w ith Professor Radem acher.

In  a sequel to  these papers we expect to  discuss the fitting of curves of the form 
(6) to  data , in the sense of least squares. This will be accom plished by constructing 
series of the cardinal type (1) which also enjoy the orthogonality  property

T his construction reduces to  the  problem of com puting the L au ren t expansion of the 
square root \Z f  (z) of an expansion (9).

T he au th o r wishes to  express his appreciation  for the encouraging in terest shown 
in his work by Dr. A. N. Lowan of the M athem atical Tables Project. He has bene
fited m uch by the helpful advice of D r. L. S. Dederick, M ajor A. A. B ennett, L t. J. H. 
Levin and others. Especially valuable were the au th o r’s frequent discussions w ith 
Dr. C. B. M orrey. T he tables were com puted by M rs. M ildred Young. T he au th o r 
takes th is opportun ity  of expressing his th an k s to  the  officials of the Ballistic R e
search L aborato ry  for their permission to  publish these tables.

T he reader who is m ainly in terested  in the  num erical applications, m ay pass di
rectly  from th is point to  the A ppendix, where the use of the tables is fully explained 
and  one example is worked out.

3 I t  should be rem arked  here th a t  also A. C. A itk en ’s com p u ta tio n  in 1925 of th e  coefficients of E . T . 
W h itta k e r’s sm ooth ing  m ethod am oun ted  to  th e  expansion in a  L au re n t series of a  certa in  sim ple ra tio n al 
function . See E . T , W h ittak e r and  G. R obinson, Calculus of observations, L ondon an d  Glasgow, 1940, 
pp. 308-312.

solving th is problem has been developed by H. A. R adem acher and the au thor. I t
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1.1. A definition of sm oothing form ulae. L et {y„} (« =  • • • — 2, —1, 0, 1, 2, • • • )
be a given sequence or “tab le” which we wish to  sm ooth. T his sm oothing operation 
is ordinarily  perform ed by m eans of a form ula of th e  following type

F„ =  y„-pLp +  • • • +  y n-iL i  +  y„Lo +  yn+1L - i  +  •.•• +  yn+pL - p, (1)

where th e  num erical coefficients L ,  are sym m etric ab o u t the  m iddle term  L 0, i.e., 
L , — L - v. T he linear transform ation  (1) if applied to  the  original sequence {y„} will 
transform  it into the  sm oothed sequence {F n}. By extending the definition of L„ =  0 
for | v\ > p  we m ay rew rite (1) as

Fn =  E  y j . (2)
F=—00

If y, = co n st. = c , we also wish th a t F„ =  c; therefore

E L, =  1 (3)
v

is a na tu ra l requirem ent.
W hen does the form ula (1) actually  sm ooth? As an  example le t p = \  and le t the  

coefficients L , be ( — 1, 3, —1). If we now apply the form ula (1) to  the periodic se- 
quence

{?»} =  { • • • -  0, 1, 0, 1, 0, 1, ■ ■ • }

we obtain

{Fn} =  { • ■ • , -  2, 3, -  2, 3, -  2, 3, ■ • • }

which is a  good deal rougher th an  the original sequence. Obviously th is s ituation  de
serves some clarification.

T here  seems no doub t th a t  the “sm oothness” of a  sequence {yn} depends in some 
w ay on its  differences of higher order, especially on the  sum s of their square. W e also 
notice th a t  the form ula (2) agrees w ith the  rule of m ultiplication of F ourier series. 
T his suggests the  use of such series.

L et us assum e for the  m om ent th a t

E  I y» I <  00 • (4)
n«*-oo

W e now define a function T{u) by
oo

F ( u )  =  E y n e i n u  ( 5 )
co

and call i t  the  characteristic function  of our sequence {y„) ; it is a complex-valued con
tinuous function of u  of period 27r.

Now (5) implies
e-iur(ji) = E y neiin- 1)u = E yn+ie1'"“

and by sub trac ting  (5) we get oo
(e-1“ -  1 )T(u)  =  E  Ayneinu. ' (6)

n=—oo

T his shows th a t  we obtain  the  characteristic  function of the sequence {Ay„} of first

I. D E F IN IT IO N S OF SM OOTHING A ND SM OOTHING FORM ULAE



differences of {y„} by m ultiplying the characteristic function T(u)  of {y„} by the 
factor e~‘u — 1. Generally

GO

(e~'u -  1 ) mT{u) =  E  L my„einu (m =  0, 1, 2, • • • )• (?)
n*=—»

Since | e~iu —1| = 2  |sin (zi/2 )], the Parseval relation furnishes th e  equation

E  (Amy„)2 =  — f  [2 sin (i*/2)]2m| T(u) \2du (in ^  0). (8)
n— co 27T d o

These formulae furnish an expression for the sums of the  squares of the  differences 
of any order in term s of the characteristic function T (u ) of the sequence.

L et us now tu rn  to  the "sm oothed”.sequence {Fn} ■ Let
CO

4>(u) — E  L ncinu =  Lo +  2L,. cos u +  2Lo cos 2u +  • • • (9)
7;=»—oo

be the charac terstic  function of the sequence {in} - W e shall also refer to  <f>(u) as 
the characteristic function of the smoothing formula  (2). N otice th a t  <p(u) is always real 
and  even. By m ultiplication of the  two Fourier series (5) and (9) we obtain , in view 
of (2),

00

T(u)<j>(u) =  E  Fnein\  (10)
71— — OO

Hence the  characteristic function of the  “sm oothed” sequence {F„} is obtained by 
m ultiplying the  characteristic function T(u)  of {y„} by the  characteristic function
<t>(u) of the  sm oothing form ula (2). By now applying (8) to  the sequence {F„\ we
obtain

E  (A”F n)= =  - f  \ 2  sin (« /2 ))2m | T(u) |2(^(«))2d«, (m ^  0). (11)
n— m 2ir J  a

A com parison of the relations (8) and (11) will readily furnish an answer to  the ques
tion : w ha t is a sm oothing form ula? Indeed, we notice th a t  the  in tegrands in (8) and
(11) differ only, for each fixed value of m, by  the  factor <j>(u) 2 in (11). T his justifies
the  following definition.

D e f i n i t i o n  1. Let L n he a symmetric sequence of coefficients, i.e., L-„ =  L„. The 
formation of the weighted means

oo
Fn = E  y>Ln-, (n =  0, ±  1, ±  2, ■ • • ) (12)

is said to be a smoothing formula i f
E i . =  l, (13)
n

E | £ » l < “ , (14)
n

while the characteristic function
oo

d>(u) =  E  L neinu = Lo +  2Li cos u +  2L z cos 2u \  • (15)
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satisfies the condition

-  1 ^  <t>(u) g l ,  (0 g  « g  2tr). (16)

T he necessity of the  condition (16) is justified as follows: By a com parison of (8) 
and (11), in view of (16), we obtain the inequalities

£  (AmFn) 2 g  £  (Amy„)2, (m =  0, 1, 2, ■ • • )•

A ctually the  equality  sign in one of these relations will arise only under highly ex
ceptional or else triv ial conditions. T his rem ark should m ake it  clear why the sm ooth
ing quality  of a form ula violating (16) should be highly questionable.

So far we were concerned m erely w ith the ab ility  of a form ula (2) to  sm ooth the 
sequence. However, the  discrepancies between the two sequences also deserve a tte n 
tion. By sub trac ting  (10) from (5) we obtain

T(«)( 1 -  ■*>(«)) -  £  (y» -  Fn)einu

and therefore

£  (3'n -  Fny- =  i -  f  2T I T(u) |2(1 -  <t>{n)Ydu. (17)
n—»  2ir J  o

A comparison of the in tegrands of (17) and (11) reveals the  obvious fact th a t  strong 
sm oothing m ay be achieved only if we allow relatively  large discrepancies between 
F„ and y„. Indeed, the  integral of (17) will be small only if cp(u) differs b u t little  from 1, 
while strong sm oothing requires as small a fi{u) as possible.

1.11. Examples of smoothing formulae, (a) Our trivial example L 0 = 3, Li =  L_i =  — 1, 
L„ = 0 (n >  1) has the characteristic function <p(u)=3 — 2 cos u. We find <p(u) 2:1, with 
<j>(ir) = 5 , which rules it ou t as a sm oothing formula.

(b) If L n^ 0  for all n, and £ L ,  = 1 , then  (12) is always a sm oothing form ula. 
Indeed

I *(«) | =  | £  Lneinu [ g  £ |  L»| =  1.

T hus
F n  =  ( j ' n - l  +  3 ’n  +  3 ' n + l ) / 3  ( 1 8 )

is a sm oothing form ula w ith
<t>(u) =  (1 +  2 cos m)/3.

L et

</>i («) =  | <f>(u) | =  | 1 +  2 cos u | /3  =  £  Ln ) cos nu.

Since ((^>(m))2=  (<pi(u))~ it is clear from (11) th a t the form ula (18) and the  formula of
characteristic function <f>i(u) have identical sm oothing powers. However, since 
0 <  1 — </>i(m) < 1  — $(m) for 2ir/3 < u< A ir/3 ,  we see b j' (17) th a t  the  formula

— V 1 r (1>*■ n ~  /  > yv^n—v

will a lte r the sequence {3'n} m uch less than  (18) will.



(c) Generally, our formula (17) shows th a t it is desirable for an efficient sm ooth
ing form ula to  have its  characteristic function satisfy the  more restric tive condition

0 g  <t>(u) g  1. (19)

1.12. A  comparison of smoothing formulae. Again our relations (11) ju stify  the 
following definition.

D e f i n i t i o n  2. Let 4>i(u) and <£2(«) he the characteristic functions of two smoothing 
formulae. We say that the first is stronger than the second i f

I 4>i(«) | ^  | <fo(«) | • (20)

with the inequality sign holding for some value of u.

L ate r in this paper we shall set up a basic sequence of sm oothing formulae of 
progressively g reater streng th  according to  th is definition. H ere we rem ark only th a t 
two sm oothing form ulae cannot in general be com pared on the basis of this definition. 
However, the following rem ark seems obvious. L et

Fn =  £  y J L ^  (21)
V

be a  sm oothing form ula of characteristic function <f{u). T he itera tion , or repetition, 
of (21) m ay be though t of as ano ther sm oothing form ula and its  characteristic func
tion is found to  be (4>{u)Y. Since | </>(«) | ^ 1  obviously

(<£(«))2 S  I <#>(«) I-

T his shows th a t  the  form ula (21) and the sequence of its  successive itera tes form a 
sequence of sm oothing form ula of progressively increasing strength .

1.13. Smoothing formulae which are exact for polynomial values of a given degree. 
T he following definition is in common use.

D e f i n i t i o n  3. A  smoothing formula  (2 )  is said to be exact for the degree m i f  it re
produces exactly the values {y r. } of a polynomial of degree not exceeding m.

If
Fn =  £  y,Ln- ,  (22)

is to  be exact for the degree m, i t  is obviously sufficient t ha t  it be exact for the basic 
m onom ials 1, x, ■ ■ ■ , x m. T hus the exactness for the degree m  is equivalent to the 
relations 00

n" =  v’L n- ,  {s =  0, 1, • • • , m). (23)
**=»—oo

L et us now assum e for sim plicity th a t  the sequence of coefficients L„ tends to zero
exponentially as n—» « ,  i.e., we assum e the existence of two positive constan ts A  and
B  such th a t

\ L n \ ^  Ae~B 1 n 1 

for all values of n. T his implies th a t  the  function

<p(u) = Y , L neinu
n

is regular in the strip
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| Iu  | <  B

of the complex w-plane. Now

0 0 )  =

and
ein“0 O ) =  Z  e"uL n̂ .

W e now expand both  sides in ascending powers of u  and com pare like coefficients. 
Since

u2 u 4
m  =  1 +  -  0 "  +  -  4>w  +  ■■■,

we get the identities in n

H‘ ~  (  2 )  * " U'~2 +  (  4 )  <i,(4),i*“ 4    £  0  =  0, 1, 2, - - • ).

A com parison w ith (23) will show th a t a  sm oothing form ula is always exact for a 
highest degree which is alw ays odd. I t  also proves the following proposition which 
m ay evidently  be established under conditions less s tringen t th an  the ones we used.

T h e o r e m  1 . A  smoothing formula  (22) is exact for a degree 2v f - \  i f  and only i f
0 0 )  — 1 has at w =  0 a zero of order 2j>+2, i.e.,

0"(O) =  0 (4)(O) =  • ■ • =  0(^>(O) =  0. (24)

As an illustra tion  we m ention the  formula

1 3 1
Fn =  —  ( -  yn-3 +  9y„_i +  16yn +  9yn+i -  yn+3) = yn -  —  5*yn ~  —  S6yn (25)

32 16 32

of characteristic function
0(«<) =  (8 +  9 cos u — cos 3«)/16. (26)

We find th a t  0"(O )=O , hence (25) is exact for cubics. T he sym m etry  property
0 (m)+ 0 (7 t — u )  =  1 shows th a t

0 (ir )  =  0 , ( ir) =  0 / /O )  =  0 7/,O )  =  0.

T his results in ra th e r strong sm oothing power. T he form ula (25) is p a rt of a sequence
of formulae, the next one of this kind being

F„ =  —  {Z yn-b -  25y„_3 +  150y„_i +  256y„ +  150y„+i — 25y„+3 +  3 y n+6) (27)

or

Fn =  yn +  —  «•>» +  —  b*yn +  “  510>’„.
32 256 512

I ts  characteristic function

4>(u) — (128 +  150 cos u — 25 cos 3u +  3 cos 5i«)/256

again enjoys th e  sym m etry  p roperty  <f>{u)Jr<t>{ir—u) = \ .  Also 0(w) — 1 has a  zero of
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order 6 a t  u = 0, hence (25) is exact for quintics, while 4>{u) has a zero of order 6 a t  
u — tv resulting in strong sm oothing power.

1.2. Sm oothing a finite table. In  1.1 we have discussed the  sm oothing of an infinite 
table {yn} which is such th a t the  series of the absolute values of its  entries converges. 
By (8), (11) and the  inequalities (16) we have found th a t  the sum of the  squares of 
the differences of order m  is dim inished by sm oothing. T his is tru e  for m  =  0, 1, 2, • • 
Now we shall discuss briefly the practically  m ost im portan t case of a given finite table

(« =  0,1,  • • •  ,> ) .  (28)

T o  fix the  ideas we assum e the  following sim plest concrete situation : the th ird  
differences A3y„ are slowly varying and of slowly varying signs, while the  A iy„ are of 
random  signs. In  this situation  we natu ra lly  wish to  minimize th e  4 th  differences of 
the  table. Now we form an average value of th e  A3y„ a t  each of the  two ends of th e  
table and  we extend the column of A3y„ w ith  the corresponding constan t average value 
a t  each end.4 T hus the A3y n are defined for all n  having one constan t value for n > N — 3 
and ano ther constan t value for n  < 0 . Now we extend the definition of y n for all n  from 
the values of the th ird  differences. Also, we com pute the  A4y„ for the  extended infinite 
table. C learly A4y„ =  0 for « < —1 or n > N  — 3. L et

T t { u )  =  £  A 4>-»cin “

be the characteristic function of the sequence of 4 th  differences, the series containing 
really a finite sum of term s only.

L et us now apply  to the  extended table y n a sm oothing form ula

Fn =  Z  y>Ln-> (29)
v

of characteristic function which is exact for  cuhics. T he resu lt is the  new sequence 
{iq,} ( — a» < 7i < o o ) .  E vidently  y n are the values of cubics for large |« |  and therefore 
Fn=y„ for large | « | , hence also A3Fn = A3y n and A4F„ =  0 for large | « | . N otice also 
th a t we m ay th in k  of the sequence {A4F„} as arising from {A4y„} by  the sm oothing 
operation (29). Therefore

Jf, (A4yn) 2 =  — f  | T 4(m) 12du 
  00 2ir j  0

and

t  (A 'F ,y  =  -  f  r| Tfu) \34 > { u ) H u .
n— oo 2ttJ q

G enerally

— r  (2 sin m/2)2”* | Ti{u) \2du, (m 0) (30)
2x J  o

—  f  (2 sin « /2 )2m I Ti(u) \2<f>(u)2du, (?« 2: 0). (31)
2ttJ o

(A 4+ ’“) '„ )2 =
n=»—oo

f :  (a 4+mFn) 2 =

* C om pare G. J . L idstone, Note on the computation of terminal values in graduation by Jenkins’ modified 
osculatory formula, T ran sac tio n s of the  F acu lty  of A ctuaries (Scotland), 12, 277 (1930).
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A com parison of (30) and (31) shows th a t  the  sums of the squares of the  fourths and 
subsequent differences have been decreased by th e  sm oothing operation. No such 
sta tem en t can or should be inferred concerning the  finite sums of re levant differences 
of orders 0, 1, 2, and 3.

XI. INTERPOLATION FORMULAE

2.1. In terpolation form ulae of the  cardinal type. L et

Fn =  E  (1)
P

be a sm oothing form ula. If  we apply  it  to  the  “elem en tary” table

yo = 1, = 0 (» ̂  0), (2)
then  Fn = L n. T he even sequence [ L n] m ay therefore be regarded as th e  sm oothed
version by (1) of the  elem entary  table. Now suppose th a t  we are given no t only the
even sequence of o rdinates L„ b u t an even function L(x)  defined for all real # and such
th a t  L(n) = L n. T hen  we m ay replace the  in tegral variable n  in (1) by the continuous
variable x  and we obtain  the form ula

F(x) =  E  y M x  -  v). (3)
00

We call L{x)  the  basic function of the form ula (3). T he chief aim of this paper is 
to  point ou t th a t  the subject of in terpolation  is tru ly  dom inated by the  form ulae of 
the type (3), the  kind of approxim ation desired depending only on the choice of the 
basic function L (x) .  T he particu la r basic function

s in  ttx
L{x) = ---------- (4)

X X

gives rise to  the series
"  s in  ir(x — v)

f {*) = E y , — r —r- <5)
r— « 7r(£  — v)

which is well known to m athem aticians and  referred to  as the cardinal series. F or this 
reason we wish to  call (3) a series, or form ula of cardinal type.

W e notice here for fu rther reference th a t  the  basic function (4) m ay also be w rit
ten as a Fourier integral as follows.

s in  ttx 1 r  T--= — I eixudu. (6)
TTX 2 x  J - T

2.11. The two kinds of interpolation formulae, ordinary or smoothing. F o r integral 
values of x = n  our form ula (3) becomes

F{n) =  E  y M n  -  y)- (7)

E quation  (3) is an in terpolation form ula in the usual sense if F(n) = y n, for all n, and 
th is is the case if and  only if L(x)  satisfies the conditions
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£(0) =  1, £(») = 0  (» s* 0). (8)

Otherwise, (7) is a  sm oothing formula. W e shall follow the accepted actuarial practice 
of referring to  (3) as an ordinary interpolation formula  if (3) reproduces exactly the given 
ordinates {y r. }. Otherwise we call (3) a smoothing interpolation formula.

2.12. Examples of interpolation formulae of the cardinal type. L a te r in this paper 
we shall discuss various classes of such interpolation form ulas all arising from a com
mon general theory. F or purposes of orientation and illustration we m ention here a 
few concrete examples.

2.121. The k-point central interpolation formula. L et k be a  fixed integer 
( =  1 , 2 , 3 ,  • • • ). By fe-point central interpolation we m ean the in terpolation m ethod 
w hereby the polynom ial of degree a t  m ost k — l ,  defined by k consecutive ordinates y„, 
is utilized w ithin an in terval of un it length centrally  located w ith  respect to  the  set of 
defining ordinates y n. This set of k defining ordinates y n is sh ifted  up by  one u n it in 
the subscrip t for interpolation in the  next un it interval. I t  seems obvious th a t  this 
kind of in terpolation  is perform ed for any real value of x by a formula of the  cardinal 
type

F(x) =  y„Ck(x -  n) (9)

w ith a suitable function Ck{x). To obtain  th is function, it is sufficient to  in terpolate 
the  elem entary table (2) by  m eans of th is m ethod of £-point central in terpolation. 
T h e  graphs indicate the resulting Ck(x) for k = l ,  2, 3, and 4.5 I t  is found th a t  Cu{x)

-2

f n

-  L -J L
-1 -1/2 0 3/2

Cx (x )

6 T hese g raphs ind icate  geom etrically  th e  construction  of th e  successive arcs of these curves. T h u s 
C3(x) is defined in the  in te rv al 1 / 2 < * < 3 / 2  b y  th e  p a rabo la  passing th rough  the  po in ts (0, 1), (1, 0), 
(2, 0). S im ilarly  Cdx) is defined in —1 < * < 0  by th e  cubic which tak es the  values 0, 0, 1, O a t * =  —2, —1, 
0, 1 respectively . W e m ention inciden ta lly  th e  following general an a ly tic  expression of the  basic function 
Cic(x) of ¿ -po in t c en tra l in terpo lation . In term s of th e  “cen tra l” factorial

r*(*! -  l 2) ( s 2 -  22) • • • (*2 -  (x -  l ) 2) if k = 2v,

we define the  corresponding tru n ca ted  function

tti-i ( ad*!-1 if * >  0
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is a polygonal line composed of arcs of degree k — 1. Also Ck{x)  itself is continuous w ith 
a  discontinuous first derivative if k is even. F o r an  odd k, Ck(x)  itself is discontinuous, 
the value assigned a t  a point of discontinuity  being the arithm etic  m ean of the two 
local lim its. E vidently  for k — 2 our form ula (9) is identical w ith  the  m ethod of linear 
in terpolation and the graph of F(x),  as given by (9), is identical w ith  the polygonal 
line of vertices (n , y n).

For fu rther reference we m ention the  following form ulae,w hich are valid for all 
real values of a:

1 r ” sin m/2
Ci (a) =  — I --------- einxdu ,

2x J m / 2

1 /’ * /  s in « /2 \2
C i ( # ) = —  I I  —  ] e ‘” ‘

2 t t J _ A  m / 2  J
dii,

1 r  “ /s in  m /2 \3 /  1

c ’w  = A , b r ) ( I + i
1 C w/sinM/2x ‘l

Ci(x)  =  —  -------------- -

2t J - x \  m/2
1 +  —  M2 

6

xdu,

xdu. (10)

T he ¿-point central interpolation m ethod is the  m ost im p o rtan t m ethod for the  
in terpolation  and the construction  of tables of ana ly tic  and regular functions. How
ever, for the  construction of tables of em pirical functions, th e  low order of continuity  
of Ck(x)  is a t  tim es a serious lim itation  of this m ethod. I t  seems indeed ev ident th a t  
the con tinu ity  properties of the linear com pound

F(x) = y„L(x — n)

are directly  dependent on the  con tinu ity  properties of the  basic function L( x ) .  W e 
tu rn  now to an in teresting example of an “osculatory” in terpolation form ula having a 
basic L ( x )  enjoying stronger con tinu ity  properties.

2.122. A n  oscillatory interpolation formula of W. A .  Jenkins.  We define a basic 
function L ( x )  for by

0 if x  <5 — 3

L(x)  =

-  ~  {x  +  3)3(* +  2) if

1 ( 11) 
~ ( * +  ! ) ( * +  2){x +  3 ) (3 * +  7) if - 2 ^ * £ - l

1
+  1)(6 — 6x  — 9a;2 — a;3) if -  1 ^  0

T h e  definition of th is function  is to  be com pleted  for * = 0  by  co n tin u ity , if k is given, and  by  th e  a r ith 
m etic  m ean  of the  tw o lim its, if k is odd. T h en

1
CJx) = (*l-i • 5 x+ (— » < x < «),

(¿-1)1
where Sk is th e  sym bol of th e  ¿ th  cen tra l difference of step  u n ity  (com pare T heorem  3 of section 3.11). 
W e will re tu rn  to  th is sub jec t in P a r t  B where th e  extrem ely  sim ple law  of form ation  of the  in teg rals (10) 
will a lso be given.
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and extend its  definition by the requirem ent L ( —x ) = L ( x )  to  all real values of x  
Since the  conditions (8) are visibly verified we see th a t

F(x) =  X) VnL(x n) ( 11')

is an ord inary  in terpolation formula. A closer inspection of the  com posite polynomial 
function (11) will show th a t  L{x), L '{x),  and L "{x )  are all continuous for all real val
ues of x. Using a  custom ary m athem atical term inology we m ay say th a t  L(x)  is of 
class C ". M oreover, in various ways i t  m ay be shown th a t the form ula (11') is exact 
if the y„ are the ordinates of a polynomial of degree 3 or less, i.e., F{x) becomes iden
tical w ith th a t  cubic polynomial.

I t  is of in terest to  com pare Jenk ins’ form ula (11') w ith the 4-point cen tral in ter
polation form ula (9) (for fc=4). Both are exact for cubics. Ct(x) is of class C, while 
the  present L{x)  of class C". T his was achieved by increasing the  com plexity of the 
basic function in two w ays: 1) T he in terval w here L{x)  is non-vanishing was increased 
from |a |  ?S2 to  |x | ^ 3 .  2) T he degree of the  polynomial arcs has increased from 3 
to  4. L a te r Jenk ins’ form ula (11') will appear as a m em ber of a sequence of in terpola
tion form ulae of sim ilar characteiistics. H ere we m ention tha t  the basic function (11) 
m ay be expressed in the  form

£(*)
1 r  * /s in  u / i y  (

t J,Vw ) (4 +C O S  U
sin u \

4  I eiuxdu ( n ' o

for all real values of x.
2.123. A smoothing interpolation formula of W. A .  Jenkins.  W e define a basic func

tion L{x)  by
0

L{x) =

- - ( *  +  3)3 
36

if x ^  — 3,

if -  3 g  s  g  -  2,

36

1
— (15 
18

(69 +  117a +  63a2 +  l ia ; 3) if -  2 ^  * g  -  1,

- U i g o ,

(12)

27a2 -  14a3)

L ( -  x) = L(x).

if

T his particu lar L(x),  composed of cubic arcs, is of class C T he form ula6

• W . A. Jen k in s w rites his in te rp o latio n  form ula (11') in th e  following E v ere tt form

Fiji +  x) =  j>„£ + o2y„£(S2 -  1) £3(£ -  1)
12

x(x2 — 1) x?(x — 1)
+  J'n+l* +  ¿bn-t-l --------------5y<*+\  T. >12

(0 ä  * â  1, * +  { “  1).

Likewise his form ula (12 ') tak es th e  form

£(£2 -  1) t3F(n +  x) =  y„£ +  <P;y„ -1 — —  -  d*y„ —  
6 36

+  ?»+l* +  52>W
xW  -  1)
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F(x) =  £  y M *  ~  v) (12')
V

corresponding to  (12) is exact for polynom ials of degree 3 or less. However, while 
(110 was an ordinary  interpolation  foim ula, the  form ula (120 ' s a sm oothing in te r
polation formula. Since

¿(0) =  15/18, L{  1) =  2/18, L{  2) =  -  1/36,

while L{n)  = 0  for n7z3,  we see th a t  for x  — n  (120 reduces to a sm oothing form ula of 
characteristic function

1
— — (15 +  4 cos u — cos 2u).

18

W e readily verify th a t  <p"(0)= 0  and 4>{ir) = 5 / 9  g  1. Hence (120 reduces for 
integral x = n  to  a  sm oothing form ula, according to  our Definition 1. On com paring 
Jenk ins’ two form ulae (110 a nd (120 we notice th a t  they  are both exact for cubics, 
giving rise to  curves of class C" . Since (120 is only a smoothing in terpolation formula 
while (110 is an ordinary in terpolation  form ula, it has been possible to  lower the  de
gree of L(x)  from 4 to  3. We finally m ention th a t the function (12) m ay be expressed as

1 r  M /s in  m/2V /  4 1 \
m  ‘  i ; J _ . ( w r )  ( t _ j  cos <12">

2.2. A general theory of interpolation form ulae of the cardinal type. In  this sec
tion we shall discuss various characteristic properties of in terpolation  form ulae of the 
cardinal ty p e  in term s of th e  Fourier transform  of the  basic function L{x).  T his dis
cussion will provide a  sufficiently broad foundation for the  subsequent developm ent
of specific form ulae in the la tte r  p a rt of this paper.

2.21. Characteristic properties of interpolation formulae. Some of the following defi
nitions have already occurred in the  previous sections. F or convenient reference we 
include them  in our present enum eration of properties of an interpolation form ula

F(x) =  'Z, y M x  ~  v). (13)
»'=■— 30

a. W e say th a t (13) is an  ordinary interpolation formula  if F(x) in terpolates ex
actly  the given ordinates y n, i.e., if

L{0) =  1, L{v)  =  0 { y *  0). (14)

b. W e say th a t  (13) is a smoothing interpolation formula  if for x  = n  (13) tu rns into 
a sm oothing formula

F(n) =  H  y>L(n — v).  (15)
p

T he term  “sm oothing form ula” is m eant, of course, in the sense of our Definition 1, 
section 1.1.

c. W e say th a t (13) is exact for the degree ^ — 1 if the  relation

p (x) =  ¿  P ( n ) L ( x  —  n)
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is an id en tity  for any polynomial P ( x )  of degree a t  m ost k — \.  T he last condition is 
in tu rn  equivalent w ith  the k identities

oc
x ’ =  23 n'L{x — ii) (v =  0, 1, • • • , k — 1) (16)

71=»— CC

out of which it can always be recovered by m eans of suitable linear com binations.
d. W e say tha t  (13) preserves the degree k — l , 7 if for any polynomial P(x)  of degree 

v ^ k  — 1 we have an identity
oo
23 P(n)L(x  — n) =  P(x) +  (a polynomial of degree <  v). (17)

n— oc

N otice th a t  the leading term  of P ( x )  is not altered by (13). Again in term s of the  mo
nomials x “ we m ay say : (13) preserves the  degree k — \ w henever the k functions

oc
Q*(x) =  23 n*L(x  —  n), (v =  0 ,  1 ,  • • ■ ,  k —  1 ) ,  ( 1 8 )

«■"—00

are polynom ials of the form

Qy(x) =  x’ +  a>iXv~1 +  ' • • •  +  ar„ {v =  0, 1, • • • , k — 1). (19)

e. W e say th a t  (13) is of degree m and of class C", if the basic function L(x)  is a 
polygonal line of polynomial arcs of degree a t  m ost m  joining in such a w ay as to  
result in a function L (x)  having ¿u continuous derivatives. In the  sequel, the junction  
points will always be e ither for integral values x = n  or else for x  = n-\-1/2. Conse
quently  no “condensation” of d iscontinuities will result by the form ation of the linear 
com pound (13). Hence the in terpolation  curve F(x) will again be of degree m  and of 
class CA As examples we recall the form ulae (11') and (12') of W . A. Jenkins, which 
are both  of class C" and of degree 4 and 3, respectively.

f. A formula (13) whose basic function L(x)  is composed of polynomial arcs will 
also be referred to as a polynomial interpolation formula.  W e shall say th a t it has the 
span s if the even function L(x)  vanishes identically for x > s /2 ,  b u t not for x > s '  w ith 
0 < s ' < i /2 .  T hus the ¿-point central interpolation form ula (9) is of span k, while both 
formulae (11'), (12') of Jenk ins’ have the span 6. F o r obvious practical reasons it is 
desirable to  work w ith polynomial formulae having as small a span as possible.

g. W e say th a t (13) is an analytic interpolation formula  if the basic function L(x)  
is ana ly tic  and regular for all real x. T he original cardinal series (5) is an example of 
th is type. Obviously no ana ly tic  formula can possibly have a finite span. T he role of 
the  span is taken over by  the ra te  of dam ping of L(x)  as .r increases. For obvious prac
tical reasons it is desirable to  work with analy tic  L(x)  dam ping out as fast as possible.

2.22. The characteristic function of the basic function L{x). I t  was shown in chapter

7 T h is p ro p erty  of in terpo lation  form ulae seems to  have been neglected so far. I t  represents an  im 
p o rta n t w eaker form of the  condition of exactness for the  degree k — 1. C om pare T . N . E . Greville, loc. cit. 
pp. 210-211, for ou r slight d ep artu re  from  the s tan d ard  term inology. Jenk ins speaks of a  modified in te r
polation  form ula in case the  forriiula is no t ordinary. T h e  term  “m odified” seems n a tu ra l in view of 
Je n k in s’ construction  of such form ulae by  modifying c erta in  term s of E v e re tt’s form ula (the  a u th o r  is 
indeb ted  for th is  las t rem ark  to  M r. C halm ers L . W eaver). I t  seems, how ever, less desirable if th e ir  c o n 
stru c tio n  is, a s  here, o therw ise perform ed.



I th a t  various properties of a sm oothing formula

Fn ^ yvLn—>
*

are readily expressible in term s of its characteristic function

4>(u) =  23 L neinu.
n

Likewise, the properties of the in terpolation form ula

F(x) =  23 y>L{x — v) (20)
9

will largely depend on the behaviour of the function

/ CO oc

L(x)eiuzdx  =  I L(x)  cos uxdx. (21)
-w d

T his even function g(u) is the Fourier transform  of L{x).  Following a term inology 
used in probability  theory  we shall refer to  g(u) as the characteristic function  of L(x).

U nder certain  general assum ptions which will alw ays be verified in our applica
tion, the relation (21) m ay be inverted8 to

1 r a
L(x) = — I g(u)e,uxdu. (22)

2ir J

However, it  should be rem arked th a t  a t  tim es our in tegrals are no t absolutely con
vergent and  th a t  th ey  then  converge only as a principal value in the  sense of C auchy:
limA~*fzfc A11 example of th is kind is our first formula (10)

1 r  °° s in  m /2
eiuxdu.
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1 r

,w " t, L m/ 2

Changing u  and  x  to  2iru and x/2ir  respectively we see

/  x \  r  " sir 

\2 tt/  _

, . sin iru
Ci ( —  ) =  |  eiuzdu.

iru

Inverting  th is relation we obtain

sin t x  1 r M /  m \

7rx 2r  J \27r/

which is identical w ith  (6) and shows th a t

1 /f  T

=  — e iu x t
2 i r J —  T

if | M | <  7T

if | M | =  T

if 1 M 1 >  7T

(23)

is the characteristic function of the  original cardinal series (5). I t  is precisely the  d is 
con tinu ity  of its  characteristic  function which causes the  extrem ely slow dam ping of 
the basic function (23). (See 2.21, g.)

8 See e.g. S. B ochner, Vorlesungen iiber Fouriersche Integrate, Leipzig, 1932, S a tz  l i b  on p. 42.
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Sim ilar reasons of slow dam ping will rule out the following ra th e r obvious m ethod 
of tu rn ing  a given sm oothing formula

Pn(x) =  X  yvL*-,
v

into a sm oothing interpolation formula

F(x) =  X  y U *  -  v).
V

From
0 (m) =  X  L„einu

n

we derive
1 r 1

L n = — <j>(u)einudu.
2tr J  _T

Now we sim ply define a basic function L(x) by

1 r r
L(x) =  -— I <j>(u)eizudu.

2t  J  _ t

T he corresponding characteristic function g(u) is found to  be

<t>(u) if | u | <  7T
«(«) =  ^

Again the  discontinuities of g(u), or of one of its higher derivatives, will imply th a t 
the  dam ping of L (x ) is too slow for num erical purposes. Indeed, by  partia l in tegra
tions, L(x)  is found to  tend to  zero as a certain  negative power of .r only, as x  tends 
to  infinity. (Concerning the order of m agnitude of Fourier integrals for large values 
of x, see the theorem  on page 11 of Bochner’s book quoted in our footnote 8.)

2.23. Fundamental criteria in  terms of characteristic functions. W e shall now re
s tric t ourselves to  basic functions L(x)  which are everywhere continuous w ith the 
exception of possible “discontinuities of the first k in d ” (such as were exhibited by  the 
basic functions L(x)  of section 2.121). M oreover, we shall assum e th a t L(x)  dam pens 
o u t exponentially. T his m eans th a t  we assum e the  existence of two positive constants 
A  and B  such th a t  the inequality

\L {x ) \  < Ae~B^  (24)

holds for all real values of #. T his clearly rules ou t the  basic function (23) of the  cardi
nal series. T h e  assum ption (24) implies th a t  the characteristic function

*(«) =  f
J

L(x)eiuxdx (25)

is ana ly tic  and regular n o t only on the  real M-axis b u t also in the infinite strip

| Iu  | <  B (26)

of the complex «-plane. I t  also implies th a t  the expression



r
lim X  +  2irn)e2xinx (27)
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converges uniform ly in a  circular neighborhood of «  =  0 and for every real value of x.
T he following theorem  will dem onstrate  the usefulness of the  characteristic func

tion of an interpolation formula.

T h e o r e m  2. Let the basic function L (x) satisfy the condition (24). Let the correspond
ing interpolation formula be

F(x)  = X y M x  -  r). (28)

For integral x  =  n  (28) reduces to the smoothing formula

F(n) =  X  y*L(n  —  v). (29)

A. The characteristic function <p(u), of the smoothing formula  (29) is given by the 
relation

oo

<£(«) = X «(« + 27”')- (3°)
00

In  particular (28) fs an  ordinary interpolation formula  (see 2.21, a) i f  and only i f
oc

X #(« + 2xr) = 1.. (31)
?=*—ac

B. The formula  (28) A exact for  the degree k — \ (see 2.21, c) i f  the following two 
conditions hold simultaneously:

g(u) — 1 has a zero of order k at u =  0, (32)

g(u) has zeros of order k for  all non-vanishing integral multiples of 2x\ u = 2 x n  (ns^0). (33)

C. The formula  (28) preserves the degree k — i (see 2.21, d) i f  the condition (33) holds, 
together with the additional condition

m  =  i. (34)

Remark. For some applications it is im portan t to  notice th a t an ordinary in ter
polation form ula which preserves the  degree — 1 is autom atically  exact for the degree 
k — i.  T his seems evident a priori. I t  is also evident in term s of our criteria, for (31) 
implies

g(u) -  1 =  -  X g(« +  2ttv)
y 9*0

and the right-hand side has a zero of order k a t  u = 0 by (33).
Proof of A. Our form ula (25) implies

J n oo I f *  I2p+V*-
L (x ) =  — I g(u)eixudu =  lim — I g(u)eixudu

2x J  p—« 2x J  _(2p+l)x



= lim — f i X s(u + 2xv)e2x{x‘\  eiuxdu,
2x  J  —x  U— p )

= — f { X s iu + 2xv)e2rix\  eiuxdu.2x J —x  Ub.—OO )
In  particular, if x  = n  is an integer, we find

L{n) = — J  | X g(u +  2 irr) | einudu. (35)

Since the characteristic function <f>(u) of (29) is by definition the function of 
Fourier coefficients L {n ) (see 1.1, (9)), the relation (30) is established.

Proof of B. W e wish to  apply Poisson’s sum m ation form ula3
cc co / i  oo

X f i x  — «) =  X e2xinx I f(v)e~2xiv"dv (36)
n — oo n « = —oo ** — oo

to  the function
f i x )  =  e~ixuLix).  (37)

By (37) and (25) we find

/ oo / •  oo

fiv)e~2xivndv =  I L{v)e~i<-u+ixn)vdv =  g(« +  27r;:)
-m  *7 —»

hence by (36)
oo oo

e-ixu £  eiunL ix  — n) =  X g(M +  2.xn)e2xinx
n ——oo n = » — oo

and finally
oo co

X eiunI.(a: -  n) = eiux X g(« + 27r»)e2li,,r. (38)
71 s a — oo 71=3 — X

T his id en tity  ac tually  holds for all real x and all real or complex values of u  w ithin 
the strip  (26). I t  contains im plicitly all the sta tem en ts of Theorem  1. T hus fo r x  =  0 
it reduces to  (30). T o prove our sta tem en t B we assum e x  fixed and regard both  m em 
bers of (38) as functions of u, which we expand in series of powers of u, then equating
the respective coefficients on both sides. On the left-hand side we have the expansion
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«0 * 9  a t *  00^  lwtl _
X —- X »■£(# -  »)•
r - 0  ^  • n-=—oo

On the right-hand side, our assum ption (33) implies th a t  the term s g(tt +  27r«)e2,rinI 
iny^O) do not con tribu te any  term s in u  of order less than  k. T hus our id en tity  (38) 
becomes

00 ivuv 00X   X nyL{x — n) — eixugiu) +  u h (regular function of u). (39)
*=0 v ! n=-=o

On the o ther hand our assum ption (32) am ounts to

9 See S. Bochner, loc. c it., theo rem  10 on page 35.
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g(u)  =  1 +  u k (regular function).

T his and  (39) im ply

” i"ur “ " i"u’
2_, ----  » 'M * — n) =  ¿ j   x" +  uk (regular function). (40)
r—0 V\ „ M ,_0 V!

A com parison of the  coefficients of the  first k term s on each side of (40) furnishes the
identities (16). T his concludes a proof of B.

Proof of C. Since g(u) is regular a t  u — 0, and even, it has in view of (34) an ex
pansion of the form

&2 O'A
g(il) =  1  il2 - \ i P  «8 +  • • • .

2! 4! 6!

W e now define a sequence of polynom ials by m eans of the generating function

” (in)“
eixug(n) =  X  Q>(x) — — (41)

or

exug{u/i) =  Qr(x) —  (42)
p~0 VI

where
&2 O'A

g ( u / i) =  1 H u 2 H iP  +  • • • . (43)
2! 4!

A com parison of term s on bo th  sides of (42), using (43), shows th a t

Q,(x) =  x" +  ^  2 ^  a2x ' - 2 +  ^  4 ^ a^x"~i +  ' ' ' ■ (44)

On su b stitu tin g  the expansion (41) in to  the  righ t-hand side of (39) and  by  com pari
son of the  first k term s on both  sides we find th a t the identities (18) and (19) are 
established. T his com pletes the  proof of our theorem .

As a brief illustra tion  of our criteria  le t us consider again Jenk ins’ sm oothing in
terpolation  form ula (12') of 2.123. I ts  basic function is

1 C 00 /2  sin tt/2 V  /  4 1 \

L M  =  r J . , { ~ V ~ )  V T ~ 7 C M ( 4 5 )

A simple m ethod of evaluating  explicitly such integrals in order to  find the  polynom ial 
expressions (12) will be discussed later. An inspection of the  characteristic function

2 sin « / 2 \ 4
g(«) =    — - J  (4 -  cos u)/3

im m ediately reveals th a t  our condition (33) is verified for k = 4. D irect expansion 
shows th a t  g(u) — 1 — (7/240)m4+  • • • and (32) is also verified for & =  4. T he in te r
polation form ula (12') is therefore exact for cubics. Also the fact th a t  L ( x ) is of class 
C" is revealed by an inspection of the  integral (45). Indeed we notice th a t g{u) v an 
ishes for u = =o like u~*. T his implies th a t  we m ay differentiate (45) tw ice under the  in
tegral sign and  th a t  the integral
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1 r *
L"{x) =  — I g(u)(iu)2e'uxdu

is also continuous since it  converges absolutely.

III . THE THEORY OF SPLINE CURVES

T he previous chap ter provides a formal theory  of interpolation formulae in term s 
of a basic function L(x)  which, as yet, is largely a rb itra ry . T he present chap ter will 
furnish the  foundation for the derivation of special basic functions which are readily 
com puted w ith g reat accuracy and lead to  interpolation formulae enjoying the proper
ties described in the previous chapter.

3.1. Polynom ial spline curves of order k. A spline is a sim ple mechanical device 
for draw ing sm ooth curves. I t  is a  slender flexible bar m ade of wood or some other 
elastic m aterial. T he spline is place on the sheet of graph paper and held in place a t  
various points by m eans of certain  heavy objects (called “dogs” or “ra ts ”) such as 
to  take  th e  shape of the curve we wish to  draw . L et us assum e th a t  the spline is so 
placed and  supported  as to  take  the shape of a curve which is nearly parallel to  the 
x-axis. If  we denote by y  = y(x)  the  equation  of th is curve then  we m ay neglect its 
small slope y ' , whereby its  cu rvatu re  becomes

i / ie  =  y 7 ( 1  +  y 2) 3' 2 «  y".

T h e elem entary  theory  of the beam will then  show th a t  the curve y  = y(x)  is a  polyg
onal line composed of cubic arcs which join continuously, w ith a continuous first 
and  second deriva tive .10 These junction  points are  precisely the  points where the 
heavy supporting  objects are placed.

3.11. Description of spline curves of order k. O ur las t rem ark suggests th e  following 
definition.

D efinitio n  4. A  real function Fix) defined for all real x  is called a spline curve of 
order k and denoted by rL(;c) i f  it enjoys the following properties:

1) I t  is compressed of polynomial arcs of degree at most k — 1.
2) I t  is of class Ck~2, i.e., F(x) has k — 2 continuous derivatives.
3) The only possible function points of the various polynomial arcs are the integer 

points x  = n i f  k is even, or else the points x  = n + 1/2 i f  k is odd.

T hus a IIi(x) is a step  function w ith possible discontinuities a t  the points
x  = n  + 1/2. A n 2(x) has an ordinary  polygonal graph w ith vertices only a t  the in
teger points x  = n. A n 4(x) corresponds to  the elem entary m athem atical description 
of an ordinary  (infinite) spline w ith the “dogs” placed a t all or only some of the points 
w ith x  = n.

I t  should be noticed th a t  if a I I4(a:) is of class Ck~l, then I I (*_1)(:x;) m ust necessarily 
be constan t for all x. T hus such a n*(;c) reduces to  a polynomial of degree k — 1. I t  
is ju s t this relaxation of the requirem ent of the con tinu ity  of the  (^ — 1)-order deriva
tive of n*(a:) which tu rns the spline curve in to  a flexible and versatile  instrum ent of 
approxim ation. Likewise, only the “dogs” (or “ra ts ”) enable the ordinary  spline to  
trace curves differing from the  graph of a cubic polynomial.

T he special im portance of spline curves will be due to  the fact th a t  by the addi

10 T h e  a u th o r  is in deb ted  for th is  suggestion to  Professor L . H . T h o m as of O hio S ta te  U niversity .



tion of several spline curves of successive orders we m ay get an y  desired polygonal line 
of given degree m  and class C“.

3.12. The evaluation of certain Fourier integrals. Our fu rther work is based on the 
consideration of the,functions
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1 r  ” /2  sin u/,2\  k

~  r j S - T - ) e"
zdu (k  =  1, 2, • • • ; — co <  * <  co ). ( 1 )

T hey  have been evaluated explicitly for low values of k by various au th o rs .11 T he fol
lowing general explicit representation is essentially due to  Laplace (see J . V. Uspen
sky, Introduction to mathematical probability, 1937, Exam ple 3, pp. 277-278).

T h eo rem  3. Let k be a positive integer. Define the function  x^r1 by

k~i I x k~l if * ^  0
4  =  \  (2)

I 0 if x  <  0.

For k = \ and x = 0 this definition is modified to O+r1 =  1/2.
The following identity holds for all real values of x

1 C 00 /2  sin u / 2 \ k 1 k k - i
—   eiuxdu = --------------- '
2 t t  J_„\ u  /  ( * - 1 ) 1

eiuxdu = ------------- 5 x+ , (3)

iwhere 5k stands for the usual symbol of the kth order central difference of step equal to 
unity.

T he iden tity  (3) is correct for k = \ .  Indeed it is well known th a t
1 r ” sin u

 du = \.
2% J  _oo u

On replacing u by ux  we get th a t

i f2x J  _

if x >  0
sin xu

■ du =  /  0 if x =  0

or

2ir J  _M u
|  if x <  0,

1 r 10 sin xu o
—   du =  x+ -  b
2 x  J  u

Therefore

1 r  “ 2 sin « /2  1 f  °° sin (x  +  §)« 1 r  "  sin (x  — b)u
— I ------------- cos uxdu = — I ----------------- d u  I ------------------
2lT J  U 2T J  —oo U 27T J  u

du

sin xu  o o
 du = 5(x+ — 5) =  5s+,

u

1  ̂ C " sin xu 

2t

11 See S. B ochner, Fourier analysis, P rinceton  U niversity  lectures, 1936-1937, where o u r Mt{x) a re  
worked o u t fo r k = i, 2, 3, a n d  w here th e  increasing sm oothness qualities of these functions a re  clearly  
no ted . B ochner also considers th e  in tegrals

» 1 r  " / 2  sin !</2 \*  sin ux
M k(x) = — I ( --------------)  du.

2jr U /  «

U sing T heorem  S below, we readily  o b ta in  the  id en tity  M f(x ) — f  x f



and (3) is established for & =  1.
L et us consider for the m om ent the sequence of functions

Nk(x) = ------------ 5 x+ . (4)
(k  -  1)1

We have already shown th a t

M k(x) = N k{x) (5)

holds for k = l .  Assume now th a t (5) holds. W e wish to  show th a t the sim ilar identity  
for k +  1, ra th e r than  k, arises from (5) by performing the operation

1946] A PPRO X IM A TIO N  OF EQ U ID ISTA N T DATA 69

/ ,

1+1/2

*—1/2

on both  sides of (5). T his will be accomplished if we prove th a t

and

*+1/2
M k+i{x) =  1 M k(x)dx

J  *-1/2
(6)

/• *+1/2
N k+f x )  =  N k(x)dx. 

J  1-1/2
(7)

r  1+1/2 2 sin m/2
eiuxdx  = ------------ eiux

' *-1/2 u

In  view of

we obtain  (6) by an in tegration  under the integral sign as follows

r 1+1/2 1 C 00 /2  sin w /2\* /  f  1+1/2 \
M k{x)dx = —  I ( ------------- ) ( I e"‘xd x ) d u  = M k+f x ) .

J  1 - 1 / 2  27T J  _m \  U  )  \  J  X—1 /2  /

T o prove (7) we notice th a t
*+1/2 W/ *+! H p x /• * x

Nk(x)dx = 5 I N k(x)dx = 5 I 8k ------------ dx
x —1 /2  ^  —oo “ “oo 1 )  •

k—1 k
- 85k f  ——   dx  =  <5‘ +1 — =  AT+iO).

(k -  1)! kl
T his concludes the proof of Theorem  3.

3.13. Explicit polynomial expressions for M k(x). T he formula

1 * t- i
Mu(x) =  — 5 x+ (8)

(k  -  1)1

will readily show th a t y  = M k(x) represents a spline curve of order k. Indeed, if k is 
ev en ,th en

(x +  n ) T l

is a 11* and therefore also their linear com bination (8). If k is odd the same conclusion 
holds because



70 I. J . SC H O EN B ERG [Vol. IV, No. 1

(* +  n -  §)+ 1

is a I I a*.
I t  also follows from (8) th a t  the explicit polynomial expressions for

(k -  1 ) '.Mk(x),

in successive un it intervals, are identical w ith  the  successive partia l sums of the ex
pansion

/  k y - 1 / k \ /  k y - 1 /  k y - 1
- ( J v  +  y - 1)  + - - + ( - « * ( * - T )  ■

an expression which incidentally  vanishes identically, being the £th  order difference 
of a polynomial of degree k — 1 . W e thus get

(k -  1) lMk(x) =

0 if *  â  -
*

y

( * 4 f
if

k
-------^  .r £  -

2 ”  “
k
y +1

y - r - o y i - r
if

k
--------- h 1 5  x S  -

2
*
y +2

( ■ + T r - ( ! ) ( - 4 - ‘ r + -

+ < - i > " ( i ) ( > - T + i r
if

k k
-------1 £  * £  —
2 _  “  2

«***-> =  0 if
k

T  ~

(9)

For fu tu re  reference we work ou t explicitly the cases k =  1, 2, 3, and 4. T he expansions 

5.v° =  1 — 1

52x  =  (icd- 1) — 2x -(- (a; — 1)

=  (* + 1 )2 -  3(* + 1  r  +  3(* -  h y  -  (* - 1 ) 2

0*x3 =  (* +  2)3 -  4(* +  l ) 3 +  6x 3 -  4(* -  l ) 3 +  (x  -  2)3 

now furnish the following expressions

(10)

/ 0 if x  <  — £

M\{x)  =  < 1 if — § <  x  <  1

 ̂0 if 5 <  %,

to  which m ust be added i l i i ( ± l / 2 )  =  1/2 as required by (1) for k = l .

0 if x  i  — 1
* +  1 if -  1 g  x  g  0

ï + 1  if OjÉ # ë  1

0 if 1 é  *,

( H )

Mt{x)  = ( 1 2 )
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Mz(x) =

M t{x) =

0

( l/2 )(x  +  3 /2 )2

(l/2 )(x  +  3 /2 )2 -  (3/2) (x +  1/2)2 

( 1/2) ( — x +  3 /2 )2 

0 

0

(1/6) (a; +  2)3

( l/6 )(x  +  2)3 -  (4/6) (x +  l ) 3 

( l /6 ) ( — x +  2)3 -  (4 /6 )(— x +  l ) 3 

(1/6) ( — x +  2)3 

0

x s 3

-  i  g  x g  è
5 é  X g  f
f  â  X,

x g  -  2

-  2 g  x g  -  1
-  1 g  x g  0

0 g  x g  1
1 g  x g  2
2 <  x.

(13)

(14)

In deriving these expressions the  expansions (10) were used up to  the point from where 
the evenness of the functions Aft(x) allowed us to  com plete their definition for all x 
by sym m etry.

M,(x)

 4-----<_
-1 - i

-3 /2  -1 -1/2. «  1 /  1 >2

3.14. Interpolation formula with Mk(x) as basic function. T he interpolation formula

F(x) =  E  y ,M k(x - v )  (15)

will play an im portan t role in our subsequent work. We m ention it a t  this place be
cause it contributes to  our investigation of ¿-order spline curves.

To the basic function
L(x)  =  M k{x)

corresponds th e  characteristic function

(2  sin u / 2\ k
(16)

as seen by  com paring I I I  (1) w ith  II  (22). T he characteristic  function of th e  form ula
(15) for integral x  = n is



<t>k(u) =  M k{0) +  2M k{\) cos 11 +  2M k{2) cos 2u +  ■ • • . (17)

T he {4>k(.u)} represent an in teresting sequence of cosine polynom ials which we will 
investigate more closely later in this paper. H ere we m ention w ithout proof th a t

1 =  <pfu) =  <f>2(«) >  >  f k(u) >  • • •>  0 (0 <  « <  2tt) (18)

while, of course, <£*(0) = 1 . Hence (15) is a sm oothing in terpolation form ula of progres
sively increasing streng th  as k increases. W e assemble the  various properties of (15) 
in the form of a theorem .

T heorem  4.
oo .

F (x) = £  y>Mk(x  -  v) (19)
»mm—00

is a polynomial smoothing interpolation formula of degree k — I , class Ck~2 and span 
2s = k (see sections 2.21 and 3.13). I t  is exact for the degree 1 and preserves the degree 
k — i .  The smoothing power of (19) increases progressively for increasing values of k.

T he exactness of (19) for the degree 1 and the preservation of the degree k — i 
follow by Theorem  2 (B and  C). Indeed, by (16), g ( u ) ~  1 has a double zero for m =  0 
while g(u) has zeros of order k for u = 2irn (« ^  0). Since the  preservation of the  degree 
k — 1 implies the identities 11(18) and (19), the  following corollary results.

Corollary. A n y  given polynomial P k-i(x )  of degree at most k — 1 may be represented 
in  the form oo

P k -1(*) =  £  y*Mk(x -  n) (20)
n —~co

where {y n j  are the ordinates of some other suitably chosen polynomial of the same degree 
as P k-i- This representation is unique.

3.15. The analytic representation of spline curves of order k. W e know th a t  if {yn j 
is an a rb itra ry  sequence of ordinates, then our in terpolation  form ula

F{x) =  £  ynM k{x -  n) (21)
71

represents a spline curve of order k. This is true  because all M k(x — n) are such curves. 
T he following question arises: Let F(x) be a given IIk ; can we always represent it in  the 
form  (21) for an appropriate sequence {y n} ?

T his question is answered affirm atively by the following theorem .

T heorem  5. A n y  spline curve II*(rc) may be represented in  one and only one way in  
the form oo

n*(s) =  £  ynM i{x  -  n) (22)
n « —oo

for  appropriate values of the coefficients y„. There are no convergence difficulties since 
M k ( x ) vanishes for  | x\  > k / 2. Thus  (22) represents aT ikfor  arbitrary {y„} and represents 
the most general one.

In  order to  prove this theorem  we re tu rn  to  the in terpolation  form ula (21) and 
differentiate it repeatedly. By (8) we have
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« « - s‘ £ < ^ « r r w « h r , *  -

and repeating we get

M k \ x )  =  S M k.,(x )  (23)

From  (21) and (23) we obtain by partia l sum m ation

P'{x) =  £  y„5Afjfc_i(a; — w) =  £  5yB+i/2 Mu-\{x — n — \)
n n

or
F'(x  +  -|) =  £  5yn+i/iMic-i(x — »). (24)

n

If k > 2 ,  th is formal rule of differentiation of a spline curve m ay now again be applied 
to  (24) w ith the  result

F"{x  +  1) =  £  82yn+1M  k- 2(x  -  n)
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or

G enerally for 0 — 1

F"{x)  =  £  82ynMk~i(x  -  n).

£  8yynM k-v(x — n) if v is even,

F » (* )  = < ' (25)
I £  8yy n+i,2M k- v(x  — n — 5) if r is odd.

n

This result m ay be s ta ted  as follows: The vth derivative of the spline curve (21) may be 
obtained directly by applying the same interpolation formula  (21) with k —v, rather than 
k, to the sequence of the vth central differences 8vy properly centered according to the parity  
of v. I n  particularly: F (k~2'>(x) is obtained by interpolating linearly among the 8k~2y. 
p(k-i) (£) a step function whose successive values agree with those of the correspond
ing 64- 1y.

Now let F(a:) be a  given EU. W e are to show the existence of a  sequence {ynj such 
th a t  (21) holds identically. Suppose for the  m om ent th a t  such y n have been found 
which do m ake (21) hold. T hen  by (25) for v — k — \ we have

{8k~ly n for n — b < x < n +  § if & is odd.
= A ■ , , . (26)

(5i - 1y„+i/2 for n < x  < n +  1 if k is even.

In  e ither case the successive constan t values of the step  function F^k~l){x) determ ine 
uniquely the  values of the differences of order k — 1 of the  sequence of the as yet un
known coefficients y n. These differences in tu rn  determ ine the coefficients y n uniquely 
up to  an additive sequence of vanishing differences of order k — 1. L et yn be one se
quence such th a t

5*- 1yn+i/2 =  F (*_1)(m +  I)  if k is even

or else

8k~ly„ =  F (-k~l){n) if k is odd.
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Consider the ¿-order spline curve

F(x) =  E  JnMk{x — n)
n

and let

R(x)  =  F(x) -  F(x).

From  the w ay F(x) was defined it  is clear th a t  F (-k~1)(x) and  F (A-1)(x) agree in their 
successive un it intervals of constancy. Hence R(x)  is a l l*  whose various polynomial 
arcs are of degree k — 2 or lower. Therefore R(x)  is identical w ith  a polynom ial of de
gree k — 2. As such it allows of a representation of the form (21) in view of our Corol
lary  of section 3.14. Therefore also

F{x) =  F(x) +  R (x )

m ay be represented by our form ula (21).
T he unicity  of the  representation (21) is readily established. Indeed tw o different 

such representations would im ply a representation of zero

0 =  E  ynMk{x — n)
n

w ithou t all y n vanishing. H ow ever the 5t-1y all vanish, and  our conclusion would con
trad ic t the  uniqueness of the representation  (20) of polynom ials.

A simple example m ight illustra te  our proof of Theorem  5. L et us find th e  repre
sentation  of the spline curve of order 4

Fix)  =  —  x+.
3!

By (26) we have

(1 if n ^  0
5 yn+1/2 =  F’"(n  -(- | )  =  (n +

0 if n  <  0.

A sequence having these th ird  differences is

0 if n <  0

m(m2 — 1)yn =

Hence

c r ) -
if n  Si 0.

x+ = E  m(m2 l)ALi(* — «)> (27)

w ith  the possibility still open th a t  bo th  m em ber m ight differ by a th ird  degree poly
nom ial. How ever th is possibility is excluded by the  rem ark th a t  both  sides vanish 
identically  for * g 0 .  Incidentally , (27) implies

,  o
-  ( -  x)+ =  E  n(n2 ~  l )M i(x  -  n)



and by addition and subtraction  of the two relations we get the identities

co co

x3 =  ]X n(n2 — — n), | x |3 =  X^ | « (»2 — 1) | M\{x — n).
n = —eo »■— oo

In  la ter applications we shall frequently  operate w ith polygonal lines F(x) of de
gree k — l  n o t having con tinu ity  properties as strong as a 11*. T hus Jenk ins’ L(x)  
defined by 11(11) is of degree 4 and class C". L et F(x) be a polygonal line of degree 
k — 1, having vertices a t  integral poin t x = n ,  and being for all real x  a function of 
class O  ( - l ^ i i i ^ - 2 ) .  W e certain ly  obtain a curve of degree k — l  and class £> by 
addition of spline curves.

F(x) =  n M+2 +  n„+3 +  ■ • ■ +  n*, (28)

where II„ s tands for n„(x) or n ,(x  +  l /2 ) ,  according to  w hether v is even or odd.

T h eo rem  6 . A n y  given polygonal line F(x) of degree k — l  and class £> may be repre
sented as a sum  (28) of k —fi — 1 appropriate spline curves of orders yu-j-2, /r +  3, ■ ■ ■ , k.

T his theorem  is a corollary to  Theorem  5 .  Indeed, , F (m+ 1 ) ( x )  m ay have certain  dis
continuities. W e determ ine a n ^+2 having the  same discontinuities in its (/u + l)s t
derivative . T hen

F(x) -  IL+2

is of degree k — l  and class 0 +1. Proceeding in this way the  theorem  is readily estab
lished.

S ubstitu ting  for the IL in (28) their expressions in term s of the M ,  we obtain an 
explicit (param etric) representation  of such polygonal lines. T hus Jenk ins’ function 
11(11) m ay be represented as

L(x) = 4M t(x) +  \ M t (x  +  1) +  JJf«(#  -  1) -  2M ,{x  +  J) -  2M t(x -  J).

A t a glance we recognize a curve of degree 4, class C", span 5 =  6.
3.16. A  summation property of spline curves. T he degree of a polynom ial is de

creased or increased by one u n it if we difference or else sum the  polynom ial. N o t so 
w ith our spline curves 11*. Indeed let

Iljt(x) =  X) JnMkix  -  n) (29)
n

be a given spline curve. T hen

n*(x +  l) =  X) y*Mk(x  +  l  — n) =  X) yn+iMk(x -  «)

and sub trac ting  (29) we have

AII*(x) =  rr*(x +  1) -  n*(x) =  X) AynMk(x -  n). (30)

Hence AITjfc(x) will in general be also a 11*. Now le t the spline curve n**(x) be given 
and we wish to  find n*(x) such th a t

AII*(x) =  n t(x ) . (31)
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By using Theorem  5 the  solution is im m ediately found. Indeed let

1I*(*) =  2  y*nMk(x — n). ■

Now (29) will be a  solution of (31) provided Ay n = y* ,  for all n. T h is  relation defines 
the  y n up to  an additive constan t which appears as an arb itra ry  additive constan t in 
the solution n*(x). I t  is thus seen th a t  the operation of differencing or sum m ing 
spline curves (29) reduces to perform ing the  sam e operations on the  sequence of the 
coefficients {y«).

3.17. A n  interpretation of M t(x )  in  probability theory. In  concluding our discussion 
of polynom ial spline curves we m ention briefly the following in terp re ta tion  of Mk{x). 
As seen from its values as given by 111(11) it is clear th a t  Afi(x) m ay be in terp re ted  
as the probability  density  function of the error com m itted  on a  random  real variable 
x, if th a t  variable is rounded off to  its nearest in tegral value. Now I I I (1) shows th a t 
the characteristic function of ilf*(x) is the  £th  power of the  characteristic function of 
M i(x).  From  a known proposition in probability  theory  we m ay conclude th a t  M tfx )  
is the density distribution function of the error committed on the sum

X i +  X t  +  • • ■ +  X k

of k statistically independent real random variables xi, • • • , x t ,  i f  each variable is re
placed by its nearest integral value.

T his in terp re ta tion , otherw ise en tirely  irre levan t for our purpose, does m ake a 
few of the properties of ilf*(x) in tu itively  obvious, such as

( >  0 for I x I >  k/2 

M t(a;){ = o

L

for I x I <  k / 2,
I
M k(x)dx = 1.

In  concluding we note the iden tity
/ x+1/2 /» *1+1/2 n arjfc-i+1/2 r* °o

dx i I dx2 ■■■ I /{xCfdXk =  I M k(u — x)f(u)du.
r—1/2 ^  zl_ l/2 J  z*_l—1/2 V _M

3.2. Analytic spline curves of order k. T he polynom ial spline curves nA(x) de
scribed in section 3.1 will be shown to  be sufficient for the derivation of polynomial 
approxim ations to  equ id istan t d a ta  enjoying various desirable properties. These poly
nomial approxim ations will have any  a  priori assigned num ber of continuous deriva
tives. However, in order to  obtain  ana ly tic  approxim ations we shall now proceed to  
derive from our spline curves nfc(x) an analoguous family of ana ly tic  functions.

T o  achieve this end we shall sm ooth ou t our II*(x) by m eans of one-dimensional 
hea t flow. Consider an infinite homogeneous b a r (the x-axis) in which the  tem pera
tu re  a t  the  point x a t  the tim e t is denoted by  F(x, /). W e assum e the flow of h ea t to 
be governed by the  equation

dF 1 d-F
  -----------  (32)
dt 4 dx2

If F(x) — F(x, 0) is given, i.e., the  tem peratu re  d istribu tion  a t  the  tim e t = 0 is known,
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then  F(x, t) is determ ined by the  following in tegra l12

F(x, t) =  — : f  e - ^ - ^ r 'F{u, 0)du. (33)
V  l i t  J  _c„

T his resu lt is easy to  verify: by partia l differentiations we find th a t F(x, t) as defined 
by (33) indeed satisfies the  differential equation (32) while fam iliar argum ents origi
nated  by  W eierstrass will show th a t  (33) implies

lim F(x, t) =  F(x, 0),
< -+ o

provided F(x, 0) is continuous and, e.g., bounded.
T he solution of the problem of finding F(x, t), if F{x, 0) is given, is especially 

simple in the  case when F(x, 0) is defined by a Fourier integral

1 r a
F(x, 0) =  — I \p(u)e'uzdu. (34)

2.x J  _„o

Indeed, in th is case we find

F(x, t) — — f  e~‘<-u,2)*ip(u)e<uxdu. (35)
2x J  -a,

N otice th a t the  tem peratu re t en ters only in the additional exponential factor. This
can be proved in two ways, either by  substitu ting  (34) into (33) or else by verifying
directly  th a t  (35) satisfies th e  differential equation (32). Obviously (35) reduces to  
(34) for f =  0, as it should.

W e m ay (and wish to) th in k  of F(x, t), for a fixed f> 0 , as a sm oothed version of 
F(x) = F(x  ¡0). In  fac t F(x, t) is ana ly tic  and  regular for all real or complex values of x  
if is, e.g., bounded.

If we now apply  this heat-flow transform ation to  our basic fc-order spline curve

1 f  * /2  sin u / 2\ k
M k(x) = — I ( ------------- ) e'"zdu (36)

2 t J - x \  u  /

we obtain  by (35) its  sm oothed version

1 r x , /2  sin u / 2\ k
M k(x, /) =  — e-«u/2>-( eiuzdu. (37)

2ir J  -a, \  U /

Obviously

M k(x, 0) =  M k{x). (38)

12 See H . S. C arslaw , Mathematical theory of the conduction of heat, D over Publications, New Y ork, 
1945, C h ap te r  I I I ,  Section 16. C erta in  sm oothing properties of h e a t flow were a lready  noticed by Ch. 
S tu rm  in 1886. See in th is connection G. Pölya, Qualitatives über Wärmeausgleich, Z. angew. M ath . u. 
M ech. 13, 125-128 (1933). I t  should be m entioned here th a t  W eierstrass derived his fam ous approx im a
tion  theorem  by  m eans of the  in tegral (33). F ina lly  see E . Czuber, Wahrscheinlichkeitsrechnung, vol. I, 
Leipzig-Berlin, 1924, pp. 417-418, for a  brief sketch of a  m ethod of using (33) to  derive an a ly tic  approxi
m ations to  given d a ta .



T he graph of y  = M k(x, t) (¿>0) is a  bell-shaped curve which dam pens o u t very  fast. 
L ater we shall learn how to com pute its values very  accurately. H ere we m ention th a t

1 . i0 <  M k{x, t) <  *-(-*/*>s-‘ if x  S  k/2.  (39)
\ / x t

Also, the  recurrence relation 111(6) generalizes so th a t  M k+i(x, t) is obtained by the 
averaging operation

/ ■ 1+1/2
M k(x, t)dx. (40)

1- 1/2

If now
oo

!!*(*) =  X ynM k(x  — n) (41)
n— oo

is a  spline curve of order k, then  its  heat-flow transform  is
oo

!!*(*, t) =  X  VnMk(x  -  n, t). (42)
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T he graph of this function m ay be called an analytic spline curve of order k. W e notice 
th a t  the series (42) fails to  converge only if increases very  fast w ith | n \ . 

Sum m arizing we see th a t  the  curve (42) arises from the  step function

X ynM x{x — n)
n

by & —1 successive applications of the  averaging operation

• 1+ 1/2

I
( )dx

x—1 /2

followed by the heat-flow transform ation during a  tim e in terval t. T he order of ap 
plication of these k operations is of course irrelevant.

T he rem aining p arts  of the  paper are devoted to  the  problem of utilizing the  two 
families of curves (41) and (42) for the  purpose of approxim ating given equid istan t 
data .

XV. A FIRST CLASS OF ANALYTIC INTERPOLATION FORMULAE

We shall now use the analy tic  spline curves 111(42) to  obtain
1. A sm oothing interpolation form ula which is exact for the degree 1 only.
2. An ordinary  interpolation form ula exact for the degree k — l.
3. A sm oothing in terpolation  form ula depending on a positive param eter e, of 

stric tly  increasing sm oothing power as e increases. F or € =  0 this form ula reduces to  2, 
while for e =  oo it is identical w ith 1.

4.1. A sm oothing interpolation form ula exact for the degree 1. A com parison of 
the form ulae 111(15) and 111(42) im m ediately suggests the  following ana ly tic  in ter
polation formula

oo
F(x) =  X  y<iMk(x  -  n, t) (1)



whete M k ( x ,  t ) is defined by 111(37). F or the sequel we shall use the following notation

, /  2 sin w /2\ k
M « . t )  =  e -« “/2>2( ----------------, (2)

2 sin u / 2\ l 

u
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ik(u)  =  ipk{u, 0) =  ( ------------ J  , (3)

in term s of which 111(37) becomes

I f "Mk(x, t) =  — I ipk(u, t)ciuxdu. (4)
2 IT J

T he characteristic function of the sm oothing formula (1) for integral x  is
oo

<t>k(u, /) =  X  M k(n, t) cos nu. (5)
n——oo

T he general relation 11(30) furnishes the following equivalent expression
co

4>k(u, t)  =  X  'Pkiu +  2xi>, /) .  (6 )
r — co

T he properties 111(18) for the  case / =  0 generalize for ¿> 0  as follows

1 >  ^(m . 0  >  / ) > • • • >  <£*(«, / ) > • • • >  0, (0 <  « <  2x, / >  0). (7)

M oreover, for each fixed u, 0 < « < 2 x ,  *(«i, /) is stric tly  decreasing as / increases. 
These last two properties we s ta te  w ithou t proving them  here.

T he argum ents which lead to  Theorem  4 now allow us to  s ta te  the following theo
rem.

T heorem  7. For t > 0, & =  1, 2, • • • ,
oo

F{x) =  X) }’nMk(x — n, t) (8)
n=—oo

is an analytic smoothing interpolation formula which is exact for  the degree 1 and pre
serves the degree k — 1 . The smoothing power of (8) increases whenever either k or t is in 
creased.

4.2. An ordinary interpolation form ula exact for the degree k — 1. We shall now 
use the  im p o rtan t p roperty  (7) to the effect th a t  the periodic function <f>k(u, t) is posi
tive for real u. T his allows us to define the basic function

1 f  M Pk(u, t)
Lk(x,  t) = —  I ' eiuxdu (9)

2x J  _M <pk{u, t)
whose characteristic function is

'f'kiu, t)
«(«) =  — ; — T  ■ ( 10)

<t>k(U, t)

O ur Theorem  2 of C hap ter II will readily yield the following result.

T h e o r e m  8. For /SO , k — 1, 2, 3, • • •



00

F(x) =  E  y«Lk(x -  n, t) (11)
n«—oo

is an ordinary interpolation formula which is exact for  the degree k — 1 .

F irstly  we realize by (10) and  (2) th a t  the conditions 11(33), (34) of Theorem  2 
are verified. Therefore (11) preserves the degree k — 1. Secondly we have by (6), (10), 
and 11(30)

pk(u +  2-irv, t) 1 ^4>(«) = X) g(« + 2ttv) = X) , . , .---— =  — E M «  + 2* v< 0 = !•
, , <f>k{u +  2irv, t) <t>k\u, t) y

T hus 11(31) holds and (11) is therefore an  ordinary in terpolation form ula. T his con
cludes the proof of our theorem . Indeed, by the  rem ark  following Theorem  2 our 
form ula (11) m ust also be exact for the degree k — 1 .

W e also m ention w ithou t fu rther details th e  following tw o lim iting relations

pk(u, t) f k(u, t) (1 if | m | < t
lim ------------ =  lim -------------=  < | , (12;
i- »  <pk(u, t) *-.» d>k{u, t) (0 if | u  | >  ir.

T hey  show, in view of the integral representation  (9), th a t  our present basic function
Lk(x ,  t) converges tow ards the  basic function 11(6) of the  original cardinal series when
ever either k or else t tends to  infinity.

4.3 . A fam ily of sm oothing interpolation form ulae depending on a sm oothing  
param eter e. In section 4.1 we have derived the sm oothing in terpolation form ula (8) 
in the derivation of which no a tte m p t was m ade to  com prom ise between sm oothness
of results and  goodness of fit. Such a com prom ise is afforded by  the  following basic
function

1 r  “ € +  d>k(u, t) , ,
L k(x, t, e) = — I —    ~ i k { u ,  t)exuxdu (0 ^  e g  <*>) (13)

2i r J - x e +  t y

which depends also on the sm oothing param eter e. T he corresponding in terpolation 
formula

oo
F (X) =  E  yrJhk(x -  11, t, t) (14)
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includes our previous form ula (8) and (11) as special cases. Indeed  by (13) ,(4) and 
(9) we find

L k(x, t, 0) =  L k(x, f), (15)

L k{x, t, o o )  =  M k{x, t). (16)

L et us now investigate the  characteristic function of th e  sm oothing form ula (14)
for integral x. B y (13) and 11(30) th is characteristic  function is (<j>k(u, t) is periodic!):

4>k{u, t, e) =  —-— -— — E <Mm +  2l * vi 0-
« +  4>k{u, t y  ,

T his and (6) give



4>k(u, t, e) =  («<£*(«, t) +  <t>k(u, 0 2) /(e  +  <t>k{u, I ) 2). (17)

On the o ther hand we have by (7) the inequalities

0 <  4>k(u, t) < 1, (0 <  m <  2ir, t >  0). (18)

Now (17), (18) im ply

0 <  <j>k{u, t, e) < 1 ,  (0 <  u < 2tt, t >  0, e >  0), (19)

and  therefore (14) is a sm oothing interpolation formula in the sense of section 2.21 b.
M oreover, we see from (17) th a t  for fixed t and u (Q < u < 2ir) (¡>k(u, t, e) decreases
m onotonically from

<f>k(u, /, 0) =  1 to <t>k{u, t, <*>) = <j>k(u, t)

as e varies from e =  0 to  e =  a>. F inally  (14) is exact for the degree 1 and preserves the 
degree k — \ for the  same reason as m entioned in the case of (8).

W e sum m arize these properties in the following theorem .13

T heorem  9. For t ^ 0 ,  k = l ,  2, • • • ,
oo

F(x) = ynLk{x -  n, t, e), (20)
n » —co

of basic function  (13), is a.smoothing interpolation formula which is exact for the degree 1 
and preserves the degree k — 1. For e =  0 (20) is identical with the ordinary interpolation 
formula  (11). For increasing values of e it increases in  smoothing power until for  e=  a> 
(20) is identical with our smoothing formula  (8).

4.31. A  property of the derivatives of the approximation F(x).  L et the given d a ta  
{yn} satisfy the additional condition

¿  I yn \ < 00• (21)
u——00

Assume also ¿> 0 , e > 0 . W e know th a t  the sequence {F(w)} obtained by (20) is 
sm oother than  {yn} in the sense of our discussion in I Section 1.1. However, it appears

13 T h e  m ethod  used in deriv ing  T heorem s 8 and  9 obviously generalizes as follows. L et

l r "L{x) =  — g(u)e,uxdii
2ir

be a  basic function . L e t the periodic function

<t>(u) = Y, &(‘l + 2™)
V

satisfy  th e  inequality
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eiu*du

0 < <t>(u) g  1.
T hen

. . .  I f "  £(«)
I , w = j

is th e  basic function  of an  ordinary in te rpo lation  form ula. M oreover

1 r * c -f* <f>{u) . . .

gives rise to  a  fam ily of sm oothing form ulae of increasing stren g th , a s  e increases.



to  be of some in terest to  discuss here the  sm oothness of the  function F(x),  ra th e r 
th an  th a t  of the sequence {F(?0}t as a function of the  sm oothing param eter e. In 
th is connection we prove the  following

T heorem  10. Denote by F(x, e) the approximation (20) so as to indicate its depend
ence on e. The condition (21) insures the convergence of the integrals of the squares of 
the derivatives
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£ ( F ^ ( x ,  e))2dx, (m =  0, 1, 2, • • • ). (22)

Also each of these integrals is a monotonically decreasing function of e in  the range 
0 < e <  «>.

Indeed, let
CO

T{u) = X  y»ein“ (23)
n — co

be the characteristic function of the sequence {y„}. F o r convenience we define

6 -|- 6k(uf t)
Qk(u’ *•£) -  -y I t 't * • (24)« +  <t>k{u, t)

T hen (13) becomes

1 r ”
L k(x, t, e) =  —  I Ojt(M, t, e)pk(u, t)e~iuxdu. (25)

2 x J

By substitu tion  of (25) into (20) we obtain

1 r
F{x, e) =  — I &*(«, t, e)pk(u, t)T(u)e~iuxdu. (26)

2tt J

W e m ay evidently  d ifferentiate under the  integral sign obtaining

l r  ”
F <m)(a:, e) =  — I i2*(«, t, t )pk(u, t)T (u)(— iu )me~tuxdu.

2 i r  J

T his form ula exhibits the  Fourier transform  of F (m>(a:, e). W e now use the  analogue 
of the Parseval relation for Fourier integrals finally obtaining

f (F<->(*, e)V *  =  — f (0*(#, /, e )^ (« , 0 )21 r(w) | V -d w . (27)
•7 2ir J

T his relation establishes our theorem . Indeed, by (24) the  behaviour of the  function 
I2it(w, t, e) of period of 27r, is as follows: fli(0, t, f) =  1, while for each fixed u, 0 < u  < 2ir, 
it decreases from

n k(u, t, 0) =  1 / 4>k(u, t) to Qk(ti, t, co) = 1,

as e increases from e =  0 to  e =  a>.
T he discussion of I section 1.2 concerning the sm oothing of a finite tab le  also has 

an analogue concerning the  derivatives of the approxim ations F(x, e). W e s ta te  the
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result w ithou t fu rth e r details. W e assum e the concrete situation of I section 1.2 where 
a finite tab le  was extended to an infinite table by constan t th ird  differences a t  each 
end. T o this extended table we apply our form ula (20) w ith such a value of k which 
will insure th a t the  form ula (20) preserves cubics, i.e., & ^4. Then we can prove th a t 
the integrals (22) converge for m =  4, 5, 6, • • • and represent decreasing functions 
of e.

4.32. Formula (20) as applied, to subtabulation. Our form ula (20) is excellently 
suited for the system atic in terpolation, or sub tabu lation  of given ordinates y„. I t  is 
less suited for interpolation. T he reason is obvious: F or sub tabulation  to  ten ths we 
need only a  table of the basic function Lk(x, t, e) for the step h = 0A  only, while in ter
polation would call for a m uch more elaborate table of this function.

T he following transform ation  of the form ula (20), in term s of the  function 
Mkipc, t), is of im portance for num erical applications. F irs t of all we expand the  even 
periodic function (24) in a Fourier (cosine series)

n / , \ £ 0 y* (lc) hu (fc)
fl*(tt, t, e) =  —     — = Y  (/, e)e =  e) cos vu- (28)

e +  4>k\U, t) , oo--------------------- -----

S ubstitu ting  th is expansion in to  (25) we get

00 1  r» 00

L k(x, t, e) =  Y  \ {) ~  I tkiu ,  I)ei(‘“ l)“rfM, 
f*»—oo 2tt J  —oq

which in view of (4) becomes

L k(x, t, e) =  Y  u ’ \ l< t )M k (x  — v, /). (29)
yma—00

T his form ula expresses the  basic function Lk(x, t, e) in term s of the Mu(x). If we sub
s titu te  this expansion into our form ula (20) we obtain

F(x) =  Y  ynLk{x -  n, t, «) =  Y t  y ^ \ t ,  e)Mk(x  -  n -  v, t)
n n,r

and replacing v h y  v — n

F(x) =  Y  ynoji-n(t, t )M k(x  — v, t).
n , v

A first sum m ation by  n  introduces the sums

f, — Y  yn<xl-n{t, e) (30)

in term s of which our last expression becomes

CO

F(x) =  Y  f 'M u(x  -  y, t). (31)

T he pair of relations (30) and (31) is equivalent to  (20) and represents its practical 
form. T he reason for this is th a t  the basic function M k(x, t) dam pens ou t like
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ex p (—x*) (see I I I  (39)) while L k(x, t, e), e <  «>■, dam pens o u t like ex p (—x)  only. W e 
notice incidentally  th a t  (31) is identical w ith our form ula (8), to  be applied to  the  new 
com puted ord inates {/„} given by (30).

F requen tly  we require also tables of the derivatives F'{x) and F "(x),  of the ap
proxim ation F(x).  These are then  com puted by the form ulae

F'(x) = V,t), (31')
V

F"(x) ^ Z ,  f ,M k ' ( x  -  v, t), (31")
v

from corresponding tables of M l  and M i '  ■
4.33. The least squares origin of formula  (20). W e w an t to  sketch briefly the genesis 

of our form ula (20). L e t the  sequence {y„} be given and  consider the  spline curve 
F(x) given by (31), where the  coefficients {/►} are as y e t unknown. If we try  to  deter
mine these unknowns by the requirem ent th a t  F{x) should in terpolate  stric tly  the
given ordinates y n, i.e.,

F{n) =  yn (n =  0, ±  1, ±  2, • • ■ ), (32)

we obtain  an infinite system  of linear equations in th e  unknown / „  the  solution of 
which was found to  be given by

fv = Z y rU(,-n(t, 0).
n-=>—co

T his leads to  our ordinary  in terpolation form ula (11).
In  view of W h ittak e r’s well known sm oothing m ethod  it seemed n a tu ra l to  proceed 

now as follows: Let t b e a  given positive number. To determine the unknown coefficients f , 
of (31) as solutions of the following m inimal problem , we set

Z (F(n) -  yn)2 +  e - Z (/» — > ) 2 =  minimum. (33)
n n

For t =  0 the solution is of course identical w ith the  solution of the  ordinary  in te r
polation problem (32). F or e =  «> th e  solution is o b v i o u s l y = y „  in which case (31) 
reduces to  (8). F o r °° a  system  of “norm al equations” arises whose solution is
found to  be given by (30). T h e  explicit solution of these norm al equations (m atrix
inversion) is perform ed by the  num erical determ ination of the cosine coefficients w,
of the expansion (28) for each given set of values of k, t and e.

V. THE COMPUTATION OF THE TABLES I, II , III

In  th is last chap ter we shall discuss the m ethods used in the  com putation of our 
tables which allow us to  use our form ulae (30), (31) or

/n =  Z  y^n- ,{ t ,  e), (1)
r — co

00

F(x) =  Z  fn M k(x -  n, t), (2)
n ——oo

for sub tabu lation  to  ten ths.



5.1. T he com putation of the function M k(x, t) and its derivatives. This function 
is defined (see 111(37)) by the integral
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I f “ , /2  sin u / 2\ k
Mk(x, t) — — I e I ------------- 1 eiuidu, (t >  0).

2x J  _m \  u / (3 )

■ For the special case o f /  =  0 and k = 1, 2, 3, • • • we found previously the explicit poly
nomial expressions 111(3). I t  now so happens th a t for our present case of t > 0 (3) al
lows us to  define our function also for k =0  as

1 r °°
Mo(x,  t) =  —  I e~,(“ /2)V “ x£7tt.

2 i r  J  - x

T his last integral is known to be identical to

M 0(x, t) = ——  e-x2/t. (4)
V  Tit

T he recurrence relation 111(40) shows th a t (3) is obtained from (4) by repeating k 
tim es the averaging operation

■ *+1/2/ • X-i-l/Z X
or S j  .

x-1/2 j  -*>

T he result, however, is no t changed if we perform all k integrations first to  be fol
lowed by the operation Sk of &th central differencing. T his proves the following result: 

I f  we define a sequence of functions gu(x, t) by

g a { x , f ) = —— e-xli ‘ (5)
V  7H

and the recurrence relation

gk(x, t) =  f  gk-i(x, t)dx (k =  1, 2, 3, • • ■ ), (6)
j  - C O

then

M t(x ,  t) =  6kgk(x, t). (7)

T his relation reduces the problem to the problem of com puting the repeated in
tegral g k { x ,  t) of the  error function (5). T his we do as follows. I t  is easy to  prove by
induction or otherw ise th a t  (5) and (6) im ply

^  =  7 1 ------ 177 " 7 7 =  f  ( x  ~  u Y - ^ i ' d u .  (8 )(k — 1)! V r D - *

W ith  x  — u —v th is becomes

« * (* . =  7 7 ~ 7 7 7  ~ T = . f "  < r  < * - ’ > * ' ^ d v .  (9 )\k  — 1}! irtJ  o 

By differentiating this w ith respect to  x  we get



g i  (s, t) = -----   —  f  2 xl- 1 +  2 vtr')dv
(k — 1)! V7r/ J  o

2% 2k
=    gk(x, t) +  — gk+i(x, t)

t t

and therefore the recurrence relation

gk+i(x, /) = — g*; (*. 0 +  — gk(x, /), (k  =  1, 2, ■ • ■ ) (10)

which allows us to  com pute the  successive values gk{x, /) by  the operation of differen
tia tion  ra th e r than  in tegration. Indeed from (5) and (6) for & =  1 we get
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gi(s, t) = — — I e~x>l‘dx. (11)
V v t  J  - «

Now (11) and (10) for k = l  will give

/ 1 . 1 r x
gi(x, /) =  — —  e~x >‘ +  x  —  I e~x !tdx

2 -y irt v  irtJ  -»

from which g3(x, /) is readily determ ined.
T his progressive com putation  is g reatly  simplified if we realize th a t  gk{x, t) will 

appear as an expression of the  form

gk(x, /) = Pk(x, t)g0(x, /) +  Qk(x, Z)gi(s, /), (12)

where Pk, Qk are polynom ials in x  and /, while g0(x, t ) is the  error function (5) and
gi(x, Z) is the error integral (11). S ubstitu ting  (12) into (10) we find

gk+i(x, t) =  — (P i  +  Qi)go{x, /) -f  ^  — Qk +  — Qk ^  gi (x, t).

On com paring w ith  (12) for fe +  1, ra th e r th an  k, we obtain  the recurrence relations

Pk+i =  ^7  {P i  +  Qk)
2«

Qk+i =  ^ Q i  + ~ Q k  {k =  l, 2, • • • ) .  (13)
2k k

Since P i =  0, 0 i =  l  we readily obtain  the following explicit expressions

P 2 =  1/ 2, Qi = x,

Pz =  /s /4 , Qz «  / /  4 +  *72,

Pi  =  /(/ +  s 2)/12, Qi =  s(3/ +  2 s2)/12, (14)

P 6 =  tx{5t +  2 s2)/96, 0s =  (3/2 +  12/s2 +  4*4)/96,

Ps =  /(4/2 +  9 /s2 +  2 s4)/480, 0 6 =  s(15/2 +  20/s2 +  4 s 4)/480.

Excellent tables of the  probability  function  (5) and its  integral (11) are now available.
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By m eans of these tables the formulae (12) and (14) allow us to  com pute readily the 
function gk(x, t).u  I t  seems w orth while to  po int ou t th a t  the  relation (7) goes over 
in to  111(8) if /—>+0. Indeed by  an obvious change of variable we see th a t (11) becomes

1 r x,'i‘ a 
gi(x, t) =  —  I e~u du 

V t t  J  - »\A r

and therefore

lim gi(x, t) =  x+.
<-+o

Now by induction we prove by (6), on letting  /—» +  0, th a t

lim gk(x, t) =  1 xK+ l
t-+o (k — 1)1

which proves our last s ta tem en t by continuity .
T he com putation  of the derivatives of Mk{x, t) is im m ediately settled by the rela

tion

M k \ x ,  t) =  Skgk-,(x , t), (15)

which is implied by (6).
5.2. T he com putation of the  cosine coefficients cô t) {t, e). By IV(5) and IV(28)

we can see th a t  the problem consists in com puting the  values of the  coefficients of
the  cosine expansion of the function

rW j \ « +  0i(w, 0 ^  N
iît («, t, e) = ---------   — =  2- ,  w» (h V cos nu> (16)

t +  4>k{u, t y

where the  even periodic function </>*(«, t) is defined by its  cosine expansion

00

<t>k(u, t) =  X) M k { n ,  t) cos mm. (17)

14 I owe to  D. H. L ehm er th e  reference to  th e  functions Hh„(x) defined by

Hko(x) = J  e~I,l2dx, IIhn{x) =  J  M„-i(x)dx.

T ab les of these functions were published by  J .  R . A ircy as T ab les  XV, G roup IV , of the  M athem atica l 
T ab les of the  B ritish  A ssociation for the  A dvancem ent of Science. T h e  re la tion  betw een our g t ( x ,  t )  and  
these new functions is

*»(*, 0 =  4 = xs/2/t).

T h is  re la tion , for fc =  4, t = \,  would read ily  allow  us to  com pute  o u r T ab le  I b y  m eans of A irey’s tab les 
of Hhh Hit2 and  Ilh,. How ever, for o th e r se ts of values of k an d  t, such a s  k =  8, t =  which are  needed 
for o th e r purposes, th e  range of x in A irey’s tab le  becom es insufficient. In  th is case tab les of M k[x, t) and  
its  deriva tives are  com puted  b y  o u r form ula (12) an d  th e  excellent Tables of Probability Functions, vol. I 
(1941), vol. I I  (1942), p repared  by  th e  M ath em atica l T ab les P ro jec t under th e  d irection  of A. N . Lowan.
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T he coefficients Mk(n, t) of th is extrem ely fast convergent series are readily com puted 
to  10 decimal places. T he obvious procedure would be to  com pute from (17) a  tab le  
of t), then  com pute a sim ilar table of B*(m, t, e) which is then  to  be used in
com puting o>„ by some m ethod of num erical harm onic analysis. I t  would be hard  to 
achieve accuracy by th is m ethod and for this reason we proceeded differently. I t  should 
be born in m ind th a t  the  cosine expansion of the denom inator of (16) is readily  ob
tained  by the  simple operation of m ultiplication of Fourier series. T h e  only troub le
some p a rt is the  com putation of th e  expansion

1 oo
=  X) cos 1lu< (18)

i.e., the  reciprocation of a given cosine series. T his was done as follows. T he above- 
m entioned m ethod of a 24-ordinate harm onic analysis scheme was used for obtain ing  
values of the  c„’s accura te  to  4-5 decimal places. These values were then  im proved 
to  values accura te  to  8 or 9 places by an  itera tion  m ethod developed by H . A. Rade- 
m acher and the  au thor. T h is m ethod is closely related  to  the  m ethod recom m ended 
by H . H otelling for the  reciprocation of ordinary  m atrices and will be described else
where.

In  concluding th is paper we w ant to  point ou t two special cases of our ordinary  
in terpolation  form ula (11), or (20) for e =  0, which are of m athem atical in terest. We 
m ention first the  case of ¿ = 0 ,  ¿> 0 . T his corresponds to  in terpo lating  our ordinates 
y„ by m eans of a function F(x) as described by the  form ula (8) of the In troduction . 
A lthough, as rem arked there, the resulting  in terpolation  form ula is useless for p rac ti
cal purposes, i t  has the  rem arkable feature th a t  the  expansion coefficients coi0)(t, 0) 
of (16) m ay be obtained explicitly. Indeed th e  function po(u, t) reduces to  a T h e ta  
function which is a regular and uniform function of

w ith  singularities only a t  z =  0 and z =  oo. T he simple zeros of th is function are real, 
negative and form a  geom etric progression. As a  resu lt we are able to  find explicitly 
the  decom position in partia l fractions of the  reciprocal

1 /*o(«, 0-

T he expansion of these partia l fractions into geom etric power series furnishes ex
plicitly the L au ren t expansion in powers of z and therefore also the cosine expansion
(16).

T he second special case of in terest is k > 0 ,  t =  0. In  th is case our form ula (11) re
duces to  an  ordinary polynomial interpolation formula of degree k — 1 and class k — 2. 
T h is does not con trad ict M r. G revillc’s s ta tem en t (loc. cit. page 212) to  the effect 
th a t  such form ulae do no t exist. Indeed M r. Greville considers only basic polynom ial 
functions L{x) of finite span 5 only, while our basic A*(x, 0) are of infinite span. This 
case, which is of considerable in terest, requires a more detailed investigation of the 
cosine polynom ials </>*(w, 0). W e postpone th is discussion to the second p a r t B of 
this paper.



APPEND IX

D escription of the tab les and their use for the analytic approximation
of equidistant data.

T ables I and II. In  T able I we find the 8-place values of the even function

1 C ” - /2  sin m /2 \4
M(x)  = — I e~u /81------------- ) cos uxdu  (1)

\  u /

and its  derivatives M '(x),  M "(x )  for the  step  of Ax =  0.1. The graph of M(x)  is a bell
shaped curve and M (x)  vanishes to  8 places for x ^  —4.3 and x 2:4.3. W e now define 
a function of period 2w by the  cosine series

0) +  2M{\) cos u  +  2M{2) cos 2u +  • • • (2)

and  expand in cosine series the following functions

e +  <¿>00
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e +  <p{u)2
=  &>o(0 +  2a>i(e) cos u +  2o>2(e) cos 2 « + ■ • ■ >  (3)

where € is a non-negative param eter. Our T able I I  gives the 8-plane values of these 
coefficients for e =  0, 0.1, 0.2, ■ • • , 1.0.

These tables m ay be used as follows to  obtain an analy tic  approxim ation F(x) 
to  our ordinates y v. W e discuss first th e  case when F(x) is to in terpolate the ordinates, 
in the  usual sense, i.e.,

/'(«) =  • (4)

For this end we com pute first from the  sequence {yn} a  new sequence of coefficients 
{fn} by m eans of the formula

f r  — • • • +  yn-2&>2(0) +  >>n-W>l(0) +  ynWo(0) +  y„+lWl(0) +  >’n+2W2(0) +  * ' • (5)

or

f n -  Z ) y«un-,{0), (5')
v

w here wm =  w_m. T he analy tic  approxim ation of the ordinates y n is then given by

F(x) =  -  »)• (6)
n

T he values of F(x), x  to  even ten ths, are now readily com puted. T hus

F( 2.3) =  f - i M  (3.3) +  f 0M(2.3) +  f xM{ 1.3) + / 2M(0.3)

+  f aM ( -  1 +  .3) +  f 4M ( -  2 +  .3) +  f 6M ( -  3 +  .3) +  / 6M ( -  4 +  .3).

T he tab u la r values of M{x)  are so arranged th a t  all 8 values needed in this com puta
tion are found in the fourth  column headed x + .3 . Generally, if the values o f / n are 
w ritten  in a vertical column, we com pute the values of F(m +  v - 10_1) (v = 0 , 1, ■ ■ ■ , 9) 
by m atching the  column of values o f /„  w ith the ¡>th column of the  tab le  of M (x)  in 
such a way t h a t / m corresponds to  the row for x =  0. T he products

fnM  {m — n +  v ■ 10_1)
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are then accum ulated in the products counter of a desk com puting m achine. Also the 
values /„  are best com puted by (5') in a sim ilar w ay if the  column of values of co„(0) 
is extended upw ards by  sym m etry  for negative values of n.

From  the tables of M '( x ) and M "{x)  we m ay likewise com pute tables of the  de
rivatives of F(x) by

F « (* )  =  £  /« A f« (*  -  »). (7)
n

A check of the  com putation of the  coefficients/» is afforded by (4). Indeed the  values 
F(n) com puted by (6) should agree w ith th e  y„ to  ab o u t eight significant figures.

T he form ula (6) is exact for cubics, i.e., if the y„ are the ord inates of a polynomial 
of degree a t  m ost 3, then  F(x) is identical w ith th a t  polynomial.

If the  conditions (4) of s tric t in terpolation  are n o t required, then  we have the 
possibility of obtain ing an approxim ation F(x) which is such th a t  the  sequence 
{F(n ) } is sm oother th an  the given {y»}. T he approxim ation F{x) is then  given 
by the pair of form ulae

fn — y y y ^ n ~>(€)> (8)
v

F(x) =  Z f n M ( x - n ) ,  (9)
n

which are applied as above. T he choice of the value of the  sm oothing param eter e 
depends on the am ount of sm oothing desired. T he strongest sm oothing afforded by 
our tab le  is obtained for £ =  -)-<». T hen (3) shows th a t  wo(co) =  l ,  w1(oo)= aj2( co) 
=  ■ ■ • = 0 . T hus (8) becom es/» = y n and (9) reduces to

F (x) = £  ynM (x  — »). (10)
n

This form ula is especially simple to  apply. I t  should be rem arked however th a t, if 
€ > 0 , our form ula (9) is exact only for linear functions and  the  sam e is tru e  of (10).

Table II I . W e m ay elim inate the  coefficients /„  betw een (8) and (9). In  term s of 
the new even function

oo
L{x, «) =  £  oin(e)M(x — n), (11)

n*a—00

our form ulae (8), (9), then  reduce to

F(x) =  ynL (x  -  n, e). (12)
n

T able  I I I  gives th e  values of L(x ,  e) and  L"{x ,  e) for e =  0, 0.1, • • • , 1.0 for th e  step
Ax' =  0.5. These m ay be used for sub tabu la tion  to  halves in preference to  (5), (6) or
(8), (9). F o r sub tabu lation  to  fifths or tens, the use of form ulae (8), (9) is preferable 
because of the  slower dam ping of th e  function L{x, c). Even so, form ula (12) and  
T able I I I  allow us to  estim ate quickly how well F(x) approxim ates the  y„. By (12) we 
have

F"(x)  =  £  y nL"{x  -  11, e). (13)

T he tab le  of L ''(x ,  e) then  allows us to  com pute quickly a tab le  of F"(x)  for the step  
Aac =  0.5 or else only isolated values if such are needed.
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Exam ple of subtabulation to ten ths. We consider the following fairly sm ooth se
quence of 64 ordinates y „:

11 y n n y » 11 y n i t y« i i 3'n n y»

1 2 4 6 1 4 12 2 5 3 7 0 23 2 9 2 9 0 3 4 738 2 0 45 8 2 4 5 0 5 6 799 6 2
2 2 4 6 4 4 13 2 5 5 0 4 24 3 0 1 6 0 35 778 3 0 46 8 2 2 9 0 57 7 9 6 9 8
3 2 4 6 8 0 14 2 5 6 6 0 25 3 1 3 2 0 36 8 0 2 4 0 47 821 1 0 58 79431
4 2 4 7 2 3 15 2 5 8 5 0 26 3 2 8 4 0 37 8 1 6 6 0 4 8 81911 59 79161
5 2 4 7 7 2 16 2 6 0 8 0 27 3 4 7 9 0 38 8 2 3 3 0 49 816 9 9 60 7 8 8 8 9
6 2 4 8 2 8 17 2 6 3 5 0 28 3 7 2 6 0 39 8 2 6 8 0 50 814 7 2 61 786 1 4
7 2 4 8 9 2 18 2 6 6 6 0 29 4 0 4 4 0 4 0 8 2 8 4 0 51 8 1 2 3 4 62 783 3 8
8 2 4 9 6 6 19 2 7 0 4 0 3 0 4 4 7 5 0 41 8 2 8 3 0 52 80987 63 7 8 0 6 0
9 2 5 0 4 8 20 2 7 4 9 0 31 5 1 1 2 0 42 8 2 7 8 0 53 8 0 7 3 6 64 777 8 0

10 251 4 3 21 2 8 0 1 0 32 5 9 3 9 0 43 8 2 7 0 0 54 80481
11 2 52 5 0 22 2 8 6 0 0 33 6 7 5 5 0 4 4 8 2 5 9 0 55 8 02 2 3

T h e differences of the section of th is tab le  w ith  which we will be concerned are as 
follows:

n yn A A2 A 3 A4 A3

27 3 4 7 9 0
2 8 3 7 2 6 0 24 7 0
29 4 0 4 4 0 3 1 8 0 710
3 0 4 4 7 5 0 4 3 1 0 1130 4 2 0

31 5 1 1 2 0 6 3 7 0 2 0 6 0 93 0 510

32 5 9 3 9 0 8 2 7 0 1900 -  160 - 1 0 9 0 - 1 6 0 0

33 6 7 5 5 0 8 1 6 0 -  110 - 2 0 1 0 - 1 8 5 0 -  76 0

3 4 7 3 8 2 0 6 2 7 0 - 1 8 9 0 - 1 7 8 0 2 3 0 2 0 8 0

35 7 7 8 3 0 4 0 1 0 - 2 2 6 0 -  3 7 0 1410 1180

3 6 8 0 2 4 0 241 0 - 1 6 0 0 6 6 0 1030 -  3 80

37 8 1 6 6 0 1420 -  990 610 -  50 - 1 0 8 0

3 8 8 2 3 3 0 67 0 -  750 24 0 -  3 7 0 -  32 0

W e illu stra te  the case of s tric t interpolation , i.e., we use our Tables II  for e =  0. From 
our form ula (5) and  the  values of as given in the  column of T able I I , w ith  the head
ing e =  0, we obtain  the following coefficients.

n fn

27 34662.222
28 37031.355
29 40215.195
30 44060.182
31 50349.304
32 59490.524
33 68212.510
34 74566.216
35 78283.074
36 80460.234
37 81953.811
38 82356.888
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From  these values and  our T able I of M (x)  and  M "(x ) ,  we obtain  by the  form ulae 
(6) and (7) the  following tables of F(x) and F "(x)  w ith  their differences.

T ab le  of the  function  F(x) anti of its  second de riv a tiv e  F"(x).

* F(x) A A! A3 A1 F"(x) A A3 A3 A4

3 1 .0
3 1 .1
3 1 .2
3 1 .3

5 1 1 2 0 .0 0
5 1 8 8 4 .1 7
5 2 6 6 7 .9 7
5 3 4 6 9 .6 3

764 1 7
7 8 3 8 0
8 0 1 6 6

1963
17 8 6 - 1 7 7

2 1 1 7 .9 7
1 9 6 6 .4 8
1 7 8 7 .4 4
1 5 8 3 .7 1

- 1 5 1 4 9
- 1 7 9 0 4
- 2 0 3 7 3

- 2 7 5 5
- 2 4 6 9 2 8 6

3 1 .4 5 4 2 8 7 .1 1 8 1 7 4 8 1582 - 2 0 4 — 27 1 3 5 9 .1 5 - 2 2 4 5 6 - 2 0 8 3 3 8 6 100
3 1 .5 5 5 1 1 8 .1 7 8 3 1 0 6 1358 - 2 2 4 - 2 0 1 1 1 8 .3 0 - 2 4 0 8 5 - 1 6 2 9 4 5 4 68
3 1 . 6 5 5 9 6 0 .4 0 8 4 2 2 3 1117 - 2 4 1 - 1 7 8 6 6 .0 8 - 2 5 2 2 2 - 1 1 3 7 4 9 2 38
3 1 .7 5 6 8 1 1 .2 9 8 5 0 8 9 8 6 6 - 2 5 1 - 1 0 6 0 7 .0 4 - 2 5 8 6 8 -  6 4 6 49 1 -  1
3 1 .8 5 7 6 6 8 .2 5 8 5 6 9 6 607 - 2 5 9 -  8 3 4 6 .8 9 - 2 6 0 5 1 -  183 4 6 3 - 2 8
3 1 . 9 5 8 5 2 8 .6 8 8 6 0 4 3 34 7 - 2 6 0 -  1 8 8 .6 3 - 2 5 8 2 6 225 4 0 8 - 5 5
3 2 . 0 5 9 3 9 0 .0 0 8 6 1 3 2 89 - 2 5 8 2 -  1 6 3 .9 8 - 2 5 2 6 1 56 5 34 0 - 6 8
3 2 .1 6 0 2 4 9 .6 9 8 5 9 6 9 -  163 - 2 5 2 6 -  4 0 8 .2 2 - 2 4 4 2 4 837 272 - 6 8
3 2 .2 6 1 1 0 5 .3 0 8 55 6 1 -  4 0 8 - 2 4 5 7 -  6 4 2 .1 4 - 2 3 3 9 2 1032 195 - 7 7
3 2 .3 6 1 9 5 4 .5 1 849 2 1 -  6 4 0 - 2 3 2 13 -  8 6 4 .2 6 - 2 2 2 1 2 1180 148 - 4 7
3 2 . 4 6 2 7 9 5 .0 8 8 4 0 5 7 -  8 6 4 - 2 2 4 8 - 1 0 7 3 . 5 1 - 2 0 9 2 5 1287 107 - 4 1
3 2 .5 6 3 6 2 4 .9 3 829 8 5 - 1 0 7 2 - 2 0 8 16 - 1 2 6 9 . 1 1 - 1 9 5 6 0 1365 78 - 2 9
3 2 .6 6 4 4 4 2 .1 0 817 1 7 - 1 2 6 8 - 1 9 6 12 - 1 4 5 0 . 3 9 - 1 8 1 2 8 1432 67 - 1 1
3 2 .7 6 5 2 4 4 .7 7 802 6 7 - 1 4 5 0 - 1 8 2 14 - 1 6 1 6 . 7 6 - 1 6 6 3 7 1491 59 -  8
3 2 . 8 6 6 0 3 1 .3 0 786 5 3 - 1 6 1 4 - 1 6 4 18 - 1 7 6 7 . 7 0 - 1 5 0 9 4 1543 52 -  7
3 2 . 9 6 6 8 0 0 .1 6 7 6 8 8 6 - 1 7 6 7 - 1 5 3 11 - 1 9 0 2 . 7 7 - 1 3 5 0 7 1587 4 4 -  8
3 3 .0 6 7 5 5 0 .0 0 7 4 9 8 4 - 1 9 0 2 - 1 3 5 18 - 2 0 2 1 . 6 8 - 1 1 8 9 1 161 6 29 - 1 5
3 3 .1 6 8 2 7 9 .6 4 7 2 9 6 4 - 2 0 2 0 - 1 1 8 17 - 2 1 2 4 . 3 0 - 1 0 2 6 2 162 9 13 - 1 6
3 3 .2 6 8 9 8 8 .0 5 7 08 4 1 - 2 1 2 3 - 1 0 3 15 - 2 2 1 0 . 7 1 -  8641 1621 -  8 - 2 1
3 3 .3 6 9 6 7 4 .3 7 6 8 6 3 2 - 2 2 0 9 -  86 17 - 2 2 8 1 . 1 3 -  7 0 4 2 1599 - 2 2 - 1 4
3 3 .4 7 0 3 3 7 .9 1 6 5 3 5 4 - 2 2 7 8 -  69 17 - 2 3 3 5 . 9 1 -  5 4 7 8 156 4 - 3 5 - 1 3
3 3 .5 7 0 9 7 8 .0 7 6 4 0 1 6 - 2 3 3 8 -  60 9 - 2 3 7 5 . 4 6 -  39 5 5 1523 - 4 1 -  6
3 3 . 6 7 1 5 9 4 .5 0 616 4 3 - 2 3 7 3 -  35 25 - 2 4 0 0 . 1 7 -  2471 14 8 4 - 3 9 2
3 3 .7 7 2 1 8 6 .9 4 5 9 2 4 4 - 2 3 9 9 -  26 9 - 2 4 1 0 . 4 1 -  102 4 1447 - 3 7 2
3 3 . 8 7 2 7 5 5 .2 9 5 6 8 3 5 - 2 4 0 9 -  10 16 - 2 4 0 6 . 5 5 3 8 6 1410 - 3 7 0
3 3 .9 7 3 2 9 9 .5 8 5 4 4 2 9 - 2 4 0 6 3 13 - 2 3 8 9 . 0 1 1754 1368 - 4 2 -  5
3 4 . 0 7 3 8 2 0 .0 0 5 2 0 4 2 - 2 3 8 7 19 16 - 2 3 5 8 . 3 2 3 0 6 9 1315 - 5 3 - 1 1

An inspection of these tables shows th a t  th ey  are very  sm ooth and  th a t  they  define 
F(x) and  F "(x)  to  7 significant figures by  4-point central in terpolation. W e have 
chosen on purpose an exam ple for which i t  would be hard  to  ob tain  sim ilar results by 
standard  m ethods, if we are to  m ain tain  th e  forced accuracy requirem ent, and the 
sam e high degree of consistency between the  function F(x) and  its  second derivative 
F "(x) .  For purposes of com parison we show also the  in terpo lated  values Fc(x) for the  
range x  = 31 .6—32.5 obtained by the  10-point central in terpolation m ethod.
On com paring w ith our tab le  of F(x) we notice th a t

Fc(x) < F(x)

th roughou t th is range, w ith  the  exception of the point x  =  32.0 where, of course, both  
values agree. T h e  curve Fc(x) has a  corner a t  x =  32. T h is is the  typ ical d iscontinuity  
in the first derivative due to  cen tral in terpolation  m ethods (see th e  first paragraph  
of our In troduction).
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Ac(.r) A A® A3 A*

3 1 .6 5 5 9 5 9 .9 0
3 1 .7 5 6 8 1 0 .6 0 ■ 8 3 0 7 0
3 1 . 8 5 7 6 6 7 .5 5 8S69S 625
3 1 .9 5 8 5 2 8 .2 2 860 6 7 372 - 2 5 3
3 2 . 0 5 9 3 9 0 .0 0 86 1 7 8 111 - 2 6 1 -  8
3 2 .1 6 0 2 4 8 .7 2 8 5 8 7 2 -  3 0 6 - 4 1 7 - 1 5 6
3 2 .2 6 1 1 0 3 .6 1 8 5 4 8 9 -  383 -  77 3 4 0
3 2 .3 6 1 9 5 2 .3 7 8 4 8 7 6 -  613 - 2 3 0 - 1 5 3
3 2 . 4 6 2 7 9 2 .7 7  ' 8 4 0 4 0 -  83 6 - 2 2 3 7
3 2 .  S 6 3 6 2 2 .6 8 82991 - 1 0 4 9 - 2 1 3 10

N otice th a t we needed 12 coefficients /„  for the subtabuiation of th ree panels. 
Each additional coefficient/„  (w =  39, 40, • • • ) allows the subtabulation  of an addi
tional panel.

I t  should be rem arked th a t 53 ordinates y n en ter into the com putation of each 
coefficient /,,. T his is due to  the slow ra te  of dam ping of the  w„(e) for 6 =  0. T hus for 
e=  . 1 (very m oderate sm oothing) only 35 ordinates yn are needed, for e =  1.0 only 23, 
for e —  co only 1 .  Concerning the im portan t m atte r of dealing with the ends of a table 
see section 1.2 and the last paragraph of section 4.31.

T a b l e  I :  M k{x, t ) ,  M l (x, /), M l' (x, l )  fo r  ¿ = 4 ,  / = 0 . 5 ,  A * = 0 .1 .  
M t(x, 1 /2 )

x + AX * + 0 x + . l x+ .2 x + . 3

4 .0 0 0 0 0 0 0 4 .0 0 0 0 0 0 0 2 .0 0 0 0 0 0 0 1
3 .0 0 0 1 1 3 2 5 .0 0 0 0 5 9 1 0 .0 0 0 0 2 9 9 1 .0 0 0 0 1 4 6 7 .0 0 0 0 0 6 9 7
2 .0 1 6 1 6 9 1 7 .0 1 1 0 5 3 4 0 .0 0 7 3 7 8 5 8 .0 0 4 8 0 6 2 1 .0 0 3 0 5 2 5 8
1 .2 2 5 9 7 0 0 4 .1 8 9 4 0 6 1 6 .1 5 5 9 0 1 1 8 .1 2 5 9 6 4 7 9 .0 9 9 8 6 3 8 7
0 .5 1 5 4 9 4 9 9 .5 1 1 3 2 5 6 6 .4 9 9 0 1 1 4 1 .4 7 9 1 1 9 1 7 .4 5 2 5 4 7 3 1

- 1 .2 2 5 9 7 0 0 4 .2 6 4 8 3 1 8 5 .3 0 4 9 9 0 5 8 .3 4 5 2 3 7 5 5 .3 8 4 2 0 9 6 3
-  2 .0 1 6 1 6 9 1 7 .0 2 3 1 1 3 1 0 .0 3 2 3 0 7 7 6 .0 4 4 1 8 9 7 3 .0 5 9 1 7 9 9 8
- 3 .0 0 0 1 1 3 2 5 .0 0 0 2 1 0 6 2 .0 0 0 3 8 0 3 2 .0 0 0 6 6 7 2 6 .0 0 1 1 3 8 2 2
- 4 .0 0 0 0 0 0 0 4 .0 0 0 0 0 0 1 0 .0 0 0 0 0 0 2 6 .0 0 0 0 0 0 6 2 .0 0 0 0 0 1 4 3

X * + . 5 x - p .6 x + . 7 * + . 8 x+ .9

3 .0 0 0 0 0 3 2 1 .0 0 0 0 0 1 4 3 .0 0 0 0 0 0 6 2 .0 0 0 0 0 0 2 6 .0 0 0 0 0 0 1 0
2 .0 0 1 8 8 9 0 7 .0 0 1 1 3 8 2 2 .0 0 0 6 6 7 2 6 .0 0 0 3 8 0 3 2 .0 0 0 2 1 0 6 2
1 .0 7 7 6 4 6 8 9 .0 5 9 1 7 9 9 8 .0 4 4 1 8 9 7 3 .0 3 2 3 0 7 7 6 .0 2 3 1 1 3 1 0
0 .4 2 0 4 6 0 8 4 .3 8 4 2 0 9 6 3 .3 4 5 2 3 7 5 5 .3 0 4 9 9 0 5 8 .2 6 4 8 3 1 8 5

- 1 .4 2 0 4 6 0 8 4 .4 5 2 5 4 7 3 1 .4 7 9 1 1 9 1 7 .4 9 9 0 1 1 4 1 .5 1 1 3 2 5 6 6
- 2 .0 7 7 6 4 6 8 9 .0 9 9 8 6 3 8 7 .1 2 5 9 6 4 7 9 .1 5 5 9 0 1 1 8 .1 8 9 4 0 6 1 6
- 3 .0 0 1 8 8 9 0 7 .0 0 3 0 5 2 5 8 .0 0 4 8 0 6 2 1 .0 0 7 3 7 8 5 8 .0 1 1 0 5 3 4 0
- 4
—5

.0 0 0 0 0 3 2 1 .0 0 0 0 0 6 9 7 .0 0 0 0 1 4 6 7 .0 0 0 0 2 9 9 1
.0 0 0 0 0 0 0 1

■ '.  > f, t i.ru’i

.0 0 0 0 5 9 1 0

.0 0 0 0 0 0 0 2
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M i (x, 1 /2)

X * + 0 x+ A x+ .2 * + .3 x + A

4 -  .00000039 - .0 0 0 0 0 0 1 5 - .0 0 0 0 0 0 0 6 -  .00000002 -  .00000001
3 - .0 0 0 7 1 9 5 5 -  .00039340 - .0 0 0 2 0 8 3 3 - .0 0 0 1 0 6 8 0 - .0 0 0 0 5 2 9 8
2 - .0 5 9 6 1 7 9 5 - .0 4 3 3 4 5 0 6 - .0 3 0 7 1 6 4 4 - .0 2 1 2 0 3 7 6 - .0 1 4 2 4 9 2 0
1 - .3 7 8 6 0 3 9 1 - .3 5 1 4 0 3 4 6 - .3 1 7 8 4 8 2 5 - .2 8 0 4 3 8 8 5 - .2 4 1 5 0 4 8 9
0 .00000000 - .0 8 3 0 6 1 3 4 - .1 6 2 2 7 1 6 5 - .2 3 4 0 6 4 9 2 - .2 9 5 4 1 6 7 4

- 1 .37860391 .39695855 .40419276 .39846265 .37855467
- 2 .05961795 .07996844 .10465732 .13368990 .16673619
- 3 .00071955 .00127546 .00219236 .00365652 .00592117
- 4 .00000039 .00000096 .00000229 .00000529 .00001179

X k + .5 a + .6 * + .7 s + .8 .-C+.9

3 - .0 0 0 0 2 5 4 2 - .0 0 0 0 1 1 7 9 - .0 0 0 0 0 5 2 9 - .0 0 0 0 0 2 2 9 -.0 0 0 0 0 0 9 6
2 - .0 0 9 3 1 5 7 7 - .0 0 5 9 2 1 1 7 - .0 0 3 6 5 6 5 2 - .0 0 2 1 9 2 3 6 - .0 0 2 1 7 5 4 6
1 - .2 0 3 0 6 5 2 0 - .1 6 6 7 3 6 1 9 - .1 3 3 6 8 9 9 0 - .1 0 4 6 5 7 3 2 -  .07996844
0 - .3 4 4 0 4 7 5 8 -  .37855467 -  .39846265 -.4 0 4 1 9 2 7 6 -  .39695855

- 1 .34404758 .29541674 .23406492 .16227165 .08306134
- 2 .20306520 .24150489 .28043885 .31784825 .35140346
- 3 .00931577 .01424920 .02120376 .03071644 .04334506
- 4 .00002542 .00005298 .00010680 .00020833 .00039340
- 5 .00000001 .00000002 .00000006 .00000015

M ['(x, 1 /2)

X A' +  .O x + A . x+ .2 x+.Z A+  .4

4 .00000357 .00000145 .00000056 .00000021 .00000008
3 .00423106 .00243772 .00135797 .00073109 .00038024
2 .18251117 .14368197 .10978191 .08140988 .05858190
1 .23181861 .30800376 .35890239 .38537940 .38991971
0 -.8 3 7 1 2 8 8 2 - .8 1 7 6 3 1 3 2 -.7 6 0 5 8 8 1 9 - .6 7 0 2 0 2 3 1 - .5 5 3 0 1 2 6 7

- 1 .23181861 .13144694 .01013023 - .1 2 6 7 8 2 4 1 -  .27209706
- 2 .18251117 .22494722 .26885281 .31126005 .34845442
- 3 .00423106 .00710375 .01154277 .01816077 .02768079
- 4 .00000357 .00000851 .00001955 .00004332 .00009259
- 5 .00000001

x * + .5 a + .6 x + A A*-p. 8 A +  .9

4 .00000003 .00000001
3 .00019097 .00009259 .00004332 .00001955 .00000851
2 .04089359 .02768079 .01816077 .01154277 .00710375
1 .37617315 .34845442 .31126005 .26885281 .22494722
0 - .4 1 7 2 5 7 7 3 - .2 7 2 0 9 7 0 6 - .1 2 6 7 8 2 4 1 .01013023 .13144694

- 1 - .4 1 7 2 5 7 7 3 - .5 5 3 0 1 2 6 7 - .6 7 0 2 0 2 3 1 - .7 6 0 5 8 8 1 9 -  .81763132
- 2 .37617315 .38991971 .38537940 .35890239 .30800376
- 3 .04089359 .05858190 .08140988 .10978191 .14368197
- 4 .00019097 .00038024 .00073109 .00135797 .00243772
- 5 .00000003 .00000008 .00000021 .00000056 .00000145
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T a b l e  I I :  J ^ ( l ,  t) fo r  k = i, 1=0.5, e=0 (0.1) 1.0.

e =  .l e =  .2 £ =  .4n e =  .0 £ =  .3

0 3.50637741 1.61378653 1.39953009 1.30308904 1.24631521
1 -1 .8 4 9 0 0 6 1 8 - .2 6 8 9 0 9 2 9 - .1 4 1 3 2 7 9 3 -  .09293505 -.0 6 7 8 4 1 1 0
2 .87238793 - .0 8 9 8 1 7 7 2 -  .09332063 -  .08242675 -.0 7 2 2 3 2 6 1
3 -  .40443570 .07027891 .04023694 .02480160 .01624479
4 .18693997 - .0 2 0 7 8 6 1 7 - .0 0 3 9 7 4 8 4 .00050538 .00184671
5 - .0 8 6 3 6 4 5 1 .00133949 -  .00223908 - .0 0 1 8 8 4 6 8 -  .00132999
6 .03989615 .00169234 .00099749 .00037463 .00010684
7 - .0 1 8 4 2 9 7 8 - .0 0 0 8 8 1 1 4 - .0 0 0 1 0 4 4 7 .00005298 .00006541
8 .00851350 .00019734 -  .00005372 - .0 0 0 0 3 8 2 8 -.0 0 0 0 1 7 6 1
9 - .0 0 3 9 3 2 7 5 .00001073 .00002469 .00000455 - .0 0 0 0 0 1 1 6

10 .00181670 -  .00002625 - .0 0 0 0 0 2 7 3 .00000174 .00000130
11 - .0 0 0 8 3 9 2 1 .00001022 - .0 0 0 0 0 1 2 9 - .0 0 0 0 0 0 7 0 - .0 0 0 0 0 0 1 4
12 .00038767 - .0 0 0 0 0 1 5 6 .00000061 .00000003 - .0 0 0 0 0 0 0 6
13 - .0 0 0 1 7 9 0 8 -  .00000044 -  .00000007 .00000004 .00000002
14 .00008272 .00000036 -  .00000003 - .0 0 0 0 0 0 0 1
15 - .0 0 0 0 3 8 2 1 - .0 0 0 0 0 0 1 1 .00000002
16 .00001765 .00000001
17 -  .00000815 .00000001
18 .00000377
19 - .0 0 0 0 0 1 7 4
20 .00000080
21 - .0 0 0 0 0 0 3 7
22 .00000017
23 -  .00000008
24 .00000004
25 - .0 0 0 0 0 0 0 2
26 .00000001

M £ =  .5 £ =  .6 £ =  .7 £ =  .8 £ =  .9 £ =  1.0

0 1.20834767 1.18095463 1.16016154 1.14379093 1.13054096 1 .1 195815S
1 - .0 5 2 6 8 7 2 0 -.0 4 2 6 4 9 2 1 - .0 3 5 5 6 8 7 8 - .0 3 0 3 4 0 5 7 -  .02634263 -.0 2 3 1 9 9 7 1
2 - .0 6 3 8 7 5 3 7 - .0 5 7 1 0 5 3 8 - .0 5 1 5 6 9 3 9 - .0 4 6 9 8 0 3 5 - .0 4 3 1 2 4 0 7 - .0 3 9 8 4 2 6 9
3 .01107108 .00773445 .00547641 .00389078 .00274451 .00189634
4 .00219079 .00218246 .00204868 .00187682 .00170183 .00153738
5 -  .00091344 - .0 0 0 6 2 6 7 4 - .0 0 0 4 3 1 2 0 - .0 0 0 2 9 6 5 9 - .0 0 0 2 0 2 6 5 -  .00013620
6 - .0 0 0 0 0 3 5 1 - .0 0 0 0 4 7 0 4 - .0 0 0 0 6 1 6 3 - .0 0 0 0 6 3 5 8 - .0 0 0 0 6 0 1 8 - .0 0 0 0 5 4 7 6
7 .00005180 .00003700 .00002545 .00001716 .00001138 .00000739
8 - .0 0 0 0 0 6 5 6 - .0 0 0 0 0 1 4 0 .00000085 .00000171 .00000193 .00000187
9 - .0 0 0 0 0 2 0 6 - .0 0 0 0 0 1 7 5 - .0 0 0 0 0 1 2 7 - .0 0 0 0 0 0 8 7 - .0 0 0 0 0 0 5 7 -  .00000036

10 .00000064 .00000025 .00000006 - .0 0 0 0 0 0 0 2 - .0 0 0 0 0 0 0 5 -  .00000006
11 .00000003 .00000006 .00000006 .00000004 .00000002 .00000001
12 - .0 0 0 0 0 0 0 4 -  .00000002 - .0 0 0 0 0 0 0 1
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T a b l e  I I I :  Lu{x, t, «), L i '  (x, /, e) f o r & = 4 ,  / = 0 . 5 ,  e = 0  (0 .1 )  1 .0 , A x = 0 .5 .
L t(x, 1 /2 ,  e)

X i — 0 € — . 1 i  =  .3 « =  .4t  — .U C — .L

0 . 0 1 .0 0 0 0 0 0 0 0 .7 0 7 4 7 9 3 5 .6 5 4 5 7 0 2 8 .6 2 7 0 7 4 8 8 .6 0 9 4 7 6 9 4

0 . 5 .6 2 1 9 1 1 6 3 .5 3 7 5 7 7 4 3 .5 1 0 7 0 4 8 5 .4 9 5 0 9 7 2 9 .4 8 4 5 2 0 2 2

1 .0 .0 0 0 0 0 0 0 0 .2 0 2 5 2 5 6 8 .2 2 0 6 6 4 7 8 .2 2 6 8 1 4 6 1 .2294 .9350
1 .5 - . 1 7 2 9 1 0 8 5 - . 0 2 0 6 1 5 7 6 .0 1 2 8 5 8 1 0 .0 2 9 1 9 8 9 3 .0 3 9 0 1 3 4 4
2 . 0 .0 0 0 0 0 0 0 0 - . 0 6 5 4 5 7 9 1 - . 0 4 8 4 0 1 1 4 - . 0 3 6 8 1 9 3 9 - . 0 2 8 7 2 0 8 6

2 .5 .0 7 4 1 5 6 1 5 - . 0 2 7 6 5 9 0 3 -  .0 3 0 9 6 2 8 0 - . 0 2 8 9 4 8 2 3 - . 0 2 6 3 1 3 3 0

3 . 0 .0 0 0 0 0 0 0 0 .0 0 7 0 9 1 8 3 - . 0 0 3 4 0 6 6 7 - . 0 0 7 1 1 2 2 1 -  .0 0 8 5 0 8 2 8

3 . 5 - . 0 3 3 8 2 2 5 1 .0 1 3 4 4 0 0 8 .0 0 7 5 6 6 2 7 .0 0 3 9 2 3 4 0 .0 0 1 7 7 0 9 0

4 . 0 .0 0 0 0 0 0 0 0 .0 0 4 0 1 3 0 4 .0 0 5 0 2 8 6 2 .0 0 4 1 0 1 8 8 .0 0 3 1 4 8 4 3

4 . 5 .0 1 5 5 8 9 9 6 - . 0 0 2 7 6 0 4 2 .0 0 0 4 1 2 0 3 .0 0 1 2 1 9 0 1 .0 0 1 3 5 0 3 6
5 . 0 .0 0 0 0 0 0 0 0 - . 0 0 2 5 1 2 1 9 - . 0 0 1 1 8 8 7 0 - . 0 0 0 3 8 0 1 5 .0 0 0 0 1 1 3 8
5 . 5 - . 0 0 7 1 9 8 9 7 - . 0 0 0 2 7 4 7 9 - . 0 0 0 7 6 3 1 8 - . 0 0 0 5 4 5 0 5 -  .0 0 0 3 3 5 3 9
6 . 0 .0 0 0 0 0 0 0 0 .0 0 0 6 5 1 0 2 - . 0 0 0 0 7 5 9 6 - . 0 0 0 2 1 0 4 3 -  .0 0 0 1 9 9 2 7
6 .5 .0 0 3 3 2 5 3 0 .0 0 0 4 2 1 3 9 .0 0 0 1 9 0 1 2 .0 0 0 0 3 1 5 2 -  .0 0 0 0 2 8 6 7
7 . 0 .0 0 0 0 0 0 0 0 - . 0 0 0 0 0 7 7 3 .0 0 0 1 2 3 1 6 .0 0 0 0 7 2 9 7 .0 0 0 0 3 2 5 7

7 .5 - . 0 0 1 5 3 6 0 8 - . 0 0 0 1 5 2 8 6 .0 0 0 0 0 8 6 1 .0 0 0 0 3 2 0 7 .0 0 0 0 2 5 8 0
8 . 0 .0 0 0 0 0 0 0 0 -  .0 0 0 0 6 7 8 7 -  .0 0 0 0 2 9 8 9 - . 0 0 0 0 0 0 8 6 .0 0 0 0 0 7 0 4

8 .5 .0 0 0 7 0 9 5 8 .0 0 0 0 2 0 2 5 -  .0 0 0 0 1 8 6 5 - . 0 0 0 0 0 9 2 3 -  .0 0 0 0 0 2 5 1
9 . 0 .0 0 0 0 0 0 0 0 .0 0 0 0 3 0 3 1 - . 0 0 0 0 0 1 6 2 - . 0 0 0 0 0 5 0 2 - . 0 0 0 0 0 3 2 1

9 . 5 -  .0 0 0 3 2 7 7 9 .0 0 0 0 0 7 9 3 .0 0 0 0 0 4 7 7 -  .0 0 0 0 0 0 2 8 - . 0 0 0 0 0 1 2 0
1 0 .0 .0 0 0 0 0 0 0 0 -  .0 0 0 0 0 5 7 3 .0 0 0 0 0 3 0 1 .0 0 0 0 0 1 1 5 .0 0 0 0 0 0 1 0
1 0 .5 .0 0 0 1 5 1 4 2 - . 0 0 0 0 0 5 6 6 .0 0 0 0 0 0 1 7 .0 0 0 0 0 0 7 2 .0 0 0 0 0 0 3 6
1 1 .0 .0 0 0 0 0 0 0 0 - . 0 0 0 0 0 0 8 3 -  .0 0 0 0 0 0 7 5 .0 0 0 0 0 0 1 1 .0 0 0 0 0 0 1 8
1 1 .5 - . 0 0 0 0 6 9 9 5 .0 0 0 0 0 1 5 9 - . 0 0 0 0 0 0 4 5 - . 0 0 0 0 0 0 1 4 .0 0 0 0 0 0 0 1
1 2 .0 .0 0 0 0 0 0 0 0 .0 0 0 0 0 0 9 9 - . 0 0 0 0 0 0 0 3 - . 0 0 0 0 0 0 1 1 - . 0 0 0 0 0 0 0 4

1 2 .5 .0 0 0 0 3 2 3 1 -  .0 0 0 0 0 0 0 7 .0 0 0 0 0 0 1 2 -  .0 0 0 0 0 0 0 2 - . 0 0 0 0 0 0 0 2

1 3 .0 .0 0 0 0 0 0 0 0 - . 0 0 0 0 0 0 3 4 .0 0 0 0 0 0 0 7 .0 0 0 0 0 0 0 1 -  .0 0 0 0 0 0 0 1
1 3 .5 -  .0 0 0 0 1 4 9 2 - . 0 0 0 0 0 0 1 4 .0 0 0 0 0 0 0 0 .0 0 0 0 0 0 0 1
1 4 .0 .0 0 0 0 0 0 0 0 .0 0 0 0 0 0 0 4 - . 0 0 0 0 0 0 0 2
1 4 .5 .0 0 0 0 0 6 9 0 .0 0 0 0 0 0 0 7 -  .0 0 0 0 0 0 0 1
1 5 .0 .0 0 0 0 0 0 0 0 .0 0 0 0 0 0 0 2
1 5 .5 — 0 0 0 0 0 1 1 8 — 0 000 0 0 0 1

1 6 .0
- l/UUUVd 1 O 
.0 0 0 0 0 0 0 0 - . 0 0 0 0 0 0 0 1

1 6 .5 .0 0 0 0 0 1 4 7
1 7 .0 .0 0 0 0 0 0 0 0
1 7 .5 - . 0 0 0 0 0 0 6 8
1 8 .0 .0 0 0 0 0 0 0 0
1 8 .5 .0 0 0 0 0 0 3 1
1 9 .0 .0 0 0 0 0 0 0 0
1 9 .5 - . 0 0 0 0 0 0 1 4
2 0 .0 .0 0 0 0 0 0 0 0
2 0 .5 .0 0 0 0 0 0 0 7
2 1 .0 .0 0 0 0 0 0 0 0
2 1 .5 -  .0 0 0 0 0 0 0 3
2 2 .0 .0 0 0 0 0 0 0 0
99 1 onnnnnniZ.Z. . o . UUUUUUU1
2 3 .0 .0 0 0 0 0 0 0 0
2 3 .5 - . 0 0 0 0 0 0 0 1
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L<(x, 1 /2 ,  e)

X £ =  .5 £ =  .6 £ = .7 £ =  .8 £ =  .9 £ = 1 .0

0 . 0 .5 9 7 0 2 2 6 0 .5 8 7 6 5 6 3 7 .5 8 0 3 1 6 0 8 .5 7 4 3 8 7 9 9 .5 6 9 4 8 8 9 8 .5 6 5 3 6 5 8 0

0 . 5 .4 7 6 7 5 9 5 4 .4 7 0 7 7 3 9 8 .4 6 5 9 9 4 1 6 .4 6 2 0 7 7 1 7 .4 5 8 8 0 2 0 2 .4 5 6 0 1 8 9 2

1 .0 .2 3 0 7 7 6 5 7 .2 3 1 4 0 0 0 4 .2 3 1 6 8 0 9 0 .2 3 1 7 7 3 1 4 .2 3 1 7 5 7 8 9 .2 3 1 6 8 0 5 0

1 .5 .0 4 5 5 7 8 4 7 .0 5 0 2 7 8 4 8 .0 5 3 8 0 6 4 8 .0 5 6 5 4 9 5 7 .0 5 8 7 4 1 3 7 .0 6 0 5 3 1 3 6

2 . 0 - . 0 2 2 7 6 4 0 9 - . 0 1 8 2 0 1 7 8 - . 0 1 4 5 9 5 8 4 - . 0 1 1 6 7 3 9 7 -  .0 0 9 2 5 8 2 9 - . 0 0 7 2 2 7 7 1

2 . 5 - . 0 2 3 8 4 2 2 7 - . 0 2 1 6 7 1 0 8 - . 0 1 9 7 9 2 3 3 - . 0 1 8 1 6 7 5 6 - . 0 1 6 7 5 6 1 1 - . 0 1 5 5 2 2 3 3

3 . 0 -  .0 0 8 9 6 1 6 1 -  .0 0 8 9 8 9 8 6 - . 0 0 8 8 1 7 8 4 -  .0 0 8 5 5 2 2 1 -  .0 0 8 2 4 6 5 9 -  .0 0 7 9 2 8 8 3

3 . 5 .0 0 0 4 4 9 7 9 - . 0 0 0 3 8 9 9 1 -  .0 0 0 9 3 7 2 6 - . 0 0 1 2 9 9 6 2 - . 0 0 1 5 4 0 9 2 - . 0 0 1 7 0 0 8 3

4 . 0 .0 0 2 3 8 5 8 8 .0 0 1 8 0 2 2 9 .0 0 1 3 5 7 3 4 .0 0 1 0 1 5 6 2 .0 0 0 7 5 0 4 8 .0 0 0 5 4 2 5 6

4 . 5 .0 0 1 2 7 5 7 0 .0 0 1 1 4 3 0 8 .0 0 1 0 0 3 0 5 .0 0 0 8 7 2 7 8 .0 0 0 7 5 7 2 5 .0 0 0 6 5 6 8 1

5 . 0 .0 0 0 1 9 6 0 0 .0 0 0 2 7 8 6 5 .0 0 0 3 0 9 8 5 .0 0 0 3 1 4 7 1 .0 0 0 3 0 6 1 7 .0 0 0 2 9 1 0 9

5 . 5 - . 0 0 0 1 9 0 7 1 - . 0 0 0 0 9 6 5 4 - . 0 0 0 0 3 5 9 8 .0 0 0 0 0 2 8 3 .0 0 0 0 2 7 5 6 .0 0 0 0 4 3 1 1

6 . 0 - . 0 0 0 1 5 9 9 5 - . 0 0 0 1 2 1 3 7 -  .0 0 0 0 8 9 7 0 -  .0 0 0 0 6 5 1 0 -  .0 0 0 0 4 6 3 9 -  .0 0 0 0 3 2 2 3

6 . 5 - . 0 0 0 0 4 6 9 6 - . 0 0 0 0 4 8 8 5 - . 0 0 0 0 4 4 7 4 -  .0 0 0 0 3 8 8 6 -  .0 0 0 0 3 2 8 8 -  .0 0 0 0 2 7 4 4

7 . 0 .0 0 0 0 0 9 8 7 - . 0 0 0 0 0 1 7 9 - . 0 0 0 0 0 7 3 8 - . 0 0 0 0 0 9 7 3 - . 0 0 0 0 1 0 3 9 - . 0 0 0 0 1 0 1 8

7 .5 .0 0 0 0 1 6 8 7 .0 0 0 0 1 0 0 0 .0 0 0 0 0 5 3 6 ' .0 0 0 0 0 2 3 8 .0 0 0 0 0 0 5 0 -  .0 0 0 0 0 0 6 4

8 . 0 .0 0 0 0 0 7 7 1 .0 0 0 0 0 6 4 1 .0 0 0 0 0 4 8 6 .0 0 0 0 0 3 5 0 .0 0 0 0 0 2 4 4 .0 0 0 0 0 1 6 5

8 . 5 .0 0 0 0 0 0 4 4 .0 0 0 0 0 1 4 8 .0 0 0 0 0 1 6 8 .0 0 0 0 0 1 5 6 .0 0 0 0 0 1 3 4 .0 0 0 0 0 1 1 0

9 . 0 - . 0 0 0 0 0 1 5 6 -  .0 0 0 0 0 0 5 7 - . 0 0 0 0 0 0 0 4 .0 0 0 0 0 0 2 1 .0 0 0 0 0 0 3 1 .0 0 0 0 0 0 3 4

9 . 5 - . 0 0 0 0 0 1 0 1 -  .0 0 0 0 0 0 6 7 - . 0 0 0 0 0 0 3 9 -  .0 0 0 0 0 0 2 0 - . 0 0 0 0 0 0 0 9 - . 0 0 0 0 0 0 0 2

1 0 .0 -  .0 0 0 0 0 0 2 3 -  .0 0 0 0 0 0 2 7 - . 0 0 0 0 0 0 2 2 -  .0 0 0 0 0 0 1 7 - . 0 0 0 0 0 0 1 1 -  .0 0 0 0 0 0 0 8

1 0 .5 .0 0 0 0 0 0 1 1 -  .0 0 0 0 0 0 0 1 -  .0 0 0 0 0 0 0 5 -  .0 0 0 0 0 0 0 6 -  .0 0 0 0 0 0 0 5 -  .0 0 0 0 0 0 0 4

1 1 .0 .0 0 0 0 0 0 1 2 .0 0 0 0 0 0 0 6 .0 0 0 0 0 0 0 2 .0 0 0 0 0 0 0 0 -  .0 0 0 0 0 0 0 1 -  .0 0 0 0 0 0 0 1

1 1 .5 .0 0 0 0 0 0 0 4 .0 0 0 0 0 0 0 4 .0 0 0 0 0 0 0 2 .0 0 0 0 0 0 0 1 .0 0 0 0 0 0 0 1

1 2 .0 .0 0 0 0 0 0 0 0 .0 0 0 0 0 0 0 1 .0 0 0 0 0 0 0 1 .0 0 0 0 0 0 0 1

1 2 .5 - . 0 0 0 0 0 0 0 1
1 3 .0 -  .0 0 0 0 0 0 0 1
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X « =  .0 £= .1 € — .2 « =  .3 € — .4

0 .0 -3 .4 7 7 5 3 7 6 4 -1 .5 0 7 8 1 4 4 9 1.27083552 -1 .1 6 3 8 1 9 2 6 — 1.10100908
0 .5 -1 .0 3 9 8 3 3 8 2 -  .69689346 .61542693 - .5 7 3 2 6 4 1 8 -  .54670549
1 .0 2.15613767 .54167607 .40225158 .34798919 .31925128
1.5 1.50655095 .77131824 .63355043 .56889199 .53067521
2 .0 -  .58680458 .31875073 .30878327 .29072626 .27601758
2 .5 - .6 8 0 9 7 0 2 4 -  .03482567 .02460402 .04246822 .04943501
3 .0 .24590776 - .1 2 6 4 7 2 7 9 -.0 7 6 5 1 5 7 7 - .0 5 1 5 4 3 9 9 - .0 3 7 2 6 6 7 9
3 .5 .31311773 -  .06455381 -  .05654901 - .0 4 5 8 1 1 5 0 - .0 3 7 7 5 2 9 7
4 .0 - .1 1 1 6 5 6 1 1 .01678358 - .0 0 5 3 0 7 3 5 - .0 1 0 4 7 4 2 6 - .0 1 1 5 3 4 4 7
4 .5 - .1 4 4 5 2 5 8 5 .03142765 .01425664 .00665986 .00297134
5 .0 .05142591 .00673809 .00811324 .00596871 .00423710
5 .5 .06675341 -  .00655085 .00060896 .00183704 .00187944
6 .0 -  .02374375 - .0 0 4 7 7 1 0 7 - .0 0 1 9 4 3 5 5 - .0 0 0 5 4 8 3 2 .00001970
6 .5 - .0 3 0 8 3 5 5 1 -  .00059653 - .0 0 1 3 8 8 9 6 - .0 0 0 8 7 6 2 0 -  .00050023
7 .0 .01096729 .00133431 - .0 0 0 1 1 4 6 0 - .0 0 0 3 0 7 2 9 - .0 0 0 2 6 9 1 4
7 .5 .01424417 .00097571 .00035809 .00005960 - .0 0 0 0 3 4 1 7
8 .0 - .0 0 5 0 6 6 1 8 - .0 0 0 0 5 7 2 6 .00019854 .00010609 .00004375
8 .5 - .0 0 6 5 7 9 9 8 - .0 0 0 3 5 8 2 8 .00001209 .00004959 .00003703
9 .0 .00234028 - .0 0 0 1 2 1 1 2 - .0 0 0 0 4 8 8 4 - .0 0 0 0 0 1 1 6 .00000954
9 .5 .00303957 .00004878 - .0 0 0 0 3 3 9 1 - .0 0 0 0 1 5 0 5 - .0 0 0 0 0 4 0 4

10 .0 -  .00108107 .00005884 - .0 0 0 0 0 2 4 2 - .0 0 0 0 0 7 3 2 - .0 0 0 0 0 4 3 3
10.5 - .0 0 1 4 0 4 1 1 .00001802 .00000898 -  .00000026 - .0 0 0 0 0 1 6 4
11.0 .00049939 - .0 0 0 0 1 2 2 9 .00000485 .00000168 .00000013
11.5 .00064862 - .0 0 0 0 1 3 1 6 .00000023 .00000113 .00000053
12.0 - .0 0 0 2 3 0 6 9 - .0 0 0 0 0 1 1 0 - .0 0 0 0 0 1 2 3 .00000016 .00000025
12.5 -  .00029962 .00000374 - .0 0 0 0 0 0 8 3 - .0 0 0 0 0 0 2 3 .00000001
13.0 .00010657 .00000182 - .0 0 0 0 0 0 0 5 -  .00000015 - .0 0 0 0 0 0 0 5
13.5 .00013841 - .0 0 0 0 0 0 1 8 .00000022 - .0 0 0 0 0 0 0 3 - .0 0 0 0 0 0 0 4
14.0 -  .00004923 -  .00000067 .00000012 .00000002 -  .00000001
14.5 -  .00006394 - .0 0 0 0 0 0 3 3 .00000000 .00000002 .00000001
15.0 .00002274 .00000009 -  .00000003 .00000001
15.5 .00002954 .00000016 - .0 0 0 0 0 0 0 2
16 .0 -  .00001050 .00000003
16.5 - .0 0 0 0 1 3 6 4 -  .00000003
17 .0 .00000485 -  .00000002
17.5 .00000630 .00000000
18 .0 -  .00000224 .00000001
18.5 - .0 0 0 0 0 2 9 1
19 .0 .00000104
19.5 .00000134
20 .0 -  .00000048
20 .5 -  .00000062
2 1 .0 .00000022
2 1 .5 .00000029
2 2 .0 -  .00000010
22 .5 -  .00000013
2 3 .0 .00000005
2 3 .5 .00000006
2 4 .0 - .0 0 0 0 0 0 0 2
24 .5 -  .00000003
2 5 .0 .00000001
25 .5 .00000001
2 6 .0 - .0 0 0 0 0 0 0 1
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U  (x, 1 /2 , e)

X « =  .5 £ =  .6 e =  .7 e =  .8 £ — .9 £ =  1.0

0 .0 -1 .0 5 9 1 9 2 6 5 -1 .0 2 9 1 6 4 2 0 —  1.00647330 - .9 8 8 6 8 3 3 1 .97433986 - .9 6 2 5 1 7 6 7
0 .5 - .5 2 8 2 1 2 8 0 - .5 1 4 5 0 8 8 0 - .50390754 -  .49544281 — .48851722 -  .48273978
1 .0 .30155959 .28962736 .28106624 .27464186 .26965348 .26567454
1 .5 .50527188 .48711044 .47346009 .46281678 .45428116 .44728133
2 .0 .26453429 .25546310 .24815810 .24216442 .23716440 .23293281
2 .5 .05240385 .05363758 .05404202 .05402794 .05379802 .05345832
3 .0 - .0 2 8 2 3 7 8 8 - .0 2 2 1 0 8 8 9 - .0 1 7 7 2 6 3 5 - .0 1 4 4 6 5 4 7 - .0 1 1 9 6 1 7 2 -  .00998973
3 .5 - .0 3 1 8 2 9 3 7 - .0 2 7 3 7 5 6 5 - .0 2 3 9 3 6 6 2 - .0 2 1 2 1 5 7 9 - .0 1 9 0 1 7 4 2 - .0 1 7 2 0 8 8 8
4 .0 - .0 1 1 3 5 6 2 4 -  .01078633 - .0 1 0 1 1 4 9 2 - .0 0 9 4 4 8 2 0 - .0 0 8 8 2 4 3 8 -.0 0 8 2 5 4 8 1
4 .5 .00101034 -  .00009918 - .0 0 0 7 5 2 5 9 - .0 0 1 1 4 5 9 3 - .0 0 1 3 8 3 8 3 -.0 0 1 5 2 5 3 1
5 .0 .00303129 .00219629 .00160744 .00118299 .00087064 .00063651
5 .5 .00166647 .00142136 .00120000 .00101295 .00085821 .00073079
6 .0 .00024844 .00033324 .00035457 .00034759 .00032845 .00030479
6 .5 - .0 0 0 2 7 4 6 1 - .0 0 0 1 4 1 4 5 - .0 0 0 0 6 2 0 2 - .0 0 0 0 1 4 1 0 .00001495 .00003245
7 .0 -  .00020347 -  .00014764 -  .00010563 -  .00007505 -  .00005291 -.0 0 0 0 3 6 8 6
7 .5 - .0 0 0 0 5 7 8 8 - .0 0 0 0 5 8 4 1 - .0 0 0 0 5 1 8 7 - .0 0 0 0 4 3 8 9 -  .00003637 - .0 0 0 0 2 9 8 7
8 .0 .00001265 - .0 0 0 0 0 1 8 4 - .0 0 0 0 0 8 1 6 - .0 0 0 0 1 0 5 1 -.0 0 0 0 1 0 9 5 - .0 0 0 0 1 0 5 1
8 .5 .00002301 .00001329 .00000717 .00000344 .00000121 -  .00000014
9 .0 .00000979 .00000777 .00000567 .00000399 .00000274 .00000184
9 .5 .00000025 .00000163 .00000187 .00000172 .00000145 .00000117

10.0 -  .00000199 -.0 0 0 0 0 0 7 1 - .0 0 0 0 0 0 0 8 .00000021 .00000032 .00000034
10.5 -  .00000133 - .0 0 0 0 0 0 8 5 - .0 0 0 0 0 0 4 9 - .0 0 0 0 0 0 2 6 -  .00000012 -  .00000004
11.0 -  .00000029 -  .00000033 -  .00000026 - .0 0 0 0 0 0 1 9 -  .00000013 -  .00000008
11.5 .00000016 .00000000 - .0 0 0 0 0 0 0 5 - .0 0 0 0 0 0 0 6 -  .00000005 -  .00000004
12 .0 .00000015 .00000007 .00000002 .00000000 -  .00000001 -  .00000001
12.5
13.0
13.5
14 .0

.00000005 

.00000000 
-  .00000002 
- .0 0 0 0 0 0 0 1

.00000004

.00000001
.00000003
.00000001

.00000001

.00000001
.00000001
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SOME APPLICATIONS OF THE REPEATED INTEGRALS 
OF THE ERROR FUNCTION*
B y J. C. JA E G E R  (University of Tasmania)

1. Introductory. T he repeated integrals of the error function

/
oo

in_1 erfc n = 1, 2, • • • (1)

where
2 C ” ,

i° erfc x  =  erfc x = ~—z I e~£ d%, (2)
y / r J  i

have been studied by H a rtree ,1 who tabu la tes them  for n — 1 and n = 2, and shows 
th a t  they  satisfy the recurrence relation

In  i" erfc x =  in~2 erfc x  — 2x\n~l erfc x. (3)

H e also shows th a t

L  {(4/)"/2i" erfc Qair1' 2) } =  V “' '7, (4)

where « =  0, 1, 2, • • • , a ^ O , and L  {t/} is w ritten  for the Laplace transform  of a  func
tion v(t) of t, th a t  is

L { v] =  f  e~“ v(t)dt. (5)
J  o

T he functions (1) arise na tu ra lly  in the  theory  of conduction of hea t in the sem i
infinite solid (or th e  sphere or slab) w ith prescribed surface tem peratu re  or flow of
heat, since the  Laplace transform s of the  solutions of m any such problem s involve 
the functions on the righ t hand side of (4).

T he objects of this note are, firstly, to  indicate an extension of (4) which applies 
in the  sam e w ay to  problem s w ith heat transfer a t  the surface, and, secondly, to  give 
solutions in term s of th e  functions (1) of a num ber of problem s of practical in terest 
which involve heat generation in the  solid.

,2. P rob lem s involving heat transfer at a surface at a rate proportional to its  
tem perature difference from its surroundings. T he required  extension of (4) is 
th a t, if 71 is a positive integer, and a, h, and x  are positive,

L ja(- erfc (H +  X )  -  £  ( -  2H y \ r erfc X j  =
q n+l(q _|_ (6)

where

X  =  x /2  \/cet, H = ky/at, q =  y /s /a .  (7)

* R eceived Sep t. 19, 1945.
1 D . R . H artree , Some properties and applications of the repeated integrals of the error function, Proc.

M an ch este r L it. an d  Phil. Soc. 80, 85 (1935).
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T o derive this result we notice th a t

e - i *  (  —  ) " e ~ q x  e r q z  n _ 1

qn+1(q +  h) hnq(q +  h) h"q2

y i  /  h \ T

r - 0  \  Q /
(8)

In  the term s of the  series we use (4); the  result for the first term  of the right-hand 
side of (8) is given in m ost tables of Laplace transform s; and (6) follows immediately. 

Typical examples in which (6) arises are the following:
(i) The semi-infinite solid x > 0. Zero initial temperature. The solid heated at x  = 0 

for t > 0  by heat transfer from a medium at a tnli, n =  0, 1, • • • .
T he tem perature v in the  solid has to  satisfy

d2v 1 dv
—  -  =  0, * > 0 ,  t > 0 ,  (9)
ox1 a at

with the  boundary condition

dv
— =  — h(atnl2 — v), x  =  0, t > 0. 
dx

Also v has to  be bounded as x —> co. T he Laplace transform  of the solution is found 
to  be

,  .  7;ar(l +  n/ 2)e~qx
L  d = -------------------------->

1 ' s l+nl \q  +  h)

using the notation  (7). Therefore, from (6)

(_)n+ia r (1 +  n / 2) r
v =

h"anli
L u i x + i i* erfc (H +  X ) -  J 2 ( -  2H ) y  erfc z l  .
I  r - 0  J

If hea t transfer takes place from a medium whose tem peratu re is
n

E  (10)
n—0

th e  solution follows a t  once. For the problem of the  semi-infinite solid whose surface 
tem peratu re  is given by (10) the result is obtained in the  sam e way by using (4). 
An em pirical relation of the type (10) is often useful for representing observed surface 
tem peratures, the  term  in t l/2 being particu larly  valuable since it corresponds to  con
s tan t flux of hea t; for example the fall in tem perature of the E a r th ’s surface after 
sunset on a  cloudless evening is approxim ately proportional to 7 1/2and m ay be repre
sented very well by two or three term s of (10).

(ii) The semi-infinite solid x > 0 , of conductivity K  and dijfusivity a. A t  x  = 0 the 
solid is in  contact with mass M  per unit area of well stirred fluid of specific heat c ' , 
whose temperature is equal to the surface temperature of the solid, i.e. to lim x_+o v. The in i
tial temperatures of the solid and fluid are zero. Heat is supplied to the flu id  at constant 
rate Q per unit mass per unit time for t >  0.

H ere (9) has to  be solved w ith boundary condition a t  x =  0

dv dv
M e ' -------- K —  =  QM, x = 0, t > 0.

dt dx
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T he Laplace transform  of the solution is

Qe~qz
L {v )  =

a 2c'q3(q +  h) 

where now h = K /M c 'a .  T hus from (6) we have

Q
-  { em x + x i  erfc (77 +  X )  -  erfc X  +  277L erfc X } . 

h2acr

(iii) The semi-infinite solid x > 0 .  Zero initial temperature. Heat is produced for  t>  0 
in  the solid at the rate Qlnl2, « = —1 ,0 , 1, ■ • ■ , per unit time per unit volume. There is 
heat transfer at x  = 0 into a medium at zero temperature.

H ere we have to  solve th e  differential equation

d2v 1 dii 0
------------------= -------- t"‘2, x > 0, I >  0,
dx2 a dt K

w ith boundary condition

dv
 hv = 0, x  =  0, / >  0.
dx

Here

, , Q«r(l +  » / 2) ( 1 he-«* )

K  ls 2+"/2 a 2+ " 'V + 4(g +  h)j ’

and
n+2

emx+iT  erfc +  Z ) _  £  ( _  2/7) ri r erfc X
r«»0

3. C ases of generation  of h ea t in  a solid. T he solutions of a  num ber of problem s 
of practical im portance in which hea t is generated for i > 0  in a solid a t  the  ra te

Z  Ont" '2 (11)
— 1

per un it tim e per un it volum e can be expressed in term s of the  functions (1). An ex
pression of type (11) m ay be useful for representing an experim entally observed ra te  
of generation of hea t; the  term  in t~112 is of value when the  in itial ra te  of hea t produc
tion is high, as in the  hydra ting  of cem ent.2

A problem involving (11) and radiation a t  the  surface has already been given in 
§2(iii), here we give the  solutions of some cases in which the  surface tem peratu re  is 
zero.

(iv) The region x > 0 .  x  = 0 kept at zero for  t > 0. Heat production at the rate t n/2 in  
0 <.x <a, and zero i n x > a .  Zero initial temperature.

Qap+"l2 Q r( i + n/ 2)

X(1 +  n / 2) K a " l \ - h) n+2

5 In  th is  case tw o or th ree  term s of (11) give q u ite  a  good rep resen tation  of th e  observed h e a t of h y 
d ra tio n  over the  first few days. An expression in term s of negative  exponentials is m ore usual, b u t  does 
n o t lead  to  so lu tions in term s of tab u la ted  functions for th e  problem s given here, excep t (vi), an d  in th a t  
case i t  does n o t give a  so lu tion  which is useful for sm all va lues of th e  tim e.



This is the  fundam ental practical problem of tem peratures in hydrating  concrete: 
a  slab of concrete is poured on the  surface of the semi-infinite solid, we assume here 
th a t the therm al constan ts of the concrete and the solid are the same. T he solution is

1946] J. C. JA E G E R  103

Q./1+T./2 ,

’ - 1 m T i d 1 - r(2  +  ,,/2)2-+‘

a — x a +  xi«+2 erfc ---------------- jn+2 erfc2 M1'2 2 ( a t ) 1'2

x
-f  2i"+2 erfc

2 (a 0 1/2.
if 0 < x < a ,  and f o r x > a  it is

c*r(l +  m / 2 ) ( 4 / ) 1+" /2 ( X - a  X +  a
v =  < i"+2 e r fc ------------- 1- in+2 erfc

2 K  I 2 ( a t ) 1' 2 2 ( a t y 2
X

— 2in+2 erfc 2 ( a t ) u  2

(v) The problem3 of (iv) except that heat is produced only in  the region a < x < b .
T he tem perature gradient a t the surface is

a 112 r a b 1
 T(1 +  m/ 2)(4/)<1+")/2 i>+n e r fc ---------------- i l+"-erfc-----------  .
K  L 2(a ty  I2 2 (a ty i2 A

(vi) The slab 0 < x < l .  The surfaces x =  0 and x  = l kept at zero temperature. Heat
generation at the rate T 12. Zero initial temperature.

at1+n/2 i “ r ml +  x
v = <¡1 -  r(2  +  »/2)2"+2f ^  ( - ) " [  i"+2 erfc 

V m*=0 LK (  1 +  m/2) { r , L 2 (a ty 12

(m +  1)/ — x'
+  i"+2 erfc 2 ( a t ) 1/2

(vii) The infinite region r 5:0. Zero initial temperature. Heat production at the rate 
t nl2 in  the sphere O ^ r  <a, zero elsewhere.4

a l l+nl 2 etor(l +  m/ 2 ) ( 4 0 i+”/2

K {  1 +  n /2 ) 2 K r

a — r a +  r 1
i"+2 e r fc ----------------i”+2 e rfc ------------

2 ( a t ) 1' 2 2(a/)1/2J
a 3/2r ( l  +  m/ 2) (4/)(n+3>/2

2 Kr

a — r a +  r 1¡>■+3 erfc  i«+3 erfc ------------ o ^  r <  a.
2 { a t ) 1'2 2(<*01/2J

a a r ( l  +  M/2)(4/)1+n/2r  a +  r r r -  a 1
v =  i"+2 e r fc -------------- b in+2 e rfc ------------

L 2 ( a t )1/2 2(ai)1/2J2 Kr

2 Kr  L .................2 (a /)1/2  2 (at)

a 3'2T(l  +  M/2)(4/)(»+3>/2r  a + r  _  r -  a 1
-4---------------------------------------- in+3 e rfc --------------- l ,l+3 e rfc------------  , r >  a.I •"'» 2(at)112 J

3 Van O strand , On the flow of heat from a took stratum in which heat is being geneiated, J . W ash. Acad. 
Sci. 22, 529 (1932), considers th e  case of a  th in  layer.

4 T h is  problem  is of in te res t in connection w ith developm ent of h e a t in w heat stacks.
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