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M A N U F A C T U R IN G  B Y  M IX E D  I N T E G E R  P R O G R A M M I N G

S u m m a ry . New algorithm s based on m ixed integer program m ing models 
are proposed for reactive scheduling in  a  dynam ic, m ake-to-order m anufac­
tu rin g  environm ent. T h e  problem  objective is to  u p d a te  production  sche­
dule sub ject to  service level and  inventory constra in ts, w henever custom er 
orders are m odified. N um erical exam ples m odeled after a  real-world pro­
duction  scheduling/rescheduling in th e  electronics in dustry  are presented 
and some resu lts of com putational experim ents are reported .

R E A K T Y W N E  H A R M O N O G R A M O W A N IE  P R O D U K C J I  
N A  Z A M Ó W IE N I E  M E T O D Ą  P R O G R A M O W A N IA  
C A Ł K O W IT O L IC Z B O W E G O

S tre s z c z e n ie .  W  pracy  przedstaw iono nowe algorytm y reaktyw nego liar- 
m onogram ow ania produkcji zam aw ianej, oparte  na m odelach program ow a­
n ia całkowitoliczbowego. Zam ówienia m ogą być modyfikowane przez od­
biorców w ca łym  horyzoncie planow ania. Celem harm onogram ow ania jest 
m inim alizacja liczby spóźnionych zam ów ień oraz łącznych zapasów m ate­
riałów  i gotowych wyrobów. Zastosowanie proponow anych algorytm ów ilu­
s tru ją  p rzykłady  liczbowa zaczerpnięte z przem ysłu  elektronicznego oraz 
wyniki eksperym entów  obliczeniowych.

1. I n t r o d u c t io n

In  m ake-to-order m anufacturing  th e  perform ance of production  planning 
and  scheduling is evaluated  by custom er satisfaction  and  p roduction  costs. A 
typical m easure of th e  custom er satisfaction  is custom er service level, i.e., th e  
fraction of custom er orders filled on or before th e ir due dates, e.g. [4, 7]. On 
th e  o ther hand  to  achieve low' un it p roduction  cost, b o th  the  inpu t inventory of 
purchased m ateria ls  w aiting for processing in th e  system  and  th e  o u tp u t inventory 
of finished p ro d u c ts  w aiting for delivery to  th e  custom ers should be m inim ized.

To reduce th e  required  in p u t inventory of purchased m ateria ls, th e  m aterials
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should be  delivered as la te  as possible, i.e., th e  order earliness should be as sm all 
as possible. On th e  o ther hand  the  sm aller th e  earliness of custom er orders, the  
sm aller is th e  o u tp u t inventory of finished p roducts  com pleted  before custom er 
required  shipping d a tes  and  w aiting for delivery to  th e  custom ers. However, if for 
som e custom er orders th e  earliness is sm aller th a n  th e  m inim um  eaxliness, i.e., 
ready  periods and  due dates are closer each o ther, th e n  reallocation  of orders 
to  th e  earlier periods w ith  surplus of capacity  is re s tr ic ted  due to  la te r m ateria l 
availability. As a  resu lt, th e  num ber of ta rd y  orders m ay increase or even some 
orders m ay rem ain  unscheduled during th e  p lanning horizon.

T he purpose of th is paper is to  present new algorithm s, based on in te­
ger program m ing form ulations, for reactive scheduling ([8, 9, 10]) in a dynam ic, 
m ake-to-order m anufacturing, where custom ers m ay m odify or cancel their orders 
or place new orders during  th e  planning horizon. T h e  problem  objective is to  
dynam ically  assign/reassign custom er orders w ith  various due da tes  to  planning 
periods w ith  lim ited  capacities, to  minim ize th e  num ber of ta rd y  orders and  th e  
in p u t and  o u tp u t inventory over a planning horizon.

In th e  lite ra tu re  on production  planning and  scheduling th e  integer pro­
gram m ing m odels have been widely used, e.g. [3, 7]. In  industria l practice, howe­
ver, th e  application  of integer program m ing for p roduc tion  scheduling is lim ited, 
in p articu la r in  m ake-to-order m anufacturing, e .g .[l, 2, 4, 5, 6]. For exam ple, a 
scheduling tool w ith  rescheduling capabilities for th e  sem iconductor industry, ba­
sed on integer program m ing form ulation is p resented  in  [2]. However, th e  m odel 
is solved by an approxim ate technique and optim al so lu tion  was no t a ttem p ted .

T he paper is organized as follows. In th e  next section th e  descrip tion  of 
m ake-to-order p roduction  scheduling in a flexible flowshop is provided. T he ba­
sic integer program m ing form ulations for p roduction  scheduling/rescheduling are 
p resented  in Section 3. Rescheduling algorithm s based on th e  proposed m ixed 
integer program m ing m odels are described in Section 4 and som e form ulae for 
th e  calculation of in p u t and  o u tp u t inventory are derived in Section 5. N um eri­
cal exam ples m odeled after a  real-world, m ake-to-order electronics m anufacturing  
and som e com putational resu lts are provided in Section 6. Conclusions are m ade 
in th e  last section.

2. P r o b le m  D e s c r ip t io n

T he p roduction  system  under s tu d y  is a flexible flowshop th a t  consists of 
m  processing stages in  series and  each stage i E I  =  { 1 , . . .  ,m }  is m ade up  of 
in, >  1 identical, parallel m achines. In th e  system  various types of p ro d u c ts  are 
p roduced  in a  m ake-to-order environm ent responding d irec tly  to  custom er orders. 
Let J  be  th e  set custom er orders th a t  are known ahead  of a  p lanning horizon. 
Each order j  E J  is described by a trip le  (c ij.d j , s3), w here aj is th e  order arrival 
d a te  (e.g. th e  earliest period  of m ateria l availability), dj is th e  custom er due d a te  
(e.g. custom er required  shipping date), and Sj is th e  size of order (the  q u an tity
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of ordered p roducts of specified type). Each order requires processing in various 
processing stages, however som e orders m ay bypass some stages. L et pjj >  0 be 
th e  processing tim e in stage i of each p ro d u c t in order j  €  J .  T h e  orders are 
processed and  transferred  am ong th e  stages in  lo ts of various size th a t  depends 
on th e  ordered p roduct type and  let bj be  th e  size of p roduction  lot for order j .

T he planning horizon consists of h  p lanning  periods (e.g. working days). Let 
T  =  { 1 , . . .  h}  be th e  set of p lanning periods and  th e  processing tim e available 
in period  t on each m achine in  stage i.

T he following two types of th e  custom er orders are considered:

1. Small size (single-period) orders, w here each order can be fully processed in a 
single tim e period, e.g. during  one day. T h e  single-period orders are referred 
to  as indivisible orders.

2. Large size (m ulti-period) orders, w here each order cannot be  com pleted  in 
one period and  m ust be sp lit and  processed in m ore th an  one tim e period. 
T he m ulti-period orders are referred  to  as divisible orders.

In  practice, two types of custom er orders are sim ultaneously scheduled. 
D enote by J1  C J ,  and  J 2 C J ,  respectively th e  subset of indivisible, an d  divisible 
orders, w here J l \ J  J2  = J , and  J1  f | <72 =  0.

It is assum ed th a t  each custom er order j  E J 1 m ust be fully com pleted  in 
exactly one p lanning period, and  each custom er order j  €  .72 m ust be  com pleted  
in two consecutive planning periods, however, th e  la tte r  assum ption  can be  easily 
relaxed [5] to  allow for com pleting of large orders in m ore th an  two consecutive 
periods.

A dynam ic, m ake-to-order m anufactu ring  environm ent is considered w ith  a 
dynam ic planning horizon used to  successively u p d a te  p roduction  schedule w hen 
old, yet uncom pleted custom er orders are m odified or new custom er orders arrive 
during th e  horizon. T he m odifications of custom er orders m ay include changes of 
order size, e.g. increase, decrease or cancellation, a n d /o r  changes of due dates, e.g. 
postponem ent of delivery date , occurring during  th e  horizon. T he horizon can be 
progressively shifted to  take into account th e  orders modifications.

T he objective of th e  long-term  reactive scheduling is to  assign /reassign  cu­
stom er orders to  planning periods over a  p lanning horizon to  m axim ize th e  custo­
mer service level by m inim izing th e  num ber of ta rd y  orders, w ith  lim ited  m axim um  
earliness of orders and  by th is th e  lim ited  to ta l inpu t and o u tp u t inventory.

3. M ix e d  I n te g e r  P r o g r a m s  fo r  R e a c t iv e  S c h e d u lin g

In th is  section mixed integer program m ing form ulations are proposed for 
custom er orders assignm ent/reassignm ent over a long-term  planning  horizon, to  
m axim ize service level, im plicitly  su b jec t to  th e  inventory constra in ts. Basic no­
ta tio n  is presented in Table 1.
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3.1. Basic m odel
T he basic model used to  u p d ate  th e  curren t production  schedule, whene­

ver som e custom er orders are modified is p resented below. T he ex ten t of required  
changes in the  curren t schedule depends on th e  applied policy (see, Section 4) and 
th e  changes in size and due dates of th e  m odified custom er orders. T he u p d a ted  
schedule takes in to  account th e  current inpu t inventory th a t  is im plicitly  consi­
dered in the  m odel by th e  upper bound m e  on th e  m axim um  earliness E max of 
custom er orders.

Table 1
N otation: In itia l Scheduling

i —
In d ic e s

processing stage, i €  I  — { 1, . . .  ,m }

j — custom er order, j  G J  =  { 1 , . . .  ,n }
k = product type, k  €  K  =  { 1 , . . . ,  r}
t = planning period, t € T  =  { 1, . . . ,  h}

CLj 5 dj « S j _
I n p u t  P a r a m e te r s

arrival date , due date, size of order j

bj = production lot for order j
C-it = processing tim e available in period  t on each m achine in stage

m i —
z
num ber of identical, parallel m achines in stage i

n = num ber of custom er orders to  be  scheduled

Pij = processing tim e in stage i  of each p roduct in order j
J l C J = subset of sm all (single-period) custom er orders
J 2 C J — subset of large (m ulti-period) custom er orders
J k C J = subset of custom er orders for p ro d u c t ty p e  k
E = upper lim it on m axim um  earliness
U = upper lim it on num ber of ta rd y  orders

Uj —
D e c is io n  v a r ia b le s

1, if order j  is com pleted after due date; otherw ise uj  — 0 (un it

Xjt —
penalty  for ta rd y  orders)
1, if order j  is perform ed in period  f; otherw ise Xj t =  0 (order

§ \V o _
assignm ent variable)
fraction of custom er order j  to  be processed in period  t (order

Emax _
allocation variable) 
m axim um  earliness of orders

Usum = num ber of ta rd y  orders

M o d e l  M axSL (E ): C ustom er orders assignm ent to M axim ize Service Level 
subject to M axim um  Earliness constraints
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M axim ize
1 — U sum/n  ( 1)

or
M inimize

Usum ~  E  uj  (2)
je J

sub ject to
1. Order assignm ent constraints
- each indivisible custom er order is assigned to  exactly  one planning  period,

E x j t  =  1; j  G J 1 (3)
teT:

- each divisible custom er order is assigned to  a t m ost two consecutive p lan­
ning periods,

Xjt -I- Xjt+i <  2; j  G «72, t  G T  : aj <  t <  h  — 1 (4)
Xjt +  X jj ^  1 j j  £  J2 , t £  T , t & T  üj < it K h  — 2, i ^ i - l - 2  (5)

S. Order allocation constraints
- each order m ust be  com pleted,

E Vjt = 1; j € J (6)
teT: t^a.j

- each indivisible order is com pleted in a  single period,

Xjt = Vjt] j  e  J l ,  t e T  : t >  aj  (7)

- each divisible order is allocated  am ong all th e  periods th a t  are selected
for its  assignm ent,

Xjt > Vj t ; j  €  J2, t G T  : t >  aj  (8)

- th e  m inim um  portion  of a divisible order alloted to  one period  is no t less
th an  th e  b a tch  size,

yj  t ^  bj x  j  t / s j ,  j  G .72, ¿ G 7  . ¿ ^  (ij (9)

3. Tardy orders constraints
- an  indivisible ta rd y  order is com pleted after its  due date ,

U j E x jt\  j  €  J l  , (10)
teT: t>dj

- a divisible ta rd y  order is p a rtly  assigned after its  due date ,

uj  > E Vjt\ 3 6 J2  (n )
teT: t>dj

Uj < E Xjt] j € J2 (12)
teT :  t>dj
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4- Capacity constraints
- in  every period  th e  dem and on capacity  a t each processing stage cannot 

be  g rea te r th a n  th e  m axim um  available capacity  in th is  period,

PijSjVjt <  c a m ;  i £ l , t £ T  (13)
jeJi

5. M axim um  earliness constraints
- for each early  order j  assigned to  period  t < d j, its  earliness {dj — t ) cannot 

exceed th e  m axim um  earliness E max,

{dj -  t ) x j t  <  Emax] j  €  J , t e T  : t > aj (14)

Emax ^  E  (15)

6. Variable nonnegativity and integrality constraints

Uj £  {0 ,1 }; j  £  J  (16)
Xjt £  {0,1}; j  €  J, t €  T  : t >  aj (17)

0 <  y j t <  1; j  G J, t  €  T  : t >  aj (18)

Emax > 1, in teg er  (19)

T h e  objective function represents custom er service level, i.e., th e  fraction 
of non  dela jred custom er orders to  be m axim ized (1) or equivalently th e  num ber 
of ta rd y  orders to  be m inim ized (2). T he solution to  M a xS L (E )  determ ines the  
assignm ent of indivisible custom er orders to  single planning periods and  th e  al­
location  of divisible orders am ong th e  pairs of consecutive p lanning  periods such 
th a t  th e  custom er service level is m axim ized sub ject to  lim ited m axim um  earliness 
of o rders and  by th is  th e  lim ited to ta l inpu t and o u tp u t inventory level.

M odel M a xS L (E )  can be brieffy rew ritten  as follows

M a x S L { E )  =  m ax { (l)  : (2) — (19)} (20)

3.2. M odels for initial scheduling
T h e  beginning production  schedule for th e  original custom er orders known 

ahead  of th e  p lanning horizon is determ ined  by solving th e  following sequence of 
two m ixed integer program s

1. M o d e l  M axSL: C ustom er orders assignm ent to M axim ize Service Level

M a x S L  =  m ax { (l) : (2) — (13), (16) — (18)} (21)

w here all m ateria ls are assum ed to  be available a t th e  beginning, i.e. aj =  1 
for each order j  £  J .
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2. M o d e l  M inM E (U ): C ustom er orders assignm ent to M in im ize M axim um  
Earliness subject to service level constraints

M in M E (U )  =  m in { E max ■ Usum <  U, (2) -  (14), (16) -  (19)} (22)

w here 1 — U /n  is th e  solution value of (21)

T he objective function of (22) im plicitly  lim its th e  m axim um  level of th e  
to ta l in p u t and o u tp u t inventory over th e  p lanning horizon.

In  th e  above sequential decision m aking fram ework, first th e  solution to  
M axSL  determ ines th e  m axim um  service level. Then, th e  m inim um  value of th e  
m axim um  earliness is found using m odel M inM E fU )  to  im plicitly  lim it to ta l inven­
tory, su b jec t to  service level constra in ts. T he solution to  M inM E (U )  determ ines 
the  op tim al allocation {x*t , y *L} of custom er orders am ong planning  periods.

4 . R e s c h e d u lin g  A lg o r i th m s

In th is  section different rescheduling algorithm s based  on th e  m ixed integer 
program m ing m odels are proposed.

Let t moci be th e  first p lanning period  im m ediately  afte r th e  orders m odi­
fication. I t is assum ed th a t  th e  custom er orders com pleted  before t mod or w ith  
due d ates sm aller th a n  t mod cannot be  modified. In  p ractice different rescheduling 
policies can  be  applied, from a  to ta l reschedule of all rem ain ing  custom er orders,
i.e. reschedule of all unm odified orders th a t  have been assigned to  periods no t less 
th a n  t mod (algorithm  REALL) to  a non-reschedule of all such orders (algorithm  
R EN O N ). In addition  to  th e  above two extrem e rescheduling policies a m edium  
restric tive  algorithm  R EM A T is proposed for rescheduling of th e  rem aining cu­
stom ers orders w aiting for m ateria l supplies, i.e. rescheduling of all unm odified 
orders assigned to  periods g reater th a n  tmod +  E rnax.

In  all these algorithm s th e  p lanning horizon is progressively shifted  to  take 
into account m odifications of th e  custom er orders (changes of order size a n d /o r  
due date) occurring during  th e  horizon. Table 2 presents th e  n o ta tio n  used in the  
rescheduling algorithm s. In all algorithm s first th e  set J 0i(i of orders rem aining 
for com pletion is split in to  two disjoint subsets: J^[d of schedulable orders and 
Jgld of fixed, non-schedulable orders for which th e  assignm ent to  p lanning periods 
cannot be  changed. In  particu la r, in algorithm  R EM A T th a t  accounts for th e  
inpu t inventory  of p ro d u c t specific m ateria ls supplied before tmod and available 
Emax periods ahead of th e  orders due dates a t th e  la te s t, th e  subset of non- 
schedulable orders contains orders in J 0id rem aining for com pletion, such th a t  
have been assigned to  periods in th e  subset T ^ d = { tmod, . . . ,  t mod + E max} of 
rem aining periods in T0id = { tmod,

In  th e  sequel, denote by apostrophe (’) th e  u p d a ted  values of som e p a­
ram eters  and  decision variables after each m odification of orders. For exam ple
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Table 2
N otation: Rescheduling

T old {tm odr  ■ ■ • j ^ ’}
'T'Âr 
^ old

Tnew —  { h  +  1 , , / ) ' }

I n p u t  P a r a m e te r s
new planning horizon
th e  planning period  im m ediately  following 
m odification of orders 
set of m odified orders
subset of orders in J  rem aining for com pletion
subset of orders in J 0y , respectively non-
schedulable, schedulable
set of new planning  periods
subset of rem aining p lanning periods in  T
subset of periods in T0id w ith  fixed assignm ent
of orders in J 0y
u p d a ted  set of orders
u p d a ted  set of p lanning  periods

apostrophe (’) denotes u p d ated  param eters  afte r m odification of orders

s'j denotes th e  modified size of custom er order j  €  J '  =  J0id U Jmod> where 
Sj j  £  Jold 3 i ld  Sj S j , j  G  Jmod-

A lg o r i th m  R E A L L

S te p  0. Split th e  set JQid of orders rem aining for com pletion in to  two disjoint 
subsets: J^ld of schedulable orders and J $ d of fixed, non-schedulable orders.

S te p  1. D eterm ine new planning horizon h! for th e  u p d a ted  set J '  of custom er 
orders.

(23)

(24)

h\  =  m in { /il : r (25)

(26)

If m ax {h i, /12} <  h, th en  set h! =  h.

Otherw ise set h! =  m ax { /ii,/i2}, Tnew =  { h + 1 , . . . ,  h!} and T '  =  T0i,{U Tnew.
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Step 2. Do no t change th e  assignm ent in period  tmo({ of p artia lly  com pleted, 
tw o-period orders in J 2, i.e.,

yjtmod ~  yjJmod’ 3 € J% '■ x j,tmod- 1 =  1 (27)

Step 3. Solve M a xS L (E ), (20) for E  = E max and  sub ject to  fixed assignm ent 
constra in ts from Step 2, to  find a new schedule for th e  u p d a ted  set J '  of 
custom er orders, u p d a ted  set of p lanning periods T '  and  u p d a ted  m ateria l 
availability periods

/ J  m ax{ 1. dj E max} if j  6  Jold (oqx7 = 1  n ,1.   Z? \ it A 7 . (28)m a x { tmod, d j Em ax\ if 3 G Jmod-

In th e  algorithm s R EM A T and R EN O N  presented  below, S tep  1 and Step 
3 are identical w ith  th e  corresponding steps of REALL.

Algorithm REMAT

Step 0. Split th e  se t ,J0id of orders rem aining for com pletion into two disjoint 
subsets: J ^ d of schedulable orders and  J ^ d of fixed, non-schedulable orders.

Jold = {j e jOld ■ E Xjt = 1} (29)
Jold = Jold \  Jold (30)

Set Told = { tmodi • • ■ i tmod T  E max}.

Step 2. Do not change th e  assignm ent of non-schedulable orders j  €  ./¿}d, i.e.,

Vjt — Vjti 3 € Jm , t S Toui (31)
j dm odd' ddm ax+1 yjdmcxt m̂ax + I' 3  ̂Jold 0 J~ * J d moddddoiax  ̂ (3—)

Algorithm RENON

Step 0. Split th e  set J0id of orders rem aining for com pletion into two disjoint 
subsets: Jgtd of schedulable orders and  J $ d of fixed, non-schedulable orders.

Jold = Jold (33)
Jold = 0 (34)

Step 2. Do not change the  assignm ent of all orders in J0id, i.e.,

Vjt =  Vjt> j  €  Jold> t €  T0id (35)
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5. Input and Output Inventory

In th is section some form ulae are derived for calculation th e  in p u t inven­
to ry  of raw  m ateria ls  and  th e  o u tp u t inventory of finished products. T he inpu t 
inventory of product-specific raw  m ateria ls only is considered w ith  no common 
m ateria ls for different p roduct types taken  into account. F urtherm ore, to  make 
th e  calculations m ore tran sp a ren t it is assum ed th a t  each p roduct requires one 
u n it of th e  corresponding product-specific m ateria l (e.g. one p rin ted  w iring board  
of a specific design p e r one electronic device of th e  corresponding type). As a 
resu lt, for each o rder j  the  required  q u an tity  of product-specific m ateria l equals 
th e  q u an tity  of th e  ordered p roducts  sj.

T he original am ount of p ro d u c t specific m ateria ls required  for custom er 
orders j  £  J mod such th a t  dj — E max < tmod <  d j and supplied before tmod 
differs from th e  m odified am ount of those m ateria ls required  after th e  orders 
m odification. As a  result, th e  actual in p u t inventory level in period  t mod m ay 
be higher or lower th a n  th e  required  level. For each p roduct ty p e  k  £  K , th e  
shortage (A I N P ^  < 0) or surplus (A IN P ^  > 0) of product-specific m ateria l 
inventory in period  t mod — 1 w ith  respect to  th e  am ount required  for the  modified 
orders j  £ J mod is

I t is assum ed th a t  th e  shortage or th e  surplus of p roduct specific m ateria ls 
is balanced w ith  higher or lower supplies in period t mod, respectively.

T he in p u t inventory  I N P { t ) of product-specific m ateria ls can be calculated  
as below.

w here I N P ( t moc{ — 1) is th e  inpu t inventory  rem aining in period  tmod — 1
In (37), th e  in p u t inventory IA TP (t)  in each period  t is calculated  as the  

difference betw een th e  am ount of product-specific m ateria ls supplied by period  t 
an d  th e  am ount of these m ateria ls processed into finished p roducts  by th is period. 
T h e  first sum m ation  term  w ith  negative sign in th e  right hand  side of (37) balances 
in period  t mod th e  shortage or th e  surplus of product-specific m ateria ls supplied 
by period  tmod -  1.

Similarly, th e  o u tp u t inventory O U P (t)  of finished p ro d u c ts  can be  expres­
sed as below.

A I N P k = E  ( 4  -  si ) ; k  e  K (36)
J  €  J f c  P i  J m o d ' d j  E m a x  ^ t m o d  ^ d j

oup(t) =  E  ouPd(tmod — i )  +
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w here O U P ci{tmod — 1) is th e  o u tp u t inventory of finished p roducts  rem aining in 
period  tmod -  1, due in period  d >  tmo(j.

In  (38), th e  o u tp u t inventory OUP ( t )  in each period  t is calculated as th e  
am ount of finished p roduc ts  processed by period  t before th e  custom er required 
shipping dates.

T he to ta l inventory T O T ( t ) =  I N P { t )  +  O U P (t)  in each period t can 
be found by sum m ing th e  corresponding righ t hand  sides of (37) and (38). In 
particu la r, th e  to ta l  inpu t and  o u tp u t inventory T O T ( tmod — 1) in th e  last period 
of th e  previous schedule can be  expressed as below.

T O T ( tmod- 1 )=  £  S j { l -  £  yjT )+  £  s /3 9 )

T he first sum m ation  term  in (39) is th e  inventory  of product-specific m ateria ls 
for custom er orders due by period  tmod — 1, and th e  second te rm  is th e  inventory 
of product-specific m ateria ls and  finished p roducts  of custom er orders due afte r 
period  t mod — 1, respectively w aiting for processing in th e  system  and  for shipping 
to  custom ers.

T he first te rm  represents th e  in p u t inventory in period  tmo(j — 1 of product- 
specific m ateria ls for ta rd y  orders and is g reater th a n  zero only if some custom er 
orders are tardy , otherw ise th is  te rm  is equal to  zero. T he second te rm  increases 
w ith  th e  m axim um  earliness E max. G iven th e  ta rd y  orders, th e  to ta l inventory 
in t mo(i — 1 increases w ith  E max, i.e. b o th  th e  inpu t inventory of product-specific 
m ateria ls and  th e  o u tp u t inventory of finished p roduc ts  can be reduced when 
ready  periods and  due da tes  of custom er orders are closer.

6. Computational Experiments

In  th is section num erical exam ples and  some com putational resu lts are p re­
sented  to  illu s tra te  possible applications of th e  proposed algorithm s for reactive 
scheduling, based on th e  m ixed integer program m ing form ulations. T he exam ples 
are m odeled a fte r a  real world d istribu tion  center for h igh-tech products, w here 
finished p ro d u c ts  are assem bled for shipping to  custom ers.

T he d is trib u tio n  center is a  flexible flowshop m ade up of six processing 
stages w ith  para lle l m achines. In  th e  d istribu tion  center 10 p ro d u c t types of th ree  
p ro d u c t groups a re  assem bled. T he processing stages are th e  following: m ateria l 
p rep ara tio n  stage, where all m ateria ls required  for assem bly of each p roduct are 
prepared , postponem ent stage, w here p roducts  for som e orders are custom ized, 
th ree  flashing/flexing stages in parallel, one for each group of products, w here 
required  softw are is downloaded, and  a  packing stage, w here p roducts  and required  
accessories are packed for shipping.

C ustom er orders require processing in  a t m ost four stages: m ateria l p repa­
ra tio n  stage, postponem ent stage, one flashing/flexing stage, and  packing stage. 
However, som e orders do no t need postponem ent.
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C ustom er orders are sp lit in to  p roduction  lo ts of fixed sizes, each to  be 
processed as a  sep ara te  job. E ach  large size (m ulti-period) custom er order m ust 
be com pleted in a t m ost two p lann ing  periods (two days).

A brief description of th e  p roduc tion  system , p roduction  process, p roducts 
and  th e  beginning custom er orders is given below.

1. P roduction  system

• six processing stages: 10 parallel m achines in each stage i — 1,2; 20 
parallel m achines in each stage i =  3 , 4 ,5;  and  10 parallel m achines in 
stage i =  6.

2. P ro d u cts

•  10 p ro d u c t types of th ree  p ro d u c t groups, each to  be processed on a 
separate  group of flashing/flexing m achines,

• th e  beginning dem and  is m ade up of 100 custom er orders, each consisting 
of several suborders (custom er required  shipping volum es). T h e  to ta l 
num ber of suborders is 816, and  th e  beginning to ta l dem and for all 
p roducts  is 537760.

• p roduction  (and transfer) lot sizes: 200. 200, 300, 100, 100, 100, 200, 
200, 300, 100, respectively  for p roduct ty p e  1, 2, 3, 4, 5, 6, 7, 8, 9, 10.

3. Processing tim es (in seconds) for p ro d u c t types:

p ro d u c t t y p e / s t a g e  1 2  3 4 5 6
1 20 0 120 0 0 15
2 20 0 140 0 0 15
3 10 0 160 0 0 10
4 15 5 0 120 0 15
5 15 10 0 140 0 15
6 10 5 0 160 0 10
7 15 10 0 180 0 15
8 20 5 0 0 120 15
9 15 0 0 0 140 10

10 15 0 0 0 160 10

4. P lanning  horizon: h — 30 days, each of length  L =  2 x 9  hours.

Notice th a t  th e  suborders in th e  com pu tational exam ples play the  role of 
o rders in th e  m athem atical form ulation . Now, th e  problem  objective is to  as­
sign /reassign  custom er suborders over th e  p lanning horizon to  m inim ize num ber 
of ta rd y  suborders as a  m easure of th e  custom er service level sub ject to  m axim um  
earlines constra in ts to  lim it th e  to ta l  inventory  level. In th e  com putational expe­
rim en ts th e  following th ree  m odifications of custom er orders during  th e  p lanning 
horizon are considered:
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Table 3
C om putational results

Model / tjyiod Var. Bin. Cons. Nonz. Solution values^ CPU*
INITIAL SCHEDULING FOR. BEGINNING DEMAND

MaxSL 29310 14656 18198 133276 u;um =  o 3.60

MinME(O) 31507 15753 33057 148946 Eïnax =  6 387.88
R.EALL

M axSL(6)/tmod = 6 22522 11565 19779 316229 Usum =  2, h' =  31 20.61
M axSL (6)/tnw<i  = 14 15558 8013 13116 195823 u;um =  3, h' =  32 28.24
M axSL(6)/tmod =  24 4059 2112 3928 40811 U;nm = 5, h' =  33 1.22

REMAT
M axSL(6)/tmai = 6 15817 8145 11237 186527 u;um =  3, h! = 31 9.07

M ax.SL(6)/tmod = 14 7656 3959 5610 77634 U s u m  =  6, h' =  32 1.69
M axSL (6)/tmod =  24 222 105 373 1898 U;um = 8 ,h ' =  33 0.02

RENON
M axSL(6)/tmo<¡ =  6 371 152 1281 6121 U s u m  =  8, t i  =  35 0.04

M axSL(6)/tmod =  14 537 248 1625 8479 u;um = 10, h' = 35 0.09
M axSL (6)/tmcxi =  14 382 184 759 4344 u;um =  11, h' =  36 0.09

* Hjum '  number of tardy orders, E*nax - maximum earliness, h' - planning horizon
1 CPU seconds for proving optim ality on a PC  Pentium  IV, 1.8GHz, RAM 1GB /C PL E X  v.9.1

Fig. 2. T otal inpu t and  o u tp u t inventory for various rescheduling algorithm s

• 13 custom er orders due in periods 8-30 are modified in period  t mo(i  =  6. T he 
resu lting  increase of dem and is 70200 products.

• 13 custom er orders due in periods 15-30 are modified in period  tmoj  =  14. 
T he resulting  increase of dem and is 15950 products.

• 8 custom er orders due in  periods 26-30 are modified in  period  t moj  =  24. 
T he resulting  increase of dem and is 14960 products.
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T he resu lting  to ta l increase of dem and is 101110 products.
T he characteristics of in teger program s M axSL , M inM E (U )  (w ith  (7 =  0) 

for th e  in itia l scheduling and  M axSL (E )  (w ith  E  =  6) for the  th ree rescheduling 
algorithm s REALL,  R EM A T an d  R EN O N , and th e  solution resu lts are sum m ari­
zed in  Table 3. T h e  size of each in teger p rogram  is represented  by th e  to ta l num ber 
of variables, Var., num ber of b inary  variables, Bin., num ber of constra in ts, Cons., 
and  num ber of nonzero elem ents in th e  constra in t m atrix , Nonz. T he last two 
colum ns of th e  tab le  present th e  op tim al solution values of Usum for M axSL , E max 
for M inM E fU ), Usum, h ' for M a xS L (E ), and C PU  tim e in seconds required to  
find th e  proven optim al solution. T he com putational experim ents were perform ed 
using A M PL program m ing language and  th e  C PLE X  v.9.1 solver on a  lap top  w ith  
P en tium  IV a t 1.8GHz and  1GB RAM.

Table 3 indicates th a t  th e  best resu lts (th e  m inim um  num ber of ta rd y  or­
ders over th e  p lanning  horizon and  th e  sm allest horizon length) are ob tained  for 
algorithm  REA LL, w here to ta l reschedule of all rem aining custom er orders is ap­
plied each tim e some orders are modified. In con trast, a lgorithm  R EN O N , w here 
th e  assignm ent of all rem aining orders is n o t changed, produces th e  worst results. 
On th e  o ther hand  R EN O N  requires th e  least, and REALL the  g reatest C PU  tim e 
to  find proven optim al schedules.

T he d istrib u tio n  of in itia l dem and ahead of a m onthly  horizon, dem and 
rem aining and  u p d a ted  after each m odification of orders, and th e  corresponding 
p roduction  schedules ob ta ined  using scheduling/rescheduling algorithm  REALL 
are shown in fig .l. For a  com parison, fig.2 shows how th e  to ta l inventory of product 
specific m ateria ls and  finished p ro d u c ts  varies over th e  horizon for each resche­
duling algorithm . T h e  lowest m axim um  inventory level is achieved for REALL 
w hereas R EN O N  leads to  th e  highest level.

7. Conclusion

In  th is  paper various reactive scheduling policies based on th e  m ixed integer 
program m ing m odels are proposed for a dynam ic, m ake-to-order m anufacturing 
environm ent. T he com putational resu lts have ind icated  th a t  th e  m odels can be 
applied for reactive scheduling to  itera tively  u p d a te  p roduction  schedule over a 
dynam ic p lanning horizon. T h e  rescheduling algorithm s are capable of finding 
proven optim al schedules in a  reasonable C PU  tim e for large size problem s th a t  
can be encountered in  th e  industria l practice.
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Omówienie
W  pracy  przedstaw iono nowe algorytm y reaktyw nego harm onogram ow ania 

produkcji zam aw ianej, oparte  n a  m odelach program ow ania całkowitoliczbowego. 
Zam ówienia m ogą być modyfikowane przez odbiorców w całym  horyzoncie pla­
nowania. Celem harm onogram ow ania jes t m inim alizacja liczby spóźnionych za­
mówień oraz łącznych zapasów m ateriałów  i gotowych wyrobów. Zastosowanie 
proponow anych algorytm ów  ilu stru ją  przyk łady  liczbowe zaczerpnięte  z przem y­
słu elektronicznego oraz wyniki eksperym entów  obliczeniowych.


