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MATMATIWBCKOE MÔ EMPOBAHHĘ KHHEMAEWECKiiX II0BEPXHQCTM 
B CilEUtfMBHtlX K00PAHHATM

_P§3ioMei ilpe^AOSteH MeTOfl Badopa cneipiaJibHHX Koop- 
AKH3T AAH KOMIiaKTHOrO OHHCaHKfi IXOBepXHOCTeM Ha OCHOBe KH- 
HeMETHKH MX 0Gpa30BaHHfi. flOCTDOeHa CMCTeMa MaTeMaTH^eCKHX 
MOASJiefi KMHeMaTMuecKHX noBepxHocTeii, npeflCTaBJiHBsąaH codox. 
aJie.veHTap.Hy» 6a3y ąjih co3fl,aHMH cMCTeM aBTOMaTH3MpOBaHHoro 
KOHCTpyHpO BaHKH AeTEJieH MEIHHHOCTpOeHMH.

C pa3BHTM6M CMCTeM SBTOMaTH3HpOBaHHOrO IipOeKTHpOBaHHH M 
KOHCTpywpOBaHHH MEIIiMH iipodjieME CMCTeMHOTO nOAXOfla K MaTeMaTKU.ee- 
KOMy MOAeJiMpoBaHKK) noBepxHocTeii npwodpeTaeT ocofiyio aKTyajibHOCTb.

flo Twny MaTeMaTKuecKOii MOAexK Bee nosepxHocTM MoryT daTb 
OTHSceHu k oflHOMy m 3 A^yx KJiaccoB. K nepBOMy Kjiaccy othochtch 
noBepxHOCTM JteTaTenbHHX annapaTOE, EBTOModMJieM, cyflOB, aonaTOK 
TypdMH, rpednax b k h t o b. MaTeMaTHuecKwe-moacjim tskhx noBepxHOc- 
Teił cocTaBJiHiOTCH Ha ocHOBe (J)M3MuecK0M moacjim, npomeAmeft HaiypHOe 
McnbrraHMe, a <5a3a ashhldc npeACTaBJineT codofi waccMBu KOopAHHaT 
TOUeK, CHHTbIX C q?H3MUeCK0M MOA6JIM. B npOMCSyTKaX MeSAy y3JiaMM 
ToueuHoro Kapxaca no3epxHocTb, xax npaBMJio, onpeAeJineTCH ciuiaft- 
HOBoii MHTepnoAHAweK.

Ko BTopoMy KJiaccy othochtch noBepxHOCTM ADTajieK odmero u a -
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íSÍÍHOCTpOeHüfi, K3 KOTOpHX MOryT ÖUTb BH£eJieHH Óa30BHe 3JïeMeHTH, 
H3yuaefcîbie aH&JixTxyecKOß reoMeTpxeß: MHororpaHHHKH, noBepxHocTx 
BToporo nopaiKa, noBepxHocTH BpaąeHMs, bhhtobhs noBepxHOCTH.Cra- 
p,& me OTHOCHTCH riOBepxHOCTH TOHKOCTeHHHX KOHCTpyKllKß ( OÔOJÏOT-îeK) , 
kotopue MoryT durb npeflCTaBJieHH anajixTHnecKX b BHAe ypasHeHHH.

^op«a 3aAaHHB, npxHHTaH b aHaJiHTHuecKOfl reoMeTpxx, He hb- 
jih s tc h  odąeK fiJiH noBepxHOCTeß BToporo KJiacca, h OTCKwa BUTexaeT 
OCHOBHOß HCTOWHK SSTpyĄHeKMH IXDOrpaMMHOß peaJM3aiflüî CHCTeM HB- 
ÏOMaTH3HpOBaHHOrO KOHCTpyHpOBaHHH H npoeKTKpOBâHHH.

ücxoftB H3 ycnoBxß MojjyjibHOCTH nporpawMHoro oôecneueHHH, mh- 
HHMH3apnH bxo^hhx ^aHHfcix, B03M0SH0CTH noJiyneKxa pemeHxß, 0(5ąMX 
AJîh onpeflejieHHHX nom uiaccoB noBepxHocTeß, c$opMxpyew TpedoBaHxn, 
npeffbflBjiaeime k cxcT3Me MaTeMaiwiecKHx MOAeaeß nosepxH.ocTeß BTo­
poro K Jiacca:

- xepapxirjHOCTb CTpyxrypH co cbh3hmh no BepTXKaxx h no ro- 
pxaoHTaxx ;

- KOMnaKTHOCTB MOßeaeß «a HxscneM ypoBHe xepapxxx ;
-  HHBapxaHTHocTb MûAejieü b oTHomeHxx onpeAsxeHHoro KJiacca 

3 a £ a u .

B ocHOBy nocTposHKH CMCT6MH MaTeMaTxnecKxx MOflexeß noBepx- 
HOCTeß, yąoBJieTBopiiKJaieM BHiiieHa3BaHHHM TpedosaHKHM, nojiomen Kxae- 
MaTxnecKxß npxKiixn odpaaoBaHxa noBepxHOCTX x CBH3aHHaß c hkm bm-  
6op cneiixajibHbix KoopßXHaT.

CoraacHO KHHeMaTxnecKOMy npxHipîny jihhxh (odpa3yioąafl;) nepe- 
MeąaeTCH b npocTpaHCTBe, Menas cbokj $opMy xax ocTSBaacb Hex3M6H— 
Hoß, x onxcHBaeT noßepxHOCTb.

AHaxxTxnecKH odpasyioiąyio b npocTpancTBS dyąeM 3ap,asaTfc no- 
CpeACTBOM nOBepXHOCTH - HOCHTejtfl

*=x(u,'ir)ty ~ y ( u , v ) t 2~7.lu,v) ( i >

b npefinoxoseHHM, *îto ee BHyTpeHHxe KoopAHHara U  x V  cbh38hh 
$yHKIfliOHaXbHOß 3aBXCHMOCTbiO. 3 a K 0 H  ABXmeHHH nO BepXH O C TX-H O C H Te- 

Jia dyne« 3aflaßaTb $opMyjiaMX

* —x (t), y=y (t)t z~2(t) (2 )
HepeMeujaHCb no 3aKOHy ( 2 ) , noßepxHocTb-HocxTejib odpa3yK)- 

qeß C I ) saMeTaeT onpeAeJieHHy» odjiacTb npocTpaHCTBa. Othoch oa- 
Hy x Ty me TonKy 3Toß odxacTx k npnMoyrojibHUM fleKapTOBUM koopah- 
HaTaM k  , y , Z H K cneiixajibHiaM KOOpuxHETaM u  , i r  , t  on-

\
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pe A e J iH M  $ y H K u > iii

x = x (u , ir  t)t y - y (u, tr t)f z^z(u , v, tji ( 3 )

B H p a s a io ą H e  o ó ą e e  n p e o ß p a a o B a H K e  i ip o c T p a H C T B a, K O T o p o e  p a c c J ia n B a -  

e r e n  n a  n o A J ip o c T p a H C T B a  b  B H A e <JjnKCHpoBaHHHX n o j io x e H u f t  n o s e p x -  

H O C TM -H O C H TeJIH  (  I  ) ,  C Q O T B 8  T  C T  B y iO ílp iX  ¡|)HKCHpOBaHHH¡4 3H8MBHKFM
n a p a is e ip a  A B H se H K H  t .

BwecTe c  TeM, èyHKipn C 3  ) c  nponasoJiOM aajxaxmñ OAHOft 
$ y H K iiH H , C B K 3 H B a fo ą e a  n e p e M e H H b ie  u  , v  ,  t  ,  n a n p H M e p ,

IT= V(u, t) ( 4  )

3 a A 3 !0 T  K j ia c c  K H H e M a T ü tie c K H X  n o B e p x H O C T e f t ,  H O C H T e jie M  o ó p a s y io ą e f t

K O ToptJX  H B JiaeTG H  n o B e p x H o c T b  ( I  ) ,  n e peM e m aK JA aacH  n o  3 a K 0 H y (  2 ) .

f l p a  t  a n o  f t  HHTepnpeTaiiKM (J jo p M y jiu  (  3  )  *  ( 4  ) BupaxaioT o 6 -  

tąya cncTeMHyîo MaTeMaTHwecKyio MOAejib KHHeMaTireecKOft n o s e p x H o cT X , 

KOTopaa 3aK H v;aeî sep x rix ft (H y jieB o ft) ypOBeHb iiep ap xK u ecK oft c T p y x -  

T y p u .

í lp e A C T a s a a e T c a  b o 3 m o x h u m  a j ih  H y j ie s o r o  y p o B H a  K a n H c a T b  b h -  

tîK C J iH T e a b H u e  i^ o p M y jiu  o n p e A e J ie H H H  K oaćd iH U H eH T O B  E  , F  , G- , L ,
M , N  n e p 3 0 f t  h  BTopoft KBaAparatiHHx $ o p M .  fifls OToro H eoö xoA H M O  

B H paK eH H H  nepBbK H BTOPUX MaCTHbDC npOH3BOAHbDC n o  u , ir , t H e -  

onpeAeaeHHHX $yHKUnft (  3  ) npn ycjioBnx. u t o  f  aBJiaeTca Heonpe- 
AeaeHHoft (̂ yHKrpieft o t  u h t  coraacHO ( 4  ), noACTasHTb b Bupa- 
seHHH K03(|xJffliiHeHTOB iE , F  , (x , L , M , N  fiflñ npaMoyroabHbix 
AexapTOBbcc KOOpAHHaT.

0 6 ą a a  M a T e M a T H n e c K a a  M O A ea b  K H H e M a ra u e c K o f t  n o B e p x H O c r a  n o -  

j iy u a e T  n e p B y io  KOHKpeTH3 a iin io  n p H  a a A a H H id  r a n a  n o E e p x H o c T u - H O c « -  

T e a a  ( I  ) n  3 a K 0 H a  e ë  n e p e M e ą e H n a  C 2  ) ,  b  p e 3 y j ib T a T e  w e r o  o n -  

pe A S X H soT ca  $ y H K U n n  i  3  ) .  ü e p B H f t  y p o B e a b  w e p a p x H H  c o c T a B J in io T  

p a c n o jio a c e H H u e  n o  r o p n 3 0 H T a a n  T p o ftK H  o n p e A e a e H H H X  ô y H K i in f t  ( 3  ) ,  

c o o T B S T C T B y s s u p is  c o ^e T a H M H M  T a n a  n o B e p xH O C T H -H C C H T -e a a  o ö p a a y s o -  

iąeft I I ) ,  Bbißopa H a  Heft cacTeMbi BHyTpeHHHX KOOpAHHaT lí , w  
u  3a K 0H a  A B H K eH H H  ( 2  ) .  Ha 3 t o m  y p o B H e  K O H K p e T H 3 a iîftfo  n o A yya so T  

T a r a e  B u p a x e H H H  k o s ^ h i i h s h t o b  E  ,  F  ,  G , L , M  , N  K B a A p a -  

t h ^ h h x  $ o p M : b  HHX o c T s e T C H  H e o n p e A S J ie H H C ft $ y H K iA if i  i  4  )  n  e ë  

nepBbie n BTopne nacTHHe npon3BOAHue.
B to p jto  KOHKpeTH3aiimo M aTeM aTHuecKoft MOAea« noB ep xn ocT H  c b h -  

s e M  c  H enoJîHbtM  c n p e A e a e H a e w  ^ y n a ip ia  f i s y x  n e p e M e H H H X  ( 4  ) .  3 T a  

$ y H K ii« H  H a  B T o p o M  y p o B H e  H e p a p x H H  M O *e T  6 h t b  n p e A C T a B J ie H a  x a x



216 H. CKH^aH

coBOKyrtHOCTb npon3BOJibHo—BHdpaHHHX ŷHKtçrtSi ot Kasfl'oÄ us nepe- 
MGHHbix p,nn ü vi t  c npoH3BOJiOM Etiöopa nocTOHHHux. IIpn nepexoAe 
ot nepBoro ypoBHH Hepapxnn ko sTopoMy npeAGTSBAneTCH bo3MO*hhm 
KJiaccn$npHpoBaTb noBepxHocTM no THny hx o6pa3yxxąeP. ( JiHHeMnaTue, 
PHKJinnecKne), no THny oAHoro H3 ceweftcTB koopahh8thhx jihhhü 
( BHHTÖBbie, KBa3HBHHT0BHe , BpaOjeHHJí) , no AH$$epéHpHMbHO-reOMeT- 
pnneCKHM CBQHCTBSM (opTOPOHaJIbHOCTb KOOPAHHaTHOft eeTH, MHHH- 
wajibHOCTb) u AP* HeonpeAejieHHocTt. (JyHKipiH ( 4 ) npnBOAHT k bh- 
paweHHSD nocpeAOTBOM eë ne KOHKperaoft noBspxHOCTH, a KJiacca no- 
BepxHOCTeñ,

ilocJieAyorçHS ypobhm uepapxHH noJiynaeM, buasjihh noAKJiaocu 
nosepxHOCTeii k3 mtàccoB BepxHHx ypoBHeü, npeÂ HBJiflfi k üocjibahhm 
HOBbie TpeóoBaHHH. Hanpmiep, H3 KJiacca JiKHeftaaTbix noBepxHOCTeii 
noJiynuM noAKJiacc pa3BepTHBaeMbix, ms KJiacca lyuaiKnecKHX - noA- 
KJiaccu TpyßnaTbix, KananoBux noBepxHOCTeii h pesHnx noßepxHocTeü 
Moraa. ÍÍ3 KJiacca noBepxHOCTeii, y KOTopbix KoopAHHaTHas ceTb op- 
roroHaJibHaa - noAKJiacc noBepxHOCTeii c KOopAHHaTHUMH jihhhhmh Kpx- 
BH3HU.

Hannaan c nepBoro ypoBHH HepapxHH MHorae sawann KOHKpeTH- 
saynn MaTeMaTHnecKOH moa&hh nosepxHocTH hmsiot peaeHHfl KaK b 
npHMoñ, Tax h B oÓpaTHoñ nocTaHOBKs: cnycK no HepapxKnecKHM cTy- 
neHHM ocymecTBJiHeTCH hjm b ps3yjibTaT8 HHïepnpeTauHH h3escthoíí 
KHHeMaTHKH o6pa30BaHXH noBepxHOCTH, HJiK 3 pesyjibTaTe pemeHHH 
AH$$epeHunajibHbix ypaBHeHH«, BupaseHHux b TepMHHax ko3í4?huh8htob 
KsaApaTHnHHx d>opM Ana KJiacca BepxHero ypoBHH h hht e pn pe t hpyrauHX 
AonoJiHHTejibHue TpeöosaHHH k hhm.

¿Uih noßepxHocTeÄ, ycJiOBHO OTHecennux ko BTopoi-ty KJiaccy, 
»andonee paonpocTpanena tjpopwa odpasysomefó b bhas iuiockoíí kpxbom. 
Ho3TOMy b paöoTe MHoro BHHMaHHH yfleJineTCH KJiaccy nosepxHocTeii, 
HOCHTejieM oßpasyraeM kotopoK hbjihbtch njiocKOCTb, a b KanecTBe 
nepeMeąeKHH noBepxHOCTH—HOCHTenn Bbiöpano canoe TexHOnoranHoe 
ABHscgHHe-BpaąeHHs.

ß 33BHCŁIM0CTH ot pacnonoxenKS njiocKOCTH-HOCHTeJiH oßpa3yxi- 
Aeii OTHOCMTejibHO och eë BpaiąeHHH h Buöopa CHCTeMH BnyTpeHHHX 
KOopAHHaT he neíí iionynaeM ropnaoHTajibHUH pąc, nepsoro ypoBHñ 
HepapxHH cjieAyiOAHX TwnoB noBepxHOCTeñ:

- C - noBepXHOCTM. ÜJiocKoeTb-HOCHTejib napajiJiejibHa och Bpa- 
ląeHHH H OTCTOHT OT Hee Ha paCCTQHHHH r  , KOOpAHHaTH Ha xuioc- 
KOCTH-HOCHTejie - npHMoyrojibHhie AenapTOBue. CnenHajibHue KOopAH-
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HaTbi -  o6o6meHHHe ifluiHHAPHtiecKHe /  I / ,  tjpyHKUHH ( 3 ) 3aBMCHM0c— 
TH OT HHX npHMOyrOJIbHUX ĄeKapTOBbDC KOOpAHHaT

X- rcost-usin t t 
y= rsin ti-u co stt
- Z . - V

- & - noBepxHOCTM. IkocKOCTb-HOCHTeJib oßpasyrapeii HaKJioHena 
nop, yrjiOM d  k och BpaąeHMH. KooppHHaTu Ha ruiocKOCTH-HOCHTejie - 
npHMoyrojibHue fleKapTOBH.

C n e ip ia jib H b ie  K o o p A H H a ra  -  ra n e p ó o J iH q e c K H e  /  2 / ,  (JyHKUHMÍ 3) 
3aBHCHM0CTH OT HHX npHMOyrOJIbHHX peK apTO BH X  KOOpAHHaT

X = vslnoi cos t - u  sin t t 

y = usind sint +U cos tJ ( & ^

Z= ircosa

IlpH BbmoJiHeHHH ycp oB H H  r  -  0  o ó o ó ą e H K u e  ifluiH HApnwecKH e m 

oí =  0  r u n e p ô o jiH u e c K H e  KOopAW H ara n e p e x o p H T  b ujiJiHHApHHeckHe 

KOOpAHHaTH. TaKHM 0 t íp a 3 0 M , KaK C -nO BepX H O C TH , TaK h  & - n o B e p x -  

H ocTH  co A e p sca T  n o A K Jia c c u  n o B e p x H O C T e tt, TpaAHipiOHHO onH C bisaeM ne 

B AMJIHHAPMneCKHX K O opA H H aTax.

- E - noBepXHOCTH. OTJiĤ aioTCH o t  G>-noBepxHOCTe^ TeM, h t o  

Ha ru iocK O C T H -H o cH T e J ie  o ß p a 3 y io in e ä  B uâpaH H  He n p H M o y ro jib H u e  p e -  

K apTO BH , a  n o M p H b ie  KoopA H H aTH . C n e iA ia jib H u e  KO opA H H ara -  K B a -

3H C $epH necK H e  /  3  / .

-  F -  noB epX H O C TH . ÜO BepxHO CTb-HO CHTeJib o ß p a sysope ft -  KOHyc, 
coBepmaiOAHñ B papeH H e B O K p y r o c h , nepeceK a iom eH  e r o  o c b .  H a KOHyce 
B uôpaH bi o p T o ro H a jib H b ie  K oopA H H aT H , opHO^ M3 ce M e ite T B  K o o p p n H a T - 

HHX j ih h h M -  np.aMOJiHHeitabie o 6 p a 3 y ro ą H e  K O H yca , p p y r o e  -  O KpyscH oc- 

T H . ilp o cT p a H C T B e H H u e  KO cpAHHaTbi -  cneu H a pb H b ie  c ^ e p n n e c K H e , $ y H K -  

AHH ( 3  ) 33BHCHM0CTH OT HHX npflM O yrO JIbH H X peK apTO B H X  KOOppHHaT

x =  ucosß sin (<*i-ß)cost-husinpsin vsint-usinpcos(oip)cosvcostj 

y= ucospsin(oi+ßjsin t-usinpsin vcost-usinp cos (o/t-ßjcosvsint (7j  

z = -ucosßcos(pn-ß) ~ usinpcosvsin (d -t-p)



Phc. I .  Peanas noBepxHOCTb

P u c. 2 .  OpHonojxocTHHË ranepóojionp
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Puc. 4 . PoTaTHBHan noßepxHOCTb
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B paccMOTpeHHux chctbmbx cnepHEuibHHX Koop^xnaT noJiy^eHu 
MaTeMaTMnecKHe Mo^ejm noBBpxHQCTBa BpamBHHH, bhktobhx, K3a3H- 
BHHTOBHX, JIHHeiiwaTUX, p33B6pTUBHeMHX, PHKflH^eCKMX, KaHaJIOBUX, 
pe3Hbtx noBepxHocTex Moraca, po?aTKBHhix.

PemeHhi 3ap,ami, HMerapue Bamue imxteHepHue npujioKeHKH: no- 
CTpoeHHH idiocxhx cByeHwa h jimma B3anMHoro nepeceueHKH noBepx- 
HOCTeK, nocTpoeHMe pa3BepT0K top cob , othscbhhh noBepxHocTea k 
cnspnajibHoa cbtm.

Pa3pa6oTaHO nporpaMMHoe oOecne^eHHe oToOpaseHHH cpepCTBaMM 
MainHHHoa rp a $ H K H  k&k noBepxHocTea, Tax h pe3yxbTaT0B pemaeMHX c  

hmmh sapatj.
Ha p u c .- I .  npeflCTaBBena pe3H&a nosepxHocTb MoKsca, ypaBHBHHB 

KOTOpoa B oOoOpeHHHX pHJIHHfl,pHUeCKHX KOOpflHHaTaX i 5 ) HMeeT BHfl,

U-C+dcosoL-rt ) ir= dsinoij  ̂  ̂ ^

(c=constt d -const} const)
Ha pu c. 2  npepcraBxeH o^HonojiocTHua ranepdoaoxp. Ero  y p a B -  

HeHHe b pHJMHApnyecKHx KoopflHHaTax ( b $yHKpHii ( 5  ) npx r  =0 )

LL- - j -  /V z +■ t>7 (c=const b~const) c 9 ) 
o ' '

Ha p u c .  3 H3o6paseHa KaHajiOBan noBepxHOCTb /  4 ,5  / ,  ypaB- 
HeHMe KOTOpoa B 06o6meHHUX pHJIMHAPHyeCKHX KOOpflMHaTaX

u =d  -h ilrd t-c  cosu ir=  \/2 rd t-c  sinoi
( 10 )

(r=  constf d= const, C=Constj

PoTaTHBHan noBepxHOCTb KMseT ypaBHeHxe b cnepHanbHHX e$ e- 
pimecKHx KooppHHaTax ( 7 )

v = n t  ( ii )
rps n -  pe;ioe uhcjio cxxapoK. M «  noBepxHOCTH (puc. 4 ) n -  5 .

HtoOh nepeaTH ot cneipiajibHHX xooppHHaT k pexapTOBKM, hboO- 
xopnMO noflCTaBHTb npaBbie xacTH ypaBHemia ( b ) -  ( I I  ) b 
COOTBeTCTByBpue $yHKpHH aaBHCHMOCTH npHMOyrOJIbHbIX flexapTOBblX 
KOOpflHHaT OT CnepHaJIbHUX.
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p/uecKnx KOopAHHaTax. / /  UpnKJia^HaH reoMeTpnn u nH*e- 
HepHaH rpa$HKa. -  I 9 e 0 .  -  1 9 6 0 . -Bun.3 0 .  -  C. 3 1 - 3 4 .

MATEMATYCZNE MODELOWANIE POWIERZCHNI KINEMATYCZNYCH 
W SPECJALNYCH WSPOŁRZęDNYCH

S t r e s z c z e n i e
Zaproponowano metodę wyboru specjalnych współrzędnych do 

zwartego opisu powierzchni na podstawie kinematyki ich two­
rzenia. Zbudowano matematyczny system modeli powierzchni ki­
nematycznych, będący podstawową bazą do tworzenia zautomaty­
zowanych systemów konstruowania części maszyn.
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MATHEMATICAL MODELLING OF KINEMATIC SURFACES 
IN SPECIAL CO-ORDINATE AXES

S u m m a r y
A method of selection of special co-ordinate axes for a compact 

surface description using kinematics of their creation has been 
presented. A mathematical system of kinematic surface models has 
been designed as the basis for creating automatic systems of machi­
ne designing.
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