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Abstract. The present work examines the interaction between tor
sional and general vibrations in machine units based on a mathemati
cal model submitted by the authors. These two oscillating motion» are 
usually examined separately, but actually they are Interacting. The 
general vibrations give rise to additional inertia forces to all mo
bile linkages of the unit which after being applied to the reduction 
link produce an additional moment exciting torsional vibrations. The 
latter produce additional inertia forces exciting vibrations Of the 
unit as a whole. The results obtained both in separate examination of 
the vibrations and their mutual interaction have been analysed compa
ratively. The analysis in question proved availability of new reson
ance pheiscsesa unprcgnosticable in the classic method.

The flexibly installed machine units perform two oscillating motions 
simultaneously:

- general vibrations of the units 
as a solid, excited by the unba
lanced inertia forces,

- torsions 1 vibrations excited by 
intermittent!y changing forces, 
These tw, oscillating motions

are osoaily examined separately,
The general vibrations «r° invest i 
gated oslng the model Illustrated 

on Fig. 1. ztjt inertia io-rces determined constant angular velOoMy ara
reduced in tbs jta.ts ffev.tre, The ‘•vrsin--e, vibrations are l/,ye«tigs 1 ed hy 
the model -illastratad cw Jftg., 2, Aetifaily &V6 iS&MoflS a## lfitefaot-
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ing. The general vibrations produce 
additional inertia forces to all 
the mobile linkages which after 
being reduced produce an additional 
moment exciting the unsteady rota
tion. On the other hand the unstea
dy rotation of the reduction linka
ge produces additional inertia for
ces exciting the vibrations of the 
unit as a whole. In this connection 
it is necessary to work out a mathe
matical model describing the above 
mentioned motions in their natural 
interaction. The way how to make 
it is given in (1) (2) and (3). In
(1) mechanical...mathematical model 
describing the interaction between 
torsional vibrations and general 

spacial vibrations is given. In (2) and (3) the interaction between torsio
nal and general vibrations when the general vibrations are in one direction 
is examined. We prove herewith that the oscillating power exchanged between 
the above mentioned oscillating motions is activated in certain stationary 
conditions and that the interaction between them needs to be considered 
because otherwise that would cause considerable errors.

The present work examines the interacting general spacial vibrations and 
the torsional vibrations in stationary conditions. On Fig. 1 a dynamic model

F i g .  3
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is illustrated. You can also see a model of n discrete masses describing 
the torsional vibrations. All discrete masses are obtained after reduction 
of a mechanism having P^ (k = 1,2,...,n) linkages.

The linkages of the mechanism are modelled by the dynamical equivalence
' * kconditions and by three discrete masses m^j (i.= 1,2,.,.,Pk, j  = 1,2,3;

k - 1,2 ,... ,n) . The <Pk coordinate determines the position of the k re
duction link. The mechanisms are linked through massfree elastic linkages 
having the stiffness of ckk+i (k = 1,2, ... ,n-1 ) . The'unit is a solid body
mounted on a foundation using P elastic elements. Each elastic element is
connected with the unit in a point with x., y.., z. (i = 1,2,...,p) coor- i i i  A A J. i i idlnates, having C^, C„, C, reciprocating stiffnesses and K , K , K x y z x y z
torsion stiffnesses. We will investigate herewith the general vibrations by 
the coordinate system initiating from the mass centre and exes orientated 
on the main inertia axes. The position of the body is determined by the 
shifts (u, v and w) in direction of x, y and z axes and the rotations
of the body to the same axes aC , and i . With P , P , P , H , M , Mt a y a x y At
are. designated the components of the main vector and the resultant moment
of the external forces exciting the general vibrations.

After applying the Langrange method we have the following differential 
equations (1):

mü -  Cx u + U2 j b -  Uy 3 f = P x  + -  f u  < / > , £ , ? ,  7 , * ,  7 ,  ? k )

mv + Cyv + 1Vx - <rvz = Py + i>v - fv (c£,*,«,2r,?,V,<?k)

raw + Czw + <*Wx - pwx = Pz + - fw (o£,«,«, j5,j5,j5,5>k)

Jxôc+ Cxxœ  - W z'+ wW ~ ~ 1 Cxz = Mx + - ^c(V.W ,à,œ,i,i, ?k>

$ + c e> - ww + uo - 1 c „ - cc c =y I yy r x z " yz yx
( 1 )

= Hy + ÿ (b " fp(üfv,oc,cc,ct,p,jb,Ÿ,i,ÿ)

J v + c Y - u u  + w  - occ - ac ="zi zz‘ y x xz I zy

= Mz * ~ fi ( u , V , o t , & , 6 i , p ,  P> Ï ,  it Ÿ k )

- V i k ^ k - i  -Ÿk! + ^ k . i ^ k  - < W  ■

= Mk  +  ^ k  “  f k <ü , v , t t , ÿ , j b , V )

V k  = 1,2,...,n
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where:
£a; (a <= u,v,w,tt,jS,7) are components of the main vector and the main 

moment of the inertia forces resulting from the rotation with constant an
gular velocity:

n
-  ,  T <n a  -  i l l  jx' rv ■ Z j y'

k = 1 k=1 k = 1
*u = - u’2 2  <sx>" > K  2  tsyJ" > = -i*2 2  (sz>"

i = - O)2 y  (Jk „ - Jk ) ; £,.= -ctf2 'S (Jk „ - j14 ; (2)x tCt yz" zy" Z* zx" xz' 'yz" zy" 
k=1 k=1

- c v 2 f  ( j ky „ -
k=1

1 2 ^ J k^ u) ~ reduced moment of the inertia forces resulting from ro
tation with constant angular velocity:

If V )iS . S',, S - mass statical moment ’ of the relatively mobile linkages x y zv(with RUj masses) :

pk 3 pk 3 pk 3
<  - 2  2 ^ A >  sk ■ 2  2 mijyij< sk = 2  2 mijzij

i=1 j=1 i-1 j=1 i=1 j=1

The statistical moments divide into constant (S ) and variable part:ao

Sa = Sao + Sa1( k> : a = V' z' <31

The mass characteristics Jafa, and Jafa„: (a, b = x, y, z) are deriva
tives of the centrifuaal mass inertia moments J . :ab
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-  2 ■ 
i=i j=i

Symbols ( )' and ( )" designated the derivatives of the tyy geometrical pa
rameter :

1cfk - raduced moment of the inertia forces of the m ^  masses resulting 
from the general vibrations of the mechanisms:

fk = u(S*)‘ + v (Sy) + w(S*)' + *<j£z,- + £<J*x,- J^) ♦ ■

+ * (Jxy' + + AJkfcc (4>

here AJk signifies the variable part of the mass moment of inertia Jj..
■fa; (a = u,v,w,ac,[b,j) - are components of the main vector and the main

Vmoment of the forces of inertia of the hk ̂ masses resulting from the ge
neral vibrations of the mechanisms and the irregular rotation from the tor
sional vibrations:

k=1

fu - P 2j2>OJ (S 2) -f>o)2 (S*)" -VS y - 2jfu’(Sy)' -

-tf“1 2(Sy)" k/? V Sk>

f v  = * S x  +  2 * “ ’ <S x > '  + 3 T "  2  <s x ) ” ~ S S z  "  2 i “ ’( s z ) '  *

-oCw2 <s£)“ + f k (S^)'

<5|>

f* ~ ¿¿Sy + 2<ru>(Sy)' +OCUI2 (Sy)' -ji>S* - 2jbW(S*)' -

-jio > 2 ( s * ) "  + v>k < s*)'

f* = ^ ( J x)' - vS^ ♦ wS* - fiJ*y - 2^J*y - fj*z -

- 2u)ijk, + ip, (j , - j ) + Jk ce 0 x' z Tk' yz' zy x “"
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f p = P < V '  "  " Sx + USz -V  ^ z  - 7 2“Jz y - -2' “ 2(^ y “ -  i z ' >  "

“ 2<5̂ y - ‘£“’2(J^ r  + Jyx"1 +

+ ? k (Jzx'_ &  + JyP  

f* -*« (J,)' - US* ♦ VS* -«J * x - ¿2o,J*z, -*u>2(j£z„ - J*x„> -

-  a j *  -  26m jx  , + ( j *  j * „ , )  + j *  'ir zy r yz' 7k' xy' yx'' z 4

In (6) J*V J* and J* signify the mass inertia moments of the mobile x y z
linkages to the main inertia axes:

= 2  2m*., [ty*/ ♦ ,zij)2] • = 2  2 » ^  [(X*.)2 ♦ (z*/];

» 2  2m*j [(X*/ ♦ (y*3)2]

The unit parameters are as follows:

»■'- mo +2  2  2  m*.: Cx = £  <£, Cy = 2  c£; Cz = 2  C*
J i = ”j 1

Uz = 2 c V ;  Uy = 2  Vx = 2  cj*1? Vz = 2  Ĉ z.

Kx = 2  C^x,: K = 2  C1

Cxx = 2  (K^ ♦ C*Z2 ♦ czy2) : C = 2  ♦ C^x2 ♦ C*z2)

Cz: 2 (Kz + C ^ *  c V ) ; C = 2 c 2V i; Cx z 2 c \ z .

C = 2  Civ.z..yz v-xyizi-

Here raQ signifies the mass of the linkages which are relatively i®50 
bile.
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We will substitute the variables in equation (1) by the following sub
stitution:

n-1
f k = 2 * k j qj <8>

j=0

Here oĉ  j are modes of the free torsional vibrations defined by the 
following equations:-

JA  - ck-i,k(*k-i - y k> + ckk+i<̂ k - * W  - 0
( 9 )

V k « 1,2,.. . ,n

After substituting (8) in (1) and transformations basek on the orthogo
nality conditions we have, the equations describing the torsional vibrations

Jejfq-j - t"ĵ j) * Mej + fej (10)

vhere:

n n n
Mej ” 2  (Mk + #k)oikj; fej = 2 fk*kj; Jej " 2 JkooCkj 

k=1 k«1 k=1

mj,1 (j = 0,1,2,...,n-1) - frequencies] of the free torsional vibrations 
defined by (9) .

When j = 0 we have = 0; a io “ *20 c *30 = *no = 1"
According to the principle of the basic main movements (4, 5) for machine 

units we can admit that motion law is formed principally based on the mo
tion of the unit as a solid (<30) and the vibrations q^ and q2 from the
initial two natural frequences w 1 and to2:

^k « <J0 + cik1ql + *k2q2 (11)

After substituting (11) and (10) in (1) we obtain a simplified mathema
tical model:
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mu + C^u + Uz - V  " P + i>X  u ~ fu

mV + Cyv + Vx -

mw + C_w + otW -z y

«vz = 

P w x =

p + i> y v

P + $2 *W

" fv 

~ fw

Jx *  + C xx<* - v V z + wWy - e»c r x y * Cxz = M x  + *CC - f*

JyP + cyyib " wW* ♦ u u z - 1C9 yz ccCyx
= „y +

j V  + c y - uu  z^ z z 1 y * w x - * c xz - f cz y
= Mz + * 7 -  f3'

Jej<qj + WjCjj) = Mej + fej

(12-al

( 1.21

(12-b|
j * 0, 1, 2

To solve (12) we will apply paralelly the method of the small parameter 
and the method of the harmonious balance. Before doing this we will have ts 
solve the problem .about the choice of a small parameter. The inertia forces

fa; (a = u,.v,w,oc,2') , ffij; (j = 0,1,2)

are small compared to the rest of the forces. This allows us to use a small
formal parameter £ , in equation (12) i.e.:

ffl * £ ? a; a = u,v,w,oC,[i, f ^  = £• f e;j; j = 0,1,2.

After replacing of £ = 0  the initial system (12) disintegrates into 
two separate subsystems. One of them (12—a) corresponds to the proposed by 
Papcovich mathematical model describing the general vibrations of the unit 
as a solid (Fig. 1). The second subsystem (12—b) describing the torsional 
vibrations in their separate investigation using the model illustrated on 
Fig. 2.- It is quite evident that when the small parameter is introduced 
under resonance, the vibration power of the exciters of interacting tor
sional and general vibrations is distributed in the coordinates the way it 
is when there is no interaction between the mentioned vibrations. That is 
so, since the modes of the free vibrations of models (12-a) and (12-b) i° 
separate investigation will be the same as the modes of the free vibratiod 
of the dynamically connected systems. It proves that using the small P**1' 
meter method in this case leads to iteration process when the n-solution 
does not tend to zero.

There is also another way of introducing a small parameter to the sys>— 
of differential equations (12). Functions fft and fe ;̂ (a = u,v,w,<i*'i*



are linear with regard to the generalised coordinates and their derivatives, 
but having coefficients representing periodical functions of Some of
these coefficients are having a consttant constituent part too. This is the 
reason for us to separate the members with constant coefficients in fg and 
f0j and represent them as follows:

fa = fao + £fa1'- fej = fejo + £fej1 <13>

Based on (5), functions f and f . are as follows:
aO 6 j
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T n • T n
* a o  "  ï  J  2  f Üd V  f e j o  = Ï  J  2  f k â k j

0 k=1 0 k«1
dfk (14)

where T is the period of the established vibrations, while functions 
£fa1 and consist'of members with variable coefficients only.

With the small parameter introduced as described above where 8 = 0  we
have the free vibrations of the two subsystems interconnected. The new mo
des of vibrations differ from the modes of vibrations in separate investi
gation of the torsional and the general vibrations.

This leads to difference in the vibration power distribution in case of
resonance.

To define the forced vibrations we expand the functions 6fa1 and £fe1 
in order of Fourier:

fa1 “ 2  fa1ksinktut + 2  fa1kcosku,t <15)
k=1 k=1

2% n 214 n '
fa1k " 5 J 2  f̂ ink?p V  fa1k ■ 5= J 2

0 p=1 0 p=1

fej 1 = 2 fej1ksinkü,t + 2 fej1kcosku,t <15)
k=1 k=1

2ir 2 V . n
ejlk S 2  fpCCpjSinkfpdfp,-

p=1
ejlk y  £ ci .coskf_ P PI Pp=1

Coefficients f ^  f ^ ,  f»jlfc, f=j1k in (15) are linear functions 
having constant coefficients in regard to the generalised coordinates and 
their derivatives:
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fa1k =
(16)

fIj1k = fIjik(u'v '**"i''a 'V '-"'^'iio'!jl'ii2) f ^  ° c,s

After substituting (13) and (15) in (12) we have for solution as follows:

E^j.sln (koit + iak) (17)
k=1

o Q  C

2 G pksin(kuit + 5pk) 
k=1

We substitute (17) in (12). After carrying out a harmonic balance we 
- obtain the unknown vibration amplitudes. It proves that the vibration in
teraction leads to the following new resonance conditions:
- resonances of general vibrations at the following ratio of the orders of 
harmonic constituents:

W  = Wc : I KS 1  Km IU,= V  lKJ 1  KmI " m* c

l Ks  1  ka j I  Ik j 1 ka j I u,=u' c  (18)

pKgUi = (uc, p = 2, 3

- resonances of torsional vibrations:

|KS - Kj| ui - t»c; PKJ W=oic, p = 1, 2, 3 (19)

In (18) and (19) the following symbols are introduced:
u!c - frequency of the free vibrations,

lrKg - orders in expansion of static moments in Fourier order,
Kj - orders in expansion of centrifugal mass inertia moments Ja b< JQb, 

Jab" ; *a' b = x ' y< z> in Fourier order,
K,j - orders of harmonic constituents of the external forces exciting tor

sional vibrations,
Ka j  - orders of harmonic constituents of the variable part from the produ

ced mass inertia moments AJk-
(18) and (19) do not use the whole variety of possible resonance’s.

a = 2  (Aaksinku)t + Bakcosidt) = 
k=1

a©
qp = 2  (Cplcsinku)t + Dpkcosait) = 

k-1
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The investigation carried out shows that the exciters of the torsional 
vibrations in traditional model can excite general resonance vibrations 
while the exciters of general vibrations excite torsional vibrations.

There is a numerical example to check the effectiveness of the submitted 
mechanical mathematical model and the quantitative estimation of the new 
results evolving from the vibration interaction. We have tested an elasti
cally mounted diesel generator consisting of four-stroke three-cylinder 
diesel engine 3AL-25/38 and alternating current generator. Torsional vibra
tions are examined using five - mass dynamic model. The natural frequences 
of the torsional vibrations excluding their interaction with the general 
ones are as follows:

to. = 1190 s'1, to2 = 1897 s"1, co2 = 3277 s'1, o>4 = 4686 s'1. (20)

The natural frequences of the general spacial vibrations, excluding 
their interaction with the torsional vibrations are as follows:

lo.j g = 19,2, tOjo = 20,48, ^30 = 27,1 (21)

<O40 = 52,87, u>50 = 63,44, tOgo = 76,79 s 1

The frequencies of the interacting torsional and general vibrations are:

®c1 = 18'37' WC2 ~ 20,4' “03 = 28,4' “*04 “ 50,9
( 22 )

U,c5 = 67,8, coc6 = 86,98, ®c7 = 1190,9 s'1, tOc8 = 1897,9 s' 1

Frequencies 01̂  and u>c8 correspond to the natural frequences u>1 and 
ti>2 of torsional vibrations (20) determined by the traditional methods.

The natural frequencies! (k = 1,2,...,6) correspond to the natural
frequences u>ko (k = 1,2,...,6) of spacial general vibrations (21) while 
the difference between them is up to 13%.

Table 1 gives the modes of the general vibrations defined both in the 
traditional and the proposed method. To check the correctness of the ob
tained modes of the free interacting vibrations we have made an orthogona
lity verification.

Table 2 gives the results from calculating the resonance vibration where 
w = 56,8 s'1. In that table E°k designate the numerical values of the 
general vibration amplitudes defined by the traditional method, while 
designate the general vibration amplitudes determined by considering their 
interaction with the torsional ones. G°k and Gok designate the torsio
nal vibration amplitudes in their separate investigation and by considering 
their interaction with the general vibrations respectively.
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Table 1

u>c s 1 u V w cc f 1

“60 = 76'79 0 0,056 -0,21 0,976 -0,015 -10-3

“c6 = 86,98 2,4.10~3 0,098 -0,177 0,976 -0,0144 0,026

co50 = 63,44 -0,087 8.10-3 0,026 0,087 0,99 ' -0,02

u>c5 = 67,8 -0,141 0,064 0,45 0,454 0,99 -0,047

“40 = 52,87 5.10" 3 0,09 0,714 0,69 -0,036 -2.10-3

U C4 = 50,9 0,067 0,128 0,714 0,6 -0,304 -0,0117

“30 * 27,1 0,237 -0,018 2.10-3 0,014 0,042 0,97

“c3 = 28,4 0,238 -0,33 0,02 0,105 0,045 0,97

uIjq = 20,48 0,955 0,04 -5.10-3 -0,015 0,09 -0,28

“c2 = 20,4 0,955 0,296 -0,023 "0,1 0,094 -0,218

“10 = 19,2 -0,032 0,95 -0,058 -0,31 -2.10“3 0,032

cl " 18,37 -0,211 0,95 -0,06 -0,326 -0,014 0,267

Table 2 shows that when u> = 56,8 s 1 the following resonances of gene1 
ral vibrations exist which can not be prognosticated by the traditional 
methods:
(i) resonance with natural frequency

“ c3 — 1u) = = 56,8 s '

(ii) resonance with natural frequency u)cg:

In both cases the resonance vibration modes coincides with the free vibra
tion modes. Vibrations in the order of K = 0,5 and K = 1,5 are not 
existing in the traditional model.
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The results from the numerical example prove the quantitative appearance 
of the interaction between torsional and spacial general vibrations.

Table 2

U, m V, m W, m , rad , rad , rad
Vp“a0,5 0 0 0, 0 0 0

Ea0,5 3,6.10-3 5,13.10-3 2,65.10-4 1 ,4.10-3 6,7.10-4 0,0146

E°a1 1,66.10-4 2,3.10~? 1,46.10-4 -42.10 1,46.10-3 4,2.10_S

Ea1 1,1.1O-4 1,4.10-4 8,3.10-4 joinr- 6,1.10-4 2,1.10-3

E°»1,5 0 0 . 0 0 0 0

Ea1,5 7,7.10-6 2,2.10~4 4,1 .10-4

COIO00o(N 5.10-3 6,8.10-5

E°a2 8,4.10-7 7,6.10-3 2,5.10"7 -73.10 3,3.10-3 1,7.10-7

Ea2 3,2.10™^ 1,1.1o-6 7,8.10~6 1,4.10-5 3,7.10-3 6,8.10-7

K=0,5 ^0 «1 ^2 K=1 *30 *1 <32

r°pO, 5 0,018 2,4.10~4 7.10~7 r°GP1 2,4.10~4 10-4 2,2.10-3

GP0,5 0,024 3.10-4 2,2.10-3 Pi 1,6.10-3 1,2.10-4 1,5.10-5

K=1,5 *1 <32 K = 2 ^ o ’ «1 *32

GP1,5 1,4.10-3 5.10-5 1,5.10~6 r°p2 6.10-4 4.10-3 1,1.10-5

GP1,5 3,6.10-3 7,5.10-3 2.10-6 °P2 7.10-5 11.10-5 1,7.10-3
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O DYNAMICZNYM I MATEMATYCZNYM MODELOWANIU DRGAŃ PRZESTRZENNYCH 
W URZĄDZENIACH O POSADOWIENIU PODATNYM

S t r e s z c z e n i e

Praca przedstawia współzależności pomiędzy skrętnymi i ogólnymi drgania
mi w elementach maszyn w oparciu o zaproponowany przez autora model mątew 
tyczny. Te dwa typy drgań są zazwyczaj badane oddzielnie choć właściwie 
współoddziałują. Ogólne drgania powodują dodatkowe siły inercyjne we wszyst
kich mobilnych połączeniach urządzenia, które po uwzględnieniu w procesie 
redukcji wytwarzają dodatkowy moment wywołujący drgania skretne. Drgania te 
powodują powstanie dodatkowych, sił inercyjnych, które z kolei wywołują dr9a‘ 
nia całości urządzenia. Uzyskane rezultaty zostały przeanalizowane zarówno 
podczas osobnych badań drgań jak i podczas ich współoddziaływania. Powyższa 
analiza udowodniła możliwość vzystąpienia nowego zjawiska rezonansu nie da" 
jącego się przewidzieć metodą klasyczną.
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0 SHHAHIWECKOM H MATEŁ1AIHHECKOM MOflEJIHPOBAHHH UPOOTPAHCIBEHHtiX
HOffiEAHHM ynpyro m ohxhpobahhhx maidhh

? t 3 D 1! e

B HacToamefl p a f io ie , Ha ochobhhhh npefljioaeimfi jaBiopauH iiaiejdaiHHecKofi 
KOAejia, H3y^aeTCfl. B3anM0AeiłciBHe Heatąy KpyiHAbHUMH h OOmzuH KoaeCaaHSMH b 
KasHHHtoc a rp e ra T a x . 3th flBa KOAeSaieAbHunc n p o aecca  oCuhho H3yHami ae3aBHCH- 
ko spyr o t  A pyra . B AeacTBHieAbHociH ohh B3aHMOAeaciByioT uesAy co C ofi. OCmae 

loseCaHHH co3AamT AonoAHHieAbHue HHepąHOHHue ckah, AeiłCTByjoąze Ha Bee n o - 
jEmue 3BeHBJŁ a r p e r a i a ,  K oiop u e npHBeAeHHue k penepHOMy 3BeHy, C03Aas>i 
ionoAHHieALHUft MoueHT, B03fiyzAaEBHHa KpyiHAbHiie KOAedaHHa, Ohh cosAanT ao-  
noMHreAbHbie chau, K o iop u e BoaCysAajoT-|KOAeSaHHH a r p e r a i a  b ueAOM,

B p a S o ie  ca g a b h  cpaBHHieAbHHS aHaAH3 p e 3 y A b x a io B , noayieH H ux npa p a 3 -  

leitHOM H3yneHHH B3aHMHOCBH3aHHbcc KCAeOaHHa. Aoua3aHo la x x e  cyąeyciBO BaH Be 

sobhx HenporH03KpyeMLCt KAacwHecKHMH MeTOAa.Mii pe30Hai:CHiix HBAeHHfi.
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