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MODELLING OF SPECIAL RHEOLOGICAL PROCESSES

Summary. The paper deals with special rhe logical processes concerning the de
formation of linear viscoelastic bodies. The Theological relations yield the equa
tions for the evaluation of test results and determining the Theological parameters.

1. INTRODUCTION

The author derives the relations for special Theological processes connected with de
formations of linear viscoelastic bodies. These relations can be used for the evaluation 
of the tests of viscoelstic bodies at the constant stress and stress rate. The starting 
point is represented by the rheological equation of' the Kelvin-Voigt body:

o - Ea + \ , -l)

vhere E is the modulus of elasticity and X denotes the coefficient of viscosity.
Integrating the foregoing first-order differential equation, we obtain the expression 

for the time-varying strain Cl]:
t

-Et/X r f , . et/x . . Eto/A iI ct(t ) c dT + eQ e (2)

C0

vhere cQ is the initial strain at the time tQ .

For the constant stress and zero-initial strain , we have

°0 -Et/X.e - —  (1 - e ) . (3)

Introducing into Eq. (2) the constant stress rate s - o/t and integrating, we obtain 
fo* - 0 [1] :

e -  f  [l -  (I -  e-Eo/Xs)] . (4)
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2. VISCOELASTIC DEFORMATION AT THE CONSTANT STRESS

If a viscoelastic material corresponding to the Kelvin-Voigt rheological model Is tested 
at the constant stress , its strain is defined by Eq. (3). For determining two unknown

Fig. 1. Rheological model consisting of one Hookean elastic element 
and three Kelvin-Voigt groups.

Rys. 1. Model reologiczny składający sie z elementu sprężystego Hookea 
i trzech elementów lepkospręźystych Kelvina-Voigta

rheological characteristics E and X , two experimental data are needed which can be 
expressed by the relations

-at.
0 f, 2-\¡ r (1 -  * ) > (5 )

where a - E/X Is the reciprocal time of retardation.
Dividing the first relation (5), by the second equation f we can eliminate the modulus 

E and obtain the transcendental equation for determining the unknown a :

1 - k -atl . "a t 2 e - k e (6)

where k - ej/ £2 *
The modulus of elasticity then follows from Eqs. (5). 
The strain at the coi 

Fig. 1, is expressed by
The strain at the constant stress , corresponding to the rheological model in

O0 [e0 + Ej M  X 1 Cl ’ °2\  X 1 Cl ”°3VI( 1 - e  ) +  —  ( 1 - e  ) +  —  ( 1 - e  )J (7 )

This relation contains seven rheological characteristics which should be determined froo
test results. Therefore, seven values of strains t v obtained at seven times t„ areK. K
needed. Introducing the notations

0 1 Q3 " ’ *1 .* , (8)

ve obtain from the relation (7) for the evaluation of test data measured in seven times 
tj, , the non-linear equations of the following type
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Q0  +  Q i  -  Q i R i K +  Q2 -  Q2 R2 K +  Q3 - Q 3 r 3 K - ^ (9)

In order to make the solution of this problem less complex, the author has introduced 
an approximate solution of this problem on expanding the exponential functions as follows

-at
( 10)

Introducing seven resolving functions 

S - 1 1 1 1  E1 E2 E3 E1 E2 E3
s i ■ r + r  + r  • s2 2 + + 2 > s3 — I + -4  ►1 ' 2 3 2 X2 X2  X2 3 X X3 X3I

E1 E2 E3 Et E2 E3 E1 E2 E3
S4W  + 7 ’ S3V  + 7  + 7 '  s6 ’ 7  + ii + fe>

1 2 3 1 2 3 1 2 3
( 11 )

ve obtain seven linear equations with seven unknowns :

S + S t - I s t2 + S t3 - i- S t4 + i- S t5 i- e t6 . li0 S 1C1 2 2 1 3!  3 1 4!  S4 1 5!  V l  61 6 1 oQ ’

S + e r  i t r! * L , . 3 i _ e r 4 * l _ e r 5 i_ c r6 ll0 1 2  2 2 2  31 3 2  “  41 4 C2 5!  5 2  "  6 !  6 2  oQ

( 12 )

(13)

For determining the moduli of elasticity Ê, and coefficients of visc.osity A^ , we then 
have the set of non-linear equations (11) with seven unknowns. However, for determining 
the strain at the constant stress o^ , the parameters are not needed since we have for ' 
it the relation with resolv.ing functions SR :

e ■ ° o (S0 + V  -  1 V 2 + I f  S3t3 -  h  V "  + h  S5t5 -  h ( H )

3. STRAIN AT THE CONSTANT STRESS RATE

The strain of a viscoelastic body at the constant stress rate represented by the 
theological model in Fig. 1 follows from Eq. (4):

i . i r. V  fl -Ei0/ iis1i x i r, V  - V 'V ,]   ̂
v (l‘ e

“E«o/A»s
u - £ < 'E3° ■»] (15)

Expanding the exponential functions and introducing the resolving functions given by 
Eqs. (11), we have

_2 , , , 3 E, E, E, 2 2 24 e: e: e;
p a  £ _  4. 2 _ f l _  +  1_  . i _ )  _  +  _ 2  +  H i  +  +  _ 2  +  - 2 ) .

E0 28 X1 X2 x3 31s2 X2 X2 X2 41s3 X3 X3 X3

* ■ V  + h  s i °2 -  772  V 3  + 7 7  S3°4 -  774  s4°5 + 7 - 5  V 6  - ' • • • •3!s 41s 51s 61s

(16)

07)
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For determining the unknown resolving functions SR , we can measure the stresses at 
seven different stress rates sR and at a given strain er . We then have seven linear 
equations of the following type:

U K ZbK 1 K 31s* 1 K 4 !s3 3 K 5 laZ 4 K 6 !s3 5 K 7!s3 6 K ^& -iv K K K

REFERENCE

Cl] Sobotka 2.: Rheology of Materials and Engineering Structures. Elsevier, Amsterdam - 
Oxford - New York - Tokyo 1984.

MODELOWANIE SPECJALNYCH PROCESÓW REOLOGICZNYCH 

Streszczenie

W pracy przedstawiono równania dla specjalnych procesów Teologicznych liniowych ciał 
lepkospręzystych przy działaniu naprężenia stałego i stałej prędkości naprężeń. Autor 
wprowadza układy równań dla określenia parametrów Teologicznych na podstawie doświadczeń.

MOHEJIHPOBAHHE CnEIlHAJIbHbIX PE0J10rHHECKHX IIPOUECCOB 

Pe3WMe

B ¿TaTbe npefljiaraw T c« ypaBneHHH ajih cneuHajibHbix peojiorHMecKHX npcm ec- 
cob jiHHeftHhix B«3KoynpyrHX Ten npx  aeftcTBHH nocTOHHHoro HanpH«eHHH h nocTO- 
aiiHoft cxopocTH HanpHJKeHHJi. Abto p  no jiy^aeT  cHCTeMbi ypaBHeHHft bjih o n p en e jie - 
hhb peojiorHwecKHx napaM eTpoB.


