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Streszczenie. Przedstawiono model wyznaczania stanu naprężenia 
i odkształcenia anizotropowych warstwowych drążonych sprężystych 
ciał z jedną płaszczyzną sprężystej symetrii w zastosowaniu do 
elementów konstrukcyjnych. Równania konstytutywne przyjęto jak w 
trójwymiarowym zagadnieniu teorii sprężystości. W wyniku anality
cznych przekształceń zagadnienie trójwymiarowe sprowadza się do 
zadania jednowymiarowego, odpowiadającego określonym postaciom 
wybranych funkcji rozwiązujących. Zagadnienie jednowymiarowe rozwią
zuje się wykorzystując stabilne metody numeryczne. Taki sposób 
modelowania można zastosować do obliczeń wytrzymałościowych 
drążonych cylindrów i stożków otrzymywanych przez nawijanie.
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Summary. Model is presented for calculation stressed-deformed 
state of anisotropic laminated hollow elastic bodies with one plane 
of elastic symmetry applied by constructions elements. Constitutive 
relations in this model are equations of three-dimensional problem 
of elasticity theory. By means of various analytical trasformations 
three-dimensional problem is accurately reduced to one-dimensional 
problem relative to some appropriately chosen resolving functions.
The one-dimensional problem is solved by stable numerical method.
This approach may be used for design and calculation of hollow cy
linders or cones fabricated by winding.
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1. INTRODUCTION

The problems of calculation of the stressed-def ormed state of elastic 
bodies from modern materials demand to take into account of anisotropy and 
non-homogeneity of elastic properties of materials. Such problems were ob
tained in more common form for some simple cases - for elastic bodies iso
tropy homogeneity materials, varios approximate analitical and numerical 
methods were used. The solution Is very diffucult for problems of the 
elastic bodies with one plane of elastic symmetry paralleled of cylindri
cal space or perpendiculared to axis of revolution. It may explained, on 
the one hand, complication of resolving equtions. On the other hand, there 
are effects in stressed state, which absent in orthotropy's bodies. There is 
similar situation for designation and calculation of hollow elastic bodies 
fabricated from orthotropic materials in case, when main elasticity directi
ons do not coincide with coordinates. These problems have a practical inte
rest for determination of stressed state of the hollow elastic elements 
fabricated by winding.More fully and exact calculation of elastic bodies 
with anisotropy and non- homogenity of elastic properties of materials may 
be carried out when constitutive relations are equations of three-dimensional 
problem of elastlsity theory.

2. THE STRESSED STATE OF ELASTIC BODIES

2.1. The calculation of model

This model was used for investigation of the stressed-deformed state of 
anisotropy laminated elastic bodies in the form of cylinders or cones. The 
packet of body's layers consists of arbitrary number of isotropic,orthotro
pic or anisotropic layers with the constant thickness. These layers have 
different structure and mechanical and thermophysical characteristics and 
elastic properties of materials. All layers of the packet are supposed to 
deform without sliding and separation and with sliding too.The body’s ma
terials obeys the generalised Hooke's law with taking into account the Duga- 
mel-Neumann hypothesis.The model is presented based on the combination of 
elastlsity theory equations and the method of numerical analysis.

The relations of generalized Hooke law is reffered to the curvilinear 
system of coordinates a ,0 ,jr .These equations may be written for i-layer
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<r1+I < » < for anisotropic materials with one plane of
elastic symmetry r =const in following form [1],
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where e* ,ej, , e* , e* ,e* ,e* -components of tensor's deformations,« p 7 “P PT op
o^.<ri><r\T*,>.T* , ti - components of tensor’s stresses, a’ 0’ 7 afi at 07 ^

The elastic characteristics a* , the coefficients of linear temperature 
i i iextension a ,a_,a_ in directions a,0,r respectivly and coefficients of shear 

i i 1a12'al3’a23 arC f"unc^ ons 1 coordinate. It should be pointed out, that 
last circumstanse taking accountthe arbitrarry of elastic properties of 
materials in the body’s thickness.

For solution the problem of the theory of elasticity ought to satisly 
not only the equations of equilibrium, the expressions for deformations by 
displacements,the Hooke law but and the boundary conditions on all spaces 
of body and conditions junction of layers in the united packet. There is 
rigid contact in more cases, when all layers of the packet are deformed 
without- sliding and separation. Then condition of unbrokenly of components 
vector’s displacement and components of tensor’s stresses must be carried 
out respectively

i i+i i i+i i m  
ar = aT ; Tar ■ Taj '■ T0r “ T0r ;

i i+l i i+1 I 1+1 l2)U = u ; u . = u . u = u .7 7 a a ; 0 0

These conditions (2) may be to break in many cases and the regions of 
layers separtian are formed. When the friction's forceies are very small 
and it may be don't take into account the model of ideal sliding of layers 
may be put for theme regions in form
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(3)

These conditions formulate in functions, which are chosen as resolving 
functions for solution problems of this class. The resolving system of 
differential equations may be represented in cylindrical system of coordi
nates z, 6, r for axissymmetrical loading cylinder in the form (2 )

rature field. Joing to the system of equation (4) the boundary conditions 
on body contours z=0, z=l

we formulate the corresponding boundary value problem.
For solution of this problem we apply of double trigonometrical rows. It 

is allows to satisfy strictly of boundary conditions and to divide the va
riables in system (4). By means of analytical transformations three-dimen
sional problem is accurately reduced to one-dimensional problem with va
riable coefficients.

For body's cone the resolving system may be represented in spherical 
system of coordinates </>, 8, r in the following form [3]

(4)

Irj r ̂  rj 0 < z < 1; a = 0, 1,2; p.J = 1 , 2 .... 6 )

The matrix's elements B* are function of elastic properties of layers ma
terials, components of vector f1 determinate of volume's forces and tempe-

(5)

(6)

(*>0 < f < P,, 0 ̂  r < « ; 0 ̂  8 { 2x ; m = 0,1 ,2 ; 

P.J * 1,2.... 6 )
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where the matrix’s elements C* are functions of elastic properties of la-
“ - 1yers materials too, components of vector g are determinated of force's 

loading. It should be pointed out that the coordinate surface in the cir
cumferential direction is closed and the load is changed by polinominal 
law. With these conditions the solution of differentlonal system (6 ) is 
accurately reduced to one-dimensional problem. The one-dimensional system 
of equations was represented in the normal form of Cauchy, so that this 
system was resolved relative to the first derivatives of the sought func
tion in i coordinate. The succession of boundary value problem is solved 
by the discrete orthogonalization method. In this method by means of the 
orthogonalization of the vectors-solutions of Cauchy problems in certain 
points of integration the increase of error is eliminated resulting in 
stable computational process.

The resolving system (4),(6) may be used too for designation of the 
stressed-deformed state of elastic bodies fabricated from orthotropic ma
terials in case, when main elasticity direction do not coincide with coor
dinates.

The solution obtained may be used for evalution of acceptability of 
assumptions in various applied models of shells, for choice of regularities 
of distributions of stresses and displacements used in these models - tak
ing Into account nonhomhgenity and anisotropy of elastic properties of ma
terials.

2.2. The calculation of construction’s element

The stressed-deformed is considered on the construction’s element in 
form of the two-layered cylinders. The layers are fabricated by winding of 
the fibers, which have equallity and opposite of the angles by longitudi
nal axis relativly.That is main directions of elasticity are turned on 
angle f of the internal layers and -<f of external layers to axies z and 9 
accordingly.The material is orthotropic with following elastic characteri
stics

« = E/5.7; =«33 =E/1.4; = aJ3 =-0.068E/1. 4; 0^3 “-0.4E/1.4;

*44 “ E/0 6; *55 = “ 66 = E/0. 575.
The cylinders are under applied by external pressure 

<rr ( rN) * -  qgSinp* z /l .
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The Internal of radius is rQ, external - rN= l.lrQ The layers thickness 
are equall.In the solution of this problem parameters have following values

In fig. 1 the distribution of displacements is shown for ur in the sec
tion z = 0.51 and uz.dg in the section z = 0.4751.In Figure 2 the distribu
tion of stresses <r2'<r0'Tzg illustrated on external space with z = 0.51 
for varlos values of parametrs p .which characterizes the variability of
winding.These results allow the conclusion, that the stresses x _,x__ andr8 z0
displacements u0 Is appeared.But these stresses and displacement are absent 
when main elasticity of directions coincide with coordinates.

The computations carried out In prescribed rangers of changes of the geo 
metric, mechanical and thermophysical characteristics of the elements allo
wed to find effects resulting from noncoincidence of main directions of 
elasticity with directions of coordinate lines.

The some results of this problem solution are shown in figures.

Fig.1 Distribution of 
displacements

Rys.1 Rozkład przemieszczeń

Fig. 2 Distribution of 
stresses

Rys.2 Rozkład naprężeń
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OBLICZENIA ANIZOTROPOWYCH ELEMENTÓW KONSTRUKCYJNYCH 
W ZAGADNIENIACH PRZESTRZENNYCH

W pracy przedstawiono model obliczeń stanu naprężeń i odkształceń 
niejednorodnych wydrążonych cylindrów i stożków w zastosowaniu do elemen
tów konstrukcyjnych wykonywanych przez nawijanie. Przedstawiony sposób 
przygotowania powoduje, że główne kierunki sprężystości ortotropowego ma
teriału nie pokrywają się z kierunkami układu współrzędnych. Zależności 
uogólnionego prawa Hooke’a zapisuje się w tym przypadku w postaci jak dla 
jednej płaszczyzny sprężystej symetrii. Rozwiązanie tego typu zadań zwią
zane jest z koniecznością uwzględnienia anizotropii 1 niejednorodności 
materiału. Uwarunkowane to jest istnieniem kolejno następujących warstw 
z różnym kątem ich układania, co prowadzi do bardziej złożonego opisu 
zagadnienia. Pozwala to jednak na dokładniejsze wyznaczenie stanu 
naprężenia i przemieszczenia w porównaniu z elementami ortotropowymi.

W przedstawionym modelu wychodzi się z równań teorii sprężystości 
niejednorodnego anizotropowego ciała [1], Przyjmuje się, że ciało spręży
ste może składać się z dowolnej liczby warstw, które mają określoną 
charakterystykę anizotropii i niejednorodności. Otrzymane rozwiązanie w 
postaci podwójnego szeregu trygonometrycznego pozwala wystarczająco dobrze 
spełnić warunki graniczne, dokonać rozdziału zmiennych równań (4), (6 ) i
sprowadzić rozwiązanie zadania brzegowego do rozwiązania układu 
zwyczajnych równań różniczkowych o zmiennych współczynnikach.
Przedstawione rozwiązanie elementu konstrukcyjnego w postaci dwuwarstwo
wego cylindra wskazuje, że kierunki główne sprężystości nie pokrywają się 
z przyjętymi kierunkami współrzędnych.


