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Streszczenie. W pracy przedstawiono zagadnienie osobliwe (nieciągłe) 
odpowiadające mechanicznym układom z okresowym impulsowym wymuszeniem. 
Metoda ta oparta jest na transformacji specjalnej funkcji okresowych 
stosujących funkcje o postaci piłokształtnej i skokowe o amplitudzie 
jednostkowej i ich uogólnienia.

Pe3wne. nPH nonom» cneuHanbHoro npeoópa30BaH»s nepeneHHb« b k j i k -  

waemero HernaaKoe npeo6pa30BaH»e BpeneH» 3aaawa nocTpoeHHs nepHOZHHe- 
ckkx pemeHHH ans c»CTen c nepnoa»secK»M HMnysbCHm B034eHcTB»en cbo- 
ahtcs k KpaeBOH 3aaase Ha CTaHaaprHon »HTepBane. lip» otom cneu»<|>HKa 
npeoópa30BaH»s no3BonseT »cKnioMHTb coaepsawecs s hcxobho» c»cTene 
CHHrynspHbie sneHbi onucuBaioniHe HimynbCHue B03aeftcTB»s. 3to Ha«6onee 
cymecTBeHHO b HenKHettHboc cnyMasx kotaa npnneHeHKe Teop»M oóoóoeHHwx 
iyHKUHH pacnpeaeneHHM. Tpeóyei H3Becthoh ocTopomocT».

Suranary. The singular (and discontinuous) terms exception method 
for non-linear differential equations, corresponding to mechanical sy­
stems with the periodic impulsive excitation, is presented. The method- 
is based on the special periodic functions transformation using the 
saw-tooth piecewxse-continuous function and its generalized deriva­
tive.

1 . BBEAEHHE

AeHCTF.no nraoBeHHbix MMnynbcoB Ha HexaRHxecKym cMCTeny noaenKpyercs oóbiMHO 
oaHMn »3 cneaywiBHX aByx cnocoóoB : l. noaMHHeHnen xoopanHaT » cxopocTeft aonon-
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HKTenbHUM ycJioBHan oTpaxanmHM irpeacTaBiieHHa o xapaKTepe bjthbhhb Hmryjibco* 
na CHCTeMy. b oxpecTHOCTax Toxex JiotcajiH3aunn KimynbcoB, nanpHnep —  3aaaHHeti 
cxaxxoB CKopocTeM b MOMeHTH BHeiBHHX yaapoB, 2- BBeaeHHen b ypaBHeHHa CHHry-
inpHMX MieHOB Tuna 6-0yHKUHH JlHpaxa.

OcHOBHoe aocTOHHCTBO nepBoro noaxoaa b toh, xto onHCMBàMiwe CHCTetiy amfc- 
4iepeHUHaBbHhie ypaBHeHHa Taxne xe, xax h iipn OTcyTCTBHH wmyabcoB [i], Biopoń 
cnocoó aaeT eAHHy» CHCTeixy ypaBHeHHH Ha Been BpeneHHon HHTepsaJie 6e3 BBeae- 
Hna ynoMSHyThix Buroe ycaoBHH Ha liepeneHHue ( ho TpeóyeT, crporo roBopa, pac- 
cnorpeHMS oaaaxn b panxax reopHH pacnpeaeaeHHH c u  ^anpHnep, 6n6anorpai¡)n») b
[2]. a sto B HeaHHeHHux cayxaax nprnoanr k otrpeaeaeuHMM orpaHHxennart na 
Kjacc HCTiojibayenMX ÇyHXUHB [3 ].

lim* oTTHcaH MeToa, no3BonauoHH, c oaHoft c t o p o h m , HcxaioxHTb cHHryaapHHe 
MJieHbi b ypaBHeHKax, a c apyroft - nonyxHTb pemenwa b BHae eaHHoro aHajiHTHxe- 
CKoro BupaxeHHa Ha Been BpeneHHon HHTepBase

2. OnHCAHHE nPE0BPA30BAHWł

2.1. Cue Tena aH<jxj>epeHunanbHwx ypaBHeHHH nepsoro nopaaxa

PaccMOTpHM nexaHHxecxy» eHcietiy c nepnoaHxecxHn B036yxaeHnen, onHCNBaenyn 
ypaBHBHHOM

rae nepnoa npaBoH xacTH no nepeneHHOft tp paBeH xeTwpen, p -nocToanHNH 
n-nepHwH Bexrop, BexTop-<>yHxuHa f - peryaapHaa cociaBaaiomaa npaBOH xacTH 
-npeanoaaraeTca HenpepbiBHOH no xaxaoH H3 coBoxyimocTH nepeneHHMx x u xycox- 
Ho-HenpepwBHoH no nepeneHHO« ę: aonycxa»Tca pa3pwBw nepsoro poaa b Toxxax
noxaan3annn nepnoanxecxH aeHCTBymnKX 6-HMiryabCOB

npeacTaBaeHHwx b BHae ońoóneHHoB npoH3BoaHOH BToporo nopaaxa nHaoo6pa3HoB 
xycoxHo-rnaaxoH $yHxuHH t ( ̂> ) c eaHHHXHOft ararnHTyaoft h nepnoaon, pas hum xeTN- 
pen puc. 1. TTpuHaTaa HopnnpoBxa nepHoaa yaoóna BBKay cymecTBeHHoro b aa«b- 
HeftMMX npeoftpaooBaHHax paseHCTBa t'Z = 1.

x = f(x,»>) + pt"(tp) ; x e Rn, tp = ut , ( 1 )

i"(tp) = 2 6(<p+i-4k) - 6(v-l-4k) ,
k.-»
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Puc. i.

CaenaHHNe aoiryneHMS ttoobojisiot paccnarpHBaTb paseHCTBo (l) B CMMcae pac- 
irpeneneHHH no nepeneHHOfl t.

Byaen paotscKHnaTb nepHoannecKoe peneHHe ypaBHeHxs (i) b $opne [4 ]

X  =  X ( r )  + Y ( r ) t '  , t  =  r(<p) ( 2 )

rae x,Y “ noaaeiamae oirpeaeaeHK» BeKTop-$yHKUHH. M aes npeacTaBjieHHS HCKonoro
peoeHHs b Oopne (2) ocHOBaHa Ha boomoxhocth n peac.TaB ieH H s anóoft ttepnoanMec-
KOH c nepHoaon 4. 4>yHKunn b $opne (2) cm. HHxe (19)..

(lo a cT a B J sti (2 ) *  (1 ) ,  6yaeM  HMeTb

uY' - Rf + (uX' - If)T' + (Y<J - p)r" = 0 , (3)
r a e

■ Rf • = 5 |f(X+Y,t) ± £(X-Y,2-x)J .

O T cn aa n oayn aeM  CH CTeny ypasHeHHA

uY' = Rf, MX' = If (4)

H Kpaesue y c a o a tta

(5)
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npH p = O, T.e. xoraa CHHrynapHaa irepHoaircecxaa cocTaBMiomaa b HcxoaHon 
ypaBHeHHH oTcyTCTByer, Kpa en b»? ycjioBKS CTaHOBSTca oaHopoaHMMH sto cooTBeT- 
CTByeT peryjispHOH npaBoft aacrn b ypaBHeHKM (1). B o 6o k x  cnyaaax trpeoópa3o- 
BaHHaa cHCTena He coaepiHT CKHryjiapHhoc aneHOB.

ÜTtteTH«, h to  cneuHaabHO tiocTpoeHHue Heraa/ixue npeoßpaooBaHHS npocTpaHCT- 

BeHHNX nepeneHHkot no3BoaaioT Hcxa»XMTh yaapniae mjjc-hn b ypaBHeHwax ana cmctpm 
c orpaHHSKTeaarsa [5).

npmiep. PaccMOTpH« jiMHeioiyio CHcreriy

X = Mx + pt"(v>) , «> = u£ ,

rae m - nocTOSHHaa neBwpoxaeHHaa n*ii -riaTpHua. 
ypaBHeHHa (4 ) b aaHHOii csyaae wneioT swa

<*)Y' = MX, u«' = MY .

Mckjiiomhb m3 BToporo ypaBHeHHa BexTop x xpn h o m o h m trepBoro ypaBHeHHa
( 6 )

óyaen HMen, ypaBHeHHe
X = UM' Y'

u V  - MZY = 0 .

(7)

( 8 )

06o3HaaHM aepen e ( j = 1 ,... ,a) opTOHopMupoBaHHyio CHCTeny coócTBeHHbix 
BeKTopoB naTpMUu M2, trpn stom TrpeanoaoxMn( hto irepBbiM 1 Bexîopan cootBeT- 
CTByioT nonoxHTeabHbie coóCTBeHHue 3HaaeHHa( a ocTanbHwir n-i - OTpKnaTejibHue

M2ej

Toraa peoeHHe xpaesoft saaaan (5 ), ¡8 ) 6y/eï Huen. BHa

Y = ¿(1)

1 Chfx —1 n
V  j ^  V  j 1

L  p ej i^T~ + L  p e ~ K
—  ~ |sJJ  ............j • i ♦ 1

(9)

rae p j = eTp - KoopaHHarn Bexrcpa p b 6a3Hce {e ,...,e }.J 1 ' n
(loacTaBaaa (9 ) a {7 ), nonyann Bupaxenne ana BexTop-<>yHXUHH X- ÄHaaw3 pe-

meHHa noxasbiBaer, hto ecíH np« xaxon-aHÓo j = i+l,....,n BenHHKHa o yaosae-
TBOpaet ypaBHeHH»
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to  B cwcTetie Hneet neCTO pe30H9HC.

2.2. CucTeMa an<txJ>epeHUKanhHMX ypaBHettuft B toporo nopsaxa 

paccMOTpM« CKCteny aKgxpepeHUManbHboc ypaBHCHHH BToporo nopsaxa

X = f(x,x,í>) + pr"(<p); X g Rn, ip = u t  , (11 )

rae $yHxiins f  HenpepbiBHa iro x ,  a no octaabHMH nepeneHHUH yaoBaeTBopseT Ten 
xe TpefioBaHHSh, mto (ÿyHKims f  b ypaBHOHKH ( l ) .

B aaHHOM caysae nepHoansecxHvł cHHryaspHwfl saeH , nosBasxnoHHcs npw an$4>e- 

poHUMpOBaHMM npeacTaBnetms (2), caeayeT coxpaHHTb b o  BTopoñ npoH3BoaHOM 

npeaBapHTeahHo mckbiohkb Taxoft MseH b nepaow npoH3BoaHOM. Toraa BMecTO 

(41,(5) noayMHM xpaeByn 3aaasy

uZX" = R f. «V  = If; (12)

X’ t.±, = Y r»±i = °’ (13)

= j [f(u(Y'+X'),X+Y,r) ± f(w(Y'-X*),X-Y,2-t)j .

IlpHrtep. PaccnoTpH« ocunaasTop Ä»$$HHra c nepnoansecxHM HmryabCHUM B03aeft- 

cTBMen

x = - k 2x -  ex3 + px"((ot),

rae e «  1 - nasbał napaneTp KBa3niinneHHi>iH caysatt. .

B aaHHon caysae moxho npwHSTb y a 0 h aaa x-cocTaBaanmeä pemeHMs 6yaen 

MneTb ypaBHeHKe

uZX" + k2X = - cX3. (14)

PeoeHHe KBanmiHMeHHOH xpaeBOH 3aaaMH (13) , (14)  «oaeï 6nTb Haftaeno neToaoM

IlyaHKape-JlanyHOBa. flonaraen

X = XQ + eX1 + e^X2 + ..., (15)

uz = <jzfl + e/l + t"n2 + ...j, (16)

rae aesas nactb Btoporo paasoxem « MSBectHa oapaHee.
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noacTaBjias (15), (16) b (13), (14) u pa3aenaa nopaaKH no c, noayMKM nocjie- 
aoBaTejibHocth KpaeBtoc 3aaaa. McKJiioHa» Ha K a x a o M  Bare cexyanpHMe no t. aneHw 
npw nonooM BeaHHHH y h yaoBjeTBopan xpaeBuri ycaoBKati 3a CMer cooTBeicTByif.iup- 
ro Bbióopa nocToaHHMX hhrerpnpoBanna, b nepBboc anyx npnÓjmj»HHSx nonyxaen

k cos-
1 4 k2 '

X,  = -  r , A0 " cos3TT / | 8cov )o' ' Sln~ l + 24o
0 sin3-yi 0»

0

BejiłOłMHa o  cB»3aHa c M3BecTHOH Bejrw^nHOH u paBeHCTBOM (16) ilocae co o t-

BercTByiomux iTpeoópaooBaHKH h3 ypaBHeHK* cos|k/ « 0 HaxoAMM cenencTBo
CKeJïeTHWX KpHBWX B 1MOCKOCTM U) -  A „ I

2kU)

0
. 2A

1 + I — I £ + o(e) 
8 k2

(j = 1,2,3,...),

rae MHOxMTenb 2/n ecTb caeacTBHe pa 3 bum na Hopi-wpoBOK nepnoaa nnnoofipaoHoro h 
T p H ro H O M e T p n a e c K o ro  c i m y c o B .

3 a h e T H M f HTO b  c a y a a e  n e p n o a n a e c K o r o  m - m y a h c H o r o  B 0 3 0 y x a e H M a  n o c T o a H H o r o  

H a n p a s a e H H a  t C H H r y a a p H a a  c o c T a B a a n o a a  b ypaBH O H H H  n o x e T  6 w b  B u p a i e H a  aepe3 
n K H O o 6 p a 3 H y »  4>yHKUMK> T a x  b o 3 m o x h w  h  apyrwe BupaxeHHa, SK B K B aneH T H M e /ih hh o- 
ny c nexaHHaecKOft tomkh 3peHHa.

-sign(t)T"(iP) = 2 5(ł»-l-2k) • (17)
ks-oo

O nM caH H bje Bbime irp e o 6 p a 3 0 B a H H J i H o ry T  6w T b  B hm ojiH eH w  h  b 3TO m  c j y ^ a e ,  npw  

3»TOM y p a B H e H H s  ( 6 ) ,  ( 1 2 )  c o x p a H a r  c b o î i  b h ü ,  a  b KpaeBwx y cx o B H S ix  woaBM TbCJi 

acMMneTpMsi

Y tM±l s T p/u h X' t , ±1 = * p/u2

COOTBeTCTBCHHO B COOTHOmeHMaX (5 ) H (13).

3. nAPAMETPMMECKOE B03BWÄEH1C

PaccMOTpwi cayaaft napaneTpmecKoro so36yxaeHHa Ha npttnepe imefflod 
CMCTenu, onHcuBaenoA ypasHeHHeti snaa
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x' + Ĵ q(4>) + pt"(4>)jx = 0, ę = ut, (18)

rae p - nocToaHHaa nxQ - naTpwua, q - naTpHua Taxoft xe paoMepHocTH nepnoAn- 
aecKH c nepHOAOM 4. u xycoxHO-HenpepNBHO saBHcanaa ot ę AonycxauTca pa3pn- 
bh nepBoro poAa b Toaxax Aoxanw3auHH w-myjtbcoB r" (4)) -

(IpeACtaBHM peryaapHy» cocTaBaannyn napaneTpunecxoro B03óyiAeHna b bhap

q(<*>) = Q(t) + P(t)t', = ¿ [q(T) ± q(2-r)J; r = t(4>) (19)

M nepnoAnaecxne c nepHOAon 4 no nepeneHHOH ip = ut peaeHHB ypaBHeHHa (18 ) 
óyAen paoucKKBaTb b $opne (2).

noAcraBiaa (2), (19) B ypaBHeHHe (18) u npuHKnaa bo BHVinaHMe npM 3Tom 

paBeHCTBO l' 2 = l f npw HeOÓXOAHMOM yCAOBHH HenpepbBHOCTH BeKTOp-OyHKUHH X

Y tM±1 = 0 (20)
nojiyMHrt

L 2x" + QX + pyj + p ï "  + PX + Qïji' + T pxj 1" + pYr'r" = 0-

ITocaeAHee caaraenoe b aecoft nacTH paseHCTBa caeayeT OTÖpocHTb, nocxoabxy 

b cnMC*e pacnpeAeaeHMH t'r" = 0- OcTaBaaaca nacTb paseHCTBa AaeT

u2X" + QX + PY = 0; </y " + PX + QY = 0; (21)

i<o2X' + pxj t_±1 = 0- (22)

BnecTe c (20) sto oôpa3yeT xpaeBy» 3aaaay aaa onpeAeaeHHa BesHXHH u npx

nOTopnx nepHOAvrsecKMe peœHxa cyaecTByBT. h cooTBeTCTByitwx BexTop-$yHxuHfl

X.Y
SaneTMM, mto b cnynae HMtryjibcOB nocToaHHoro HanpasjeHHa b ycaoBHH (22) 

HeOÔXOAMHO BMOCTO p nOCTâBHTh ±p HAH Tp B 3aBHCHMOCTM OT HATTpAB At̂ HKB 

AeHCTBHa HnnyabcoB.

IlpHMep. PaccMOTf»KM 3aaaay o coôcTBeHHwx xone6aHnax ôecxoHeaHO* CTpyHM Ha 

peryaapHO pacnoaoxeHHux jiHHeiiHo-ynpyrKX onopax;

a2 a2o u a u2 - + 2yu ^  6(r)/ - l-2k) = 0, (-» <r)< *), (23)
c3t an
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rae u = u(t.n)~ KOopawiaTM Tpae* cTpyHti, p- noroHHaa iraoTHocib, t - Hataxe- 
H«e( 21 ~ cpeaHsa no aarne CTpyHti, k- xecTKOCTh onop.

B cayaae coficTBeHHHX KoaedaHHfl Tronaraen

u = exp( iXt) Jx(x) + Y(t)t'j, r = i(r,/ ). (24)

IloacTaBaaa a to BbipaxeHMe b ypaBHeHHe (2 3 ), npeaBapHTeabHO BMparom b Hen 

cMHryaapHwfl sae-H nocpeacTBOM (17) aepe3 i(r j/  ) , npvixonufi k bhhcmhom KpaeBofl 

3aaaae
X" + k2X = 0 , jx ' ± px j r>±1 = 0 ; 

r  + kZY =0, Y t=±1 = 0,
m e

k = X (p/T)1/2, p = 2(1/1).
OTcnaa HaxoaMH;

X = Asin(kt), Y * 0; tg(k) = -p/k;
X = Acos(kt), Y * 0; tg(k) = p/k;
Y = Asin(kr), X s 0; k = jn;

Y = Acos(kr), X * 0; k = jn - n/2; j=l,2,...,

rae A-npoH3BonbHbift nocToaHHufs moxHTenb _ pemeHHs TpaHcueHaeHTHwx ypaBHenwM 
ana k xopoao mBecTHH h HMenrca b cooTBeTCTBywmefi cnpaBOMHofi 

BHTeparype.
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ON CALCULATION OF THE PERIODIC PROCESSES IN MECHANICAL SYSTEMS 
WITH IMPULSIVE EXCITATION

The influence of fast changing impulses on mechanical systems is usually 
modelled either by:
- dependence of coordinates and velocities on additional conditions which show 
the character of impulse influence on the system in some neighborhood of 
their application point e.g. application of velocities transition in exter­
nal inpacts,

- introducing singular terms 6-Dirac's function type into equation.
The basic advantage of the first way of modelling is the fact that differen­
tial equations describing systems are the same as in case of no-impulse 
system [1]. The second way of modelling yields uniform equations system for 
all intervals without introducing above mentioned conditions for varies but 
consideration of this task within distribution theory is required [2 ].
In nonlinear cases it leads us to limitation of available functions class [3],

. In the paper the method allowing to eliminate singular terms in equations 
and obtain solution in uniform analytic terms form for all intervals is 
presented.


