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FINITE TIME BLOW-UP IN SEMILINEAR WAVE EQUATIONS

Streszczenie.W pewnych zjawiskach przebiegajacych w przyrodzie i
technice opisanych procesami ciggtymi pojawia sie niebezpieczny
efekt polegajacy na tym, ze proces narasta w sposéb nieograniczony w
skonczonym czasie.Opisane zjawisko znane jest jako "blow-up*“.
Rozpatrujemy problem poczatkowo-brzegowy opisany réwnaniem falowym
Niech u:[O0,T[- » X ,x=L (G), bedzie silnym rozwigzaniem tego
problemu. Pokazano,ze mozemy znalez¢é warunki poczatkowe ug i Vv ,

uO:u(O), vozut(o). takie,ze rozwigzanie,o ile istnieje, moze istniec

tylko na skonczonym przedziale [0,T[ ,T<» oraz lim Hu(t)nz = m
t—>»r’

Pe3K>ne- B HeKOTopux ABJieHHfIx npxpoobi nh TexHKKR onxcbiBae-
mwx npa noMomx HenpepbiBHbix npoueccoB, BCTpenaeTCH onacH biii
XID@PeKT. CMbicji KOToporo b tom, hto npouecc BO3pacTaeT k 6ec-
KOHeM HOCTH B KOHeH HOM BpeMeHH. OnMCbIBaeMOe XBJieHHe
K3BeCTHO nOB HAd3 BEHRGM *"blow-up” .Mol pdCCMaTpMBaeM HaHajlbHO
-fieperoByio npo6iieMy, onMchiBaeMyio BOJIHOBbiK ypaBHeHxeM. nycThb
u: [0, T(— »X ,X=L2(G), 6yneT cnnbHbiM pemeHKeM otoS 3ajia9H.

Mojkho HafiTH TaKMe HanalibHbie ycJiOBXH y moyy = u(o),

v =u (©0), hto pemeHHe, Koraa cymecTByeT, xoxel cymecTBOBaTb
TOJIbKO Ha KOHeHHOM HHTepBajie [0,T[,T<oo H CJiejOBaTeJltHO
Iim Iu()ie,=a .

t>T 22

Summary. In time-dependent continuous processes in nature or
technics, such dangerous effects where the process breaks down after
a finite time are called blowing-up effects.We consider the
initial-boundary value problem. Let u: [0, T[-* X ,X=L (G), be a
strong solution to this problem. We can prove that there exist
initial data uO and vo,uozu(o),(\)/ =% (@©), so that if solutions exist,

it can exist on a finite interval [0,T[ ,T<® only.

INTRODUCT ION

In time-dependent continuous processes in nature or technics , such

dangerous effects where the process breaks down after a finite time are
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called blowing-up effects. The reason can be that the dynamical system
leases too much of its initial energy through dissipation or that it is
unstable. The engineer naturally is interested in avoiding such blowing-up

effects. In the case of dynamical systems desribed by a wave equation
u - Au = F(t,x,u)

where f is linear with respect to u,the solutions exist for all points in

time [7,8]-Thus, blowing-up effects can occur only in nonlinear systems.

2. PRELIMINARIES

We consider the initial-boundary value problem
u™t - Au + u = F(u) on G x ]O,T[ , (€))
u(x,0) = uo(x) on G ,

u, 0 = v X on G .

[]

u(x,t) =0 on % x JO,T[L -
n
Let x = |x1,x2° xn| m D,= a/ax,- ut® 3/St, u = u(x, ), Au =~ b2u ,
1=1
Vu = mdiu,D2,.... . Here G is a bounded region in Rn,n £ 1, with a

boundary 3G which is sufficiently smooth to admit of applications of the
divergence theorem, T € R*. m is a real parameter,f:G— >R1, f(0)=0 . In
the case where f() so , this is the so-called Klein-Gordon equation .

A number of authors [2-6,9] have shown that solutions to the initial
value problem or to initial - boundary value problems Tfor classical
nonlinear wave equations in one, two, three or more dimensions are not
stable in time for arbitrary initial data and arbitrary nonlinearities. A
special attention was given to a nonlinearity f(u)=|ulp, for p > 1. It is
well known that this problem does not admit a global solution for any such
p when the initial values U, ang v are large in some sense.

In order to formulate (1) as an operator equation of the form

u" o+ Au = f(u) on ]10,T[ , (@3)
u(0) = u0 »
u@© =v. ,
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we Set X « LZ(G!,D(AO) » c‘o‘ © , and

Aou = (-A + m2)u .
For all u e D(Ao) ,

{Aou|u) = (Aulu) + m2Quju) £ m2Quju) £ 0 (©)

Let A :D(A)E X — *X denote the Friedrichs extension of A0 Then the

energetic spaces of A and - A are the same up to an equivalent norm ,i.e.
0

the energetic space of A is equal to X =1~(0. We say that the function
u: [0, T[- » X is a solution to () if,for each t,u(t) and W* belong to X
(U being the strong derivative of u in the norm BeII™ )eutt exists and is
strongly continuous in the sense of the norm on X .

It is assumed in the future that for each u0€ XE and ve X there exists
a local strong solution of (2.

The equation (2) posseses a real-valued energy form

E(t) =2 [ut+m2uZz+ Y' @Q,u>2 - 2P(u)jdx @
G 1=1
where P(u) = f(y)dy. Since u is a sufficiently smooth solution of (),
| |o}

then integration by parts yields

s'(Y) = u”™ utt + ma2 - Au - f(u) jdx =0 , ©)

l.e. ,E(t) = const.This describes the conservation of energy.
Thus we do not expect global existence for any f(-). We will show that

if uo and, v0 are chosen correctly, then
Fit) u(x,t)2dx
goes to Infinity in finite time.

Let HPZ and (<l=) denote the norm and the scalar product in L2(G)

respectively , defined In usual way
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3. NONEXISTENCE OF GLOBAL SOLUTIONS

THEOREM.Consider the Inltial-boundary value problem (1-2) in the above
formulation. Let u; (0,T(— » X be a solution to this problem In the
prescribed sense. Suppose that we can find an a >0 and initial data uq and

vQ so that the following statements hold:

(A) (ovg *0-

(A2) [Puo(x))dx a 2[,vol2 + . V « 2+ «Vu,«7] ,
G

(A3) ™uojf(uo)j a 2(Ra + 1) P@uo(x))dx .

G
then the solution can only exist on a finite interval (0,T[ ,T<® and

lim Bu(t)Bz = ¢ .
t->»t* 2

Proof.Let R(t)=F(t)"a and the following hypotheses are satisfied
(Hi) R*(t) <O at t =0

H) R"™ (©) SO for all ta 0 .
Then R(t) will go to zero in finite time.We have F*(t) = 2(u(t) Jur(L)),

R*(t) = - oF(t)-a-1F" (D)

R*(0) = - 20F(0)_a~‘(uO |v0) ®

Thus the hypothesis (HI) is satisfied following the assumption (Al). It
remains to arrange for (H2) to hold.Let

R"(t) = a(a+l )R()_2ZF" ()2 - aR(t)"IF"(t) (©)
We define

Q) = (-a) IF(@®)a*R"" (L)
and following (7) we obtain
Q) = F(OF" (O - (a1l )F (D2

Since F(t) a 0 .to examine (H2) this is the same to show that Q(t) a O.We

have

F*(t) = 2(ujut)
F*" (® = 2Qu]uu ) + w2 =

= 4Ca+Dlu F + 2FQuju ) - (Ra+l)Bu I
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and hence

QCE) « 4CarD[NuS2ILi«@ - (ujut)Zj
+ 2FCDA(UUIE) - (Ratl)«utl?) ®

The First term in (8) is positive by the Schwartz inequality, so we’ll
discuss the second part .denoted by H(t) .only

H(E) = (UIutt) - (2ct+l)<<ut«2

(Ul f(uw)J - m2HJII% + (UJAu) - (2a+I)HutIg =

Julfw| - m2|lu"g - (7ulvu) - (2a+|)>>utlg ®

the conserved energy for the equation (1-2) is given by @) and is
independent of t.Thus if we choose a as in assumptions (A2) and (A3) we

obtain

H(E) = - 2QRa+1)E(t) + 2ou2ldR+ 2a(Vu]9u)
Julf@W)] - 2(2a+1) P(u)dx

= - 2(2a+1 )E(0) + 2oarIMR+ 2a(7u]7u)

@IFQV) * 2{2a+1)F P’ ™ @0
G

Thus, 1if E(0)<0, it is the consequence of @&)-, H(t) is always stricly
positive since the second and third components of (10) are always
nonnegative and the last term is nonnegative Tfollowing the assumption
*3).

For any such initial data and a parameter a F(t) goes to infinity in

a finite tlme.m
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4. EXAMPLES

Example I.Let m=0 and f(u)=up,p>l. Now choosing ugS O,vgE 0O so that
(AD) is satisfied, we can choose a so that 2(2a+l)=p+l and uq in such a
matter ,to satisfy E(0)<0 (assumption (A2)) and (A3).For any such initial

data Fit) goes to infinity in finite time.«

Example 1l. Let m=0 and f(u)=-up,p >1. If p is even then by choosing
u,s 0, v,s 0 thus satisfying (Al), we can choose a as in example 1, and uQ
sufficiently large to obtain (A2) (i.e. E(0)<O ), and thus for any such
initial data the solution blows up in finite time.

If on the other hand, p is odd, then E(t)e O so the assumption (A2) is

not satisfied and the above arguments doesn’t work.«
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O NIEOGRANICZONOSCI ROZWIAZAN NIELINIOWYCH ROWNAN FALOWYCH

W pewnych zjawiskach przebiegajacych w przyrodzie i technice opisanych
procesami ciagtymi pojawia sie niebezpieczny efekt polegajacy na tym,
ie proces narasta w sposob nieograniczony w skonczonym czasie. Opisane
zjawisko znane Jest Jako *blow-up*“. Rozpatrujemy problem poczatkowo-

-brzegowy opisany réwnaniem falowym

u - Au + mau = f(u) on G * JO,TI

Niech u: [0, T[ - » X ,X=L2(G), bedzie silnym rozwigzaniem tego
problemu,przypusémy, ze mozemy znalezé a >0 i warunki poczatkowe uq

i Vo» u0=u(0),v =Uy (0) takie, ze speknione sag nastepujace zaltozenia:

E‘uo |voi| + 0, P(uo(x))dx S Q[.vol-? + m2>uO I? + II\AJO IEJ,J )
JG

KIf(V) + 2QRa + D P(uo(x))dx ,P(U) = F(y)dy

(o}

wéwczas rozwigzanie, o ile istnieje, moze istnie¢ tylko na skonczonym

przedziale [0,Tt ,T<» oraz

lim Du(®Il2 = d .
t-» T~



