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MODELLING OF VIBRATION OF GEAR TRANSMISSIONS

Streszczenie. W artykule przedstawiono metode matematycznego mode-
lowania przestrzennych ukdadéw drgajacych z walcowymi kokami zebatymi.
Metoda umozliwia znaczng redukcje liczby stopni swobody ukdadu przy
stosunkowo duzej dokdadnosci obliczania amplitud drgan.

Pe3PMe. B CTaTbe npHBOFIjiTCFI MeTOfl MaTenaTHHecKoro MOfle-
JIHpOBaHHFI 1ipOCTpaHCTBeHHbIX KOJieCaHHH CHCTeM C UHJIHHflpHHeC-
KHMH 3y6MaTbIMH KOJieCdVH. MeTOfl flaeT BO3MOXHOCTb 3HaHHTeJlb-
HOM peflyKiiHH MBcna CTeneHH CBo6oay cmcteMbi npa OTHOCHTejib-
HO coflbmOM TOHHOCTM BbIMHcJieHHH aMINIJIHTy fld KOJieOaHHH.

Summary. The method for mathematical modelling of spatial
vibrations of the spur gear transmissions is presented. This method
enables a substantial reduction of the number of degrees of
freedom with relatively high accuracy in calculating vibration
amplitudes.

1. INTRODUCTION

We consider linear shaft systems with gears composed of N shafts
(Fig. ). The motion of each dismembered shaft K is, after
discretization by finite element method in a coordinate system X, y, z,

described by an equation of motion in a matrix form [1]

MCE) + @ F 609D + Ka(D = FI@®) , k=1, 2 N. )

Matrices W, Bk, are real, time - independent square mass, damping
and stiffness matrices of order N of the isolated shaft "k". The shaft
is supported on viscous - elastic bearings in nodal points "i‘“. Matrices
G" express gyroscopic effect of the rigid discs connected with shaft in
nodal points "j”. The generalized coordinate vectors Ct) express

displacements u , v , , W, of the all nodal points 1=1,2,..,"
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Fig. 1. Shaft model
Rys.1 Model walu

of the shaft. Vectors f*(t) describe the force effect of other shafts in

gear meshings. Structure of matrices is shown in 1 .

2. MATHEMATICAL MODEL OF THE SHAFT SYSTEM WITH SPUR GEARS

Fig. 2. The single - stage spur gear transmission

Rys.2. Jedostopnlowa walcowa przektadnia zebata



Modelling Of Vibration OF Gear Transmissions 455

Ve consider the system composed of two shafts (Fig- 2) Joined by
elastic - viscous discrete coupling in gear mesch between gear "iM on the
shaft (&) and gear "J” on the shaft (b) . The internal coupling force in
spur gearing with spiral teeth in central mesh point can be expressed in
first approximation in form

Nab = bab( VI "T'q_ VJ qJ+ abit)) * bab (Vl a$|'i ) VJ é.J+ zab (t)) (2)

,b - central stiffness, coefficient of viscous damping of gearing
a

in normal direction,

*ql, qu - displacement vector of gear mass centre in point “i" on the
shaft (@ and in point "j" on the shaft (b),
*5N, b6~ - vector of geometrical parameters of gear “i" on the shaft (&)
and gear “J" on the shaft (b) inform (3.5) in 1,
iab(t) - kinematic transmissions error on the line of gear mesh.
Mathematical model of the single - stage spur gear transmission
(Fig-2) is described by two equations (1) for k = a,b. The internal

coupling force vector of the whole system can be written as

r~t)
= HCy q (t) - By q(t) + f(t> (©)
(0
b
where q(t) = qf(t) is generalized coordinate vector of dimension
n = . z b nk and KV (Bv) is stiffness (damping) matrix of gear mesh

coupling between shafts. Effect of Kkinemetic error in gear mesh is
expressed by internal excitation force vector f(t). These matrices and

vectors satisfy the condition
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are potential and dissipative energy of the coupling. From (4) and (5) we
can obtain coupling matrices in form

#ﬁﬂT..-*SV.
« |
X =x X" " Bv )
X=k ., b
Vgtee - b%VJ «b’ "ab

and internal excitation force vector

K A +b A @ *3
ab ab ab ab i
(0 O

kabAab(t) * babAab(t) oSJ

The mathematical model of the gear transmission (Fig.2) can be written

Ma() + (B ¢By+G H)a®) + K+ t) q() =F (©O (8)

where M «diag(«k). B - diag(B ), K « diag(K ), G - diag(G ), are block -
k
diagonal matrices of order n *kfjnk and q (©) » qgk(t) is vector of all

generalized coordinates of dimension n . In our case is N < 2,
n*n+n .
- b

The presented mathematical modelling method can be generalized for

systems with arbitrary number of shafts and gear meshingr 1 . 2

3. CALCULATION OF DYNAMICS RESPONSE USING REDUCED MODEL

The steady dynamic response of the gear transmission excited by the
harmonic transmissions error A_b(t) = AZe*Uz’\ is characterized by

dImensionless complex amplitudes of the generalized coordinates
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T
a4, @) ———= = (g, b de qu) . i=1 2 . .n ©®

where ej are unit vectors. Under the conditions that the gyroscopic
effect of the discs is neglected and the damping matrices B®, By satisfy

the proportionality conditions
B c ek B ek 10

vector q(u ) in (9 can be written as

T
qCu) =J v -——JLh - H)

V-1 Q - u +i2Dnw

\ z VV z
In (1) y, = .?S‘[..bS}.. T is vector of geometric parameters of gears in

mesh 2 . Parameters 0*. v~ and are natural frequencies, eigenvectors
of theconservative system corresponding to (B) and relative damping
i iti + =
factors satisfy the condition VE (] Bv)vV 2 DVQV
For calculation of the natural frequencies and eigenvectors in (11) we

can used aconservativereduced model2 . Let modal matrices V . and
diagonal spectral matrices of isolated undamped shafts
MAit) + Kkg(t) *0 ,k=1.2. .., N (12)

are divided into submatrices describing m master mode shapes (index m)

and st slave mode shapes (index s) resp.
V= "W,V A= "A._. *A a3)

The generalized coordinate vectors (t) of each shaft can be transformed

by appropriate modal matrix of the isolated subsystem into the form
gk(® = "VK'xk(@®) + Y * t(. k = 1- 2> eee as
Slave modal coordinates can be approximated 3

m () V.1V fit) as)
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Eliminating slave modal coordinates in (14) by means of (15) we get

gk(@® = “VK™*k(t) + SKk fk(®), k = 1, 2, N @16)

where

*sz S¥k'A|;l *Vk, k=12, ... N @an

is so called residual flexibility matrix 4 .
Let us introduce following vectors and matrices of the whole shaft

system
(D)= “xjt) , fit)= k@) mAD)=diag("Ak) .“VAiagtr) .A(AI.

All equations (16) can then be written in form

g @M =V @® +H Ffio). @8)

Eliminating vector (t) from (18) according to (3 for and f(t)=0

(conservative system) we get
g @® =C 1 +*rvy* v x(t) - a9

Master modal coordinates vector *x(t) follows from the reduced

Ll
mathematic model of order m =1 m <n
i1 K

() ¢ "a+Vi (e KDLV ") - 0. 0)

By means of QL orJacobi algorithm we can calculate natural
frequencies 0" and eigenvectors "x*, v = 1, 2, .. , m of the reduced model
(20). Frequencies represent m approximate natural frequencies of whole
shaft system. Eigenvectors *x” have to be transformed fromthe basis of
modal coordinates of isolated shaftsmaster modes into the basis of

general coordinates by formula
v~ (I +*H Ky)’1V mxv , v «l1l, 2, .. .m 1)

corresponding to (19).
The method enables togain substantial reduction of number of degrees
of freedom of gear transmissions with relatively high accuracy of the

dynamic response calculation.
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MODELOWANIE DRGAN PRZEKLADNI ZEBATYCH

Artykut przedstawia oryginalng metode tworzenia liniowo przestrzennych
modeli matematycznych walcowych przektadni zebatych obcigzonych dynamicz-
nie o postaci funkcji okresowej uwzledniajacej bitedy przektadni. Modele
uwzgledniaja podstawowe whkasnosci walcowej przektadni zebatej, w ktoérej
przyjeto zatozenia o ciagtym rozktadzie mas, podatnosci i thumienia w
tozyskach oraz w zazebieniu. Wpkyw wkasnosci lepkosprezystych zebéw oraz
btedéw kinematycznych w zazebieniach k&t zebatych okreslany jest w posta-
ci macierzy, sprzezenia pomiedzy wakami oraz wektorem wymuszenia kinematy-
cznego. Przy tak przyjetych zatozeniach w poszczeg6lnych elementch
przekdadni powstaje ztozony stan naprezenia wynikajacy z drgan gietno-
-skretnych. Dyskretyzacji watoéw dokonuje sie przy wykorzystaniu metody
elementéw skonczonych. Przedstawiong metoda syntezy modalnej zastosowano
w celu redukcji liczby stopni swobody, a tym samym skrécenia czasu obli-
czen numerycznych. Metoda opiera sie na obliczonych czestotliwosciach
drgan swobodnych i wektorach modalnych przedstawiajacych postacie modalne
watoéw niesprzezonych. Wpdyw postaci modalnych o wyzszych czestotliwo-

Sciach oceniany jest za pomoca macierzy o podatnosci szczgtkowej.
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Metoda ta umozliwia znaczng redukcje liczby stopni swobody przy stosun-
kowo duzej dok#adnosci obliczen czestotliwosci drgan swobodnych wektorow
modalnych i odpowiedzi dynamicznej calej przekkadni zebatej. Doktadnosc¢
metody oceniano uwzgledniajac liczbe wzorcowych postaci modalnych dla

istniejacej przektadni zebatej.



