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ANALIZA W RAŻLIW OŚCI ZE WZGLĘDU NA KSZTAŁT DLA PEW NEJ  
KLASY FUNK CJO NAŁÓW  W OPTYMALIZACJI KONSTRUKCJI

Streszczenie. W  pracy przedstawiono zagadnienie analizy wrażliwości 
funkcjonałów, które występują w zagadnieniach optym alnego projektowania 
ze względu na m inim alną podatność przy jednoczesnej optymalizacji topologii 
i kształtu konstrukcji.

SH A PE  SEN SITIVITY ANALYSIS OF OPTIMAL COM PLIANCE  
FUNCTIONALS

Summary. This paper deals with the shape design sensitivity analysis 
of dom ain dependent functionals that arise in optim al compliance design for 
sim ultaneous optim ization of material and structure.

FORM EM PFLINDLICII KEITSANALYSE FÜ R  EINE GEW ISSE KLASSE  
DER FUNK TIO NA LE BEI DER KONSTRUKTIONSOPTIM IERUNG

Zusammenfaßung. In der Arbeit wurde das Problem der Formempfindli
chkeitsanalyse fü r die Funktionale, welche in den eine optim ale Projektierung 
unter Beachtung der m inimalen Nachgiebigkeit bei gleichzeitiger Optimierung 
der T opologie und der Form der Konstruktion bezweckten Aufgaben auftreten, 
dargestellt.

1. IN TRO DUC TIO N

In this paper we study the shape design sensitivity analysis of a structural optim ization  
problem which encom passes the design of structural material, the design of topology and 
the design of shape.
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T he strong interrelation between the fields of optim al design and m aterials science has 
been underlined in recent years and optim al design with advanced m aterials and optim al 
topology design using hom ogenization m ethods have been the subject o f intensive research 
(Bendspe and M ota Soares, 1993, Pedersen, 1993), and the w e ll- known lack of existence  
to generalized shape design problems and the resulting regularization has provided a 
natural m athem atical angle to the sim ultaneous design of material and overall structure.

2. TH E IN N ER  M ATERIAL DESIGN PROBLEM  FOR FIXED DOM AIN

In a recent paper (Bendspe et.a l, 1993) on the optim ization of structures, the distri
bution of m aterial as well as the material properties them selves have been considered as 
design variables. T he goal of this study is to formulate a structural optim ization prob
lem  in a form that encom passes the design of structural material in a broad sense, while 
encom passing the provision of predicting the structural topologies and shapes associated  
with the optim um  distribution of the optim ized materials. This goal is accom plished by 
representing as design variables the material properties in the m ost general form possi
ble for a (locally) linear elastic continuum  namely as the unrestricted set of elem ents of 
positive sem i-definite constitutive tensors.

T he problem  we consider is an extension of the problem of m inim izing the com pliance  
of a structure m ade of a given m aterial, to the situation where the m aterial properties 
them selves appear in the role of design variables. We formulate the problem for a reference 
dom ain fb

m in /  • udx  +  u d T ( x ) }  (1)

subject to :

E  >  0 

f n * ( E) d x  <  M  

f n e(u): E : t ( u ) d x  =  f n E i j u t i j tu dx  =  i (u)  for all v  6  U

We take the m inim ization over all positive, semi-definite rigidity tensors E ^ u  and use 
the integral over the domain of som e invariant $ ( £ )  of the rigidity tensor as the measure 
of cost. In (1) we have written the equilibrium equation in the weak form, using U  to 
denote the space of kinem atically adm issible trial functions. N ote that we treat a single 
loading conditions, represented by the specified body forces /  and boundary traction P,  
and we use the com pliance for this loading case as the objective for our optim al design 
problem.

N ext, we reformulate problem (1) into a convenient form that em phasizes the role of 
the m aterial design:
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m ax min i l ( i i ,u )  (2)
rigidityE>0  

f n <HE)dx<M

with

n(£,u) = \ J  Eijkitijtkidx - e(u) (3)
In (2), the equilibrium requirement is represented via minimization of the potential energy
(3) w ith respect to  deformation. Also, the minimum compliance problem in (2) is stated as 
a m axim ization of potential energy with respect to design, since the measure of compliance 
equals the negative of twice the value of the potential energy at equilibrium.

For physical reasons, the possible rigidity tensors in the above design formulation  
are restricted to the set of positive sem i-definite, sym m etric tensors and suitable cost 
functions must have the property of frame indifference, for exam ple in term s of invariants 
of the constitutive tensor itself:

Case A: $ A( E)  =  pA =  E ,

Case B: $b(E) = pB = [EijtiEijkift (4)

i.e., respectively, the trace and the Frobenius norm of the tensor E.  For the sake of 
sim plifying the derivation, we have introduced the resource density functions, pA and pb 
and we choose to restate the design problem in the form:

Case A:

Case B:

max max
density p a rigidityE>0

°<Pmin^PA^()™ax<oo

I d  PAdx<M

* a (E )< pa

max max
density pq rigidityE>0

®<Pmin—P B —Pmax<0°  

/ f t  PBdx<M

®b (e )S p b

min fl(p.4 , E,  u)
u£U

m m I l ( p A, E,  u)

(5)

(6)

This separation of the design variables provides a separation between the properties 
of the tensor E  that can be optim ized locally (at each point in the structure) and those 
that must be treated as a distributed parameter problem over the full domain. In (5) 
and (6) we have introduced upper and lower bounds on the resource densities in order to 
ensure that the problem is well posed.

W e can perform a simplification of problems (5) and (6) by exchanging the order of 
the m in and m ax operations in the two inner problem and solve for E  (see Bendspe et. 
ah, 1993). T he resulting reduced problem is for both cost measures of the form:

max
pec

{m in y  pc(u): e(u)dx  — i (u } (7)
with the density being restricted to the closed, convex and weak-* com pact constraint set 
g  in ¿°°(ft):
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Q =  {p  6 L°°(Cl)I [  pdx <  M ,  0 <  pmin < p <  pmax <  00}
Jn

T he design variables can be removed entirely from the problem, and the resulting  
problem becom es a non-linear and non-sm ooth, convex, analysis-only problem, for which 
existence of solution is assured, but for which solutions may not be unique.

We can also give problem  (7) in its equivalent complementary energy form as

(8).  f 1' [ 1 ,iimin< min / —a: c d x \ tP€£? 1 1a ■Jn P  J J
diva—J

a-n—P

and we note that the derivation of (7) and (8) both extend readily to the case of a 
contact problem , for which the contact condition is stated as a design independent, convex  
constraint on the displacem ents. It is the problem (7) that we in the following will analyse 
w ith respect to shape variations of the reference domain.

3. TH E DISPLACEM ENTS BASED FORMULATION  

T he following dom ain functional is considered:

J (Q )  =  m i n j ^  m ax{(^e(u):e(u) -  A)pmox,( ie (u ) :e (u )  -  \ ) p min}dx

~ L f u d x ~  L  p  ■ u d r ( x )  +  a m ] (9 )

where u belongs to  the convex subset of the Sobolev space I I 1 (SI)3 defined by the following 
relations (including the possibility of mechanical contact):

u =  0 on To 
u ■ n <  0 on P2

We are interested in the shape derivative, whenever it exists, of the functional J (S\ ) ,  
see e.g. Sokołowski and Zolesio, 1992, for a detailed definition and a description of the  
m aterial derivative m ethod .

To this end, a one param eter fam ily of domains {Slt },  t 6  [0,<5), is defined as follows.

fii =  T,(Sl) for t £ [0,5) 

dSlt =  T,(dSl),

r[ =  T .fR ) for r = 0 , 1 ,2  .

here Tt =  Tt( V )  : IR3 —» IR3 is a sm ooth transformation given by a sufficiently sm ooth  
vector field V  w ith V ( t , x )  =  ^jf(x)
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Then, the dom ain functional (10) defined in { f ii} , takes the form

(10)

where u belongs to the convex subset of the Sobolev space defined by the following
relations:

u =  0 on Fq 
u • n <  0 on Tj

For any t >  0 a minimize!' is denoted by (ut , A(), so

In order to evaluate the shape derivative d J ( Q ; V ) ,  the domain functional J ( C l t ) is 
transported to the fixed domain fi. The following notation is introduced, we refer the 
reader to Sokołowski and Zolesio, 1992, for details, in order to make the functional as well 
as the boundary conditions dependent of the domain fi only:

/ '  =  ~DTi - f o T t , P ‘ =  • D T t P o T t

u‘ =  II, O T[

2' =  D T P 1 ■ u‘e‘ ( f i  =  \ { D  ( DT t ■ <t>) ■ D T t~~l +  ' D i p 1 ■ * ( D (DT,  ■ * ))}

7 (t) =  det ( D T t) 
u ( t )  =  \ \M(Tt) - n U ,

M ( T t ) =  At\. (DTt) ' D T p 1

furthermore, the nonpenetration condition on Fj takes an equivalent form

(U)

z ‘ ■ n <  0 on Fj

T he dom ain functional is thus transported to the fixed domain

J t (Q)  =  J ( f i i )  =  [ J m a x {(ie (« ()  o Tt: e(ut) o 7) -  A, o Tt)p, (12)

(13)

Jn J r,

^c(tii) o Tt. e(ut ) o T, -  X, o T,)pmin}-f(t )dx  

[  f* ■ u li ( t ) d x  -  [  P ‘ ■ u‘u ( t ) d r ( x )  + \ t 0  T , M
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T he transported dom ain functional can be evaluated for any value of t £  [0 ,6) by a 
m inim ization procedure, i.e.

minimize  with respect to (v , A) the following functional

(i>,A) =  [ /  m a x {(^ e‘(u):e'(t>) -  \ ) p max, ( ^ e ‘(v ) : e‘(v)  -  \ p min) } l ( t ) d x

L P ‘ ■ v u ( t ) d r ( x ) + AAfJ (14)

subject to the constraints

v  £
v =  0 on To 

v ■ n <  0 on r 2

In the following we assum e, for sim plicity of presentation, that the minimizers of 
problem (13) are unique, t 6  [0, ¿). If this is not the case, we have to invoke the procedure 
of section 3 in Bendspe and Sokołowski, 1992, with each derivative being given below. 
Now, w ith this assum ption, let (u, A) denotes the unique minimizer for the functional (9). 
T he following notation is introduced

fli =  f i i(V )  =  { i £  n | |e ( t i ) :e(u) — A =  0 and 

e'(u): e(u) >  0 or ^c(u): e(u) — A >  0}

n 2 =  n 2(v) =  n\n,(v')
Xi =  characteristic function of fi;
Xn =  characteristic function of fi, i.e.

, , _  1 x  6  n
0 otherwise  

therefore X i(x ) +  X2 (x ) =  Xfl(x ) a-e -

Here e' denotes the derivative of e1 and we have divided the dom ain in two parts, 
depending on the size of the specific strain energy relative to the m ultiplier A. W ith this 
notation we can now sta te  the result on the shape sensitivity:

T h e o r e m  1.

If  the minimizers  of  funct ional  (13) are continuous in / /* (  f l)3 x  IR with respect to
the parameter  t at  t =  0+ , then the Eulerian derivative of  the shape funct ional  (3.1) takes 
the fol lowing f orm
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d J ( i l - V )  = l imt̂ Ą ( J ( n t) - J ( S l ) )  (15)

(16)

=  [ J [P m a xX l +  /»m m Xa]£ ,( “ ) : e ( u ) d x  +

(17)

+  /  m a x {[-e (ii):  e(u) -  A\pmax, [-e(u ): e(u) -  A]pmin}-y'dx +
Jn - -

— /  [ (V / - V ) • u + f  • D V  ■ u +  /  • -f 
Jn

-  ^  [(Vi* • V) ■ « + P D V -  u + P  • uu/]i/r(z)] 

where we have that

«' W  =  i j P  -4>) +  ' ( D  [ D V  ■ 4,)) -  £>«1 • D V  -  ’ D V  ■ -D4>},

7 ' =  divf/,

u/ =  d ivrV ’Z)^ 

is the transpose of the Jacobian m atrix function

D<j> ; <j> 1R3 —* 1113
1/(01 =  2Zt 1 01 |1=0

We refer the reader to Bendspe and Sokołowski (to appear) for a proof of Theorem 1 . 
We remark that under our assum ptions, the Eulerian derivative of the shape functional 

(9) can be evaluated in the sam e way as for the m ultiple eigenvalues in Myslinski and 
Sokołowski, 19S5, Sokołowski and Zolesio, 1992. If the measure of the set

1

fio =  {x  £  ^ l^ £(“ ): £(u ) -  A =  0}

is not zero then the m apping V  -* dJ(D ; V ) fails to be linear, and only one sided 
directional derivatives exist.
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4. CONCLUSIONS

W e have presented here, on the basis of Bendspe and Sokołowski (to  appear) a general 
framework for an integrated design analysis of shape and topology variations of structures. 
The topology variations are treated as an inner problem, w ith shape variations as an outer  
level problem. T he topology and material design problem employed used a com pletely  
free param etrization of rigidity, but the analysis extends readily to hom ogenization based 
topology problem s with reduced design independent problems, as described in e.g. Allaire 
and Kohn, 1993, and Jog, Haber and Bendspe, 1993. We note that the integrated shape 
and topology and m aterial design formulation allows for the treatm ent of problem s with 
shape dependent loadings, such as pressure loads; these problems cannot be handled by 
standard topology and m aterial design m ethodology based on the use of a fixed reference 
dom ain.

T he results on derivatives involves domain integrals and a com putational im plem enta
tion is straightforward. In order to preserve consistency with the com putational procedure 
for the solution of the analysis problem, it is recommended that the sensitivity analysis is 
carried out for the discretized problem statem ent before im plem entation. Com putational 
experience and details on the derivation for a discretized version of the problem are the  
subjects o f a forthcom ing study.
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Streszczenie

W  pracy podano nowe wyniki z zakresu analizy wrażliwości uzyskane dla optym alnych  
funkcjonałów podatności ze względu na kształt obszaru geometrycznego. W yniki te  po
zwalają na wykorzystanie dla rozwiązywania zadań optymalizacji konstrukcji połączonych 
m etod obliczeniowych optymalizacji topologii i optymalizacji kształtu. W szczególności 
um ożliwia to rozwiązywania m etodam i optymalizacji topologii tych zadań optym alnego 
projektowania, w których obciążenie zależy od geometrii obszaru -  np. ciśnienie -  co nie 
było do tej pory robione ze względu na brak uzasadnienia teoretycznego. W pracy podano 
wyniki dla przykładowego zadania optymalizacji kształtu dla zagadnienia typu kontaktu 
ciała sprężystego ze sztywną przeszkodą.


