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Streszczenie. W  pracy przedstawiono m etodę m atematycznego modelowania 
drgań wirników śrubowych posiadających niesymetryczny przekrój poprzeczny, 
opartą  na m etodzie elem entów skończonych. W zięto poa uwagę bezwładność 
rotacyjną, mom enty giroskopowe oraz tłumienie.

FE M  D YN AM IC ANALYSIS O F  T H E  H ELIC A L R O TO R S

Summary. The FE M  based m athematical modelling of vibration of helical 
rotors with non-sym m etrical cross-section including the effects of rotational 
inertia, gyroscopic mom ents and damping is presented.

flHHAMMECKM AHAJIH3 BHHTOBUX POTOPOB 
C nOMOlllbD MO
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H 3aTyxaHHst«

1. IN T R O D U C TIO N

1D -FE M  m odel o f the helical com pressor ro tor can be accepted [1] as a basis for 
com putational simulation of vibration excited by pressure field of flowing m edium and 
by dynamic unbalance. Taking into account high rotor speed (up to 20000 1/min), it is 
necessary to consider gyroscopic effects and rotational inertia. D iscretization of rotors by 
FE M  respecting presented  effects is perform ed in available literature (e.g. [2, 3, 4]) only 
for the circular cross-section and it is not possible to apply it to the rotors o f helical 
com pressors having non-sym m etrical cross-section.
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2. M A T R IC E S O F  A  R O T O R  E L E M E N T  FO R  T H E  G E N E R A L  CASE

In o rder to  investigate the displacem ent of a ro tor elem ent having length I, let us 
apply a  coordinate system 5 , n> C which rotates about £ axis at a constant frequency coq. 
These displacem ent can be  then expressed by translations ~u(x), ~ (x ), w(x) o f neutral axis 
points and by small angles o f rotation about the coordinate axes.

Fig. 1. Schem e of the ro tor in the rotating system 
Rys. 1. Schem at wirnika w wirującym układzie odniesienia

D isplacem ents ~ (x), w(x), 6(x), tjr(x) due to the bending phenom enon are  approxim ated 
by cubic polynomials, longitudinal ~u(x) and torsional <p(x) displacem ents by linear 
polynomials. L et us introduce generalized coordinate vectors of nodes 1 (x= 0 ) and 2
(*=D>

v (0 ) w (0 )

i|;(0 ) û (0 ) ï ( 0 ) <p(0)
^1=

v ( 0
. <12 = w (I) . % = ¡7 (/)

. <U=
<P(0.

. ♦ ( 0 û ( 0 .

Thus the generalized displacem ents of a ro tor elem ent internal points are given by 
expressions:

v W ^ M S j ’q,, >K*)=^=iI>_/M S ; 1q1 (2a)
dx

w (x)^ (x)s;lq2, (2b)
OX

ü (x) =ï(x)S31q3, < p W = Ï W S 3'1q4 (2c)
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w here

and

1 0 0 0 1 0 0 0
0 1 0 0 0 -1 0 0
3 _2 3 _1 _ 3 2 3 1

’  I2 " I I2 I . =>2 - " I2 I 12 I

2 1 2 1 2 1 2 1
13 I1 > I2 I3 I2 /3 I2.

*(*)= [1, X, x 2, x 3], S(x) =[1. x]

s3-‘=
1 0 
1 \ 
I I

F or the creation o f a m athem atical model of the elem ent let us cut a volume elem ent in 
the distance x, the length of which is dx. This elem ent perform s a general spatial motion 
(Fig. 1). This m otion can be decom posed into an entraining sliding motion given by the 
reference point A  motion, the radius vector of which is

r(x)= [u(r), v(r), w (r)] '

and into a relative spherical m otion at current angle speed or expressed in rotating space 
i n i  has the approxim ate form

4l(x) = [<p(x)+o>0, ft(x)-o0t(x), <Kx)+u0h(x)]7' (3)

Kinetic energy of ro tor elem ent "e" is given by expression

/
f  [T(x)v T(x)v(x) +iZ(x)J(x)ffl(x)] p (x)dx (4)
0

w here A (x )  and p(x) are the cross sectional area and density, respectively. The velocity 
o f the reference point

v(x) = [«(*), v (x ) -o 0vv(x), w (x)+u0v(x)]r
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and the m atrix o f m om ents o f inertia J(x)

J P{x) 0 0

J(x)= 0 J ( x )  - D J x )n'-' nCv 
0 J c(x)

, Jp(x) = J n(x)+i c(x) (6)

w ere in troduced in the expression (4). Potential energy of the ro to r e lem ent is given by 
the known expression

I

£■;= j f & ) D  i(x)A (x)dx (7)

W hen the shear displacem ents are  neglected, the deform ation vector has the form

du(x)
e ,

£.(*) =
dx

dx

(8)

w here longitudinal displacem ent of an arbitrary point of the elem ent, which has 
coordinates x, r|, C is

u(x)= ¡7(x)-rn)j(x)+Ch(x) (9)

T he elasticity matrix has the form

D= E  0 

0 G
( 10)

w here E  and G  a re  Y oung’s modulus and shear modulus, respectively. A  discrete 
m athem atical m odel o f spatial internally undam ped vibration of a  ro to r elem ent we 
derive from  Lagrangian equations in matrix form

BE! 3 E ‘ dEI 
— i + — L= o
5qe dqe

(ID

w here the generalized coordinate (nodal displacem ent) vector o f the dim ension 12  is 
defined by
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Substituting (4) and (7) into ( 1 1 ) and considering all above presented relations, it is 
possible to derive equation of motion of rotor elem ent

M *q'(f) + u 0G eq'(r) + (K | -  )q '(r) = 0

w here the coefficient m atrices have the form: 
— symmetrical mass matrix

M e =

o

0

0 0 s3-ti5s;‘

o S3V ; 10 0

— antisym metrical matrix of gyroscopic effects

0 - s ; T(i1+i2+2g s 2"1 0 o

c*>0G* = c j (
s2Ta 1+i2+2gs(1 0

0 0
0 0

0 0 

0 0 
0 0

— symmetrical static stiffness matrix

s 2-t i ss 2-x

0

0 0

0

0

0 s ; Ti 10s ; 1

S^InS;1

and symmetrical dynamic stiffness matrix

s ^ d j+ g S j '1 Sj^ijS;1 o o

2 ■rr-® 2 s 2T(i2+g s 2'‘ o o

0 0 

0 0

(13)

(14a)

(14b)

(14c)

(14d)
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In p resen ted  m atrices we introduced auxiliary m atrices 

/ i
I t = fjç (x )& H (x)£ !(x )p (x)dx , L,= ¡ £ / <( x ) ^ I ( x ) ^ ! ( x ) p ( x ) d x ,

0 0 
I I

I j=  f j rt(x ) ^ I (x )^ ! (x )p (x )d x ,  Ig= / E J^(x)& !? (x)j^(x )p (x )dx ,
0 0 
I I

I j=  / D n((x)&!I(X)&!(X) p (x )d x ,l9 = fE D tiC(x ) Ś ^ I ( x ) ^ ( x )p (x ) d x ,
0 0
/ /

I4 = fA $ I ( x )$ (x ) p (x )d x ,  I1#= f E A S ^ W V 'W d x ,
0 0
I I

I5 = ¡ A & ) 5 L ( x ) p ( x ) d x ,  I u = /G J p Yll(x)%!_(x)dx

i6= jjf¥i ( x m x ) P(x)dx

3. M A TR IC ES O F  T H E  R O T O R  ELE M E N T  FO R  SPECIAL CASES

In the simplest case o f a  cylindrical ro tor elem ent is D *(x) = 0, J - (x )  = J  A x) =  J, 
Jp (x) =  J p  = 2J and obviously 1^ =  I2, 17 =  Ig and 13 =  19 =  0. C onsequently M e, K |,  
K p  are  the block diagonal matrices. A  linkage betw een £r| plane ££ plane bending 
vibration exist only o f gyroscopic effects.

I the case o f helical com pressor rotors, the helical p art o f ro tor (m acroelem ent) of 
length I is subdivided into N  ro to r elem ents. Each elem ent is defined by cross sectional 
p roduct o f inertia and m om ents o f inertia.

j i  ji
_ , . J r\ . 4nx  n i 4nx  - y - s m — +Z)nCcos—

. . .  ri . 22 n x  n  i . 4nx  .i  22nx  J n(x) = J ( s u r ------+Dt)Csm +7qcosz------

. . .  2 2 jix . 4 n x  .1 . 22nxJ.{x) = J , c o s ----- -D  ,sm ------- + Jns m ------
4 s ' s J

H ere  variables with the subscript o f node "/" correspond to  cross-section on the left edge 
and j  is the lead o f the helix.
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4. M A T H E M A TIC A L  M O D E L  O F T H E  R O T O R

Introducing a generalized displacem ent vector of ro tor nodes

(16)

a m athem atical m odel o f free vibrating ro to r supported by discrete isotropic supports has 
in rotating space the form

w here m atrices o f isolated shaft M, G, Kg, K g  have the band structure. T he matrices 
rep resen t transform ed matrices o f ro tor elem ents TTXT, w here X e {Me, Ge, K g, K g} 
and the transform ational matrix T exchanges only rows and columns of the original 
e lem ent matrices. B g and K g  are damping and stiffness m atrices of supports.

5. CON C LU SIO N

M athem atical ID  FE M  m odel (17) of the non-sym m etrical cross-section rotor 
includes an  influence of gyroscopic effects and inertia. As a result of the non-sym m etrical 
cross-section, the equation of the motion in the matrix form is derived in rotating space. 
T he advantage of modelling in rotating space is that the coefficient m atrices depend on 
the operating  speed only and are time independent.

ID  FE M  m odel can be suitably used for a m odal analysis of coupled ro tors o f the 
helical com pressors and simulation of vibration excited by pressure field and dynamic 
unbalance.
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Streszczenie

P raca pośw ięcona jes t modelowaniu drgań wirnika sprężarki śrubowej, 
charakteryzującego się niesymetrycznym przekrojem  poprzecznym. D uża prędkość 
obrotow a wirnika sprawia, iż w modelowaniu należy wziąć pod uwagę efekty giroskopowe, 
jak  również bezw ładność związaną z ruchem  obrotowym. D o dyskretyzacji zastosowano 
m etodę elem entów  skończonych. Należy zaznaczyć, że przykłady literaturow e ([2, 3, 4]) 
dotyczą jedynie przekrojów  symetrycznych.

W  pracy wyprowadzono równanie (w postaci macierzowej) drgań swobodnych wirnika 
w przestrzeni współrzędnych układu wirującego wraz z wirnikiem. W efekcie przyjęcia 
takiego układu współrzędnych macierze-współczynniki zależą jedynie od prędkości 
w irowania i są niezależne od czasu.

Przedstaw iony m odel nadaje się do analizy modalnej, jak  również do symulacji drgań 
wymuszonych sprężarki.


