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STABILNOSC DYNAMICZNA PRETA CIENKOSCIENNEGO
OBCIAZONEGO MIMOSRODOWO

Streszczenie. W referacie przedstawiono algorytm okre$lania mapy obszaréow
Stabilnosci pretéw, oparty na metodzie réznic skoriczonych. Pokazano przy-
ktadowy wynik dla preta cienkosciennego obcigzonego mimos$rodowo.

THE DYNAMIC STABILITY OF A THIN-WALLED BAR
SUBJECTED TO AN ECCENTRIC LOAD

Summary. A finite-difference based algorithm to determine a stability chart
for bars is presented in the paper. An example result for a thin-walled bar
subjected to an eccentric load is shown.

HHHAMHIIECKASI yCTOHBHBOCTb TOHKOCTEHHOFO CTEPX11SI
I1PH BHEU.EHTPEHHOM JJEHCTBHH HATPyY3KH

Pe3Pne. B8 pab6o're npeitCTaBJien anroptiTM onpenenennfi xapTH
cTOHUHBOCTM CTepxtnen, ocHOBan _ua  Meroxte Koiiemiux pa3Hoc-
eii. lloKa3aH n _erp_l_tUH__E'e3yJ|bTaT Gjiii ToiiKOCTeHiioro CTepxatst
HarpyxteHHoro BireueiiTpeiiHO:

1. INTRODUCTION

The so called technical theory of thin-walled bars of open cross-section has been
proposed in the work [4]. This theory describes dynamics of the bar subjected to the
load shown in Fig. 1by four partial differential equations with variable coefficients. Three
of these equations are coupled (cf. [4, 2, 1]). The uncoupled one defines longitudinal
vibrations and is identical with the vibration equation of a prismatic bar. This equation
is not to be analyzed here.

A general, analytical solution of the above mentioned system of equations is not
known, however, for particular cases of a bar’s geometry, arrangement of the load and
boundary conditions, the system could be substantially simplified. In the extreme case,
the stability investigation leads to an analysis of a system of Mathieu equations (cf. [1, 3]).
If the conditions of the problem don’t allow to uncouple the system and the exciting force
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is given by the formula

P =Pm(1 + asinui) (1)

it is possible to apply an algorithm of finding stability regions of the thin-walled bar,
taking advantage of properties of ordinary differential equations with periodic
coefficients. A disadvantage of such an approach is a call for a decomposition of the
exciting force into harmonics. The transition from the system of PDEs to the system of
ODEs could be done by the Galerkin method (cf. [2, 3]) or applying the finite-difference
method (cf. [9])1 It should be emphasized, that practical examples involved in [2, 3, 9]
concern only the principal region of instability.

A different approach is propounded in the present paper. The direct stability analysis
gives a way to solving equations of dynamics for varying parameters of the load and
judging (according to obtained responses of chosen variables) whether a given point of
the input parameters state, e.g. (Pm, u, a), is an element of the stability region or is not.
Repetition of this operation for changed parameters comes up with a stability chart with
respect to these parameters.

There are a few ways to find approximate solutions of the equations of the
thin-walled bar’s dynamics. A method based on power series is presented in papers [5,
6]. Assumption about displacement functions to be in form of power series though, is
acceptable only for a harmonic load. Such a limitation doesn’t exist in the fi-
nite-difference method. This method was employed in papers [7, 8] to solve an
eigenproblem of a thin-walled bar of variable cross-section. On the other hand, the

1 The paper [9] is not devoted to thin-walled bars, however, the problem touched
there is also described by a system of coupled partial differential equations.
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authors of [9] show an example of a numerically obtained displacement function for the
midpoint of the shaft. Derivatives with respect to time have been approximated by the
predictor-corrector method.

Numerous exemplifications on the subject for statics and dynamics, but first of all the
simple idea of the finite-difference method have persuaded the author to be based on
the method in the present paper as well as in the dissertation [1], The most complicated
case considered in [1] concerns an I-beam subjected to an eccentric load, but it seems
to be admissible to put a hypothesis about effectiveness of the method in the general
case. Much attention was paid to the comparison of results obtained for a bar subjected
to a central load with corresponding analytical ones.

Fig. 2. An I-beam subjected to an eccentric load
Rys. 2. Dwuteownik obcigzony mimosrodowo

2. A BISYMMETRIC THIN-WALLED BAR SUBJECTED TO AN ECCENTRIC
LOAD

The dynamic stability of a thin-walled bar which cross-section has two axes of
symmetry, loaded as shown in Fig. 2 is described by two2 equations (cf. [2, 4, 1])

- eA =0
dx2 r dx2 (2)

2 Disregarding longitudinal vibrations as well as vibrations in direction of z-axis
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where
ri - displacement of the shear centre in direction ofy-axis,
¥ - angle of torsion about x-axis,
F - cross-sectional area,
I=fy2dF, lu=f<>2dF,
10=a/3zV ? (cf. [4]),
«@ - sectorial coordinate,
E - Young’s modulus,
G - shear modulus,
p - density of material,
b - damping coefficient for longitudinal vibration,
bT - damping coefficient for torsional vibration,
r=(ly + Ij/IF +yl+zl,
yD,z D - coordinates of the shear centre.

3. THE FINITE-DIFFERENCE METHOD

Let us decompose the set of equations (2) into a system of first-order equations

v=3
dt
t =1in
dx
M = —
dx
f=M
dx
El— + pF— +bv +PM - ePB =0
zdx dt * 3)
a =
dt
e =N
dx
dx
H=4d
dx

Ela— + pFr2— +bTQ + (Pr2- GIUB - ¢,PM =0
dx dt

As far as derivatives with respect to x are concerned, let us approximate them by central
differences.
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Fig. 3. An example of the displacement function
Rys. 3. Przyktadowy przebieg przemieszczenia

Fig. 4. An example of the. displacement function (loss of stability)
Rys. 4. Przyktadowy przebieg przemieszczenia (utrata stabilnosci)

For example, the angle of deflection could be approximated as follows3

9l = - i) )

where h is the length of the segment (k, k+1).
As for derivatives with respect to time we’ll use the implicit method (the
Crank-Nicholson method, cf. [10]).

3 The superscript depicts a point along the bar, the subscript —a moment of time.
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Thus for the first of equations (3) we have

B [ (A VAN |
T 2

where r depicts the time step length.

Fig. 5. A stability chart with respect to o> and a
Rys. 5 Mapa stabilnosci ze wzgledu na o i a
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As the effect of the above described approximation, instead of the system (3) we get
a system of linear, algebraic equations. After having presumed boundary conditions in the
form

Vrj? =unr =0 (N = max(&))

V < = <pf =0

' (6)
VM1=M*=0

1
VB. =BN=0
1

as well as non-trivial initial conditions (v * 0, fl * 0) and after having substituted
numerical values of geometric and material constants, solving the system step by step, we
come into possession of output functions of desirable variables.

Examples of these functions are shown in Fig. 3 and Fig. 4. Being based on such
output graphs4 we decide about stability (or about lack of stability).

Changing some parameters and repeating the reported procedure, it is possible to
generate a stability chart with respect to these parameters.

A stability chart with respect to to and a, in the case when the exciting force is given
by the formula (1) is shown in Fig. 5. The thick line depicts the border between the
stability region and the instability region for a bar subjected to an eccentric load. The thin
line is the border in the case of a central load. The influence of the shift of the force
application point on stability is clearly visible.
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Streszczenie

Dynamika preta cienko$ciennego o profilu otwartym w ogélnym przypadku opisana
jest przez uktad czterech réwnan rézniczkowych czastkowych, z ktérych trzy sg ze sobg
sprzezone. W przypadku gdy przekrdj poprzeczny rozpatrywanego preta cienkosciennego
posiada dwie osie symetrii, a sita osiowa nie jest przytozona centralnie, to drgania
gietno-skretne opisane sg uktadem dwu réwnan sprzezonych (2). W odniesieniu do preta
o wymiarach takich jak zatozono w niniejszej pracy, rownania te okre$lajg mozliwos$¢
wystgpienia wyboczenia. W pracach [2, 3, 9] podany jest algorytm okre$lania mapy
obszaréw stabilno$ci, wykorzystujagcy wiasnosci rownan rézniczkowych o okresowych
wspotczynnikach. W niniejszej pracy przedstawiona jest odmienna metoda badania
stabilnosci. Opiera sie ona na rozwigzywaniu ukfadu réwnan (2) metoda réznic
skonczonych. Otrzymuje sie wtedy wykresy przebiegéw wybranych zmiennych, na przyktad
przemieszczenia $rodka $cinania przekroju lezagcego w potlowie dilugosci preta.
Przyktadowe przebiegi pokazane sg na rys. 3 oraz 4. Powtarzajac obliczenia dla r6znych
wielko$ci parametréw, mozna utworzy¢ mape obszaréw stabilnosci ze wzgledu na te
parametry. Na rys. 5 pokazana jest mapa stabilnosci ze wzgledu na parametry sity
wymuszajacej (poréwnaj réwnanie (1)) & i a- Na rysunku tym mozna zauwazy¢ wplyw
przesuniecia punktu przytozenia sity na stabilnos¢.



