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STAN N A PR Ę Ż E Ń  G RU B O ŚC IEN N Y C H  E LEM EN TÓ W  STO ŻK O W Y CH

Streszczenie. R ozpatruje się pewne podejście do rozwiązania zadań o stanie 
naprężeń  w stożkowych elem entach konstrukcji, formowanych na drodze zbrojenia przez 
nawinięcie. M etoda jest oparta  na racjonalnym połączeniu równań teorii sprężystości 
niejednorodnego ciała anizotropowego, przekształcenia analitycznego i na m etodach analizy 
numerycznej. Rozpatryw ana jest postać anizotropii, gdy m ateriał ma jedną płaszczyznę 
symetrii sprężystej, prostopadłą do powierzchni stożka. Obliczenia pozwoliły ujawnić efekty, 
uw arunkow ane niejednorodnością i anizotropią m ateriału,rodzajam i zbrojenia i obciążeń.

STR ESSED  STA TE O F  THICK-W ALLED LAM INA TED  C O N IC  ELEM EN TS

Summary. An approach is presented  to  solution of problem s of stressed state of 
anisotropic hollow conic elem ents with one plane of elastic symmetry fabricated by winding. 
Constitutive relations in this approach are equations of three-dim ensional problem  of 
elasticity theory. By m eans of various analytic al transform ations three-dim ensional problem  
is accurately reduced to one dimensional problem  which is solved by stable numerical 
m ethod. C om putations allowed to find effects preconditioned of non-hom ogeneity and 
anisotropy of elastic properties of materials and types o f applied loads.

HAIIPSDKEHHOE COCTOHHE TOJICTOCTEHHblX 
CJIOHCTHX KOHHyECKHX 3JIEMEHT0B

PeaioMe. IIpHBOZtHTCH no,axo¿t k peineiimo aaziau o nanpfDKeiiHOM cacTOfiHHH 
aHH30Tp0nHHX n o r a x  K0HHU3CKHX 33IPMGMTOB, 06pa30BaHHHX ItyTeM
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a p M H p o B a H H H .  IToitxoit k pemeHHio 6a3HpyeTCH Ha ypaBtieiiHsix T e o p H H  ynpyrocTH 
HeoaHopoiiHoro a H H 3 0 T p o n n o r o  Tetia, anatiHTHHecKHX n p e o 6 p a 3 0 B a H H X  
H MGTOitaX UHCtieHHOrO aHatIH3a. IIpH 3 T 0 M  paCCMaTpHBaeTCH bh a  aHH30TportHH, 
Korita M a T e p H a z  h m o o t  b KaKaoft to u k o  Tena oitny ntiocKocTb ynpyrofi
cHMMeTpHH,nepneHitHKyiiHpHyK)o6pml3y]oiii>HMnoBepxHOiJ1THKOHyca.npoBeiteHHHe 
HCCneitOBaHHH n03B0nH:iH BliftBHTb 3$$eKTH, o6ycpo6tieHHHe HeOitHOHOitHOCTbD 
h  aHH30TporiHefi yn p y r n x  c b o K c t b  MaTepnatia, b h .m m h  HarpyKeitHft.

1. IN T R O D U C TIO N

W hen determ ining stress level and deformability of conical structural elem ents of 

com posite m aterials allowance should be m ade for their characteristics, as for example, 

anisotropy and non-hom ogeneity of mechanical param eters, the m anner o f layers 

conjugation, types of loading, etc. Among the available m ethods of solving the problem s we 

should distinguish those on deform ation of elem ents o f anisotropic m aterials having one 

plane of elastic symmetry. O f practical significance is the fact that the solution obtained for 

those problem s can be  used for the calculation of hollow conical structural elem ents o f an 

anisotropic m aterials when the main directions o f elasticity do not coincide with those of 

coordinates. This takes place for structural elem ents m ade by winding. F o r thick- walled 

conical elem ents it is im portant to find a rational schem e of reinforcem ent. O ne can 

purposefully influence the strength and stiffness of structure changing the schem e of 

reinforcem ent by angular and radial coordinates. O n the basis of the developed approach 

to  the determ ination  of the stress-strain state of anisotropic cone, the au thor studies the 

influence of reinforcem ents angle on the stress level and deformability o f a  specific conical 

structural.

2. IN V ESTIG A TIO N  O F  T H E  IN FLU EN C E O F T H E  W IN DING  A N G L E  ON T H E  

STRESS-STRA IN  O F  A H O LLO W  LAM IN A TED  C O N E

2.1. A calculation model for anisotropic cones

A  m odel for stress-strain state calculation an anisotropic infinite multilayered cone is 

proposed. B ounding surfaces and surfaces of the conjugation layers are  coaxial conical
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having a single vertex. T he author studies the influence of the winding angle on stress and 

displacem ents through the thickness of lam inated anisotropic cones in the context of 

a three-dim ensional problem  of the elasticity theory. The cone is assigned to  spherical 

coordinate system <p, r, 0 w hereas the solution is sought in the area <pe[(p0 ,<pn], re[0,27r], 

w here <pQ, <pn are  conical bounding surfaces. Consider the case when in each point of the 

given layer o f non-hom ogeneous cone there is one plane of elastic symmetry perpendicular 

to the conical surface generating lines.

L et us represen t the equations of the generalized H ookers law for the i-oh layer as [1]

e ‘ = B ‘a ‘ + /', e ‘ = {e ,̂ ee‘, e ‘ , e/„, e ^ , e ^ ) ;

B i = \K (if)\\, b/t  = bi1 = (.k,l= 1 , 2 ......6),

b*s = bm6 = b5„ = 6m = 0 (m  = 1 , 2 ,3 ,4 ) ;

V 1 = <«V ° ‘r> °8. < >  u ,  Sab T  - < «¿T1, a'r, a %  a^T, a^T, a ' ^ T ) .

H ere  e ^ 1, eg1 ,..., e^G 1 - are the strain tensor components, c t^1, a g 1  t ^ q 1 - are the

stress tensor com ponents. Elastic constants b ^ 1, coefficients of linear therm al expansion a ^ 1, 

ag1, ar* in the direction cp, 0, r,coefficients of tem perature shift a *, arg‘, a^g1 are the 

functions of the coordinate <p, this makes it possible to take into account arbitrary variation 

of m aterial properties,through the cone thickness.

R elations (1) also hold for an ortho tropic cone whose main directions of elasticity are 

turned  around the norm al to the surface r =  const by the angle J3. In this case elastic 

constants b ^ 1 a re  defined from corresponding characteristics of an anisotropic m aterial by 

equations [1],

i* 1 I i+1 i _ i+l
%  ’

T = Trip "rip > <̂p0 — <̂p0

i i+l i i* 1
^ ip » ur = u r , Uq = U q .

Two models o f conjugation layers into a single packet are considered. In most cases 

there  is a rigid contact when the cone layers are deform ed without slipping and tearing.
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In many cases those conditions may be violated and desalination zones may appear. 

When friction forces are small not taken into account it is possible to formulate a model for 

the ideal slippage o f layers in those zones

i  i+1 I i+1 i i+1 n  
0 <P “ av ’ ~ T"P -  _ -  ^2^

t ¡»1 i ¡*1 i . ¡*1
= %  , u, * ur . “a * “e ■

On conic bounding surfaces the loads applied are given by polynomial laws

o ' ( < p p, r, e )  = r"-l a pv ( Vp), (<p^ r, e) = r n' lxfv (<pp\

<e(«P^ »•. 0 ) = ^ ‘ < e ( ‘pp  (P = 0, N; n =1, 2, ...)

Take into consideration the equations of equilibrium, the expressions for deformation 

by displacements, the Hook law for non-homogeneity anisotropy body the resolving system 

of differential equations for definite o f stressed state of laminated hollow cones is received. 

The resolving functions are taking as basis with the help of which we can formulate the 

conditions on limiting surfaces <p=<p0, <P =  <Pn ar>d surfaces o f conjugation o f layers (2-4). 

Making a series transformation a system of resolving equations in partial derivatives for i-oh 

cone layer is obtained

^  = £ c x , + * '  c ‘ = i c > p ) i ,
m-1

(5)
— j / l l  I I I l\  —i / I I l\
O '  =  i O v , T r v ,  X v 6 , Uv , U „  Uq }, g '  =  ( g „  g 2 , . . . ,  g 6 i,

- i  - i - i  do '  - t  d a 1 - i  - i  c P o *  - i  cPo'O 1 — 0 ,Oo — — , Oi = --- 1 O 1 — — — -, Or — ----y Or —-----
1 2 dr 3 dd 4 drdd 5 dr2 dd2

( <PJ_1 s i p s  i = 1, 2,..., N; p ,  q, m  = 1, 2,..., 6)

The vector components g1 are defined by the temperature field and depend on the 

properties o f the layers material as well.

By representing the unknown functions and acting loads as expansion in terms of 

orthogonal trigonometric functions, on separating the variable in (5) we get a system of 

ordinary differential equations for each layer i and the magnitude of the harmonic number
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for the case of axially symmetric deformation

—  = i4(cp)o + / ,  a = { a v, xr<p, uv, ur, ue },
do
A ,*  w /  '  • "  ~  T « '  (O' " r *  " V  • 'd(f) y (6)

7-  </,. /2,.., /4}. ¿(<p) = |a„(«p)l, P, 9 = 1, 2  6

Here nonzero elements of matrix A  and vector f take the form [2],

The boundary problem described by a system of differential equations (6 ) is solved by 

a stable numerical method that makes it possible to solve one-dimensional boundary 

problems with a feasible range of accuracy.

2.2. Calculation of the stressed state of a laminated hollow cone

The above approach to handling a problem in three- dimensional formulation is used 

to study the influence of change in the winding angle through thickness on the stress level 

and deformability o f a conical element made o f material with elastic constants E (() = 1.63Eq, 
E 0=1.6Eq, E (p=20.1E o , v (p0 =O.543, v r(p=0.324, v0r=O.O24, G (pr= G (p0=O.O878Eo.

A  hollow cone is subjected to axially symmetric pressure CT=a0rn applied to the surface 

<P =  <Pq=tt/18.

Consideration is being given to single-, two-, three-, five- layers cones whose layers are 

reinforced with Fibers at equal and opposite angles with the axis r, i. e. the main elasticity 

directions are turned relative to the coordinate lines <p and 0 by the angle B in layer 1, 3, 

5 and by the angle -B in layers 2 and 4.

The calculations were performed with the following initial data n il  <<pN <nl4, B0 =rr/12, 

Bjq=7r/6 , ;r/4, tt/3, 5ir/12, n/2; n=2, 7.

Figure 1 gives the distribution of stress in the vicinity of conjugation surfaces of the first 

and second layers (by solid lines) and on the surface of applied loads (by one-dashed lines) 

of five layers cone for various values of parameters B, which characterizes the variability of 

winding. As evident from the solution as the thickness cpN and the angle B increase so does 

the contribution of stress and displacements induced by the material anisotro*^ whereas for 

winding angles considered above this is due to the discrepancy between the main directions 

of elasticity and the directions of coordinate lines. When the angle B is close to zero and nil
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the influence of Ug, r rg, r ^ g  on other 

factors of the strain-stress state is 

insignificant. A  change in the angle J1 

through the thickness o f the cone may lead 

to of stress qualitatively different 

distribution of the stress-strain state.

The investigation performed revealed 

that when determining the stress-strain 

state in cones of advanced materials 

account must be taken of specific features 

due to material non-homogeneity and 

anisotropy.
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Streszczenie

Motywacją techniczną do opracowania metod rozwiązania problemów deformacji 

elementów wykonanych z materiałów anizotropowych o jednej płaszczyźnie symetrii 

sprężystej jest potrzeba dokonywania obliczeń konstrukcyjnych elementów wytworzonych z 

materiałów ortotropowych metodą nawijania.

Fig.l. Distribution of stress 
Rys.l. Rozkład naprężeń
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W przypadku grubościennych elementów stożkowych ważnym zagadnieniem jest 

znalezienie racjonalnego schematu zbrojenia. Sterując tym schematem w kierunku 

promieniowym i obwodowym można wpływać na wytrzymałość i sztywność konstrukcji. 

Zaproponowana metoda rozwiązywania zagadnień dotyczących stanu naprężeniowo-odkształ- 

ceniowego elementów stożkowych wykonanych z materiału, który w każdym punkcie posiada 

jedną płaszczyznę symetrii sprężystej prostopadłą do powierzchni stożka, może służyć jako 

podstawa badań wpływu kąta zbrojenia na naprężenia i odkształcenia.


