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SPECTRAL TUNING OF MECHANICAL SYSTEMS

Summary. Spectral tuning of linear conservative mechanical systems
containing N subsystems by modal synthesis method is presented.

STROJENIE WIDMOWE SYSTEMOW MECHANICZNYCH

Streszczenie. Przedstawiono strojenie widmowe liniowych zachowaw-
czych systeméw mechanicznych zawierajacych N podsysteméw za pomoca
metody syntezy modalnej .

CIHIEKTPAJIbHAH HACTPOFIKA MEXAHHHECKHX CHCTEM

Pe3K>Me. B CTaTte npMBOHHTCH MeTOn cneKTpaJibHoii HacTpoKKH
JIHHeHHbIX KOHCepBaTHBHbIX MeXaHKH eCKMX CHCTeM COCTaBJieHHbIX H3
H cy6cHCTeM. PemeHMe «cnohb3yeT MeTOna MOflaldibHoro cmhte3a.

1. INTRODUCTION

First possible step for improvement of the dynamic properties of the
stationary polyharmonic (periodic, harmonic ) or parametric excited
mechanical systems is elimination of resonances by suitable tuning of the
conservative part of their mathematical models (1.

We consider a mechanical system containing N subsystems bounded by
elastic discrete couplings. The free undamped vibration of dismembered
subsystem "k in the neighbourhood of an assumed stable equilibrium position
(for 0 ) is described in the Tfirst approximation and after

discretization by linear conservative mathematical model in matrix form

Woogk(t) W gk(t) = fk(t)> k = 152 -N- (1)

Mass and stiffness real time iIndependent matrices M, of the uncoupled

subsystems are symmetric oforder arepositive definite and positive
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J

definite or seraidefinite. They depend on the vector PkeR of the chosen
design variables (tuning parameters ) of the corresponding subsystem "K'
The generalized coordinate vector Ct) expresses node displacements of the
subsystem '"K'. The internal force effect of the other subsystems is
described by vector *(t).

Configuration of the whole system 1is described by the generalized

N

coordinate vector q(t) (q ()] of dimension n=£ n . The influence
k=1

of the elastic couplings between subsystems is expressed in a mathematical

model of system by real stiffness coupling matrix KC of order n. This matrix
satisfys the condition

3EQ©
fi(® =-Tj!l. -Kc.aqm®. @

where fl(t) = (f&(t)] e Rn is internal coupling force vector of the whol
system and E(C) is potential energyof the couplings undergouing to the free
vibration.
The linear conservative part of the mathematical model of the mechanical
system in the form (1) can be written as
Mg ® + K+K )q@® =0, (©)

where M = diag (Mk)’ K = diag (Kk) are block - diagonalmatrices of order
N

n=Yn .
k=1 K

2. SPECTRAL TUNING METHOD

Spectral tuning of the linear conservative mathematical model A is
understood as a vector calculation p = [p] 6 Rs of tuning parameters p

which in the feasible domain
pLsp <puU j=1,2, ... s
minimizes the objective function

X))
iMp) = E vw U xj- 1.
v n
Vv
where v € {1, 2, m>, m < n are required natural frequencies. Actual
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natural frequencies ~(p) depend on vector of the tuning parameters chosen

on the basis of dynamic sensitivity analysis

a ﬂ2 3(K +K ) aM
vy,- ©)
3p. 3r, v
Eigenvectors in () satisfy the normality conditions v Mv = 1

A proceeding approximation method [Z] was applied for tuning. This method

is based on the linear approximation of the dependence 1 (p)

1(P)=1(p )+L( I(-P,). é>

where 1(p) = in*()] e Rl is the tuning vectorcorresponding to topical
tuning parameters and

a trtp)
L(p) =JLHzL v eR D
ap 3p.
is the tuning matrix.
Let 1 = [¥] e R be the vector of squares of required natural

frequencies. Iterative formula of the tuning corresponding to dependence @)

has in the r-th iteration form

1=1(pr) L+E d(p-p ).r0,1.2 ... é)
From @) we get the vector of new tuning parameters in the r-th iteration
p=p+L+@EI)>R-1®)].r=0 1,2 ... ®
where
QT L)'1LT for 1> s
L =<L for | = s

LT L7)']l for 1 <s.

IT all the tuning parameters represent design parameters of subsystem L €
{1, 2, .... N}, the components of the tuning matrix defined in (5) can be
rewritten into the form

T d¥
a Pj - ulw f(a =" A L (10)

where M , K are mass and stiffness matrices of the uncoupled subystem
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L. The subvectors ~ of the mode shapes correspond to generalized
coordinates of the tuned subsystem L.
IT the tuning parameters are coupling parameters between subsystems,
the formula (10) has the form
ang ¢ oakg

a-jr= aPj vu’ (11)

3. ALGORITHM OF THE TUNING USING THE MODAL SYNTHESIS METHOD
AND REDUCED MODEL

Spectral and modal V matrices of the isolated subsystems satisfy the

orthonormality conditions

V;(I' Mka: 1 ” VI'(I'Kka:A o k =1,2, ...N , @)
where Ik are unit matrices of order n, -

Let matrices and A™be decomposed iInto submatrices assigned to master
mode shapes (index m) at number m®, to slave mode shapes (index s) at number
s and to other mode shapes ( index o )

Vo = VAL A Z S

k okA 1 @3

Thegeneralized coordinate vectors c&(t) of each subsystem can be

transformed by modal submatrices of the isolated subsystems into the form
a, ® = "Vm>k< g(t) + S/ksx ®, k=1 2,...,N (¢7))
Slavemodal coordinates can be approximated by theformula
sx, (O ~ SAklsva kfl ()
and after their elimination in (14) we get the reduced conservative matche-

matical model of order m =
k

m™(t) + [mA+VKL(
d

n><< =z

mk<< n in the form [3]
1

R Kcrl V] k) =0, as)

1
where mx(t) = [mx k(t)],mA = diag(mA Q,"\/ = diag(V ? and

SH = diag(sv, v kl VD)
is so called residual flexibility matrix [4] of the system and In is unit

matrix of order n.

By means of QL or Jacobi algorithm we can calculate natural frequencies
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and eigenvectors ‘X, v = 1, 2, m of the reduced model (15).
Frequencies represent approximately n natural frequencies of the whole

system. Eigenvectors “x” have to be transformed by the formula [3]

vy = (@ + SHK -1 v omxy v=l,2,...m. (16)

Natural frequencies and eigenvectors calculated from the reduced

model (15) are used for the spectral tuning (9)-
Algorithm of the tuning using the reduced model has form:

1. Assemblage of the mass and stiffness matrices Mip), Ki(p) of the iso-
lated subsystems for p = po(start) and k = 1,2, ..,N.

2. Calculation of spectral and modal matrices Ak (po), Vk (po) of the isolated
subsystems for k = 1, 2, .., N

3. Decomposition of modal and spectral matrices A™p ) and VvkP ) anE*
assemblage of the matrices mA(po ). ”\/(p0 D). sH(po )-

4. Creation of the compressed coupling matrix K e Rc,c, c « n, by letting
out of null lines and columns of K and assemblageof the Bool’s matrix
B satisfying the condition KC = BT KC B .

5. Application of the Householder identity for the matrix inversion

A +SHKY*=1-SHBTA+K BedbV k B
n C n C C (o4

6 . Construction of the reduced mathematical model (15) of order m, m << n
and calculation of its natural frequencies eigenvectors x™ and
transformation of eigenvectors x iInto v~ according to (16).

7. Calculation of the tuning matrix L(pO)_

8. calculation of the vector of new tuning parameters

p=p, +L+@) Il - 1(, - N

9. Setting P, =Ps assemblage of the refc mass ML(p) and stiffness KL ®
matrices of theisolated subsystem L and go back to the step 2 fork = L.
This method enables to perform an optimal choiceof design parameters for

a given project of tuning from the dynamical sensitivity point of view. The

modal synthesis method enables to gain substantial reduction of number of

degrees of fredom of compound mechanical systems and to realize their
spectral tuning at the PC computers. The described method was used

successfully for tuning of shaft systems with spur gears [5].
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Streszczenie

Artykut przedstawia orginalng metode strojenia widmowego wybranych
parametréw konstrukcyjnych liniowych zachowawczych systeméw mechanicznych
zawierajacych N podsysteméw. Metoda wykorzystuje postepujace przyblizenia
liniowe zaleznosci wektorowe zestrajania od wektora parametrow
konstrukcyjnych zestrajania. Parametry konstrukcyjne dla danego zagadnienia
zestrajania sa wybierane z punktu widzenia wrazliwosci dynamicznej.

Przedstawiona metoda opiera sie na dominantach tak zwanych ksztattéw try-
bu wzorcowego (podstawowego) podsysteméw niesprzezonych.

Wpdyw sprzezen sprezystych pomiedzy podsystemami jest wyrazany macierzg
sprzezenia sztywnosci .

Stosowany jest matematyczny model zachowawczy z mniejsza iloscig stopni
swobody dla zestrajania.

Metoda zestrajania widmowego zostala zastosowana do zestrajania systeméw
watu z przektadniami zebatymi czotowymi.



