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ZWIAZKI ROZNICZKOWE | CALKOWE W LEPKOSPREZYSTOSCI

Streszczenie. W pracy rozpatruje sie rézne struktury rézniczkowych réwnan
zwyczajnych ze wspoétczynnikami zmiennymi, ktére zostaty wyrowadzone na
podstawie modeli Teologicznych ciat lepkosprezystych. Dla przedstawienia
odpowiednich wyrazéw catkowych wprowadzono specjalne funkcje rozwigzujace.
Badano struktury zwigzkéw rézniczkowych i catkowych oraz pokazano, ze metody
Teologiczne moga by¢ pozyteczne dla racjonalnych rozwigzan rézniczkowych
réwnanh zwyczajnych.

DIFFERENTIAL AND INTEGRAL RELATIONS IN VISCOELASTICITY

Summary. The paper is concenred with various structures of ordinary
differential equations with variable coefficients which are derived on the basis of
Theological models for viscoelastic bodies. For the formulations of corresponding
integrals, the special resolving functions are introduced. The analytical structures
of the compled differential and integral relations are investigated in detail. It is
shown that the Theological procedures may contribute to the rational solutions of
ordinary differential equations.

DIFFERENTIAL - UND INTEGRAL - BEZIEHUNGEN
IN DER VISKOELASTIZITAL

Zusammenfassung. In der Arbeit werden verschiedene Strukturen der
gemeinen Differentialgleichungen mitverdnderlichen Koeffizienten, die auf Grund
der Theologischen Modelle von viskoelastischen Kdrpern abgeleitet wurden,
erdrtet. Um die entsprechenden Integralausdriicke zu formulieren, hat man
spezielle Lésungfunktionen eingeleitet. Man hat die Strukturen von Differential -
und - Integral - Beziehungen untersucht und aufgezeigt, daB Theologische
Methoden fur rationale Losungen der gemeinen Differentialgleichungen
verwendbar sein konnen.
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1. INTRODUCTORY CONSIDERATIONS

The paper contains some results of the search for analogies between the rheological
and mathematical structures. It can be shown that every differential equation can be
represented by a rheological model. Various configurations of the ordinary differential
equations and their integrals are derived on the basis of viscoelastic relations and
rheological models. For instance, the strain e of a viscoelastic body represented by the
rheological model with one isolated Hookean elastic element and three Kelvin - Voigt
viscoelastic groups connected in series and each consistinng of the elastic and viscous
element connected in parallel depends on the time - varying stress a(t) in the following
manner

f dt(.s)ds
") (1.1)
dz +Ck

where ak(t)=EKk(t)/A.k(t) are the reciprocal times of retardation defined by the ratios of
moduli of elasticity Ek(t) and coefficients of viscosity Ak(t).

Eliminating the constans oof integration Ck by successive multiplication by the
exponential functions and differentiation of Eq.(l) yields the third - order differential
equation:

t'" + (otj +a2+a3)t" +(cija2+ctja3+a2a3+2al\+a2)e'+

where the time - varying function f(t) depends on the stress, its time derivatives, moduli
of elasticity, coefficients of viscosity and their time derivatives.

The actual solution of differential equation (1.2) can consist in determining the
functions ak and substituting them into Eq.(l.I). As can be seen, the order of differential
equation to be solved is then reduced.

From Eq.(1.2), the author has obtained the following alternative expression for the
strain and simultaneously the solution of this non - homogeneous ordinary differential
equation
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The proof of the foregoing solution can be carried out by multiplying it by the exponential
functions and differentiating it, successively.

Therefore, both expressions (1.1) and (1.3) can be taken for the solutions of the
differential equation (1.2). The solution of the n-th order ordinary differential equation
is then expressed either by the sum of n simple integrals or by the n-t'old integral.

2. GENERAL FORM OF DIFFERENTIAL EQUATIONS AND RELATED
INTEGRALS

The exponential functions in te foregoing introductory considerations can be replaced
by the general integrable functions. The author has called them the resolving functions
or briefly the R - functions.

In this manner, a more general integral representation is expressed by
/ + 3 . (2.1)
/C:B)R?(X?:)dx?: C +C2 (+Ci

where Rk(t) are the general continuous integrable functions with continuous derivatives.
Eliminating the integrals and constants of integration, we obtain the corresponding

differential equation:

RL R 1\ /
2 r[ 2
R\ *2 .3 Ul (2.2)
a
r'XK + < 'Ri r[
e =/(0 [
R*R) 3w

As can be seen, the deriveratives of R - functions in the foregoing equation are

logarithmic ones so that we can write:
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diniij d\nRz dInRj d2\nRx d2InR2
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dt dt dt dt dt dt

(2.3)

d]nRx dkiR™ dInRj  d2InR] dInRj d dInRt dInl? d3InR, I
c =/(r) .
dr dr dt dt2 dt dt . dr dt dr3
The differential and integral relations can be formulated in an alternative manner.
Introducing other resolving functions Sk(t), the integral relation may be expressed in the

following form

i 'r dt2
1 ¢ dTi . / +C *C. C (2.4)
Vr) I w
Eliminating again the integrals and constants of integration yields:

si (s™y (5,525,y
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3. SECONND-ORDER DIFFERENTIAL EQUATION WITH VARIOUS
R-FUNCTIONS

Starting from the integral relation:

1 JrKi(Ti d

t. if{tJR 1{t2)dz1+Cl *C, (3.1)
*1(0 {~(T))
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we obtain second - order differential equation:

g {r[ R"Y 4 ‘+ R'X
e + — s + £ =m
< + *1*2.
Introducing into the foregoing equation the functions:
= Agsinaf , RA = kAsmbt ,

we obtain the differential equation with trigonometric coefficients:

t." + (acosai +bcosbt)e' abcotatcotbt -

The related integral is expressed by

¥sinat, . .
ij o dxx j /(t2)sinbxldx2 + C2
oMb 0

Introducing the resolving functions:

yields the differential equation:

P — (m+n)e’ +—(mn +n)e =/(t)
t t2
The corresponding integral has the following form

e:tlmfzjrdt‘ J
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32)

(3.3)

34

(35)

(36)
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(38)

Proceeding in this manner and choosing various R - functions, we can obtain a very
extensive set of differential relations with coupled integrals which represent a useful clue
for the solutions of non - homogeneous ordinary differential equations with variable

coefficients.
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Streszczenie

Przedmiotem pracy sa niektére wyniki badan analogii pomiedzy strukturami
reologicznymi i matematycznymi. Mozna wykaza¢, ze kazde rdwnanie rézniczkowe
zwyczajne moze by¢ przedstawione przez model reologiczny ciata lepkosprezystego, ktére
sie sktada z elementéw sprezystych i lepkich. Rzad takiego réwnania odpowiada liczbie
elementéw lepkich. Niektére réwnania rézniczkowe sa przedstawione przez modele
zawierajace elementy z charakterystykami urojonymi albo zespolonymi. W pracy
umieszczono rézniczkowe réwnania zwyczajne ze wspoétczynikami zmiennymi i
odpowiednie catki wielokrotne ze statymi catkowania, ktére otrzymuje sie na podstawie
modeli reologicznych. Réwnania rézniczkowe i odpowiednie wyrazy catkowe zwigzane sg
za pomocg specjalnych funkcji rozwigzujgcych. Wybierajac rézne funkcje rozwigzujace,
mozemy otrzymac szeroki zbidr rézniczkowych réwnan zwyczajnych wraz z ich catkami.
Taki zbiér moze doprowadzi¢ do wielu racjonalnych rozwigzan rézniczkowych réwnan
zwyczajnych.



