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T H E  A R T IF IC IA L  H E A T  S O U R C E  M E T H O D  IN  N U M E R IC A L  M O D E L L IN G  
O F  N O N - L IN E A R  C O N D U C T IO N  P R O B L E M S

S u m m a ry . In  th e  p ap e r a  ce rta in  a lg o rith m  w h ich  ca n  be c a lle d  the a r t if ic ia l heat 
so u rce  m ethod  is  p resen ted . P ro p o sed  ap p ro ach  is u se fu l in  the ca se  o f  n o n - lin e a r 
and non-steady h ea t co n d u ctio n  p rob lem s.

M E T O D A  S Z T U C Z N E G O  Ź R Ó D Ł A  C IE P Ł A  W  M O D E L O W A N IU  
N U M E R Y C Z N Y M  N IE L IN IO W Y C H  Z A D A Ń  P R Z E W O D N IC T W A

S tre s z c z e n ie . W  p ra cy  p rzed staw io n o  p ew ien  a lg o ry tm , k tó ry  n azw an o  m etod a 
sz tuczneg o  ź ró d ła  c ie p ła . M e to d a  m oże b yć  w yk o rz ys tan a  d o  n u m eryczn eg o  
m o d e lo w a n ia  n ie lin io w y c h  i  n ie s ta c jo n a rn ych  zag ad n ień  p rz e w o d n ic tw a  c ie p ln e g o .

MET0Í1 MCKyCCTBEHHOFO HCTCEiHHKA TEÍ1JIA B WOEHHOM 
MOflEJlMPOBAHBM HKJ1MHEMHUX Í1P0BEEM0B TEIlJlOnPOBOflHOCTH

Pe^joM g.. U p en cT a B JieH U  o ch o b íj an ro p uT M a KO Topuii H a3BaH  
M eronoM  H cK ycT B e H H o ro  h c to u h h K a  T e n n a . 3 to t  M eTon M o*eT  
6 i j t i i  r i p n M 0 H B H  K  u H C J i e m i O M y  M o z t e j i H p o B a H H n  H e n H H e f í H u x  3 a n a n  

T e iu io n p o B o n n o cT H .

1. G O V E R N IN G  E Q U A T IO N S

A  hom og enous d o m a in  D  lim ite d  b y  b ou n d ary  T  is co n s id e red . T h e  h ea t co n d u ctio n  
p ro cess in  th is  a re a  is  d escrib ed  b y  the fo llo w in g  en e rg y  e q u atio n

c ( T ) p ( T ) d T ( * '  *)■ = d iv [A ( r ) g r a d T (X ,  r ) ]  
ot

(1)

and b o u n d a ry - in itia l co n d itio n s  o f  the fo rm  (F ig u re  1)
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X e l \  : T ( X ,  t )  = 7 \ (X , t )

X e r 2 : - A n g r a d T X X , i )  = q n( X ,  t )

X e r 3 : - A .n - g r a d r (X , i )  = a  [ T ( X ,  r )  -  T „ ]

t  = 0  : 7 ( X ,  0 )  = T0( X )

w h e re  c , p , X  a re  th e  th e rm o p h ys ica l p aram eters (s p e c ific  h ea t, m ass d e n s ity , therm al 
c o n d u c tiv ity ), T ,  X ,  t d en o te  a  tem p era tu re , sp a tia l co-ord inates and tim e , n g r a d f  is  a  no rm al 
d e r iv a tiv e  a t b o u n d a ry  p o in t X , q n is  a  g iv e n  heat flu x , a ,  T „  are  the  h ea t tra n s fe r c o e ffic ie n t 
an d  am b ien t tem p e ra tu re , T t, T 0 a re  the  b o u n d ary  and in it ia l tem p era tu res.

T h e  b a s ic  m a th e m a tica l m o d e l ca n  be 
re b u ilt b y  the  in tro d u c tio n  o f so -called  
K ir c h h o f f  s te m p e ra tu re , it  m eans

T

U ( T )  = f X ( t i )  d p  (3 ) 
r,

w h e re  T r is  an  a rb itra ry  assum ed  re fe re n ce  
le v e l.

T h e  K ir c h h o f f  s tra n s fo rm a tio n  lin e a riz e s  
th e  rig h t-h an d  sid e  o f  en e rg y  e q u a tio n  (1 ), 
n a m e ly

d iv [X (r )g T a d r (X , f)]

T h e  le ft-h an d  s id e  o f  e q u a tio n  (1 ) ca n  be tran sfo rm ed  b y  in tro d u c in g  to  the  co n s id e ra tio n s  the 
p h y s ic a l e n th a lp y  re la te d  to  an  u n it o f  vo lu m e

T

H ( T )  = J c ( p ) p ( p )d p  (5 )

r,

B e ca u se  H  an d  U  a re  the fu n c tio n s  o f  tem p era tu re  an d  th e re  a re  m o n o to n e  o nes so , it  is 
p o ss ib le  to  co n s tru c t th e  fu n c tio n  / / = $ (£ / ) — co m p . F ig u re s  2 , 3 , 4 . A d d itio n a lly

d H ( X ,  t )  _  d H ( U )  3 t / (X , t )  = , V ) d U ( X ,  t )  = T ( t / ) 8 t / (X ,  t )  (6 )

d t  d  U  d t  d t  d t

T h e  fin a l fo rm  o f co n s id e re d  d iffe re n tia l e q u atio n  is  the fo llo w in g

F ig  1. C o n s id e red  d o m a in  D  

R y s . 1. R o z w a ż a n y  o b szar D

= d iv [g r a d i/ (X ,  r ) ]  (4 )

W ( u ) d U ( X j I  = t )} (7)
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A  co u rse  o f  d e r iv a tiv e  ' i ' ( U )  fo r  co n sid e red  m a te ria l is  sh o w n  in  F ig u re  5 .
T h e  b o u n d ary  an d  in it ia l co n d itio n s  sh ou ld  be a lso  tran sfo rm ed  in  adequate w a y  [1 ]

Xe l\ : U ( X ,  0  = 0

X e r2 : - n g m d U ( X ,  t) = q n( X ,  t )
(8)

X e r 3 : - n g r a d i/ (X ,  t)  = a[T{x, t) - Tm}

t  = 0 : U ( X ,  0 ) = l/0( X )

B e ca u se
T

U - U m = f k ( i i ) d n  = k m( J - T „ )  (9 )
T.

w h e re  \ m is  an  in te g ra l m ean  o f  th e rm a l co n d u c tiv ity  fo r [7 ^ , T], so the b o u n d ary  co n d itio n  
fo r  r 3 ca n  b e w r itte n  in  the fo rm

- n - g ra d t/ (X , t )  = t )  - l/ „ ] (1 0 )

w h e re  a m= a / \ m. I t  sh o u ld  be p o in ted  th a t th is  n o n - lin e a rity  o f  co n d itio n  (1 0 ) d oes n o t cause 
th e  e sse n tia l d iff ic u lt ie s  in  n u m e rica l re a liz a tio n .
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F ig . 2 . K ir c h h o f f s  tem p era tu re  U - U { T )  

R y s . 2 . T e m p e ra tu ra  K irc h h o ffa  U = U ( T )
F ig . 3 . E n th a lp y  fu n c tio n  H = H ( T )  

R y s . 3 . F u n k c ja  e n ta lp ii
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F ig . 4 . F u n c tio n  H = H ( U )  F ig . 5 . F u n e tio n  'k  = $ '
R y s . 4 . F u n k c ja  H = H ( U )  R y s . 5 . F u n k c ja  4 ' =  $ '

2 . T H E  A R T IF IC IA L  H E A T  S O U R C E  M E T H O D  (A H S M )

C o n s id e r n o w , a fu n c tio n  ' i ' ( U )  w h ich  is co n ve n tio n a lly  exp ressed  as a  sum  o f tw o  
co m p o n en ts , it  m ean s a  co n stan t p a rt 4 '0 and  a c e rta in  in c re m en t A 'k

W ( U )  = 7 0 + A > P (I/ ) (1 1 )

T h e  e n e rg y  e q u a tio n  (7 ) ca n  b e w ritte n  in  the fo rm

y o d U (- * ’ = d iv [g ra d  l/ (Y , i ) ]  - A Y 3 t/ (^ ’ l )  (1 2 )

o r

T 0 W ( 5  = d iv [g r a d l/ (X , 0 ]  + « v ( X .  0  <13>
o t

w h e re  q v ( X ,  t )  is  a  so u rce  fu n c tio n  (a  ca p a c ity  o f  in te rn a l h ea t so u rce s ). T h e  e sse n tia l featu re  
o f  e q u a tio n  (1 3 ) co n s is ts  in  a fa c t, tha t le a v in g  o u t the la st te rm  one o b ta in s  th e  lin e a r fo rm  
o f  e n e rg y  eq u a tio n . T a k in g  in to  acco u n t the p o ss ib ilitie s  o f b o u n d ary  e lem e n t m ethod 
a p p lic a tio n  in  th e  ran g e  o f  non-steady p ro b lem s m o d e llin g , it  is  the  v e ry  co n ve n ie n t fo rm  o f 
b a s ic  d iffe re n tia l eq u a tio n  (a  n o n - lin e a rity  ap pears o n ly  in  the co m p o n en t d e te rm in in g  the 
in te rn a l h e a t so u rce s , and  th e  fu n c tio n  d escrib in g  so -ca lled  fu n d am en ta l so lu tio n  fo r 
co n s id e re d  p ro b le m  is  w e ll k n o w n ). T h e  c a lc u la tio n  o f  a  so u rce  fu n c tio n  re q u ire s , o f  cou rse, 
th e  in tro d u c tio n  o f  a  c e rta in  ite ra tiv e  p ro ced u re  (th e  d e ta ils  co n n ected  w ith  n u m e rica l aspects 
o f  p rop o sed  a lg o rith m  w ill be p resen ted  in  the  fu rth e r p a rt o f the  p a p e r), b u t it  sh ou ld  be 
p o in te d  th a t i f  | A 'i  [ <  th en  the adequate ite ra tiv e  a lg o rith m  is co n ve rg en t. In  th is  paper
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the A H S M  w ill su p p lem en t a  v a ria n t o f  b o u n d ary  e lem en t m ethod  ca lle d  the B E M  u s in g  
d is c re tis a tio n  in  tim e  [2 , 3 , 4 , 5 ].

3 . B O U N D A R Y  E L E M E N T  M E T H O D  U S IN G  D IS C R E T IS A T IO N  IN  T IM E

T h e  ID  p ro b lem  w ill be co n sid e red , it  m eans the en e rg y  e q u a tio n  in  th e  fo rm

v 0 d U ( * ’ 0  = -- U (x ;~ + odr dx2
(1 4 )

w ith  assum ed  b o u n d a ry  co n d itio n s  fo r  x = x lt  x = x 2 and in it ia l co n d itio n  fo r r= 0 . It  sh o u ld  be 
p o in ted  th a t a g e n e ra liz a tio n  o f  p resen ted  a lg o rith m  o n  2 D  o r 3 D  p ro b lem  is  v e ry  s im p le  [5 ]. 

A t  firs t the  G re e n ’ s fu n c tio n  o f  the fo rm

exp
2  y J a A t (

(1 5 )

is  in tro d u ce d  ( x  is  a  sp a tia l co -o rd inate  w h ereas £ is  a p o in t w h e re  a  co n cen tra ted  h ea t so u rce  
is  a p p lie d ).
T h e  fu n c tio n  (1 5 ) fu lf ills  the eq u ation

d x a  A t
(1 6 )

w h e re  A (£ , x )  is a  D ir a c ’s fu n c tio n .
T h e  id ea  o f  d iscu ssed  v a ria n t o f  the  B E M  co n sists in  a su b stitu tio n  o f  a tim e  d e r iv a tiv e  b y  

its  firs t o rd e r a p p ro x im a tio n  and  then  the  eq u atio n  (1 4 ) is  tran sfo rm ed  to  the fo rm

d 2 U ( x ,  t  + A t )  1

d x 2
4 - l / ( x ,  r  + A f ) = - q y ( x ,  t )  - - 4 - U ( x .  0  ( 17>
a A  t a  A t

M u ltip ly in g  b o th  s id es o f  eq u atio n  (1 7 ) b y  ( / * ( { ,  x )  and in te g ra tin g  o v e r x 2 y ie ld s

d 2 U ( x ,  t  + A t )  1
1

■/

- — — U ( x ,  t  + A t )
a  A t

U ' ( Z ,  x ) d x  =

(18)

- q v ( x ,  t ) - — — U ( x ,  t )  
a A t

U ' U . x )  A x
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T h e  la s t in te g ra l e q u a tio n  co rresp o n d s to  so-called  W e ig h te d  R e s id u a l M e th o d  c r ite r io n . 
In te g ra tio n  b y  p arts th e  le ft-hand  s id e  o f  eq u atio n  (1 8 ) and u s in g  e q u a tio n  (1 5 ) le ad s  to

l/ (£ ,f + A r )  

s/a A t

s g n ( x - S )
exp —Ł - L 1  U (x,t+At) + ̂ -^- exp --1— ^ 'jq .(s ,f+ A f) 

, j a A t  2 s j a A t )

/ .  q v ( x ’  0  + — — z u ( x , t )  
2 2 \faA t

e x p f - i^ i i ) d x
s ja A t )

(1 9 )

F o r  {  X i an d  £ -* x 2 one  o b ta in s tw o  fo llo w in g  b o u n d ary  eq u ation s

s jaA t
2

s jaA t [  l * i - * 2I
  exp  - — -----

2 I  s j^A t

sjaA t
exp

l*2-*il 
, •¡aAt ,

s/aAt
2

q n ( x j ,  f  + A r )  

q n ( x 2 , t + A t )

1
— exp  
2

1
- — exp 
2 s j a A t  ;

K - * i l

1
2

U (x , ,  t + A t )  

U (x 2, t + A t )

(20)

| y/£A7 1

/
y/qAf

2

2 v ^ I7

1

2 s/ a A i

r I r - Y  r\X X j  |
d x

„ j a T t  ,

I *  X 2 |
d x

> i/ a A r  ,

o r

#11 #12 ■«.(*,. *+A0 An *12 i/(x,, r + Ar) Pi

#21 #22 «„(*2> i + A i *21 *22 l/(*2- '  + A'> p2
(21)
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A b o v e  system  o f  eq u atio n s a llo w s  to fin d  the ’m iss in g ’ b o u n d ary  K ir c h h o f f  s tem p era tu res 
o r h ea t flu x e s , and  n ex t a p p ly in g  the e q u atio n  (1 9 ) one ca n  d ete rm in e  a search ed  fu n c tio n  
U  (x , t + A t )  a t the in te rn a l p o in ts  o f  d o m a in  D .  T h e  h ea t flu x  co n tin u ity  co n d itio n  (1 0 ) ca n  
b e a lso  ta k e n  in to  acco u n t.

T h e  ite ra tiv e  p ro cess o f so u rce  fu n c tio n  d ete rm in a tio n  is  the  fo llo w in g .
1. T ra n s itio n  fro m  f °= 0  to  t  ‘ = i°+ A f :

— it  is  assum ed  th a t q v ( x t,  r ')= 0 ,  a t the sam e tim e  x, deno tes a  c e n tra l p o in t o f  in te rn a l 
c e lls  d is tin g u ish e d  in  co n sid e red  d om ain ,

— fo r  th is  assu m p tio n  the K ir c h h o f f  s tem pera tu re  fie ld  fo r  w h o le  d o m a in  is  c a lcu la te d ,
— the lo c a l co o lin g  ra te s  [ t / (x „  t l ) - U ( x „  f °) ]/ A f  are  estim ated ,
— a lo c a l va lu es  o f  so u rce  fu n c tio n  q v ( x „  t ‘)  are  co rre c ted ,
— the ite ra tiv e  p ro cess is  stopped  i f  re q u ired  a ccu ra cy  is  o b ta in ed .

2 . T ra n s itio n  fro m  t f ~' to  t f ,  / =  2 , 3 , . . . ,  F :

— it  is assum ed  tha t q v  (x f, t f )  is  eq u a l to  the la s t va lu e  o f  q v  fo u n d  d u rin g  the  p re v io u s  
ite ra tiv e  p ro cess (a t co n sid e red  p o in t),

— fo r  th is  assum p tio n  the K ir c h h o f f  s tem p era tu re  fie ld  fo r  w h o le  d o m a in  is  ca lcu la te d ,
— the lo c a l co o lin g  ra tes [ i/ (x (, t f ) - U ( x „  t f ~ ') ] / A t  are  estim ated ,
— a  lo c a l va lu es  o f  so u rce  fu n c tio n  q v (x f, t / )  a re  co rre c ted ,
— the ite ra tiv e  p ro cess is  stopped  i f  req u ire d  a ccu ra cy  is  o b ta in ed .

T h e  test co m p u ta tio n s sh ow  (an d  it ca n  be p ro b ab ly  p ro ve d  in  a n a ly tic  w a y ) tha t the 
ite ra tiv e  p ro cess is  co n ve rg en t i f  | A ' i  \ <  ♦<>.

4 . E X A M P L E  O F  N U M E R IC A L  S IM U L A T IO N

T h e  stee l p la te  w ith  th ick n ess L = 0 .1  [m ] has b een  co n sid e red . T h e rm o p h y s ica l p aram eters 
o f  the m a te ria l (C = 0 .0 8 , S i= 0 .0 8 , M n = 0 .3 1 , S = 0 .0 5 , P = 0 .0 2 9 , C r= 0 .0 4 5 , N i= 0 .0 7 , 
M o = 0 .0 2 ) h a ve  b een  assum ed  o n  the b asis o f  ex p e rim en ta l data quoted  in  [6 ], T h e  p ro b lem  
is  s tro n g ly  n o n - lin e a r b ecau se , fo r  ex am p le , s p e c ific  h ea t (re la te d  to  an  u n it o f vo lu m e ) 
ch an g es fro m  3 .5 1 0 6 to  8 .7-106[J/ m 5K ] ,  w h ereas the th e rm a l c o n d u c tiv ity  fro m  30 to  
5 0 [W / m K ], U s in g  the  n u m e rica l in te g ra tio n  m ethods the fu n c tio n s  H ( T )  and  U ( T )  h a ve  b een  
fo u n d  -  F ig u re s  2  and  3 , nex t fu n c tio n  H = H ( U )  has been  co n stru cted  (F ig u re  4 ) an d  f in a lly  
its  d e r iv a tiv e  (F ig u re  5 ). T h e  fo llo w in g  b o u n d a ry- in itia l co n d itio n s h a ve  b een  assum ed : x , = 0 : 
<7„(0, i)= 0 , x t = L :  - d U l d x = a m ( U - U „ ) ,  a t the  sam e tim e  a  = 300 , i/ „= 0  (co m p , e q u a tio n  
(1 1 )), fo r  f= 0 : U0= 27510  (th is  va lu e  co rresp o nd s to  r= 5 5 3 °C ).

In  F ig u re  6 the co o lin g  cu rve s  at se lected  p o in ts  o f in te rio r D  are sh o w n , in  p a rtic u la r :
1: x = 0 .0 9 5 , 2 : x = 0 .0 6 5 , 3 : x = 0 .0 3 5 , 4 : x = 0 .0 5 [m ]. T h e  fu ll lin e s  illu s tra te  the n u m e rica l 
so lu tio n  o b ta in ed  o n  th e  b asis o f  re p ea ted ly  v e r ifie d  F D M  a lg o rith m  fo r  n o n - lin e a r e q u a tio n s, 
w h e re as  th e  sym b o ls  sh o w  the n u m e rica l so lu tio n  fo un d  b y  m eans o f  a r t if ic ia l heat so u rce  
m etho d . T h e  m ax im u m  d iffe re n ce  b etw een  p resented  n u m e rica l so lu tio n s  d oes n o t exceed
0 .5 % . I t  seem s th a t p rop osed  m ethod  ca n  be v e ry  u se fu l in  the case o f  th e  B E M  a p p lica tio n  
fo r  n u m e rica l co m p u ta tio n s o f  non-steady and n o n - lin ea r h ea t co n d u ctio n  p ro b lem s .
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F ig . 6 . C o o lin g  cu rve s  at se lected  p o in ts o f  d o m a in  D  

R y s . 6 . K rz y w e  s ty g n ię c ia  w  w y b ra n ych  p u n k ta ch  obszaru  D

A C K N O W L E D G E M E N T  

T h is  re se a rch  w o rk  has b een  su pp orted  b y  K B N  (G ra n t N o  3 P 4 0 4  038 0 7 ).
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