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N O T C H  S H A P E  S E N S I T I V I T Y  A N A L Y S I S  
U S I N G  F I C T IT I O U S  S T R E S S  M E T H O D

S u m m a ry . M e th o d s  fo r  shape sen s itiv ity  an a lys is  o f  the no tch  w ith  in d ire c t b ound ary  
e lem en t m ethod fo r  stress an a lys is  are described  b r ie f ly  in  th is p aper. T h re e  
approaches: a n a ly t ica l, sem i-ana ly tica l and fin ite  d iffe ren ces  a re  considered .

A N A L I Z A  W R A Ż L I W O Ś C I  K S Z T A Ł T U  K A R B U  
Z  W Y K O R Z Y S T A N I E M  M E T O D Y  N A P R £ Ż E Ń  F I K C Y J N Y C H

S tresz cz e n ie . W  a rtyk u le  p rzedstaw ia  s ię  w  sk ró c ie  m etody an a liz y  w ra ż liw o ś c i 
k sz ta łtu  karbu , z  w yk o rz ys tan ie m  do an a liz y  naprężeń p ośred n ieg o  w a rian tu  m etody 
e lem en tó w  b rz e g o w y ch  . R o z p a tru je  się trzy  m etod y : an a lity cz n y , p ó łan a lity cz n y  o raz  
ró ż n ic  sko ńczon ych .
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P e 3 D M e . B  CT3TB0 paccM aTpHHaioTCfl M eroztH  a H a iH 3 a  
uycTBHTenbHOCTH (fiopMH roHąeHTpaTopa HaiTpHxceHHft. K 8HajrH3y 
HanpasteHHfl Hcno]ib3yeTcfl HenpuMHft BapuaHT motozih rpaHHurmx 
3neM e h t o b . PaccMOTpeHH TpH MeToaa: aHanHTHuecKMfi, 
irojiyaiiajiHTHuecKHñ h xoHeuHtix pa3H0CTen.

1. IN T R O D U C T I O N

A n  ex ten sive  lite ra tu re  has deve lo ped  on o p tim iza tion  o f  structures and s tru ctu ra l e lem ents 
w h ic h  a re  d efin ed  b y  cross-section and  th ickness va riab le s  (s ize  o p tim iza tio n ). A  m ore 
im po rtan t p ro b lem , fro m  the p o in t o f  v ie w  o f  m ech an ica l des ign , is  dete rm ina tio n  o f  the shape 
o f  2 D ,  o r  3 D  structura l e lem ents (shape o p tim iza tio n ). F o r  such  p rob lem s , the shape o f  the 
s tru ctu ra l e lem en t m ust be treated  as des ign  variab les .

A s  it  is a lre a d y  k n o w n , the presence o f  ho les, f ille ts , undercuts, cut-outs e tc. (k n o w n  
c o le c t iv e ly  as  "n o tc h e s " )  in  a structura l e lem en t resu lts in  in c reas ing  the  lo ca l tensions w h ic h
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a re  ca lle d  stress co n cen tra tio ns . O n e  o f  the p r in c ip a l featu res o f  stress co n cen tra tio n  is  so  
c a lle d  S tre s s  C o n ce n tra t io n  F a c to r  ( S C F ) .  T o  decrease the S C F ,  a  p o ss ib ility  ex ists to  
m in im iz e  stress b y  ch an g in g  the shape o f  a  notch. Su ch  a c lass  o f  o p tim iza tio n  p ro b lem s is  
re ffe re d  to  as the no tch  shape o p tim iza tio n .

T h e  no tch  shape o p tim iza tio n  a lg o rith m  is  based o n  an ite ra t ive  p rocess o f  o p tim iza tio n  tha t 
in c lu d e s : g e o m e tr ic  m o d e lin g  (sh ape  d e f in it io n ), stru ctu ra l an a lys is  b y  the F in i t e  E le m e n t  
M e th o d  ( F E M )  o r the  B o u n d a ry  E le m e n t  M e th o d  ( B E M )  ca lle d  fo r  short an a lyz e r, the  
s e n s it iv ity  an a ly s is  and  the  o p tim iza tio n  p roced u re  (o p tim iz e r). E s p e c ia l ly  in  s tru ctu ra l shape 
o p t im iz a tio n , the se n s it iv ity  an a lys is  is re la ted  to the an a lys is  m ethod. T h is  w o rk  m a in ly  d ea ls  
w ith  the  n o tch  shape se n s it iv ity  an a lys is  us in g  the F ic t it io u s  Stress M e th o d  ( F S M ) ,  the in d ire c t 
v a r ia n t  o f  th e  B E M  |6 ).

2 . F I C T I T I O U S  S T R E S S  M E T H O D  A S  A N A L Y Z E R

T h e  F ic t i t io u s  S tress  M e th o d  ( F S M )  presented  in  [6 ] is used  fo r  an an a lys is  o f  the stress 
d is tr ib u tio n  in  2-D  s tru ctu ra l e lem en ts. T h is  is an in d ire c t b ou nd ary  e lem en t m ethod. F ig .  1 
sh o w s a  c a v i ty  (v e r y  lon g  in  z d ire c t io n ) in  an in fin ite  e las tic  b o d y . T h e  b o u n d ary  o f  the 
c a v ity  is  lab e le d  C  in  F ig .  la .  T h e  dashed  cu rve  C ’ show n  in  F ig .  1b has the sam e shape as 
the cu rv e  C .  B o th  cu rve s  are  ap p ro x im a ted  b y  stra ight lin e  segm ents (e lem e n ts ), jo in t  end  
to  end. T h e  d iffe re n ce  b e tw e en  cu rve s  is, that cu rve  C ’ represents the lo ca tion  o f  lin e  
segm ents in  an  in if in ite  b o d y  (w ith o u t c a v i ty ) ,  w h ic h  are  co in c id en t w ith  the re a l b o u n d ary  
C .  T h e  sh ear F ,  and  n o rm a l P ,  stresses ap p lied  to  the segm ent j  ind uce  the ac tu a l stresses o', 
and  o ', at the m id p o in ts  o f  each  e lem en t o f  c u rve  C ’ , i =  l  to  n. T h e  stresses P .  and  F „  are  
f ic t it io u s  q u an tit ie s  and  shou ld  b e  d eterm ined . T h e  re la tio n  betw een  the ac tua l stresses o', and  
<j*„ and  the fic t it io u s  stresses P ,  and  F n is  based on the a n a ly t ica l s in g u la r  so lu tion  to the  
p ro b lem  o f  co n stan t n o rm a l and  shear stresses ap p lied  to  an a rb itra r ily  o rien ted , fin ite  lin e  
seg m en t in  an in fin ite  b o d y  (K e lv in  so lu tio n ), w h a t leads d ire c t ly  to  the system  2 n *2 n  
equations

w h e re : [C ]  - the in flu e n ce  c o e ff ic ie n t  m a tr ix , { P }  - un kn o w n  fic t it io u s  stress co m p on en ts , 
{ b }  - g iv e n  trac tions .

I f  the  f ic t it io u s  stresses a re  k n o w n , w e  ca n  fin d  the tangentia l stresses

w h e re  [ A J  and  I A J  - are  n *n  m atrices  o f  the  in flu e n ce  co e ff ic ie n ts  fo r  tangen tia l stresses, 
{ P , }  and  { P „ }  a re  n * l  ve c to rs  o f  the shear and n o rm a l fic t it io u s  stress com p on en ts , 
re sp e c t iv e ly .

[ C j l E l  = {¿>1, (1)

W - w j ł p ;  *  [a j p j , (2)
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a ) b ) C
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F ig .  1. E x a m p le  o f  2-D  b od y  : a ) R e a l con tou r, b ) N u m e r ic a l m odel 
R y s .  1. P rz y k ła d  c ia ła  2 -w ym ia ro w e g o : a ) K o n tu r  rz e cz yw is ty , b ) M o d e l nu m eryczny

B e ca u se  constant stress e lem ents are  assum ed to be on the boundary  there  is  no  need  fo r 
num eri-ca l in teg ra tion . T h e  a c cu ra cy  o f  resu lts can be  increased  b y  increas ing  the nu m b er o f  
e lem ents. T h e  a c cu ra cy  o f  the F S M  fo r  so lution o f  stress concen tra tion  p rob lem  in  2-D  
m ach in e  com ponents has been exam ined  in  [1 5 ]. I t  has been found  that there  is  no  re m arkab le  
d iffe re n ce  b etw een  the  resu lts o f  the  F S M  notch stress an a lys is  w ith  the a n a ly t ica l, and 
n u m e r ic a l resu lts w id e ly  presented  in  lite ra tu re .

3 . S E N S I T I V I T Y  A N A L Y S I S

A lth o u g h  m an y  approaches to  se n s itiv ity  an a lys is  exist, there  a re  tw o  fu n d am en ta lly  
d iffe re n t ones , n a m e ly , the  d iscre tized  ap proach , ca lle d  the D ire c t  S e n s it iv ity  A n a ly s is  ( D S A ) , 
and  the  con tinuous ap proach , ca lled  the V a r ia t io n a l D e s ig n  S e n s it iv ity  ( V D S A )  
[2 - 4 ,8 ,9 ,1 1 ,1 2 ]. T h e  w e l l  k n o w n , the F in ite  D iffe re n c e  M e th o d  ( F D M )  ca n  b e  ran k e d  am ong  
the  d isc re tized  approach . T h e  V D S A  m ethod is b eyond  the scope  o f  th is  paper.

In  the  case o f  D S A  ap p ro ach  the  sen sitiv itie s  a re  obtained  b y  a  d ire c t im p lic it  d iffe ren tia tio n  
o f  the  d iscre te  an a ly t ic  equations w ith  resp ect to the each  des ign  v a r iab le . T h e re  are  seve ra l 
fo rm u la tio n s  o f  th is m ethod : 1) a n a ly t ica l techn iques lik e : a ) the D ire c t  D if fe re n t ia t io n  M e th o d  
( D D M ) ,  the A d jo in t  S ys te m  M e th o d  ( A S M ) ,  and  2 ) sem i-an a ly tica l (q u as i- an a ly tica l) 
te ch n iq u e  [1 ,4 ,5 ,7 ,9 ,1 0 ,1 1 ].  T h e  la s t one is  used, w h e n  an a ly t ica l d e r iva tive s  a re  co m p lica ted , 
an d  in  w h ic h  the req u ired  d e r iva tive s  are  obtained  us ing  fin ite  d iffe ren ces . T h e  D D M  m ethod 
is  m o re  e ff ic ie n t  than  A S M  m ethod  i f  the nu m b er o f  des ign  va riab le s  is  less than th e  num ber 
o f  constra in ts  in  the case  o f  one load  co nd ition . T h is  is  the case in  the considered  no tch  shape 
o p tim iza tio n  p rob lem s.
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In  a n u m b er o f  p apers  it has been repo rted  that the sem i-an a ly tica l ap p roach  m ay  e x h ib it  
se rio u s  in a c cu ra c ie s  [8 ,1 3 ,1 4 |, and e ve n  the ch an g e  o f  s ign  in  d e r iva tive s , see [8 ] fo r  
in s tan ce ,a lth o u g h  so m e suggestions fo r  im p ro vm e n t o f  a c cu ra c y  o f  sem i-an a ly tica l des ign  
s e n s it iv it ie s  a re  k n o w n  [1 3 ].

T h is  w o rk  is  d evo ted  to  d iffe re n t fo rm u la tio n s  o f  the im p lic it  d iffe re n tia tio n  o f  the 
d isc re tiz ed  b o u n d ary  equ ation s to  ob ta in  design sen s itiv itie s .

T h e  D D M  ap p ro ach  to des ign  se n s itiv ity  an a lys is  o f  a  b o n d a ry  e lem en t d isc re tized  structu ra l 
e le m e n t w ith  the n o tch  is  based  on the im p lic it  d iffe re n tia tio n  o f  the tan gen tia l stress equation
(1 )  and  o f  the  g lob a l e q u ilib ru m  equation  (2 ). D if fe re n t ia t in g  E q .  2 w ith  re sp ect to  des ign  
v a r ia b le  D jt  w e  o b ta in

¿Ho ) d [ A J i d iP )  d M l  , d iP )

a t  ’  ^  ^  m

T h e  f ic t it io u s  stress d e r iv a t iv e s  can  be ob ta ined  b y  d iffe re n tia tio n  E q .  1

+ c w _ _ m .  (4)
0Z> 8DJ dDj

R e a rra n g in g  y ie ld s

m ,  - [ c i - « ! , )  .  ( 5 )

dDj 3D, 3D, '

I f  the  loaded  b o u n d ary  is  no t a ffec ted  b y  the des ign  changes, {b }  is  no t a  fu n c tio n  o f  D,

§  ■ 0 .  ( 6 )
9D J

W h e n  the  a b o ve  sen s itiv it ie s  a re  d e r ive d  a n a lit ic a lly  b y  d iffe re n tia tio n  w ith  resp ect to  D j  
then  th is  m etho d  is ca lle d  the  a n a ly t ic a l m ethod. I f  the sen s itiv it ie s  o f  [ A J ,  [A „ ]a n d  [C ]  a re  
ap p ro x im a ted  b y  f in ite  d iffe re n ce s

d \A J  ̂ d iA J [/tM(Z y A D p H ^ C P p ]

dDj “ AD ’ 0 D  “ A DJ

d[C] _ lC(Dj+ADj)]-[C(Dfl
d D j “ a  D j  '

the  te rm  sem i- an a ly tic a l m ethod  is used.
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T h e  m ost s tra ig h tfo rw ard  and co n cep tu a lly  s im plest w a y  o f  ob ta in in g  the  g rad ien ts o f  stress 
co n stra in ts  is  the  f in ite  d iffe re n ce  m ethod

A a )  ( a  t(D j+  A D p M o  t(D j) )  

~dD~  “  A D .

S in c e  stress an a lys is  is v e r y  co s tly , the fin ite  d iffe ren ce  schem e is  in e ff ic ie n t, because o f  
the  need  to  g ener and  to  so lve  the system  o f  equation  n  tim es , w h e re  n is  the num ber o f  
d es ig n  va r ia b le s . H o w e v e r ,  th is  approach  has been found to y ie ld  good  a c cu ra c y  w ith  the 
p ro p e r  se le c t io n  o f  the f in ite  d iffe re n ce  in te rva l [1 ,8 ,1 1 ].
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