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MATHEMATICAL MODELLING OF COMPOSITE MATERIALS:
REFINED MODELS FOR DYNAMIC PROBLEMS

Summary. The general modelling procedures for the investigation of
non-stationary processes in periodic composites are discussed. The attention
is given to new macro-models, developed recently in Poland, which take into
account the effect of the microstructure length dimension on the dynamic
behaviour of the body and are simple enough to be applied to the analysis of
engineering problems.

MODELOWANIE MATEMATYCZNE MATERIALtOW KOMPOZYTOWYCH:
ROZSZERZONE MODELE DLA PROBLEMOW DYNAMICZNYCH

Streszczenie. Przedyskutowano ogé6lne metody formutowania modeli
matematycznych, opisujacych niestacjonarne procesy w kompozytach o
strukturze periodycznej. Gtdéwnag uwage poswiecono nowym makromodelom,
rozwijanym ostatnio w Polsce, ktére uwzgledniaja wptyw wielkos$ci
mikrostruktury na dynamike os$rodka i sg na tyle proste, ze moga byc¢
stosowane w analizie probleméw inzynierskich.

MATHEMATISCHE MODELLE DER VERBUNDSTOFFE:
VERBESSERTE MODELLE FUR DYNAMISCHE PROBLEM E

Zusamenfassung. Es wurden die gemeinsamen Formulierungsmethoden fur
Mathematische Modelle der nichtstationaren Prozessen in periodischen
Verbundstoffen beschrieben. Besonders wurden die neuen Macro-Modelle,
letztens in Polen entwickellt, vorgestellt. Diese Modelle kbnnen eine praktische
Anwendung finden.

The general modelling procedures for the investigation of non-stationary processes in
periodic composites are discussed. The attention is given to new macro-models,
developed recently in Poland, which take into account the effect of the microstructure

length dimension on the dynamic behaviour of the body and are simple enough to be
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applied to the analysis of engineering problems. The formulation of different modelling
approaches in composite mechanics is motivated by the well known fact that the exact
analysis of periodic heterogeneous materials in the framework of solid mechanics (viz.
the micromechanics of periodic composites) can be carried out only for a few special
problems. In general, the equations of micromechanics, due to the non-continuous and
highly oscillating form of functions describing material properties of a composite body,
cannot be taken as the basis for obtaining useful information on most of problems met
in the engineering practice. That iswhy in composite mechanics we deal with a variety
of macro-modelling methods leading to different approximate mathematical models of
periodic heterogeneous materials and structures. Mathem atical models of this kind are
often called the macro-models and describe the effects of constituents only as averaged
apparent properties of a body in the framework of the macromechanics of composite
materials. Nevertheless, many macro-modelling procedures make it possible to detect
also the micro-mechanical behaviour of a composite on the basis of solutions to
problems of macromechanics. The list of contemporary and updated macro-modelling
approaches is very extensive; in order to interrelate the new refined macro-modelling
procedure, recently developed in Poland with the existing methods we outline in this
summary some trends in the formulation of approximate theories for periodic composite
materials.

Generally speaking, the known methods of macro-modelling can be separated into two
main groups. To the first belong the general procedures, in which there are no a priori
restrictions imposed on distribution of constituents within the periodicity cell. The second
group consists of methods developed independently for special types of composite
materials, namely for laminated composites, fibrous composites and for solids with
inclusions and cavities of various shapes (i.e., for particulate composites). Thus, we can
deal with general and special macro-modelling procedures. Obviously, the general
macro-models have the practical meaning if they can be applied to the analysis of special
types of composites. In this contribution the main attention is concentrated on the
macro-modelling of nonstationary processes in periodic composites, where the effect of
the length dimensions of the periodicity cell on the dynamic behaviour of a body plays
an important role. That is why we discern below the length-scale macro-models and the
local macro-models, in which this effect is neglected.

The main efforts in constructing the macro-models in dynamics of composites were
posed on the special macro-modelling procedures. The list of references on this subject
is very extensive. We can mention here the effective stiffness theories for periodically
laminated elastic composites, cf. Sun, Achenbach and Hermann (1968), Achenbach and
Hermann (1968), Grot and Achenbach (1970), the investigations in dynamics of fibre-
reinforced composites, cf. Aboudi (1981), Toff (1983), and those related to media with
voids, cf. Nunziato and Covin (1979).

Among the general macro-modelling procedures we can mention those based on the
asymptotic homogenization approach, cf. Bensoussan, Lions and Papanicolaou (1987),
Sanchez-Palencia and Zaoui (1985), and the extensive list of references therein. The
resulting macro-models are described by equations involving constant coefficients (called
the effective modulae) and time dependent functions (for nonstationary processes).
These mathematical objects have to be determined independently for every periodic

structure by obtaining solutions to certain variational problems posed on the periodicity
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cell as well as certain initial value problems for materials with a memory (e.g. for visco-
elastic materials). Hence, the formulation of macro-models by the asymptotic
homogenization methods for any specific composite materials requires rather lengthy
numerical computations. For this reason the asymptotic approach, as a rule, is restricted
only to the first approximation. Within this approximation we deal with the local macro-
models, in which the effect of the size of the periodicity cell on the behaviour of the
body is neglected. To describe length-scale phenomena (i.e. to formulate the length-scale
macro-models) by the asymptotic homogenization approach, the higher steps in the
formal asymptotic procedure have to be considered. Due to considerable difficulties on
the stage of a formulation of governing equations of macromechanics for a selected
composite body, the above line of procedure is not accepted by most of researchers
interested mainly in engineering applications of the resulting theories. Free from this
drawback are general macro-modelling methods, based on theories of material continua
with microstructure suggested by Mindlin (1964), Eringen and Suhubi (1964) and others.
Models of this kind are called the microstructural models and belong to the length-scale
macro-models. They can be formulated without any reference to the boundary-value
problems on the periodicity cell. The pertinent modelling procedures are specified by
certain a priori assumptions related to the expected class of micro-deformations and a
certain smoothing operations. For the elastic materials they lead to systems of the
second-order partial differential equations for three fields representing macro-kinem atics
and for extra unknown fields describing micro-kinematic behaviour ofa composite. The
existence of many unknown independent kinem atic variables results in serious difficulties
related to a complicated form of boundary-value problems. Moreover, there exist
essential discrepancies between the number of boundary conditions required by the
mathematical structure of the theory and the number of these conditions describing the
boundary interactions for composite materials from the viewpoint of engineering
applications of the theory. Hence, the microstructural models were successfully applied
mainly to the investigations of the wave propagation in unbounded media. A certain
alternative to microstructural models constitute macro-models based on the mixture and
interacting continuum theories, developed by Green and Naghdi (1965, 1966, 1967),
Green and Steel (1966), Steel (1967, 1968), Bedford and Stern (1971, 1972), Hegemier
(1972), Tiersten and Jahanmir (1977) and others. They are the length-scale macro-
models which are often oriented towards the investigations of selected dynamic
problems.

In investigations of nonstationary processes for composites, we are often interested
only in certain aspects of the micro-dynamic behaviour of periodic solids. In these cases
certain special space distributions of expected micro-deformations caused by the
heterogeneity of the medium are analyzed. We are also interested in the length-scale
macro-models which are physically reasonable and simple enough to be applied for an
analysis of engineering problems. The macro-models of this kind were recently applied
to the selected dynamic problems in a series of papers by Wozniak (1993, 1994),
Wozniak et al.(1993,1994), Wierzbicki (1994), Mazur-$niady (1993), Baron and WozZniak
(1994), Michalak and Wozniak (1994), Wegrowska and Wozniak (1994), Konieczny and
Wozniak (1995), Jedrysiak and Wozniak (1995), Cielecka (1995), Matysiak and Nagoérko
(1995). The results of the macro-modelling procedure applied in the aforementioned

papers, were referred to as the refined macrodynamics of periodic materials and
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structures. The term refined is related to the fact that the obtained equations describe
in the explicit form the effect of the microstructure length parameter (i.e. the maximum
characteristic length dimension of the periodicity cell) on the dynamic behaviour of the
body. In order to evaluate this effect there were introduced also local models, obtained
from the refined macrodynamics by the scaling the microstructure down. These local
models coincide with the macro-models analyzed in the framework of theories with
microlocal parameters, developed in papers by Wozniak (1987), Matysiak and Wozniak
(1987),Jakubowska and Matysiak (1987), Wegrowska (1987), Naniewicz (1987), Lewinski
(1987), Kaczynski and Matysiak (1988), Matysiak and Nagérko (1989), Wozniak (1991),
Matysiak (1992), Kaczynnski (1993) and others.

The refined macromechanics have some advantages compared to the general macro-
models of the asymptotic as well as microstructural type outlined above. First, it is able
to describe nonlinear problems related to the finite deformations of an arbitrary simple
m aterial. Secondly, the formulation of governing equations of the pertinent refined
macro-models do not require any solutions to the boundary-value problem on the basic
cell as well as solutions to the initial-value problems (if we deal with viscoelastic
m aterials). Thirdly, the extra unknown fields in the refined macromechanics (i.e., the
fields which do not have their counterparts in solid mechanics of heterogeneous media)
are governed by relations involving exclusively time derivatives and/or time dependent
functionals. It follows that the extra unknowns do not enter the boundary conditions and
play a role of certain dynamical internal variables. This fact is very essential in the
applications of the theory, since the boundary-value problems of the refined
macrodynamics are similaT to those met in solid mechanics. At last, using the refined
models we are able to evaluate a posteriori the relation between the size of the
periodicity cell and the accuracy of the obtained solution. The refined macro-models can
be formulated on the various levels of accuracy and hence are useful for the modelling
procedures of the adaptive type. The main drawback of the refined macro-models is the
restriction of microdynamics to the postulated a priori class of micro-motions, which is

often based on the intuition of the researcher.
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